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Abstract

We establish an upper bound for the ground state energy per unit volume of a dilute Bose gas in the thermodynamic
limit, capturing the correct second-order term, as predicted by the Lee—-Huang—Yang formula. This result was
first established in [20] by H.-T. Yau and J. Yin. Our proof, which applies to repulsive and compactly supported
V € L3(R3), gives better rates and, in our opinion, is substantially simpler.

1. Introduction and main result

‘We consider N bosons in a finite box Ay = [—%, %]3 c R3, interacting via a two-body nonnegative,

radial, compactly supported potential V with scattering length a. The Hamilton operator has the form

N
HLz—ZAi+ Z V(xi —x;) (1.1)
i=1 1<i<j<N

and acts on the Hilbert space L2 (Ag ), the subspace of L2 (Ag ) consisting of functions that are symmetric
with respect to permutations of the N particles (we use here units with particle mass m = 1/2 and
h = 1). We assume Dirichlet boundary conditions and denote by E (N, L) the corresponding ground
state energy. We are interested in the energy per unit volume in the thermodynamic limit, defined by

- E(N.L)
)= im T 12
p=N/L?

Bogoliubov [4] and, later, in more explicit terms, Lee-Huang—Yang [14] predicted that, in the dilute
limit pa® < 1, the specific ground state energy (1.2) is so that

128
e(p) = 4map® 1+ﬁ(pa3>1/2+0((pa3)1/2) : (1.3)

15y
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In particular, up to lower order corrections, it only depends on the interaction potential through the
scattering length a. An alternative heuristic derivation of (1.3) was proposed in [15] (this approach was
based on a partial differential equation with a convolution nonlinearity, whose mathematical properties
were recently studied in [7]).

On the rigorous level, the validity of the leading term on the right-hand side of (1.3) was established
by Dyson, who obtained an upper bound in [8], and by Lieb—Yngvason, who proved the matching lower
bound in [16]. An upper bound with the correct second-order contribution was first derived in [20] by
Yau—Yin for regular potentials, improving a previous estimate from [9], which only recovered the correct
formula (as an upper bound) in the limit of weak coupling. The approach of [20] has been reviewed
and adapted to a grand canonical setting in [1]. As for the lower bound, preliminary results have been
obtained in [13] and [6], where (1.3) was shown in particular regimes, where the potential scales with
the density p. Finally, a rigorous lower bound matching (1.3) has been obtained by Fournais—Solovej,
in [10] for L' potentials and, very recently, in [11] for a hard sphere interaction (a nonoptimal bound
for hard spheres had been previously obtained in [5]).

Our goal in this article is to show a new upper bound for (1.3). With respect to the upper bound
established in [20], our result holds for a larger class of potentials (in [20], the upper bound is proven
for smooth potentials), it gives a better rate (although still far from optimal) and, most important in our
opinion, it relies on a simpler proof.

Theorem 1.1. Let V € L3(R3) be nonnegative, radially symmetric, with supp(V) c Bg(0) and scatter-
ing length a. Then, the specific ground state energy e(p) of the Hamilton operator Hy, defined in (1.1)
satisfies

128
15v7

e(p) < 4npa|l + (pa*)!2| + cp/3+1/10 (1.4)

for some C > 0 (depending on ||V||3 and on R) and for p small enough.

Remark. Since Dirichlet boundary conditions lead to the largest energy, the upper bound (1.4) holds in
fact for arbitrary boundary conditions.

Remark. At the cost of a longer proof, we could improve the bound on the error, up to the order p>/2*2/°
(this is the rate determined by Lemma 5.1).

The proof of 1.4 is based on the construction of an appropriate trial state. However, we do not directly
construct a trial state in L2 (AIZ ) for the Hamiltonian (1.1). Instead, to simplify the analysis, it is very
convenient to (1) consider smaller boxes (rather than letting N, L — oo first and considering small p at
the end, we will consider a diagonal limit, with L = p~7, for some y > 1), (2) work with periodic rather
than Dirichlet boundary conditions and (3) work in the grand-canonical setting, considering states with
variable number of particles, rather than the canonical setting. In other words, our trial state will be
defined on the bosonic Fock space

F(AL) = P LA} = P L2 (AL)>"

n>0 n>0
where L?(AZ) is the subspace of LZ(AZ) consisting of wave functions that are symmetric with respect

to permutations. On F(Ay ), we consider the number of particles operator A defined through (Ny) () =
m//(”). Moreover, we introduce the Hamiltonian operator 7, setting

(Hy) ™ = My (1.5)
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with

H(”)—Z—A L Vi -xp),

1<i<j<n

imposing now (in contrast to what we did in (1.1)) periodic boundary conditions (with a slight abuse of
notation, V denotes here the periodic extension of the potential introduced in (1.1)). The upper bound
for the energy of (1.5) will then imply Theorem 1.1 thanks to the following localisation result.

Proposition 1.2. Let e(p) be defined as in (1.2), with Dirichlet boundary conditions. Let R < b < L,
with R the radius of the support of the potential V, as defined in Theorem 1.1. Then, for any normalised
Y, € F(AL) satisfying periodic boundary conditions and such that

(WL, N¥) > p(1+c'p)(L+2b+R)>, (P, N?¥.) < C'p*(L+2b+R)° (1.6)

Jor some ¢’,C’ > 0, we have

(P, HYL)

e(p) < e

L4b<lPL MWL) (1.7)

for a universal constant C > (.

The proof of Proposition 1.2 is standard; see [18, 20, 1]. Roughly speaking, the idea consists in
using Wy, (satisfying periodic boundary conditions on the box Ay ) to construct a trial state satisfying
Dirichlet boundary conditions on a slightly larger box of side length L + 25 and then in approaching the
thermodynamic limit by replicating the Dirichlet state on several boxes of side length L + 2b, separated
by corridors of size R (to avoid interactions among different boxes). For completeness, we provide a
detailed proof of Proposition 1.2 in Appendix A.

The bulk of the article contains the proof of the following proposition, establishing the existence of
a trial state with the correct energy per unit volume and the correct expected number of particles on
boxes of size L = p~7. We use here the notation g for the density to stress the fact that the upper bound
(1.9) will be inserted in (1.7) to prove an upper bound for the specific ground state energy e(p), for a
slightly different density p < p (to make up for the corrections on the right-hand side of (1.0)).

Proposition 1.3. As in Theorem 1.1, assume that V € L3(R?) is nonnegative, radially symmetric with
supp 'V C Bgr(0) and scattering length a. Fory > 1and p > Olet L = p~Y. Then, for every0 < & < 1/4,
there exists @5 € F(Ar) satisfying periodic boundary conditions such that

(@5, NDs) > L, (D, N?®p) < CH°LE (1.8)
and
(@5, HP5) 128
AP P <anap?l+ ——=(a3p) %) + €, 1.9
B nap 15\/77( P) (1.9)
with

~4-3y—-6ec <9/4-3y/2- 39}

E<Cp? max{p®, p , 0

Remark. the condition ¥ > 1 is needed to make sure that the localisation error in (1.7) is negligible.
While we will choose y = 11/10 to optimise the rate, our analysis allows us to take any 1 < y < 4/3.
With a longer proof, our techniques could be extended to all 1 < y < 5/3. This suggests that our trial
state captures the correct correlations of the ground state, up to length scales of the order p~—>/3.

With Proposition 1.2 and Proposition 1.3 we can prove Theorem 1[.1.
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Proof of Theorem 1.1. For given p > 0, we would like to choose g or, equivalently, L = p~7, so that
(1.8) implies (1.6). Fixing ¢’ > 0 and b = L, for some « € (0; 1), this leads to the implicit equation
L=p"7=[p(1+c'p)(1+2L° +RL™)*] . (1.10)
Setting L = (p(1 +¢’p)) " x, we rewrite (1.10) as
x=(1+2(p(1+ c'p))y“_a)/xlf" +R(p(1+ c/p))y/x)_3y

and we conclude that the existence of a solution L = L(p) of (1.10) follows from the implicit function
theorem, if p > 0 is small enough (the solution stems from x = 1 for p = 0). By construction, L = 77,
with

p=pl+c'p)(1+2p71" + Rp7)?
and thus
p<p<p(l+Cp+CpI=)y, (1.11)

From Proposition 1.3, we find &5 € F(Ar) such that (1.8) and (1.9) hold true. In particular, (1.8)
implies (1.6) (with b = LY, C’ = C). Thus, from Proposition 1.2 we conclude
(@p, HD5) C

i +LTb<q)“,Nq)ﬂ>.

e(p) <
Inserting (1.9) and (1.8), we obtain (since (1.8) also implies that (@5, N®j) < CpL?)

128

154/
With (1.11), we conclude that
128
e(p) < 4map® |1+ ——(a® ‘/2]
(p) P 15\/5( P)

+Cp5/2 . max{py(l—a)—l/Z, py(1+a)—3/2, ,08, p4—37—68’ p9/4—37/2—38},

5/27+¢  since

where we neglected errors of order Cp>, which are subleading compared with Cp
g€ (0;1/4).

Comparing the first two errors, we choose @ = 1/(2y). Comparing instead third and fourth errors,
we set £ = (4 — 3vy)/7 (both choices are consistent with the conditions @ € (0;1) and £ € (0;1/4),

because y > 1). Since, with these choices, the last error is of smaller order, we obtain

128
= (a3p)1/2 + Cp5/2 . max{py‘l,p(4‘37)/7}.

15vx
Choosing y = 11/10, we find (1.4). O

e(p) < 4map? |1+

The proof of Proposition 1.3 occupies the rest of the article (excluding Appendix A, where we show
Proposition 1.2). In Section 2 we define our trial state. To this end, we will start with a coherent state
describing the Bose—Einstein condensate. Similar to [12, 9], we will then act on the coherent state
with a Bogoliubov transformation to add the expected correlation structure. Finally, we will apply the
exponential of a cubic expression in creation operators. While the Bogoliubov transformation creates
pairs of excitations with opposite momenta p, —p, the cubic operator creates three excitations at a time,
two with large momenta r + v, —r and one with low momentum v. This last step is essential, since, as
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follows from [9, 17], quasi-free states cannot approximate the ground state energy to the precision of
(1.3). We remark that the idea of creating triples of excitations originally appeared in the work of Yau—
Yin [20] (a brief comparison with the trial state of [20] can be found after the precise definition of our
trial state in (2.25)). Recently, it has been also applied to establish the validity of Bogoliubov theory in
the Gross—Pitaevskii regime in [3, 2]; while our approach is inspired by these papers, we need new tools
to deal with the large boxes considered in Proposition 1.3 (a simple computation shows that the Gross—
Pitaevskii regime corresponds to the exponent y = 1/2; to control localisation errors, we need instead
to choose y > 1). In Section 3, we combine the contributions to the energy of the trial state arising from
the conjugation with the Bogoliubov transformation and from the action of the cubic phase, proving the
desired upper bound. In Section 4 and Section 5, we prove technical bounds which allow us to identify
the leading contributions collected in Section 3.

2. Setting and trial state

To show Proposition 1.3, we find it convenient to work with rescaled variables. We consider the
transformation x; — x;/L and, motivated by the choice L = 5~ in Proposition 1.3, we set N = pl=3r
(we will look for trial states with expected number of particles close to N to make sure that (1.8) holds
true). It follows that the Hamiltonian (1.5) is unitarily equivalent to the operator L>H = p>¥ Hy, with
Hn acting on the Fock space F(A) defined over the unit box A = A = [=1/2;1/2]3 (with periodic
boundary conditions) so that (#y %) = 7—[5\’,')‘1‘("), with

n
Hy =D D+ D, NHVINTS (i - xy)
j=1

1<i,j<n

and k = (2y — 1)/(3y — 1). The assumption y > 1 in Proposition 1.3 allows us to restrict our attention
to k € (1/2;2/3).

For any momentum p € A* = 277>, we introduce on the Fock space F(A) = D50 L2(A") the
operators a,,, ap, creating and, respectively, annihilating a particle with momentum p. Creation and
annihilation operators satisfy the canonical commutation relations

ap.a3] = 6pq, ap,aq] = [a},,a5] =0. 2.1

On F(A), we define the number of particles operator N' = peA- dpap. Expressed in terms of creation
and annihilation operators, the Hamiltonian H takes the form

. 1 bl - * *
Hy = ) Payap+ sore D, VOINT) 4, aqagap. 2.2)
pEN P.q.r €EA*

‘We now construct our trial state. To generate a condensate, we use a Weyl operator

Wi, = exp [v/Noaj, — VNoao] (2.3)

*

» invariant, for all p € A"\{0}, it

with a parameter Ny to be specified later on. While Wy, leaves ap, a
produces shifts of ay, az‘); in other words,

W;,Oa() WNO =ap+ Ny, W;/O(JS WNO = 116 + v Nop. 2.4)

When acting on the vacuum vector Q = {1,0,...}, (2.3) generates a coherent state in the zero-
momentum mode ¢o(x) = 1, with expected number of particles N.

It turns out, however, that the coherent state does not approximate the ground state energy, not even to
leading order. To get closer to the ground state energy, it is crucial to add correlations among particles.
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To this end, we fix 0 < £ < 1/2 and we consider the lowest energy solution f; of the Neumann problem

1
-A+=V
2

fe=cfe (2.5)

on the ball x| < N'~%¢, with the normalisation f;(x) = 1 if |x| = N'=%¢. Furthermore, by rescaling, we
define fi ¢(x) := f7(N'7%x) for |x| < £. We extend fu ¢ to a function on A, by fixing fy ¢(x) = 1, for
all x € A, with |x| > €. Then

1
-A + ENZ‘ZKWN“%)] fnv,e(x) = N2 Q0 () xe (x) (2.6)

forallx € A, where y, denotes the characteristic function of the ball of radius £. We denote by ﬁv (p)the
Fourier coefficients of the function fu ¢, for p € A*. We also define we(x) = 1 — fp(x) (With we(x) =0
for [x| > N'7%¢) and its rescaled version wy ¢ : A — R through wy ¢(x) = we(N'™%x) = 1 - fi.¢(x).
The Fourier coefficients of wy , are given by

Ty e(p) = / We(N'*x)e PN de = 2 5, (p/N'F)
A

N33«

where W (k) denotes the Fourier transform of the (compactly supported) function w,. Some important
properties of the solution of the eigenvalue problem (2.5) are summarised in the following lemma,
whose proof can be found in [3, Appendix A] (replacing N € N by N!=).

Lemma2.1. Let V € L3(R?) be nonnegative, compactly supported and spherically symmetric. Fix € > 0
and let fp denote the solution of (2.5). For N € N large enough, the following properties hold true:

i) We have

o] Ca?
~ N3-3kyg3 gNl—K'

3a
T ON3-3kg3

Ae

ii) We have 0 < fr,we < 1. Moreover, there exists a constant C > 0 such that
2

< .
- ZN]—K

’/ V(x)fr(x)dx — 8ma

iii) There exists a constant C > 0 such that, for all x € R3,

C
we(x) < MT and |Vwe(x)| <

x2+1
iv) There exists a constant C > 0 such that, for all p € R3,
Wn.e(p)| < m
We consider the coefficients 77 : A* — R defined through
= N 1«
np =—Nwn ¢(p) = =T we(p/N'™5). (2.7

Lemma 2.1 implies that

CN¥
P2

|77p| < (2.8
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for all p € A* = 272Z3\{0} and for some constant C > 0 independent of N € N (for N € N large
enough). From (2.6), we find the relation

NK 1 . -~
Py + TV(p/Nl‘K) * o qZA:* NV((p—q)/N"™mng = N2 (e * fn.e)(p). (2.9)

From Lemma 2.1, part iii), we also obtain
Inol < N3¢ / we(x)dx < CNX. (2.10)
R3

The coeflicients 77, will be used to model, through a Bogoliubov transformation, short-distance
correlations among particles. To reach this goal, it is enough to act on momenta |p| > N*/2. On low
momenta, the Bogoliubov transformation is needed to diagonalise the (renormalised) quadratic part of
the Hamiltonian. For € > 0 small enough, we therefore define the set

P = {p €A |pl < Nk/zm} 2.11)
of low momenta. We will denote its complement by P = A7\Pp. For p € A} we set
vp =Tpx(p € PL) +npx(p € PY)
with 77, defined in (2.7), 7, € R defined by

8raN¥

tanh(27,) = — 2o
anh(27,) p? +8maN¥

2.12)

and y(p € S) denoting the indicator function of the set S. With these coefficients, we define the
Bogoliubov transformation

1 .
T, =exp ( 5 2, vplapa’, —he) |. (2.13)
PEAL
For any p # 0 we have
TyapT, =ypap +opal, (2.14)

with the notation vy, = cosh(v,,) and o, = sinh(v},).

With the Weyl operator (2.3) and the Bogoliubov transformation (2.13), we obtain the ‘squeezed’
coherent state ¥y = Wy, T5,Q. Choosing Ny so that N = Ny + lo|I?, one can show that this trial state has
approximately N particles and, to leading order, the correct ground state energy. However, as observed
in [9] (for a similar trial state) and later in [17], the energy of the quasi-free state ¥ does not match
the second-order correction in (1.3). To prove Proposition 1.3, we therefore need to modify the trial
state. We do so by replacing the vacuum Q in the definition of ¥ by the normalised Fock space vector
&, /11Ex I, with &, = e47Q and the cubic phase

1 1
A, = — Z vy sinh(vy) ay,,a”,a>,0, , = — Z nyoy ayy,al.al 0, .
\/N rePygy,vePs: \/ﬁrEPH,vEPS: (2.15)

r+vePy r+vePy
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Here, we introduced the momentum sets

Py ={peA;:|p|>N""*},
Ps = {p € AL: N < |p| < NK/“S}. (2.16)

Notice that Ps ¢ Py. On the other hand, to make sure that P N Py = 0, from now on we will require
that £ > 0 is so small that 3« — 2 +4¢ < 0. Moreover, in (2.15) we included, for every r € Py and every
v € Pg, the cutoff

®r,v = n [1 _X(-/\/:S > O)X(N—s+v > O)
sePy
X l_[ [1 XNy > 0 YN + Nop oy > 0)
wePg

where N, = apap and x(t > 0) is the indicator function of the set {r > 0}.

Remark. It is easy to check that the computation of the energy and the number of particles of the trial
state we are constructing would not change substantially (and would still lead to a proof of Proposition
1.3), if in the definition (2.15) of A, we restricted the sum over r to the finite set Py N {p € A} : |p| <
N'=%*¢} = {p € A% : N'7%=¢ < |p| < N'=%*¢}. With this choice, the infinite product over s € Py
appearing in the definition of the cutoff ®, ,, would be replaced by a finite multiplication.

Let us briefly discuss the action of the cutoff @, ,,. To understand its role in the computation of e Q,

we observe that, for every integerm > 2,r,...,7m € Pg,Vvi,...,Vm € Ps,withri+vy, ..., rp+v, €
Py, we find
* * * * * * —_
®rm’v’"arm71+vmfla_rmfla_vmfl T ar1+v1a—rla—vlQ -

m—1
= | | 1_[ O pit=pj+vim O—pmtvizp,

i,j=1 pee{-re,retvet,
(=i, j,m

Xdy 4y AL, A, o ..o.ap,,al,al, Q.
The choice i = j in the product on the second line introduces restrictions of the form v,, # v; and
Pm # pi where pp € {—rg,re+ve}forf =m,i, foralli € {1,...,m— 1} (the condition p; # —p; + v,
on the other hand, is trivially satisfied due to the assumption p; € Py,v,, € Ps). For m > 3, the
cutoff ®,,, ,, implements additional restrictions involving three indices of the form —p; +v; # py with
pe € {=re,re+ve}, € =10, j,k where i, j,k = 1,...,m,i # j # k, so that exactly one of the three
indices is m. We conclude that, for any m > 2,

l m
AQsms ) )y [ mew

r1€Py,vi€Ps: rm€Py,vm€Ps: i=1
ri+vi€Py rm+vim €PH
X O 10 Y@, @ @ - @@l @ (217)
where
m
0({rj.v;}iL)) = l_[ ]_[ S pitvitpr- (2.18)

i,j,k=1 pie{-riri+v;}
J#Ek  pre{-reritvic}
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To illustrate the reason for the introduction of the cutoff, let us compute the norm ||&, || of the vector
£, = e Q. With (2.17), we find

el =D o ,)zn(AV)'"szu2
m>0

Z n12 Nm >, > 0({7;. 7, Y7L 0({rs. v ¥is)

m=>0 v,V €Ps Vin,Vim €Ps
r,F1€Pg: Ym Tm€PH:
ri+vy, F1+V1 €Pg "m+Vm, im+Vm €PH
m
* * * * * * * *
X | | nrinrioq,ia'vi<arm+vma,rma,vm ceal,Qap oAty als L..A”g Q). (2.19)

i=1

Clearly, for the expectation on the last line not to vanish, all creation and annihilation operators with
momenta in Pg must be contracted among themselves. Since, on the support of ({r;, v j}”i D> Vi £V
foralli # j (and, similarly, #; # ¥; foralli # j on the support of 6({7, VJ} ' 1)), we have (m') identical
contributions arising from this pairing. We end up with

1 1
2 ~
el =D~ D Dy ) e )
m=0 : vi€Pg,r, 71 €EPH: Vi €Ps 1y, im €PH:
ri+vy, F+vi€Pg Tm+Vm, Fim+vm €PH

m
X 1—1 Tlriﬂfia'g,» <Q‘7 Arlsvl T Arm,VmA:im Vi * A:il v19> (220)

where we have introduced the notation A, y, = @r,4+v,ad—r,.

It is now important to observe that, because of the presence of the cutoffs, the annihilation operators
in A,,,,,, must be contracted with the creation operators in Az, ,,. In fact, if this was not the case, we
wouldhave —r; = —Fpor —r; =F¢+veand rj+v; = —rp orr; +v; = 1y + vy, with at least one of the two
indices ¢, k different from j. This would imply one of the four relations 7, +v; = —rg, 7e +v; = i + v,
Fe+ve =Tk +Vj, —T¢ — V¢ + Vv = Tk + vy, all of which are forbidden by the cutoff 0({’@,%};”:1). We
conclude that

(AN A, A AL Q)0 ViYL O({7, 71

"ms>Vm
m

= (6f,-,r,- + 6—fi,rl-+v,-)9({rj, vj};n:]) (2'21)
i=1

(after identification of the momenta, the second cutoff becomes superfluous). From (2.20), we obtain

11 =
”é:VH2 = Z %W Z e Z 9({rj’vj};'rl=1) l_[nri (77r,- +77r[+vi)o—v

m=>0 vi€Ps,ri€Pg: Vi €Ps ,rmePr: i=1
ri+viePg rm+vm €PH
m
_ 0({rj.v + Vo2 (2.22)
2mm‘Nm Vit ] 1 Tlr, ’7r,+v, Vi .
viePs,ri€Py: Vin €Ps,rm€Py: i=1
ri+viePy Fm+vm €Pp

where we used the invariance of 6, with respect to —r; — r; + v;. The cutoffs have been used first to
exclude coinciding momenta in vy, ..., v, and in vy, ..., Vv, (which implies that, up to permutations,
the pairing of the momenta in Pg is unique) and then in (2.21) to make sure that annihilation operators
in A, ,; can only be contracted with the creation operators in A;j vy This substantially simplifies

computations. Similar simplifications will arise in the computation of the energy of our trial state.

https://doi.org/10.1017/fms.2021.66 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.66

10 G. Basti et al.

Apart from the formula (2.22) for the norm ||£, ||?, we will also need bounds on the expectation, in
the state £, /||&, ||, of the number of particles operator AV, of A%, of the kinetic energy operator X and of
the product K. These bounds are collected in the next proposition, whose proof will be discussed in
Section 5.

Proposition 2.2. Let &, = ¢4 Q with ¢4 defined in (2.15) with k € (1/2;2/3) and & > 0 such that
3k — 2 +4¢e < 0. Then, under the assumptions of Theorem 1.1, we have

€ NVEy) o ok2ee), (2.23)
er - '
and
i-1
<§V’ ICN? fV> < CNSK/zN(9K/2—2+5) (-1 (2 24)
G - '
for j=1,2.

Using the Weyl operator Wy, from (2.3), the Bogoliubov transformation 7, defined in (2.13) and the
cubic phase A, introduced in (2.15) (or, equivalently, the vector &, = e4Q), we can now define our
trial state

Wi, Tye Q
Yy = % = WN()TVf_V' (2.25)
W, Ty e Q|| &I
Here, we choose Ny > 0 such that
N =No+|loz|? (2.26)

where o, denotes the restriction to the set Py, of the coefficients o, = sinh(v,), with v, defining the
Bogoliubov transformation 7,; see (2.13).

Let us briefly compare our trial state with the one of [20]. In both approaches, the condensate is
perturbed with operators creating double and triple excitations, the latter having two particles with
high momenta and one particle with low momentum. Moreover, similarly as in [20], we impose cutoffs
making sure that each low momentum appears only once. In contrast to [20], we also impose cutoffs
on high momenta. Moreover, we have a clearer separation between creation of pairs (obtained through
the Bogoliubov transformation 7)) and creation of triples. Finally, in our approach, we create triple
excitations through the action of e~ on the vacuum; the algebraic structure of the exponential makes
the analysis and the combinatorics much simpler.

As shown in the next proposition, the choice (2.26) of Ny guarantees that ¥y has the expected
number of particles.

Proposition 2.3. Let ¥y be defined in (2.25) with the parameter Ny appearing in (2.3) defined by
(2.26). Let k € (1/2;2/3) and € > 0 so that 3k — 2+ 4& < 0. Then

(PN, N®N) =N, (P, N*¥y) < CN? (2.27)

for all N large enough.

To prove Proposition 2.3 (and later to show other properties of the trial state ¥y ) in the next lemma
we collect some bounds for norms of the coefficients appearing in the definition of A, in (2.15). We
denote here by 177,17.¢,7s, g the restriction of 7 : A* — R to the set P, P{, Ps and, respectively,
Py . Similarly, we define yr,yre,YH,ys and op,0rc,0H, 5.
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Lemma 2.4. We have
e |? < CN¥272, Ineelly, < CN'¥*, Ineelle < CN72°
Inell? < CN3*1*2, Iy, < CN'™, 75l < CNI*-2428
In particular, this implies that ||yg ||, ||0H |0 < C. Moreover, we have
lyLllZ llolls < CN*/2, lyrorll < CN3*/+e
and
Ll < CN3*/243%, loLll? < CN3*72, ||0'L||12L11 < CNS/2+e.
Finally, we observe that
losI? < CN*2. - losl < N lysI llosIR, < CN©.
Proof. The bounds for ||nz< ||, |7z, 7L |lo and |77 |le follow from (2.8). On the other hand, with

the notation 7j(x) = —Nw¢(N'"¥x) for the function on A with Fourier coefficients 7 p» we find from
Lemma 2.1, part iii),

1
Ineell?, <C Yy p*npl* < c/ Vi (x)|2dx < CN“K/ ———dx < CN'™™*,
H! p;* b s (X2 +1)?

To show bounds for o,y we observe that, with (2.12) and y?, =1+ 0';, we obtain

o2 = p* +8maN* — +/|p|* + 16maN«p? —8maN¥

5 TpYp = . (2.28)
7 2/Ipl* + 167aN*p2 P Vipl + 167aN«p2
Recalling that Py = {p € A% : |p| < N¥/**¢}, we find
NK/Z N2K
locle, < sup C——+  sup  C— < CN“2 (2.29)
pPEPL:|p|<N*/? lpl pEPL:|p|>NK/2 |P|
Moreover, by definition of Pg we get
NK/2 N2«
llos|l2, < sup C + sup C— < CN°®.
NKP2=e<|p|<N*/2 Pl PEPL:|p|>N*/? pl
Using again y2 = 1 + 02, we find [|yL|le < CN*/? and ||yslec < CN¥. Similarly, we obtain
NK/2 N2K
locl?<c )] €Y T <ONHP (2.30)
e P o Pl
PEPL:|p|SNK/ pEPL:|p|>N«/
and thus ||y ||> < CN3*/%32 Moreover, we have
2 2 N2« 5K/2
locllf, <c >0 pINPec Y s CN/2+s, 2.31)

pEPL:|p|<NX/2 pEPL:|p|>N*/2
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The bound for ||oyr |1 is proved similarly, using the expression for y, 0, in (2.28). Finally, we note
that the estimates (2.30) and (2.31) do not improve when we consider the restriction of o, to Ps C Pp;
hence, [|os||* < CN?*/? and [|os||?,, < CN*/2*+, O

We can now return to the proof of Proposition 2.3.

Proof of Proposition 2.3. From (2.4) and (2.14) we get

sy 7% 2 * %
TVWNONWN()TV =No+ Z o, + VNo(ao + (10) + agag
PEA;

+ Z [(0']27 + y]z,)a’;,a,, +ypoplapa_, + h.c.)]. (2.32)
PEA;

By definition of &,, apé, = 0 and (¢,,apa_,¢,) = 0 for every p € A”, as well as the definition
N = No + ||o ||, we obtain that

v, Ty W NWN T éy ot any
¢ frg ||2N &) =N+ Z Tp+ Z (02+72)M. (2.33)

PP IE 1

(PN, N¥y) =

PEPy pePsUPy

This immediately implies that (¥, N¥x) > N.
With a¢é, = 0 and the assumption 3x — 2 + 4e < 0, (2.32) also implies that

(€. TyWH N Wy, T,é,) < CN* +C Z (T2 + V)02 + 72y dhapalagty)
P.qeN]

*

+C Z YpOpYqTqlév, (apa—p +a,a’,)(aga—q +agzal,)éy).
P-qEN

Since &, is a superposition of states with 3m particles with momenta in Py U Pg, we obtain, writing

* * — * * * * : . * *
apa-paza’, = agapa’ a_p+(0p.q+0-pg)(anap+1)+0, 4a*,a_, and similarly for aj,a” ,aza—4,

EnTiWh N W ToEy) < CN? + CNP2(E,, (N+ D26, +C Y Y202l ahapty)
pEPyUPs
+C Y VlEN+C D ypopyeoyly anagal agty).
PEN; pP.q€PrUPs

Estimating the last term through

Z YpOpYq0qlév, apaqa’,a—géy)

ﬂ,qEPHUPS
< D pllopllvgliogl lagapéylillat ,a gé
p,qEPHUPS
< D0 plloplivgliogl [llagapéoll + llapél] [lla-pa—géll + lla—g& ]
P.q€PHUPs

< Cllysom A Nosor IZ NN+ DEP + Cllysom 12 losom IPIN2E, |12
+ Cllysum lIZlosor o llosom NV + DENINY2E, 1,

we conclude with the bounds in Lemma 2.4 and in Proposition 2.2 that, for 3x — 2 +4e < 0,

& TyWr N W T Ey) < CN? + CN?#(E,, NPEy) + CNZ [0 [P0, NE) + Cliy 2Nl
< CN2+CN9K74+48 +CN6K72+28 +CN2K < CNZ. O
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The next theorem, whose proof occupies the rest of the article, determines the energy of Wy and,
combined with Proposition 2.3, allows us to conclude the proof of Proposition 1.3.

Theorem 2.5. Let Hy and WYy € F be defined as in (2.2) and (2.25), respectively, and let E;{}, =
(PN, HNPN). Let k € (1/2;2/3), € > 0 5o small that 3k — 2 + 4 < 0. Then, under the assumption of
Theorem 1.1, we have

EI\}\; < 47TaN1+K 1+ 128 (a3N3K—2)1/2 +CN5K/2 maX{N—{;;N9K—5+6£;N21K/4—3+3S} (234)

15vr
for all N large enough.

Remark. Equation (2.34) gives the correct second-order term for all x < 5/9 (choosing £ > 0 small
enough); this corresponds to exponents y < 4/3 in Proposition 1.3. With a more complicated proof, we
could have considered all k < 7/12 (corresponding to y < 5/3).

Proof of Proposition 1.3. Proposition 1.3 follows from Proposition 2.3 and Theorem 2.5, recalling that
(1.5) is unitarily equivalent to L™2Hy, with H as defined in (2.2), L = 5, N = pL> = p'=3 and
k= 2y —-1)/(3y —1). At the end, to obtain (1.8) and (1.9), we have to rename £(3y — 1) — &. o

3. Energy of the trial state
In this section we prove Theorem 2.5. With (2.25) and introducing the notations

gn = T:,CNTV, with Ly = W;/'OHNWNO 3.1
we write

€112

with &, = e Q, as defined before (2.15). With (2.2) and recalling from (2.4) that

EY = (YN, HN¥N) =

W;I(]aPWNo =ap+ No 5‘0,0 (3.2)

we obtain Ly = L + £ + £ + £ + £4), with

N? ~
0) _ 0 k-1
EN =5 NV (0)

Ly = N> NV (0)(ap +h.c.)

% NO i - - *
Ly = > Payap+ DL NS (V(p/N'™) +V(0)apa,
pEAN* pEN*
NO KY7 1-k P
+mp;\*N V(p/N ) (a,a’, +apa_p)

VNO - - * % *
;CS) = T Z NKV(r/Nl K)(aparap"'r +ap+raVaP)

p.reA*
1 = — * *
Ex) =N Z N“V(r/N! “)a ) ragapagr. (3.3)
p.q.r €A

To compute Gy, we have to conjugate the operators in (3.3) with the Bogoliubov transformation 7.
The result is described in the following proposition, whose proof will be discussed in Section 4.
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Proposition 3.1. Ler

« H 1 i - * *

K= E pzapa,,, V;V ) = N E N“V(r/N! “)a e agapagr (3.4
PEA; reA", p,qePy:
p+r.q+rePy

and (recalling from (2.26) that Ng = N — ||o||*)

VN = —K *® * *
Cy = TO Z N“V(r/N! ) TprYpYr (@pypaZpal, +hc.). 3.5)

p.,r€Py
p+rePs

Moreover, let

N1+K - P e
Cgy = TV(O)+ Z p20'!2,+ Z N“V(p/N! )TpYp
pe/\: pEAi

_ ) 1 I—
+ Z N*V(p/N' K)0'127+ﬁ Z N*V(r/N' )TpTp-rYpYp-r
pPEPL p,rEAi
r#p

1 —
—5 20 D NV(p/N T, (3.6)

vePy, pEPZ

Then, under the assumptions of Theorem 1.1, for all k € (1/2;2/3) and € > O with 3k —2 +4e < 0 and
N sufficiently large, we have

EnOnér) _ o, (Kt VI 1 en)éy)
ez~ EE
+ CNSK/2 . max{N_g, N9K—5+68, N21k/4_3+38}. (3.7)

Remark. In fact, (3.7) does not only hold true for &, but for any state satisfying the bounds in
Proposition 2.2.

The expectation of the operators /C, V§VH) ,Cy in the state £, /]|&, ||, appearing on the right-hand side
of (3.7) is determined by the next proposition, which will be shown in Section 5.

Proposition 3.2. Under the assumptions of Theorem 1.1, we have

. (K+ V" +Cn)E) 1 -
Y D 08 D NGNS 4 )

2
||€:V|| vEPL rePy
+CN>?  max{N~°, N'2*"7+5¢}

Jorall k € (1/2;2/3) and all € > 0 so small that 3k —2 +4& < Q.
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Let us now use the statements of Proposition 3.1 and Proposition 3.2 to obtain an upper bound for the
energy of the trial state ¥ and prove Theorem 2.5. From Proposition 3.1 and Proposition 3.2 we find

1+k

N ~ ~
E,q\; < TV(O)+ Z p20'127+ Z NKV(p/NH()yPO'p

PeEA; PEAL
—~ _ 1 —~ _
+ YU NVE/NT™ o2+ = > NV((p-q) /N )ypreopoy
2N
vePL P-qENL
P*q

—% Do >, NV(p/N"™)m,

vePr, PEP]

1 ~
+5 2 08 Dy NVEIN) @ +ay) +€ (3.8)

vePT, rePy
with
£< CNSK/Z . maX{N—g N9l(—5+6£ N21k/4—3+35}

for all k € (1/2;2/3) and all £ > 0 with 3k — 2 + 4& < O (in this range, 12« — 7 + 5¢ < 9x — 5 + 3¢).
Since |0, — 1| < Clnp | for all p € PS, with (2.8) we find

Z pzof, < Z v20'3+ Z pznf,+CN5K/2_3£. 3.9

PEA; vePr pEPY
Similarly, with |y,0p, —17,| < Cn;, forall p € P{, the last term on the first line of (3.8) can be written as

Z NKV(P/NI_K)VIJG'IJ

PEA;

< Y NVE/N ™o+ D NV(p/N'" ), + CN¥232, (3.10)
vePr pEPz

Next, we focus on the last term on the second line of (3.8). We define &, through the identity

1 = 1-
N Z NV((p = @) /N )ypYqopoy

P.gEN]
p#q
1 = - 1 ~ o
=5 2 NV = /N mpyg0q + 55 3 NV((p =) /N ™mpng+ & (.11
PEPY, P.qEPf
aePrL p#q

Using again |y,0, —17p| < Clnpl3 for all p € P{, the estimate

sup > NIV ((r = )/N'™)lIns| < CN'** (3.12)

reAt SEN]
and the bounds from Lemma 2.4, we conclude (using the condition 3x — 2 + 5¢ < 0) that

&1 < C [N llneellolinee I? + N inellolinee IPlowyell + N<Hlowy 7] < CN*,
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To prove (3.12) we use (2.8) and we remark that

D NV =s)/N'inl <CN* YT s 2 < CNT

SEN*:|s|<N1-x SEAL:|s|<N1-*
and that, rescaling variables (setting 7 = r/N'~%) and using an integral approximation,
D N =s)/N gl <ot Y NI - )| Is|
SENL:|s|>N1-« SEA*/NI-«:|s|>1

< (:N“K/|| 1 V(7 - 5)lIs|2ds < C,N"™™ ||Vl
s>

for any ¢ < 3. With the assumption V € L4 (R?), for some ¢’ > 3/2, (3.12) follows by the Hausdorff—
Young inequality.

Finally, we remark that the terms in the last two lines of (3.8) can be combined, using (2.8) and the
bound ||o||?> < CN3*/2 from Lemma 2.4, into

1 _ _ 1 ~ _
N 220 2 NVIN™mp + 5 3 0 Y NV /N ™)y + )
vePr pEPE vePr, rePy
1 _
<% D1l Y NV /N ey + CN*22 (3.13)
vePr, rePz

Inserting (3.9), (3.10), (3.11) and (3.13) into (3.8), we obtain

I+ __
EY <TI0+ Y [Py NN 420 ST N = p) Ny

PEP] rePC
+ Z [v20'2+ (o2 +y‘,0'v)(NKV(v/N1 4 — Z N V((r = v)/N'" K)n,)]
vePr, rEP‘
+ CNSK/2 maX{N_‘E N9K—5+6£ NZIK/4—3+38}. (314)

Let us now consider the first square bracket on the right-hand side of (3.14). Using the scattering
equation (2.9) we obtain

S [P+ N TIN50 S NT( = p) N
PEP] reP‘

= Z NV(p/N'")n,, - Z NV((p =) [N + & (3.15)

pEP‘ pGP‘
vePy,

with

—~ 1 —~
_ 3-2k = o K 1-k
&= N7 E (Ye = fn.e) 1p N E N*V(p/N"")npno.
DEP} PEP]

Using N373%1, < C (Lemma 2.1), || %z * fv.cll = xefn.ell < Cand |[gze||* < CN3*/2-¢ (Lemma 2.4)
in the first term, (2.10) and (3.12) in the second term, we find & < CN’*/2~¢ (using that 3k —2+4& < 0
and k > 1/2).
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As for the second square bracket on the right-hand side of (3.14), we write

D (o2 +yeen) (N VN + Z NV ((r = v)/N')n,)

vePr, rePC
= D o2+ )N (VCIN'™)  fyve), +&  (3.16)
vePy,
with
1 —~
& = - ZNKV((r—v)/leK)(0'5+)/V0'v)nr Z N“Vy (v/N'~ K)(O' +y,0y).
v, rePr, vEPL

With (2.8), Lemma 2.4, |0] < CN* and the assumption 3« — 2 + 5 < 0, we obtain £ < N%/27¢,
Inserting (3.15) and (3.16) in (3.14) and completing sums over p on the right-hand side of (3.15), we

arrive at
Ey < %( “Vn(IN'") * fne)g
+ Z [v o+ (o5 +7V0'v)(NK\7(-/N1_K) *ﬁv’()v - %N“(V(-/NI_K) *‘E\],g)vr]v]
4 vce;gkm max{N—¢, Nok~5+6e  N2lk/4-3+35y 3.17)

Let us now introduce the notation g, = (NKV(-/Nl‘K) * fN’[)p. Notice that
| g0 — 8maN* | < CN*71, |g» — 80| < ClpIN*". (3.18)

With the expression (2.28), we obtain

4, .2 o~
Z [v20-§+(a-v2+yva-v)§v] zl Z [—V2—§v+ v+ v4(8maNX +3,)

vePr ZVEPL VV4+167TCINKV2
|
=3 D [\/v4 +16maN V2 — 2 — SnaNK] +&
vePy

where, with (3.18) and 3k — 2 + 4¢ < 0, we find

1 - gy — 8maN¥
fi=) S Jomane g, ¢ B8OV
2.7 1+ 167aN</v2
W1+ 16maN«/v2 -1
<C Z |8raN* — g, | l Al |

VePy V1 + 16maN« /v?

NK/2
2k-1 S5k/2—-&
<CN [ > b+ D Ivlz]SCN .
[v|<N*/2 VEPL:|v|>NK/2

Moreover, from (3.17) and with the scattering equation (2.9), we obtain

K
—N7 dams< ) BraND? | cnswiz-e.

2
VGPL VEPL 4V
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Thus,
1 8maN*)?
EY < anan™ 42 3 [V 1 16maN502 —v? - gran* + NS
2vEPL 2v
+CN5K/2 max{N‘s N9K—5+68 N21K/4—3+3€}
With

K\2 2k
Vv + 16maNcv2 — v — 8raN* + M < CN

2y2 v

we can replace, up to an error of order N 5«/2-# the sum over P; with a sum over all A%. With the
rescalingv — N «/ 2v, we arrive at

N* 8ma)?
EY S47raN1+K+7 Z [\/v4+167rav2—v2—87ra+ (2”2)
ve2nN~«/273 v

+CN5K/2maX{N—£, N9K—5+6£’ N21K/4—3+3£}' (3.19)

Recognising that (3.19) defines a Riemann sum and explicitly computing

1 2 12
— / dv [\/v4 +16mav? —v? — 87ra + (87a) ] =4rna - —8(13/2

2(2n7)3 2v2 154

we conclude that

1+ 128 ((13N3K2)l/2]
I5yz

+CN5K/2 max{N‘s, N9K—5+68’ NZIK/4—3+38}.

EY < 4maN'*<.

To compare the Riemann sum in (3.19) with the integral, we first removed contributions arising from
|v| < N~ using that |F(v)| < C/v?, for small v, with the definition F(v) = Vv* + 16mav? — v — 87a +
(8ma)?/2v2. For |v| > N=¢, we use that [VF(v)| < C|v|=>(1+v?)~! to compare the value of F(g) with
F(v), for all g in the cube of size 27N~*/? centred at v.

4. Bogoliubov transformation

In this section, we show Proposition 3.1. From the definition (3.1) and from (3.3), we obtain (since T,
does not act on the zero momentum mode and since ayé, = 0)

<‘§:v, gN'fv> Ng k=17 d <§v, g%)fﬂ
- = —N“V - - -
e 2N Vo JZQ T

with G = T3£0'T,, for j = 2,3, 4.
We start from the contribution of gﬁ). We write Eﬁ) =K+ Eﬁ’v) with

No K (O K ’ * No KY) =K\ (F %
oyt = DL NV pIN'T) +V(O)apap + 50 D NV (p/N'™)(a}a”, +he).
PEAN* pen*
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Using (2.14) we get

T,KT, - |K+ Z pZO'IZ, =2 Z pzalz,a;ap+ Z pZ[yPO'p(a;aip+h.c.)] =E| +E.
PEAL peN; peN;

From (2.15), (¢,,Ex&,) = 0 (&, is a superposition of states with 3m particles, for m € N). To bound the
expectation of £} on &, we notice that (£, a},apéy) = 0if p € A{\(Ps U Py). Moreover, proceeding
asin (2.31), we have

2k
sup (pzof,) < sup N“2|p| + sup < CN*
PEPs pePs:|p|<N«/? pePs:|p|>N«2 P
while
2k
sup (pzo'lz,) < sup < CN72H428 < CNX
PePn Ip|=N1-*-= P

because, by assumption, 3k — 2 + 2¢ < (. Hence,

(&), E1€,)] < CN® N2, |2, (4.1)

We now consider the contribution from Eﬁ’v). Using again (§,,a},a%,¢,) = 0 forall p € A} and

(év,apapéy) =0forall p € AJ\(Ps U Pg), a straightforward computation shows that

(fV,Tjﬁﬁ’V)Tv§v>
1€, 112

N, i —K N <V v w«
=N 2 N VGINT o+ 5 D N (V)4 V(p/N' )
PEeN; PEA;
N K[{7 K— vV <§V,a*a §V>
+ﬁ0 Z N<[V(p/N 1)(yp+0'p)2+V(0)(7§+0'12;)]+§
peEPsUPY ||§V”

With the bounds [|ys||%, losliZ, llog %, |yall2 < CN® from Lemma 2.4, with (4.1) and with the
estimate (£,, N&,) < CN%/272+2||£, |12 from Proposition 2.2, we conclude that

<§V’ g(2)§V> v,K v N KY7 —K
N < (&v, Kév) + Z pzo';+ﬁo Z N V(p/N] )Ypop

2 - 2
€1 R =
N S
+ WO Z N*(V(0) +V(p/N'))o2 + CN*/>¢ 4.2)
PEA;

using again the condition 3x — 2 + 4¢ < 0.

Next, we study the contribution of QS) = TjﬁS)T,,, with LE\?) as in (3.3). Recall the operator Cy,
defined in (3.5). Taking into account the fact that &, is a superposition of vectors with 2m particles with
momenta in Py and m particles with momenta in Pg, for m € N, we obtain that

3
(€, GV E) = (€ OnEY + ) [0 Fi&y) +he]

J=1
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with
Vi TN o at
F; = N Z NV(r/N"™ Yy psropor Apa’,a’,
p.,r€Py:p+rePs
\/]TO -~ _ = — * * *
F, = N N¥ [V(I’/Nl K)+V(p/N] K)] Yp+rOpOr Qpya_pd_,
pEPH ,rePs:p+rePy
VNo |17 -K v —K
F3=—N N [V(r/N1 ) +V(p/N' )] Op+rYpYr G-p-rdpQr.

pEePy,rePs:p+rePy

Using [la*, (N+ D2, ]| < llas, (N + DY, |+ [|(N+ 1)12, [, we can bound

€ Figy) < CN“Plyslle D lovliopl laprap W+ 172,
p.rePy

x| lla-r W+ D2, |+ 1V 1)

< CN“Y2lyslloollom llsollomm | TN+ DY2E NN+ DE I
+ CN“'2|lysllollom 1> [N+ 11728, |

With Lemma 2.4 and Proposition 2.2, we obtain

€ F18y) o 3Tkia-aser2 | o 1T/2-1/245812 o o SK/2 L N2IK[A-T /24382
vl -

from the assumption that 3« — 2 + 4¢ < 0. Similarly, we find

(€. F26,) < CN“ Pl llollosleollos TN+ DYZE NN+ DE I
+ CN* Py llollosllowull NV + 1), |1*
< C[N37K/4—4+38 +N31K/4—3+38/2:|||§ 2 < CN3*/2 . N2IK/A=3438/2 ¢ |12

and also

& F3éy) < CN*llyallellyslcollom I+ D 2E NN+ D, |
+CN*"llyallollyslllonl N+ 1D)'V2E,)1?
< CNSK/Z . N21K/4_3+3£||§ ”2

Summarising, we have

(3
&GN &) < 6nCnéy) + CNO*I2 . N2Ik/4-343e

< 4.3
e e )
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Finally, let us consider ggj) = Tjﬁx) T,. We decompose (£, Qx)fv) = 23:1 (&v, Gjé,) with

1 ~
G = IN Z N*V(r/N' VY pYaYp+rYarr QparAgdpagr
reA*, p,qeh;
—r#q,p
1 1374 1-« * *
Gy=— Z NV (r [Ny psrTgapi,a-g + a'p+ryqa,p,raq)
reA*, p,qel; . N
r#q,~p X (YpOgsrapa® ,_, + TpYqsrad” paqsr)

1 —~
— K 1-« % %
Gs = N Z N*V(r/N )0'p0',10'p+r0'q+rap+raqapaq+r.
reN”, p,qel;
r#q,—p

To estimate contributions from G3, we arrange terms in normal order. We find

1 5 — * *
G3 = N Z NV(r/N! )T p OGO prTgir @y Apirdg

reA*, p,gelA;
—r#q,p

% l-ky 2 2
E NV(r/N'"™ o o, (ayap +ay, apsr)
reA”, peA]
p#*-r

TN

1 I *
+ N Z NKV(O)O']%oﬁapap
P-qEN;
1 —~ 1 ~
t oy Z NV(r/N"™)a2a2,, + Ty Z NV (0)o2o2.
reA*, peA;: P-qEN;
pF-r

Since ap &, = 0if p € A}\(Ps U Py) and ||og ||lo < ||0s ||, We find, by Cauchy—Schwarz,

(€y,Ga&y) < CN T [[los IR 1PN+ DEV + oI lE 117
< CN>*? . max{N~%, N33} ||&, |I? 4.4)

using Proposition 2.2 and 3k —2+4¢ < 0. We proceed similarly for G,. Through normal ordering, we get

1 —~
K 1-k * *
Gy =— Z N V(r [N )Y pYp+rOqOqir@pe, @y apa—g
reA*, p,qel;
—r#q,p
1 NKV NI—K * *
RNY; (r/ )7p+r7q+rO-I;U'qap_,_ra,pa_qaq_,_r
reA*, p,qel;
—r#q,p

1 _ . 1 S .

+ v Z NKV(O)yIZ,(rgapap + T N“V(r/N! ")yf,(rgwapap
P.qEN; reA*, peA;

2 = — *

+ v Z NV (r/N! VY pTpYprrTperanap

reA*, peA;

1 = -
+ 2N ZEA* NKV(r/Nl VY pYp+rTpTpr-
P.reiy
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Keeping the last contribution intact and estimating the term on the fourth line distinguishing the two
cases (p+r) € Psand (p +r) € Py, we arrive at

1 K\ —K
€ Gabr) < 50 ) NVEINT)Ypyper oo |01
p.reA;

+CN“ sl IPINV+ DéI1?

+CN“ysum s llosum lleo

x| Iysosll + lyallesup > VG /N5 mpurl| INVE, 1.
P orenr

With the bounds in Lemma 2.4 and in Proposition 2.2 and with (3.12), we conclude that

1 = - -
(€.Gobn) < 30 D) N VN 0¥ per 0p0par P + CNN2 NS08 2 (415)

p,reA;

Finally, we consider G;. Recalling that a,¢, = 0 if p € A;\(Ps U Py) and observing that

*

&y, a”;, +raqapaq+rfv> # 0 only if the operator a}“, +raf1a pag+r preserves the number of particles in
Pg and in Py, we arrive at

1 = — * *
v, Giéy) < N § NKV(r/Nl K)Vp?’q?’pﬂ’?’qfr (3 ap+raqapaq+r§:v>
reAN, p,qePu:
p+r,q+rePhy

+ N lysum Iz lys PNV + DEN.

With |y, vV psrYger — 1| < Cling||% for all p,q € Py, with (p +r),(g +r) € Py and using the
estimate (see the proof of (3.12))
NV (r/N'™)]

TET

sup

PEA® reAiir#p

we conclude that
(,Gi&) < (€ VD8 + Cllnu IZINVE2E, 112 + CN<lysom 15 llysIIPINE]

with VﬁVH) defined as in (3.4). With Lemma 2.4 and Proposition 2.2, we find (using the assumption
3k —2+4e <0)

(Ev,Gi&y) < (&, VD E,) + CNO /2 NO502 g |12,

With (4.4) and (4.5), we have shown that

. Gn ) _ (& VN6
&P = lE R

Combining the last bound with (4.2) and (4.3), we obtain

+ CNSK/2 . maX{N*S’ N9K*5+68}'

€ Oné) _a o En (KW +C0E)
e~ & 12

+ CNSK/Z . maX{N_S, N9K—5+68’ NZIK/4—3+3£}
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where we defined

_ N2 N, _ .
Cn = 7 N*V(0) + D plop+ WO DN (V(p/N'™) +V(0)) o
PEAL PEAL
NO T 1-k 1 K7 1-k
7 D NV(p/N" )y, + N D NV IN )0y TparypYper-  (46)

PeEA] p.rel;
r¥p

Inserting No = N — ||Q'L||2 and recalling from Lemma 2.4 that |loz]|> < CN3¢/2 and |lozc|)® <
CN3</2=2 we obtain Cy = Cg, + O(N>*/?>7¢), with Cg,, as defined in (3.6) (with the assumption
3k —2+4e < 0). To handle the first term on the second line of (4.6), we used that |0, y, — 17| < Cni’, <
CN3/|p|®, for p € P{ . This completes the proof of Proposition 3.1.

5. Cubic conjugation

In this section we prove Proposition 2.2 and Proposition 3.2, as a consequence of the following lemma.

Lemma 5.1. Let A, be defined in (2.15) and K, V;VH) and Cy be defined in (3.4) and (3.5), respectively.
Then, for &, = e Q,

Vs v 2
w < D PO+ )oR +E, G.D
”6"” vEPs,rePy:
r+vEPH
<§v’ CN2§V> < E NKV(V/NI_K)(nr +T]r+v)0'5+g, (52)
”é:"” N vEPs,rePy:
r+vePy
év, V;VH)§V> 1 k{7 1-« 2
W < m Z (N V(/N ) * Tl)r(nr + T]r+v)o-v +g7 (53)

vePs,rePy:
r+vePy

with
E< CNSK/Z . max{N‘s, N12K—7+58}
Jorall k € (1/2;2/3), € > 0 so small that 3x — 2 + 4 < 0 and N large enough.
With Lemma 5.1, we can immediately show Proposition 3.2.
Proof of Proposition 3.2. From Lemma 5.1 we have
(& (K+ V" +C0)E)
€12

2 = RIPES
S I ADY [rznr+NKV(r/N1‘K)+;V—N(Vc/N“K)*n),](m+nr+v)+€

vePg rePy:
r+vePy

with £ < CN>*/2 . max{N~%, N'2¥-7+3¢} With the scattering equation (2.9), we obtain

@+ rene) 1 - ,
o Sy 20 Dy NN @ +ne) +€
”g"” vePg rePy:
r+vePgy
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with

’ 1 - = -
&< v Z ol Z N> Ae(Xe * fn ey + €.

vePs rePy:r+vePy
Using |[N373* ;| < C and ||)¥¢ * fn.¢|l < C, we conclude

(€ R+ V" +Cn)Ey)
1€, 117
1 R B K o
=N Z ol Z N V(r /Ny + 1rsy) + CNOK/ . max{ N5, N126-7+521

vePg rePy:
r+vePgy

Finally, with (3.12) and the expression (2.28) for 0'3, we can extend the sum over v € Pg to a sum over
all v € P, without changing the size of the error. This completes the proof of Proposition 3.2. O

We still have to show Proposition 2.2 and Lemma 5.1.

5.1. Expectation of the particle number and kinetic energy

In this section we prove (5.1) and Proposition 2.2. We start by computing the expectation (£, K&,).
We proceed as we did in (2.19)—(2.22) to compute ||&, ||>. With Ka®, a*,a*, = a’, a*,a*,(K+ (r +
v)% +r2 +v?) we obtain

(ki)=Y e D) 3 el
m>1

vi€Ps,r €Pg: Vm€Ps . rm€Pp:
ri+vi€Py rm+vm €PH

m

2 2 2 2 2

X [rm+vm+ (rm"'vm) ] l_l(rlri +77ri+v,~) O—vi
i=1

with the cutoff 6 introduced in (2.18). Since all terms are positive, we can find an upper bound for
(&), K€,) by replacing 6({rj,vj}j”;l) with 6({rj,vj}jm:‘ll), removing conditions involving momenta
with index m. Recalling (2.22), we find

1

(£ Ky <= Y PR+ () 4 ne) 0l 61
2N
vePg,rePy:
r+vePy
2
<5 2 Il rn)ol 6P+ E
vePs,rePygy

with (using Lemma 2.4 and the assumption 3x — 2 + 4¢ < 0)

& 2
ey D, A 0oy
”fV” vePg,rePy:

r+vePy

C - —
< <ol ina 1P + sl sl ) < CN¥12 < CN%22,

This proves (5.1). In particular, (5.1) implies, together with Lemma 2.4, that

’K —
E k&) Nl llosIP < CN, (5.4)

1112
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which shows (2.24) with j = 1 in Proposition 2.2.
Analogously, we find

3m 1 m
(&, KNE,) < Z 2 (m = 1)1 N7 Z Z 9({l’j,vj}j:1)
m>1 viePs,r1€Pyg: Vim €Ps,rm€Py:
ri+vi€Pgy rm+vm €Py

m
X [Vrzn + V%q + (rm + Vm)z] l_[(nr,- + 77r,-+vi)20-\%,-'

i=1

Writing m = 1 + (m — 1) and bounding 6({r;, vj};”zl) by 0({r}, vj};.”z‘lz), we obtain

EnKNE) SHEKEN+ T YL [P (e

r,r'€ePg,v,v' €Pg

X (77r + 77r+v)2(7]r’ + 77r’+v’)20'50_5'”§v”2-

With (5.4) and with the bounds for ||ng ”12-11 Nme %, los||? from Lemma 2.4, we find

<§V’ KN§V>

”5 ||2 < CNSK/Z . N9K/2_2+8,

which shows (2.24) with j = 2.

25

(5.5)

To show (2.23) we observe that, by (2.15), the operator A, only creates particles with momenta in
Ps U Py and for each particle with momentum in Pg, it creates two particles with momenta in Pp.

Since |p| > N'=%=¢ for all p € Py, we find, by (5.4),

3

<§V’N§V> = Z (3 a;ap§v> = E Z (3 a;ap§v>
pePsUPy pPEPH

< CN_2+2K+28<5V,’C§:V> < N9K/2—2+28||§v”2’

proving (2.23) for j = 1. Analogously, we find

<§V7~Nﬂfv> = Z <N1/2§v,a;ap'/\[l/2§v>
pePsUPy
< % DTN, anap NPE ) < CNTR2E (e, KONE, ).
PEPH

By (5.5), we obtain (2.23) with j = 2. This completes the proof of Proposition 2.2.

5.2. Expectation of the cubic term

The goal of this section is to show (5.2). From (3.5), we have (using the reality of 17,,, v, o)

<§v’ CN§V>
VNo 1 5 - -1
=2 N*V(r/N'™%) 0-p+r7p'}/r<A:/n§v, a;_'_raipafrA:," &v).
N ;1’”!(’"_1)!,;,;3”
p+rePs

https://doi.org/10.1017/fms.2021.66 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.66

26 G. Basti et al.

Proceeding as in the previous section, we get

stCN‘fV
No m
NN sz ‘(m—l)va Z Z O({r.vi}i)
vi€Ps,r1€Py: Vm €Ps,rm Pl
ri+vi€Py rm+vim €PH
m—1

X NKV(rm/Nl_K) (Urm + 77rm+vm)')’rm'}’rm+vm O'Em 1_[ (mr; + 77r,~+v,~)20_\%i .
i=1

To reconstruct the norm ||&,||> on the right-hand side, we need to free the momenta with index m. To

this end, we recall the defintion (2.18) to write

O({rviYiy) = 0({rj v Y1) 6m({rjsvi}iy) (5.6)

with

m({rj>viYit) l_[ 1_[ Opi#=p+vm O=purtvizp;

ij=1  PisPj-Pm:
pee{-re,re+ve}

collecting all conditions involving {r;,, vy, }. Writing 6,,, = 1 + [6,,, — 1], we split (&,,Cné&y) = Ic + Je
with (recall the expression (2.22) for ||£,||%)

Ny
le= 27 D NTWEIN) (147000 Ve Yranors 161

vePs,rePy:
r+vePgy

and

_ . [No 1 1 m-1
Je=2 W,,;mw DU D el

viePs,riePy: Vi €Ps,rm€Py:
r1+V1€PH rm+vm€PH

X [Hm({rj,vj};”:l) - 1]NK‘7(Vm/N1_K) (nrm + Tlrm+vm)7rm7rm+v,no'5m
m=1

X l_[ (77r,- + 77r[-+v,-)20-5,- .

i=1

With |4/Ng/N — 1| < C|lo¢||>/N and |y,y,4y — 1| < CN*¢/|r|* for all r € Py,v € Pg, we obtain
(using (3.12) and the assumption 3x — 2 + 4¢ < 0) that

I 2 o _
ﬁ << DT NVGIN) (4 0pen) 02 + CNO/22 (5.7)
v

vEPs,rePy:
r+vePgy

To complete the proof of (5.2), we focus now on the error term J.. We observe that

| ({r],v]}] 1) - 1| <mZ: [ visvm T Z (5pm,l’_i]

Jj=1 Pm €{=Tm Tm+Vm }
ij{—rj,rj+Vj}

-1
+ mz [ D vt D Opupu|- 68)

Jsk=1 " pje{-rjrj+v;} Pm€{=Tm:rm+vim }
J#k  pre{-re,rctvi) pje{=rj-rj+vj}
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We bound |J¢| < X + X», with X; denoting the contribution arising from the first term on the right-
hand side of (5.8) (this term involves two indices, m and j) and X, indicating the contribution from the
second term on the right-hand side of (5.8) (this term involves three indices, m, j, k). We can estimate

1 1
-1
X\ <CY o > Y ({rv
1= Zm_Z(m—Z)!Nm ({ J» ,I}le )
m>2 vi€Ps,r1€Py: Vm €Ps . rm Pl
ri+viePy rm+vim €PH
m-1

X NIV (7 /N [+ M| | Vi |V 0, H(nri + M) O,

i=1
X [6vrn,vm—l + Z 6[’mJ’m—l ] .

Pm-1-Pm:
pee{-rere+vet

With 0({rj,vj};?l:—11) < 9({7']‘,Vj};_'1=_12), we reconstruct ||, ]|%. Since ||y |lo < C, we end up with

X, c - _
<= Z NIV (r /N )y + tpsol e + i [Popors,

vl1> — N2
[ovwt D Sl

pe{-r,r+v}
pe{-r',r'+v'}

- V(r/N'™)| - -
CN*PlloslZllosPlinal? Y, —5—=+CN*losl* ) 1r™

rePgy rePgy

< CNIIK/2—2+2£ +CN10K—5+3E < CNSK/Q,—&"

r,r'€Py,v,v'€Ps

INA

where we used Lemma 2.4, (3.12), the assumption 3k — 2 + 4¢ < 0 and the remark that |74, | <
CN¥|r|™2, for all r € Py and v € Ps. We can proceed similarly to estimate X,. In the second term
on the right-hand side of (5.8), we have to sum over (m — 1)(m — 2)/2 pairs of indices j, k. With

0({r;,v; 7’:_11) <o({r;, vj};ﬁ:‘f) and again with Lemma 2.4 and(3.12), we arrive at

X5 C = _
<= D NVENT e+ nl e + 0 Pl + e Pololol,

2 3
el SN, L,
v,v' v’ €ePg
X [ E 6p,—p’+V” =+ E 6V,p’+p”:|
pe{-r,r+v}, pe{-r',r+v’},
plel—r’ v’} pre{—r" v}
VA 1-«
4x-3 6 2 -6 6k—3 6 [V(r/N)I 8
< CN"lloslPlinull E [r|™ + CN>|los | E —_— § Ir’]
r
rePgy rePgy r'ePy

< CN29K/2—7+5£ < CNSK/Z . N12K—7+5£

Thus, |Je|/|IE]17 < N>/ - max{N~¢, N12¢-7+52} With (5.7), this implies (5.2).
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5.3. Expectation of the quartic term

In this section we show the bound (5.3) for the expectation of VgVH). Pairing momenta in Pg, as we did
in (2.20) and in the previous subsections, we obtain

@We) =y Y X

vi€Ps, 1,71 €EPqH: Vm €Ps, rm,im€PH:
ri+vy, F1+vi €Py Ym+Vi, im+vim €PH

X O({rj.vi¥iy) 07 v} nﬂrﬁn Z N“V(r/N'"%)

r EA* ,qEPy:
pr, q+r ePy

(5.9)

*

* *
X (Q, Arvy - Ao aerraqapaqufl _r 'Afm,va>

where we use the notation A, ,, = d,,4+,,a—,, that was already introduced in (2.20). Next we observe
that because of the cutoffs 0({r;, vj}m ;) and 0({?,-, vj}”il) at most two indices i, j € {1,...,m} can
be involved in contractions with the observable Apirydpager . We distinguish two p0551ble cases:

1) There exists an index i € {1,...,m} such that a,, a,4+, are contracted with A;' . and a ,at
contracted with A,, ,,.

2) There are two indices i # j € {1,...,m} such that the operators a, and aq+r are contracted with
aﬁi and al3 for some py € {—7F¢, 7p + ve}, € = i, j and the operators ay,ay.,, are contracted with

ap;»ap,, With pp € {=re,re+ve}, € =1, j. Note that in this case the operators a_ﬁi - aiﬁj - have

4y are

to be contracted with a_p, 4, A—p ;-

We denote by V; and V3 the contributions to <§V, V;VH)f‘,) arising from the two cases described above.
Let us first consider V;. There are m choices (all leading to the same contribution) for the index
i € {1,...,m} labelling momenta to be contracted with the observable. Let us fix i = m. Then we
have p = pp,q+r = —pm + vy with gy, € {=Fpi, Fn +vint and p +7 = pp,q = —pm + Vi With
Pm € {=Fm,Fm + vm}. Note that the choice of p and p + r also determines g and g + r, since we always
have g = v;, — (p +r). The presence of the cutoffs immediately implies that A,, . is fully contracted
with A;,-,v,-’ for all j # m. We find

<§stl'§:v>
1 11 L
N e 2 2y Aol )
m>1 ' vi€Ps,r|,F1€Pg: Vin €Ps i, fm €Py:
ri+vy, Fi+vi €Pg Tm+Vms Tm+vm €PH
m—1
1-
x]—[nrJn,J(a,J B+ Oty )T Tl T, ZNKV(r/N ) Z(sp omOpsrpm- (5.10)
Jj=1 reA*, pePy: PmE{—Tm-rm+vm }
p- Vm’P+r€PH PmE{ P s Fm+Vin }

Since here (in contrast to the previous subsections) the contraction does not fix 7, to be either r,, or
—(rm + vim), we cannot erase the cutoff 0({7;,v; };.”zl). With the decomposition (5.6), we can replace,
on the right-hand side of (5.10),

O({rovi Y )0 (47 v Y ) = 0({r o v i) 0m ({rj v i Y1y ) O ({7 v 1L ).
Writing
Om ({7, v Y1) Om ({Fyo v Y7Ly ) = 1+ [9m({rf,vj}§"=1)9m({fj’ vikim) - 1]
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we split (as we did in the last subsection) (¢£,, V(&,) = Iy + Jy, with

1 = _
=152, D N VNV, psr + M) oo 1|12 (5.11)
reA* vEPs,pePH:
p+r,p—v, p+r—vePgy

and

1 1 1
e DI ey F R P

m>1 vi€Ps,r1€Py: Vin-1€Ps ,rm-1€PH: Vi €Ps .11 ,im €PH :
ri+viePy Fm—-1+tVim-1€PH Fm+Vis Fm+Vvim €PH
m—1

X O({rj, v Y5 [Om (o v ) O (v Y ) = 1] [ G+ )20

i=1

anmnfmo'\%m Z NKV(”/Nl_K) Z Z O p.pmOp+r.pm (5.12)

reA* PEPH: ptr, Pm €{~Tm>rm+Vin }
P—Vm, P+r—vin €Py Pm €{—F,",F,"+Vm}

where r? =rjforj=1,...,m-1and rﬁ, = 7y, in the argument of 6,,,. Observing that, with Lemma 2.4
and (3.12),

1 = _

B2 2 NUVENTOlmp (e + per—v )
ren* vePs,peA”:

pEPf or p-vePE

<ONEHoslP| Y 1] sup VNl | < NS
|p|<N1-«-=& PEN" [x+

we conclude from (5.11) (switching p +r — p and v — —v) that

Iy 1 L _
o< — Y (NSVCINTY ) (1 + e )orE + CNK2E, (5.13)
”f"” N vePs,pePy:

p+vePy

Let us now focus on the term Jy,. With

|9m({rj’ V¥ Om ({7, vi¥iL) - 1|
-1

m—1
< 6Vm’vj + Z [ Z 6pm,p_,' + Z 6P~rr1’pj]
=

3

j=1 pje{-rj,rj+v;} pj€{-rjrj+vj}
Pm €{~Tms"m+Vim } Pm €{~Fm>Fm+Vin }
m—1
+ Z [ Z 6Pm,—Pj+Vk + Z 5ﬁm7_pj+vk:|
J.k=1 " pje{-rj.rj+v;} pje{-rj.rj+v;}
J#k Pm €{~Tm Tm+Vm } P €{~Fm>Frm+Vm }

m—1

+ Z Z S — (5.14)
j,.k=1 pje{—rj,rj+Vj}
J#k pre{-ri,ric+ve}

we can bound |Jy| < W + Wj + W3 + Wy, with W, indicating the contribution to (5.12) arising from
the £th term on the right-hand side of (5.14).

The term W contains the sum of (m — 1) identical contributions, corresponding to j € {1,...,m—1}
in the first term on the right-hand side of (5.14). Let us fix j = m — 1. Estimating 6’({rj, v.,'};.":_ll) <
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=1

|I%, we can bound (the momenta r”, r”, 7

0({r;,v; };”:_12) and reconstructing the expression (2.22) for || &,
correspond tO 7p,—1, ¥y Fin)

W,

3 K 1-k
R =N DUNVEINT D e 2o el > S o
reA* ¥ " " e Py e{ G }
\% €PS ﬁ”E{f"” 4y’ }

With Lemma 2.4 and with the estimate

1 g -_
sup =5 D NN g g ] < CN%, (5.15)
vePsU{0} reAN*,qePy:
q-r€Py

which can be shown similarly to (3.12) (using V € L9(R3), for some g > 3/2), we find

Wi

T SV Nnu PllosiZlios|? < CNM*222e < enx/2-e (5.16)
v

since 3k — 2 + 4& < 0. Analogously, we bound, with (3.12) and Lemma 2.4,

W,
e SN I NWVENT DT @+ nan) I linelod ot
g EA* r/ rl/ r//ePH
v/, v"€ePg
x Z 5p,,+r’ﬁ,,[ Z S pr + Z 51,,,[,,,]
ple{-r",r"+v"} pe{-r',r'+v'} pe{-r',r'+v'}
ﬁl/e{ r// r//+v//} plle{ r// r//+v//} ﬁHE{_f/,,F//“'V//}
‘7 Nl—K
< CN_3+5K||0'5||4[ > |r'|_6H sup Y M] < CN*I>=¢  (5.17)

7|12
r'ePy s S Ir+r|

As for W3, there are (m — 1)(m — 2) possible choices of the indices j, k in (5.14), all leading to the
same contribution. We fix j = m — 1 and k = m — 2. Estimating now 6({r;,v;}"") < 6({r;,v;}73%),
we obtain, with (3.12),

Wi -
— < CNTF Y NHV(r N
I Z

X Z (T]r/ + nr/+v/)2(nr// + T]r//+v//)2|77r///||]7f///|0'3/0"%,,0'5,,,

r/ r//’r/// F///EPH
v v v ePg

X Z (SPWH’ﬁm[ Z Spm —pravr + Z Spm —pravr

e ey pref=r v} prel=r v}
LT e N P vy B (=" vy
< CN—3+4K”O_S” ||TIH||2 Z |V |—6 < CNSK/Z . N12K—7+4€. (5.18)
r'ePyg
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Analogously, with Lemma 2.4 and (5.15), we find

W,
— <cN Z N€|V(r/N")]|
& Zs

2 2 2 2 2
SRR SN /R O) o C W W o | e R
o B
;]/"’)II V/”EP

x Z 8 sy, Z N

p//fe{ r//’ r//’+v/’/} p,e{ r r +v/}
B =Ry pre{=r" 40"}
< CN—2+5K||0_S||6 Z |r/|—8 < CN3/2 . N12k-T+58
r'ePgy

Together with (5.16), (5.17), (5.18), we conclude that
|Jy| < CN/? . max{N~%, N12<77+3&) (5.19)
Finally, we consider the term V5, associated with the second case listed after (5. 9) We fix i = m and

J = m—1 and we consider all possible contractions of a, with aﬁ ,of agsr witha’y —andofay,a;
W1th Ap,>Qp,. ., Where pp € {=F¢,Fe +ve} and pe € {—r¢,rp + Vf} for{ =m,m — 1. We obtaln

p+r

(v V28y)
1 1 1
= —_— —— — RS . . m =~ . . m
~ON Z (m —2)I N Z Z O({rsvi}im)0({7) vj}7L)
m>2 ' vi€Ps,r|,F1€Pg: Vin €Ps i ,Fm €PH :
r1+V1,f1+VlEPH I"m+vm,7m+Vm€PH
m-2
Xnnrlnrl 5rl’rl+6_rlsrl+vl 1—[ TIVJTIYJ VJ
i=1 j=m,m—1
1374 -«
X Z N*V(r/N™%) Z Op.pmOg+7. pm-
reA*,p,qEPn: ﬁ[E{—f{,f[+V[}
p-r.q-r€Py {=m—-1,m
X Z (0. S p+r. -t * 04.pmrs O p+r.p ) (O v in + O= Pt Vi Pt +vmr )
p(re{—r[,r[+\)/’}
{=m-1,m

Estimating 9({rj,vj};.":1)9({;7j,vj};.”=1) < 9({rj,vj};.”=‘12) and using Lemma 2.4 and the condition
3k —2+4e <0, we find

|<‘§:v’ Vs §v>|
€112
SCNB Y NVEINTY 3T Inellnel el Inerlod o,
ren* r, f/ " 7 ePy
v/, v’ €ePg
X Z (6]3/,]7”4"”6[3”4'7,[7' + 6ﬁ/,p/+r6ﬁ//+r’p//)

pe{-r',r+v'} pe{-F ., 7F+v'}
PrEr v} B e (=R v}

X (613”:17” + 6—[5"-}'\/",—[)/4—\/')
< CN73+K“77H”4”0_S“4 < CN]OK*5+28 < CNSK/Z*S.
With (5.13) and (5.19), we obtain (5.3).
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A. Proof of Proposition 1.2

The proof of Proposition 1.2 is based on standard results, which are collected in this section for the
reader’s convenience. In particular, we follow [18] (see Lemma 2.1.3) and [20, Sec. 12] for Lemmas
A.1 and A.2 and the proof of Lemma 3.3.2 in [1] for Lemma A .4 (control on the second moment of A/
allows us to avoid the condition imposed in [1] that V is strictly positive around the origin).

The proof of Proposition 1.2 is divided into three parts. First, we show how to switch from periodic
boundary conditions to Dirichlet boundary conditions, increasing the size of the box a bit. In the second
step, we replicate the Dirichlet trial state obtained in the first step to obtain an upper bound on the energy
in a sequence of boxes whose size increases to infinity (but with fixed density). In the last step, we show
how to pass from the grand canonical to the canonical setting.

Let ¥, = {‘I‘é") tns0 € F(AL) be a normalised trial state for the Fock-space Hamiltonian # defined
on the box Ay, with periodic boundary conditions (in fact, we denote by ‘P(L") (x1,...,xy,) the L-periodic

extension of ‘I‘é") to the whole space R3”). For u € Ar, we define ‘I’LD+2b . € f(AZ +2b), where

A”L‘ wop U Apr+2p is a box centred at u, with side length L + 2b, setting, for any n € N,

(PP, ™ (1) = P (21, ]_[ Qrp(xi —u) (A.1)
i=1

where Qy, p(x;) = H?’:l qL,b(xl.(j)) with g7, : R — [0; 1] defined by

cos (—”(H%z_b)) if|r+ %] <b
1 if |t] <% -
qr.p(t) = - .
cos (ZU=E2D)) e |~ Ly < b

0 otherwise.

By definition (‘Pgi:%’u)w satisfies Dirichlet boundary condition on the box Aj ,,. The following

lemma allows us to compare energy and moments of the number of particles of ‘PE+2b ,, With those

of lPL.

Lemma A.1. Under the assumptions of Proposition 1.2, let PP be defined as in (A.1) withu € Apr.

L+2b,u
Then we have ”lPE+2b,u” = 1. Moreover, for all j € N,

D iviyD .
<TL+2b,u’M\PL+2b,u> = (YL, VL),
and there exists u € Ay, such that

C
(¥Poapar H YL o) < (PLHYL) + L_b<\PL’N‘PL> (A.2)

for a universal constant C > 0.

Proof. For an arbitrary L-periodic function i € leoc (R), we find

/ : alvoPq? = [

2

47 dtly (1)]*. (A3)

L
2

To prove (A.3), we combine (using the periodicity of ) the integral over [-L/2 — b; —L/2] with the
integral over [L/2—b; L/2] and the integral over [—L/2; —L/2+b] with the integral over [L/2; L/2+b]
(using that cos? x + cos?(x — 7/2) = 1).
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Applying (A.3) (separately on each variable), we obtain that || (YD b, u)(”) || = II‘I’EH) ||, foralln € N.
This implies that ||¥P

Diopwll = IWLIl = 1 and that (¥P,, ., N7W¥D,,, ) = (WL, N/¥L) forall j € N.
To compute the expectation of the kinetic energy in the state ‘PL b W observe that, for any
L-periodic ¢ € L2 L(R) with " € L?

ioc(R), we have (since ¢ is also L-periodic)

7+b 7+b
[, i r - [ anwor o[, drwoPy @F +q0g' 0 Z0 0P

2 2

where we used periodicity of " and (A.3). Integrating by parts and using g(£(L/2+ b)) = ¢’ (£(L/2 -
b)) =0, we get

/ : dt (g () = /

7+h
arwof = [ arwoP atq” o

C
<[, aworsg /R i (1) xe. (1)

xb(t+L/2) + xp(t — L/2) with y,(t) the characteristic function of [—r, r] and we
used |g” (t)| < Chb2xr (). Applying (A.4) (separately in every direction), we obtain

1V, (PP, " I
< 1V (P20 ™11

=~ N\P

[N

(A4)

where x5 (7) =

C n
b2 dx]XL b (x; —u)/ dxi...dxj1dxje ... dx, |‘I‘£)(x1,...,xn)|2 (A.S5)

where we defined ¥z 5(x) = X3_; xr.5(x*) ]_[3.;&,( XL (x)

To compute the potential energy of ¢, we have to consider the L-periodic extension Vp (x)

Ymezs V(x +mL) of V. Since we assumed V to be positive and supported in Bg(0) and that L > R, we
get V(x) < Vi (x), which implies that, for any i # j,

(¥ y2,) " (k1) PV (= )

2 n
< ‘I‘én)(xh.-.,xn)\/VL(xi —xj)| l_[QL,b(xk —u)?.
k=1

Applying (A.3), we obtain

Juar®

L+2b )

.. dxy |(IPL+2b u)(n) (x15- - sxn)lzv(xi - xj)

(A.6)
< / dxy...dx, |‘P£")(x1, e x) P Ve (i —-Xj).
L
From (A.5) and (A.6), we conclude (using the bosonic symmetry)

<\PE+2b u’ HTL+2b u>

c _
< (‘PL,H‘PL)+—ZZn/ dxi Yr.p(x1 —u)/ dxy .y |9 (1)
b n>0 R? AZ !
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Averaging over u € Ay we conclude (since ||xz.|l; < CL?b)

CcL?
/ du <\PE+2b,u’ H \PLD+2b,u> < L (WL, HYL) + T(‘h,/\/‘h)-
AL

Hence, there exists iz € Ay so that (A.2) holds. |
From now on, let us define ‘I‘E+2b € F(Ar+ap), setting (‘PL+2b)(") (X1,...,xp) = (‘I‘L+2b u)(”) (x1 -
i, . — 1), with ‘PL e from Lemma A.l. Since ‘PL b satisfies Dirichlet boundary conditions,

we can rephcate it into several adjacent copies of Aryp, separated by corridors of size R (to avoid
interactions between different boxes). This allows us to construct a sequence of trial states on boxes
with increasing volume (but keeping the density fixed).

Lett € Nand L = t(L + 2b + R). We think of the large box Aj as the (almost) disjoint union of =
shifted copies of the small box Ay p+r, centred at

(=LJ2,-L/2,-L/2)+ (L+2b+R) - (i1 — 1/2,i» — 1/2,i3 — 1/2) (A7)

with i1, ip,i3 € {1,...,t}. Let {ci}fil denote an enumeration of the centres (A.7). We define ‘P[i) €
F(A}) by setting

3
l t
D D .
(lPL)(m) (X155 Xm) = W H(TH%)(") (X(i=1)n+1 = Cis o Xin = C7) (A.8)
+ i=

if m = nt3 forann € N and (‘I’D)(”’) = 0 otherwise (here we set (‘I‘L 2b)(") = 0 if one of its arguments

lies outside Ar42p). More precisely, (‘PE )™ should be defined as the symmetrisation of (A.8) (but we
can use (A.8) to compute the expectation of permutation symmetric observables).

Lemma A.2. Under the assumptions of Proposition 1.2, let ‘I‘Lp be defined as above. Then ||‘I—’€ =1,
(WD NP ) = (WD 0y NP )
forall j € N and

(W2 HYE) = (YL HYL 12 )- (A9)

Proof. From the definition (A.8), we have ||(‘I‘]?)(’”3) | = 1(¥2,,,) ™| for all n € N. Since (TL]?)('") =
0, if m # nt>, we conclude that ||‘I‘D|| = ||‘PL+2b|| = 1 and also that, for j € N,

. : 3 i
(PR NLD) = 3 () IIOED) P =2 ) 112D 0) P = £ (WD s NTWD, )

n>0 n=0

To prove (A.9), we observe, first of all, that for any i = 1,... ,nt3, when the operator V, acts on
(‘I‘D)("’ ), it only hits one of the factors (¥P,,,)™ on the right-hand side of (A.8). Similarly, for any

i,j €{l,...,m}, the operator V(x; —x;) has nonzero expectation in the state (‘PE) (nt?) only if x;, x; are

arguments of the same factor (‘PL op) (") on the right-hand side of (A.8) (this observation is exactly the
reason for introducing corridors of s1ze R between the small boxes, where the wave function vanishes).

We conclude that <‘PE s "H‘PL]? ) =t < HPD ) as claimed. O

L+2b° L+2b

Finally, in Lemma A .4 we show how to obtain an upper bound for the ground state energy per particle
in the canonical ensemble, starting from a trial state in the grand-canonical setting. Recall the notation
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E(N, L) for the ground state energy of the Hamiltonian (1.1), describing N particles in the box Ay, with
Dirichlet boundary conditions. For p > 0 with pL? € N, we introduce the notation

_E(pL’.L)

er(p) 13

Comparing with the definition (1.2), we find e(p) = lim;,_, ey, (p) (Where the limit has to be taken along
sequences of L, with pL* € N). In the proof of Lemma A .4 we use the existence of the thermodynamic
limit of the specific energy and its convexity (see [19, Thm. 3.5.8 and 3.5.11]), together with the
following result on the Legendre transform of convex functions.

Lemma A.3. Let D C R be a closed interval and f : D — R be convex and continuous (also at the
boundary of D). We define the Legendre transform f* : R — R of f by

)= sup [xy = f()]. (A.10)

Then f* is well-defined (because, by continuity, x — xy — f(x) is bounded on D, for all y € R) and, for
allx € D,

f(x) =sup[xy - f*(»]. (A.11)
yeR

Proof. By definition of f*, we have f*(y) > xy — f(x) for all x € D,y € R. This implies that
f(x) =xy— f*(y) forall x € D,y € R and therefore that

f(x) = sup [xy - f*(y)] (A.12)
yeR

forall x € D. On the other hand, fix xg € D and ¢ < f(x¢). Then, by convexity of f (and by its continuity
at the boundaries of D), we find a line through (xo, ) lying below the graph of f. In other words, there
exists y € Rsuch that f(x) > t+y(x —xp) forall x € D. Thus, yxo—t > yx— f(x) for all x € D, which
implies that

yxo—1t = f*(y)

and therefore that ¢ < yxg — f*(y). In particular, ¢ < sup[yxo — f*(y)]. Since t < f(x¢) was arbitrary,
yeR

we conclude that f(xg) < sup[yxo — f*(y)]. With (A.12), we obtain that f(x) = sup [xy — f*(y)] for
yeR yeR
allx € D. O

Lemma A.4. Under the assumptions of Proposition 1.2, fix p > 0 and suppose that there exists a
sequence ‘-Pf € F(Ar) (parametrised by L with pL* € N), satisfying Dirichlet boundary conditions,
such that

(P2, NPPY > p(1+¢'p) L3, (PP, N*PPy < C'(pL?)? (A.13)
for some constants ¢’, C’ > 0. Then we have

(PP, HYPD)

< 1
elp) < fim =575

https://doi.org/10.1017/fms.2021.66 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.66

36 G. Basti et al.

Proof. Using positivity of H, we have, forany u > 0O and M > 0,
(P, 2D
L3
D 3y @D
K g by L AFD (= pN)x (N < ML) WD)
E<TL"/\/‘PL> + L3

\%

- %(‘PE,NX(N> ML)¥?)  (A.14)

[\

ML}
u m m wlf M
F<TE’WE>+ Z (eL(E) —,UE)H(\PE)( )H T ML6 (PP, N2PY),
m=0

where we used the inequality y (N > ML3) < N/(ML?). Hence, with (A.13) and fixing M large enough
(depending on ¢’, C’), we find

@D 2/ pD ML3 m m 5
Next, we claim that
R\3 R\-3
er(p) > (1 + Z) e(p(l + Z) ) (A.16)

Indeed, starting from an arbitrary normalised trial state ¢ describing N = pL? particles in a box of side
length L, with Dirichlet boundary conditions, we can construct, for any r € N, a trial state describing
N’ = Nr? = pL3r? particles in a box of side length L’ = r(L + R), again with Dirichlet boundary
conditions, by placing r> copies of the state i in adjacent boxes and using that (thanks to the corridors
of size R between the boxes) particles in different boxes do not interact. This construction is very similar
to the one presented around Lemma A.2 (the difference is that here we work in the canonical setting,
which makes things slightly simpler). Since N’ = [p/(1 + R/L)*]L"3, optimising the choice of , we
obtain that E([p/(1+ R/L)3|L3,L") < r*E(pL?, L) and therefore that

e (p/(1+R/L)*) < er(p)/(1+R/L)>.

Taking the limit L’ — oo (along the sequence L’ = r(L + R), r € N), we obtain (A.16). Then (A.15)
and (A.16) yield
(YL HYD)

R\3 ,
VE > up—(1+—) e (1),

L

where e¢* denotes the Legendre transform of e : D — R, defined on the domain D = [0, M], as in
(A.10) (here we use the convexity of the specific energy e). It follows that

(PP, 1Y)

lim ~ 2 LS yp—e*
Jlim B > pp—e(p)

for all 4 > 0. Thus,

. <TE’H\PE> * _ * _
Jlim — 5 2 zg% [,UP —e (u)] = 21£ [up —e (u)] =e(p)

where we used the fact that ¢*(0) = 0 (because e(p) > 0 for all p > 0 and ¢(0) = 0) and e*(u) >
—e(0) = 0 for all 4 € R in the second step and Lemma A.3 in the third step. O

With Lemmas A.1, A.2 and A.4 we are ready to show Proposition 1.2.
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Proof of Proposition 1.2. Given a normalised Wy, € F(Ar) satisfying periodic boundary conditions
with

(W, N¥.) > p(1+c'p)(L+2b+R)>, (P, N?¥.) < C'p*(L+2b+R)°

we find with Lemma A.1 a normalised ¥P

Lo € F(AL+2p) satisfying Dirichlet conditions such that

(Pra2ps NWra2p) = p(1+¢'p)(L+2b+R)?,  (¥raop, N?Wraop) < C'p*(L+2b+R)®

and
D D ¢
(Yo ops HY op) S (YL, HYL) + E(‘PL,N‘PL).
With Lemma A.2, we obtain a sequence ‘PE € F(Aj), with L = t(L +2b + R) for t € N, such that
(W2NWD) > p(1+c'p)L?,  (PRNPPD) < C'p°L°
and
D D 3 cr
<T~,Hlpi> <Y, HYL) + E(‘PL,N‘PL>.

With Lemma A .4, we conclude that

(PP, HPD)
< lim #
() Lo L3
1 (W, HYL) C

< + —(YL,
= (1+2b/L+R/L) L3 rp (P AL

(Pr,HY.) C
< T+LTb<TL,WL)~ O

Acknowledgement. We are grateful to C. Boccato and S. Fournais for valuable discussions. G.B. and S.C. gratefully acknowledge
the support from the GNFM Gruppo Nazionale per la Fisica Matematica. B. S. gratefully acknowledges partial support from
the NCCR SwissMAP, from the Swiss National Science Foundation through the Grant ‘Dynamical and Energetic Properties of
Bose-Einstein Condensates’ and from the European Research Council through the ERC-AdG CLaQS.

Conflict of Interest: None.

References

[1] A. Aaen, The Ground State Energy of a Dilute Bose Gas in Dimension N > 3, PhD thesis (Department of Mathematics,
Aarhus University, 2014).

[2] C. Boccato, C. Brennecke, S. Cenatiempo and B. Schlein, ‘Bogoliubov theory in the Gross—Pitaevskii limit’, Acta Math.
222(2) (2019), 219-335.

[3] C. Boccato, C. Brennecke, S. Cenatiempo and B. Schlein, ‘Optimal rate for Bose-Einstein condensation in the Gross—
Pitaevskii regime’, Commun. Math. Phys. 376 (2020), 1311-1395.

[4] N.N. Bogoliubov, ‘On the theory of superfluidity’, Izv. Akad. Nauk. USSR 11(77) (1947), J. Phys. (USSR) 11 (1947), 23.

[5] B. Brietzke, S. Fournais and J. P. Solovej, ‘A simple 2nd order lower bound to the energy of dilute Bose gases’, Commun.
Math. Phys. 376 (2020), 323-351.

[6] B. Brietzke and J. P. Solovey, ‘The second order correction to the ground state energy of the dilute Bose gas, Ann. Henri
Poincaré 21 (2020), 571-626.

[7] E. Carlen, L. Jauslin and E. H. Lieb, ‘Analysis of a simple equation for the ground state energy of the Bose gas’, Pure Appl.
Anal. 2 (2020), 659-684.

[8] E.J. Dyson, ‘Ground-state energy of a hard-sphere gas’, Phys. Rev. 106 (1957), 20-26.

https://doi.org/10.1017/fms.2021.66 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.66

38 G. Basti et al.

[9] L. Erdés, B. Schlein and H.-T. Yau, ‘Ground-state energy of a low-density Bose gas: a second order upper bound’, Phys.

Rev. A 78 (2008), 053627.

[10] S. Fournais and J. P. Solovej, ‘“The energy of dilute Bose gases’, Ann. Math. 192(3) (2020), 893-976.

[11] S. Fournais and J. P. Solovej, “The energy of dilute Bose gases II: the general case, Preprint, 2021, arXiv: 2108.12022.

[12] M. Girardeau and R. Arnowitt, ‘Theory of many-Boson systems: pair theory’, Phys. Rev. 113 (1959), 755.

[13] A. Giuliani and R. Seiringer, “The ground state energy of the weakly interacting Bose gas at high density’, J. Stat. Phys. 135
(2009), 915.

[14] T. D. Lee, K. Huang and C. N. Yang, ‘Eigenvalues and eigenfunctions of a Bose system of hard spheres and its low-
temperature properties’, Phys. Rev. 106 (1957), 1135-1145.

[15] E. H. Lieb, ‘Simplified approach to the ground-state energy of an imperfect Bose gas’, Phys. Rev. 130 (1963), 2518-2528.

[16] E. H. Lieb and J. Yngvason, ‘Ground state energy of the low density Bose gas’, Phys. Rev. Lett. 80 (1998), 2504-2507.

[17] M. Napioérkowski, R. Reuvers and J. P. Solovej, “The Bogoliubov free energy functional I. Existence of minimizers and
phase diagrams’, Arch. Ration. Mech. Anal. 229(3) (2018), 1037-1090.

[18] D. W. Robinson, ‘The thermodynamic pressure in quantum statistical mechanics’, Lect. Notes Phys. 9 (1971), 42-74.

[19] D.Ruelle, Statistical Mechanics: Rigorous Results, 3rd ed. (Imperial College Press and World Scientific London, UK, 1969).

[20] H.-T. Yau and J. Yin, ‘The second order upper bound for the ground state energy of a Bose gas’, J. Stat. Phys. 136(3) (2009),
453-503.

https://doi.org/10.1017/fms.2021.66 Published online by Cambridge University Press


arXiv: 2108.12022
https://doi.org/10.1017/fms.2021.66

	1 Introduction and main result
	2 Setting and trial state
	3 Energy of the trial state
	4 Bogoliubov transformation
	5 Cubic conjugation
	5.1 Expectation of the particle number and kinetic energy
	5.2 Expectation of the cubic term
	5.3 Expectation of the quartic term

	A  Proof of Proposition proposition11.2

