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Abstract
We prove a strong quantitative version of the Kurosh Problem, which has been conjectured by Zelmanov, up to a mild
polynomial error factor, thereby extending all previously known growth rates of algebraic algebras. Consequently,
we provide the first counterexamples to the Kurosh Problem over any field with known subexponential growth, and
the first examples of finitely generated, infinite-dimensional, nil Lie algebras with known subexponential growth
over fields of characteristic zero.

We also widen the known spectrum of the Gel’fand—Kirillov dimensions of algebraic algebras, improving the
answer of Alahmadi—Alsulami—Jain—Zelmanov to a question of Bell, Smoktunowicz, Small and Young. Finally, we
prove improved analogous results for graded-nil algebras.
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1. Introduction

One of the most tantalizing problems in combinatorial algebra over the 20th century was the Kurosh
Problem:

The Kurosh Problem (A. Kurosh, 1941). Is every finitely generated algebraic algebra finite-
dimensional?

© The Author(s), 2025. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fms.2025.1 Published online by Cambridge University Press


doi:10.1017/fms.2025.1
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fms.2025.1&domain=pdf
https://doi.org/10.1017/fms.2025.1

2 B. Greenfeld

The Kurosh Problem is tightly connected to the (general) Burnside Problem from 1902, which asks
whether every finitely generated periodic group is finite. In 1964, Golod (using the Golod-Shafarevich
theorem) constructed the first counterexamples to the Kurosh Problem. He constructed finitely generated,
infinite-dimensional, nil algebras — namely, non-unital algebras in which every element is nilpotent;
such algebras — as well as their unital hulls — are immediately algebraic. Using these methods, Golod
and Shafarevich solved the aforementioned Burnside Problem and Hilbert’s Class Field Tower Problem
on the existence of finite extensions of number fields with class number one [13, 14, 15]. Later on,
other long-standing open questions have been resolved using Golod-Shafarevich algebras and groups;
see [12, 26].

Golod-Shafarevich algebras are infinite-dimensional in the ‘strongest possible’ sense: they have
exponential growth. The growth function of a finitely generated algebra A over a field k, generated by a
finite-dimensional subspace V, is defined as

yA(n) = dimk(k +V+... +Vn).

The growth functions of Golod-Shafarevich algebras are exponential, and so are the growth functions
of the periodic groups resulting from them. This naturally led to the question of whether the solution
to the Kurosh Problem is affirmative under growth restrictions; that is, must every finitely generated
algebraic algebra of subexponential (or: polynomial) growth be finite-dimensional? This question has
been posed and repeated by many experts; see [24] and references therein. This variation of the Kurosh
Problem had been open for many years until Lenagan and Smoktunowicz constructed in 2007 an infinite-
dimensional nil algebra of polynomially bounded growth over any countable fields [24] (see also [25]).
(For more examples of algebraic algebras of polynomially bounded growth, see [2, 7].) Bell and Young
[8] constructed infinite-dimensional nil algebras over arbitrary fields whose growth is bounded above by
an arbitrarily slow super-polynomial function. Later on, Smoktunowicz [34] constructed nil algebras of
intermediate (that is, subexponential and super-polynomial) growth over arbitrary fields. Recently, the
author and Zelmanov [17, Theorems A1, A2] utilized matrix wreath products (previously developed in
[2]) to prove that every increasing and submultiplicative function can be approximated by the growth
function of a nil algebra, up to certain ‘distortion’ factors.

In view of the flexible nature of the space of growth rates of algebraic algebras, Zelmanov posed the
following conjecture, which can be thought of as a strong quantitative version of the Kurosh Problem:

Conjecture 1.1 (E. Zelmanov, 2017, [38, 3]). The following classes of functions coincide, up to asymp-
totic equivalence:

{Gmwth Sfunctions* of algebras} = {Growth Sfunctions of nil algebras}.

*Except for algebras of linear growth

In other words, Conjecture 1.1 asserts that counterexamples to the Kurosh Problem are ‘as ubiquitous
as possible’ and occur within any possible growth rate.!

Proving Conjecture 1.1 in its full generality is considered an extremely difficult task since even
some of its (very) special cases are wide open. For instance, no finitely generated, infinite-dimensional
algebraic algebras of known subexponential growth have appeared so far: the constructions in [2, 7,
8, 17, 24, 25, 34] all have different bounds on their growth rates, but to the best of our knowledge,
no single concrete function has been realized as the growth function of any counterexample to the
Kurosh Problem so far. Another evidence to the difficulty of Conjecture 1.1 occurs within polynomial
growth rates. Recall that the Gel’fand-Kirillov (GK) dimension of a finitely generated algebra A is
given by GKdim(A) = limsup,,_,, % — namely, the (optimal) degree of polynomial growth of

Linear growth functions are excluded since finitely generated algebras of linear growth satisfy a polynomial identity [33], and
for such algebras, the answer to the Kurosh Problem is affirmative [22].
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A. In particular, GKdim(A) < oo if and only if A has polynomially bounded growth. The Lenagan-
Smoktunowicz algebra from [24] has GK-dimension at most 3 (see [25]), although the precise GK-
dimension is unknown; every real number in the interval [8, co) is realizable as the GK-dimension of
some nil algebra [2]. It is a wide open problem to determine the spectrum of possible GK-dimensions
of finitely generated algebraic algebras, or even if there is a finitely generated algebraic algebra of GK-
dimension 2 (the Kurosh Problem has an affirmative answer for algebras of GK-dimension smaller than
2); see open questions in [7, 8, 24, 25]. It is also unknown if there exist finitely generated infinite-
dimensional algebraic algebras of polynomially bounded growth over uncountable fields; see open
questions in [7, 8, 24, 25, 39].

It is interesting to compare the Kurosh Problem under growth restrictions with the Burnside Problem
under growth restrictions. By Gromov’s celebrated theorem, finitely generated groups of polynomial
growth are virtually nilpotent [21], and therefore, the answer to the Burnside Problem is affirmative for
such groups. The first examples of groups of intermediate growth were constructed by Grigorchuk [18];
these groups are furthermore periodic. However, their precise growth rate is still unknown (see [11]
for a recent major progress). The first examples of finitely generated, infinite periodic groups of known
subexponential growth were given in [4], almost 30 years after (periodic) groups of intermediate growth
first appeared.

In this paper, we give an affirmative answer to Conjecture 1.1 up to a mild polynomial error term (or
an arbitrarily slow super-polynomial error factor in the case of algebras over uncountable fields). Notice
that for sufficiently regular super-polynomial functions, a polynomial error factor is negligible. This
improves the main results [17, Theorem Al, A2] and extends all previously known classes of growth
functions of algebraic algebras, including [2, 8, 34].

Theorem 1.2. Let f: N — N be the growth function of any finitely generated infinite-dimensional
algebra, not of linear growth. Then there exists a finitely generated nil graded algebra A over any
countable field such that

f(n) < ya(n) <n** f(n)

for all € > 0, and a finitely generated nil graded algebra over an arbitrary field such that

() <ya(n) <n®™ f(n)
‘or any arbitrarily slow given function w(n) tending to infinity.
Jor any y 8 g 1y

As an application, we obtain the first counterexamples to the Kurosh Problem (namely, infinite-
dimensional algebraic algebras) of known subexponential growth, and the first examples of nil Lie
algebras of known subexponential growth, over any field of characteristic zero (Petrogradsky, Shestakov
and Zelmanov constructed finitely generated nil Lie algebras of known polynomial growth over fields
of positive characteristic in [29, 30, 32]). A Lie algebra L is nil if all of its elements are ad-nilpotent;
that is, for every element a € L, the adjoint operator ad, = [a, —] is nilpotent.

Corollary 1.3. For every a € (0, 1), there exists a finitely generated nil graded algebra A and a finitely
generated nil graded Lie algebra over an arbitrary field such that
va(n) ~ yr(n) ~ exp(n®).

Moreover, we are able to construct nil algebras of an arbitrary GK-dimension > 6, strengthening the
solution of [2] to [7, Question 1] and [8, Question 2]; our algebras are furthermore naturally graded.

Corollary 1.4. For every a > 6, there exists a finitely generated nil graded algebra A and a finitely

generated nil graded Lie algebra over any countable field such that GKdim(A) = GKdim(L) = a.

A graded associative (resp. Lie) algebra A = @:’:l A, is graded-nil if all of its homogeneous
elements are nilpotent (resp. ad-nilpotent). Such algebras naturally arise from residually finite periodic
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groups (e.g., [27]) and from filtered algebraic algebras [31] and play a major role in Zelmanov’s solution
of the Restricted Burnside Problem (see [37]). We prove improved analogs of the above results, for
graded-nil algebras, where only a linear error factor is needed.

Theorem 1.5. Letr f: N — N be the growth function of any finitely generated infinite-dimensional
algebra. Then there exists a finitely generated graded-nilpotent algebra A over an arbitrary field such
that

f(n) <ya(n) <nf(n).

Corollary 1.6. For every real number a > 3, there exists a graded-nil associative algebra A and a
graded-nil Lie algebra L over an arbitrary field such that GKdim(A) = GKdim(L) = .

To the best of our knowledge, this provides the first examples of graded-nil algebras of an arbitrary
(in particular, non-integer) GK-dimension, over an uncountable field.

Finally, in Section 6, we revisit Theorem 1.2 and show how a slightly weaker version of it (namely,
slightly weakening the polynomial error factor and omitting the grading assumption) can be constructed
using matrix wreath products, which have been utilized in [2, 17].

2. Growth of algebras

Let A be a finitely generated associative algebra over a field k. Let V be a finite-dimensional generating
subspace — namely, A = k(V). The growth of A with respect to V is the function

Ya,v(n) =dimk(k+V+V2+...+V”).

The definition applies for non-unital algebras too (whose growth coincides with the growth of their
unital hulls). If 1 € V, then equivalently, y4 v (n) = dimy V".

We write f < g if f(n) < Cg(Dn) for some C,D > 0 and for all n € N, and we say that f
is asymptotically equivalent to g, denoted f ~ g, if f < g and g < f. The function y4 v (n) is
independent of the choice of the generating subspace up to asymptotic equivalence, and so we write
va(n) for the growth function of the algebra A, considered up to asymptotic equivalence. Bell and
Zelmanov [9] characterized growth functions of algebras by means of combinatorial conditions on their
discrete derivatives, from which it follows that every increasing, submultiplicative function is equivalent
to a growth function, up to a linear error term (see [16, Proposition 3.1]). The Gel’ fand-Kirillov (GK)
dimension of A is

1
GKdim(A) = lim sup O%(?TAn(n)'

It follows from the definition that GKdim(A) < oo if and only if y4 (n) is polynomially bounded. If A is
commutative, then GKdim(A) coincides with the classical Krull dimension of A. The possible values
of GKdim(A) are 0, 1, [2, co]. For more on the growth of algebras and the Gel’fand-Kirillov dimension,
see [23].

If A =P, A, is graded with finite-dimensional homogeneous components, then y(n) ~
dimy EB?:O A;. For a graded algebra A and a subset S € A, we let S,, denote the intersection of §
with the degree-n homogeneous component of A, and S<, := S N (P, <n A;). For a non-unital graded
algebra A = EB:;I A,, welet A' = k + A denote its unital hull.

If L is a finitely generated Lie algebra (over a field of characteristic # 2) generated by a finite-
dimensional subspace V, then its growth function is defined as

vL,v (n) = dimy Span; {d-fold Lie brackets of elements from V for d < n},
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again, considered up to asymptotic equivalence. The definition of GK-dimension applies similarly for
Lie algebras.

Let ¥ = {xy,...,x;,} be a finite alphabet. We denote by X* the free monoid generated by X. Let
I < k(X) be an ideal generated by monomials. Then the quotient ring A = k(X)/I is called a monomial
algebra. For a subset S of a monomial algebra, we let Mon(S) denote the set of nonzero monomials of
S. Thus, for every monomial algebra A and monomial ideal / < A, Mon(A) = Mon(I) U Mon(A/I).

Every monomial algebra A is naturally graded by assigning deg(x;) = dy, .. ., deg(x,,) = d,,, for any
choice of natural numbers dy, ..., d,, € N. Let £ C " be a hereditary language — namely, a nonempty
set closed under taking subwords. Associated with £ is a monomial algebra:

Ap = k(Z)/{u | u is not a factor of a word from L).

A special case is where £ consists of the subwords (also called factors) of a given (right) infinite word
w € TN and we denote

Ay = k(Z)/{u | u is not a factor of w).

For a hereditary language £ (resp. infinite word w), we let p,(n) (resp. p,, (n)) be its complexity
function, counting its length-n subwords. If the letters of X are assigned with degree 1, then y4 . (n) =
Yitopc(i)and ya, (n) = X pyw(i); if the monomial generators are assigned with arbitrary degrees
(not necessarily 1), then these equations hold up to asymptotic equivalence. In any case, ya,, (n) ~

npy (n).
LetA = @f:o A, = k(X)/I be a monomial algebra whose monomial generators are assigned with
degree 1. Foranyx € Zand 0 # f € A, let

pre (f) =max{i > 0| f € x'A}, suf,(f) = max{i > 0| f € Ax'}.
Let

A*(n;i) = Spang {w € Mon(A), | pre,(f) =i}
AJ(nsi, j) = Spang {w € Mon(A), N (y) | pre,(w) =i, sufx(w) = j}

and

AN (<mi) = D AN (L), AY(<miin ) = (D AV (i)

I<n I<n

S0Ag, = @?:0 A*(<n;i) and (y), = @Hjsn AS (3, ).

3. Extensions of algebras

Theorem 3.1. Let R = k(x,y)/I be an infinite-dimensional monomial algebra in which y* = 0 and y
generates a locally nilpotent ideal. Let A be a graded, infinite-dimensional, nil algebra which is finitely
generated in degree 1. Then there exists a finitely generated nil, graded algebra A such that

dimg A<, = dimg A, + Z dimy R} (<3, j) - dimy A; - dimy A;

i+j<n
(we formally let dimy Ag = 1.)

Proof. Observe that R, = (@i+j§n R;‘(n; i,j)) @ kx". Fix a k-linear basis B =B, UB,U--- of A,
consisting of monomials in some homogeneous generating set of A (say, a basis of A;). Foreachi > 1,
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fix a basis element w[i] € B; = BN A; and let
W =Span, {wl[i] |i=1,2,...}, W =Span (B \ {wl[i] |i=1,2,...}),

so A = W @ W+. Consider the (non-unital) free product
An (kD1/(P)) =Aealyal @ alyayal e .

with basis {bo, b()y, yb(), b()ybl, boybly, yboyb|, boyb1yb2, . | b(), b] . bz, cer € B} For each y2—free
monomial divisible by y (namely, a nonzero monomial in (y) < k(x, y)/ ( y2>),

é.‘ = xi()yxil .. _xis—]yxis
and for every wg € B;,, w € B;,, consider the following element in the above free product:

T, wy (“;:) = WoyW[il] te W[is—l]yWL

In case that & = x, we let My, w, (£) = wo, and if ip = 0 or iy = 0, we let My (£) =
ywlit] - wlis—ilywi, woywlii] - - - wis—1]y, respectively. We formally set 7, , (0) = 0.

Remark 3.2. Notice that for any pair of disjoint sets of monomials X,Y C k{x,y), we have that
Span 7,..(X) N Span, 7, .(Y) = 0. Indeed, let 6: A *, (k[y]/<y2>) — R be the linear map defined
by 6(boyb; - - - yb,) = xdee(bo) yydee(br) ... yydee(br) on basis elements and extended by linearity. Then
0 0 My w, (£) = & for any wo, w of degrees compatible with pre, (&), sufy (£).

Consider the ideals
J= (W) = Quy ue B\ (wltlwi2l,... )« A (K[y1/(?))
and
T'=(Mtwgw () | £ € Mon(1), wo € Bye_(£)» W1 € Baut(£)) < A 5 (k[y]/<y2>).

Notice that I C (y) < k(x, y), for otherwise, since [ is a monomial ideal of k(x, y), it would contain
some x", making (y) finite-codimensional in R = k(x, y)/I; since by assumption, y generates a locally
nilpotent ideal in R, it follows that R is finite-dimensional, a contradiction to the assumption.

We also note that every element in 7 is a linear combination of elements of the form 7,y v, (£), & €
and elements from J. Indeed, fix & = xy - - - yx’s € Mon(I) and w € By, (£)=ig» W1 € Bsuf, (£)=iy"

o Given any u € By, we can write uwg = Y,i_, c;w! for some w; € Bayiy,c; € k, since u, wq are
homogeneous; we compute that
Uty (€) = uwoywl[ir] - - wlisilywr = XLy cowlywlir] - wliso]ywr = T, cimwr o, (x9€).
An analogous outcome holds for 7y, v, (€)u.

o We compute ymy v, (§) = ywoywli1] - - - wlis—1]ywi, which is either in J if wo # w(io], or other-
wise, wo = wlio] and ymy, w, (€) = Ty, w, (Y€). An analogous outcome holds for 7y v, (€)y.

It follows by induction that every element in T takes the desired form, and moreover, for every monomials
&, & and wo, wy, wf), wi € B of compatible degrees, we have that

n

Tosgo (Vg (€)= D cimyp i (£€7) mod J 3.1)

i=1

for suitable uf), u’i e Bandc; € k.
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Finally, let

A (k[y1/(»*))
J+T '

Note that A is naturally graded, extending the grading from A by letting deg(y) = 1; indeed, this defines
a grading on A = (k[y]/ < y2>), and both J, T are homogeneous with respect to this grading, which thus
induces a grading on the quotient ring. Furthermore, deg 7(7w,,w, (§)) = degg(§).

Consider the following homogeneous set:

B = {7tyym (€) | £ € Mon(R) \ {1}, wo € Byre, (£)» W1 € Buuro(e)} € A. (3.2)

Not1ce that B C B as seen by considering ¢ = x", n € N. We claim that B spans A. Indeed, A *f
/<y > /J is spanned by

BU (T, (€) | € € Mon k(. 3)/(5)) 1 00, w0 € By, 61+ w1 € Baty(o) )

and modulo 7, we may f further assume that & ¢ I —namely, ¢ € Mon(R)

We now claim that B is linearly independent. We first observe that Bisa hnearly independent subset
of A s (k[y]/(»*)). Next, if some nontrivial linear combination 3,/ | a; wi Wi (&) with & € Mon(R)
belongs to T+ J (as an element of A # (k[y1/ < >)), then we claim that 1t in fact belongs to T. Recall

that every element of T is a linear combination of elements of the form T, wy (€), where & € I (for
possibly different wg, wy, &) and elements from J. Write

n m

Dt i & )= f 4 Bimg (&)

i=1 ‘\/—’ S~ j=1 ——
eMon(R) eJ eMon(I)

$0
n m
Z AiTlyi i (&) - Zﬁj”ug,u{ (&) =rel.
i=1 J=1

However, the left-hand side belongs to the vector space

Ao AlyAl @ AlywyAl @ AlyWywyAl @ - -

while
JC @A yA CAyWhtyA-- Ay Al
i,j>1 e
i times y J times y
so f must vanish and X!, a7, (fl) ZTlﬁﬂT y J(f ). Since Mon(I) Mon(R) are disjoint

sets of monomials in k(x, y), we have by Remark 3.2 that DERTT s wiwi wi (i) = 0 in the free product
A s (k[y]/(y*)). a contradiction.

Let us now provide a formula for products of basis elements from B. Let Yn: A — k be the linear
functional projecting an element to the (possibly zero) coefficient of w[n] of it, when written uniquely
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as a linear combination of B. If wi, wo € A multiply as wiwa = >, 5 apb, then

woyw[ir] -+ wlis lywi wwa = Y apwoywlir] -+ wlis1]yb
beB

wi xwoywlit] - wlis—1]yws = Z apbywliy] - wlis—1]yws
beB

and
woywlit] - wlis—ilywi = woyw[j1] - - wlji—1]lyw]
=y p(wiwg) - woywlir] ---yw[ply---wlji-1]yw],

where p = deg(w1) + deg(w;).
Let Zle CiTtyi i (&) e (y)y« A. Then &1,...,& € (y) <R. By assumption, (y) is a locally nilpotent
ideal of R, so there exists some d such that

V1 <ip,...,ig <1, f,‘]"'fl‘dZO,

and it follows that

l

d
Zciﬂwé"wli(fi)) S Spank{n*,*(.fil '”é:id) | 1<iy,...,ig < l} =0

i=1

as seen by (3.1). Consequently, (y) < A is a nil ideal. Notice that A /{y) = A, which is nil. Therefore,

O—>(y>—>g—>A—>O

is an extension of two nil algebras; hence, A is nil.
As seen by (3.2),

A, 2 A, 0 @ Ai @ RY(n3d, j) ® Aj
i+j<n
and

Acw = Acy® (D) Ai @ RY(<mii ) © 4,

i+j<n
isomorphisms of vector spaces (formally taking Ay = k); hence,
dimy Xsn =dimg A<, + Z dimy R;(Sn;i,j) ~dimg A; - dimg A,
i+j<n
as claimed. m]
Proof of Theorem 1.2. Let f: N — N be the growth function of any finitely generated infinite-
dimensional algebra, not of linear growth. We may assume that f is subexponential (nil algebras of
exponential growth exist by the Golod-Shafarevich theorem, and all of the exponential growth functions
are equivalent to each other). By [9, Theorem 1.1], f satisfies f'(n) > n+ 1 and f’(n) < f’'(m)? for

every m < n < 2m. Moreover, by the same theorem, f is then equivalent to the growth function of an
algebra R explicitly constructed therein. Let us recall now the general structure of that algebra. This is
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a monomial algebra R = k{x, y)/I in which the set of nonzero monomials is

U T(dp,n) U U X T(dy - 1,n - ep),

n>1 n>1

where
T(d,n) = {x"} U {x'yx¥yx® ... x%yx/ of length n with ay, ..., ay > d}

and for some sequences {d,} >, {en}, , of positive integers, explicitly constructed in the proof of [9,
Theorem 1.1]. Furthermore, the sequence {d, }, tends to infinity since the realized growth function
f is subexponential (see [9, Page 691]). Notice also that y> = 0. Since every monomial w in the ideal
(y>2 = RyRyR contains an occurrence of yx'y for some i > 0, it follows that for some # (in fact, for
every n such thatd,, > i+ 1), wR,, = R,w = 0, and therefore, (y) is locally nilpotent. Furthermore,

dimy (y) ., = dimg R<, —dimg (k + kx +- -+ kx") = dimg R<, — (n+ 1). 3.3)

Let us now conclude the proof, using Theorem 3.1.

Case I: Countable base fields. Assume that k is countable. We use R from the above discussion as
a base ring for the construction given in Theorem 3.1, along with the nil graded algebra A from [25],
constructed over an arbitrary countable field. As proven in [25, Theorem 7.5], dimy A, < C n® log6 n

for all n and for some constant C > 0. Consider the finitely generated nil graded algebra A resulting by
applying Theorem 3.1 to this setting. Then, for every £ > 0,

dimg A<, = dimg A<y + Z dimy R} (<n3, j) - dimy A; - dimy A;
i+j<n
< Cn’log®n + Z dimg R} (<nsd, j) - Ci*logli- Cj*log® j
i+j<n

< 2C?*n*log"? ndimyg R<, < n*f(n).
However, by Theorem 3.1,

dimy Zgn > dimg A, + Z dimg RY(<n31,j) 2 n+(y) g, =dimg Rep = 1 ~ f(n).

i+j<n

Case I1: Arbitrary base fields. Assume that k is of arbitrary cardinality. We use R from the above
discussion as a base ring for the construction given in Theorem 3.1, along with anil graded algebra A from
[8], constructed over an arbitrary base field. As proven in [25], for any super-polynomial function, one
can construct a nil graded algebra A over & whose growth is bounded from above by that function. Given

a function w(n) 277, o0, let A be anil graded algebra over k whose growth satisfies y(n) < nre®
Consider the finitely generated nil graded algebra A resulted by applying Theorem 3.1 to this setting.
Then

dimg A<, = dimg A<, + Z dimy R} (<3, j) - dimy A; - dimy A;
i+j<n

2
< dimg A, + Z dimg R (<n3d, j) - (n%‘”("))

i+j<n

< n2@M 4 @M dim R,y ~ n™ f(n).
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However, by Theorem 3.1,

dimg A, > dimg A<y, + Z dimy RY(<m;i, j) = n+ () o, = dimg Ry — 1 ~ f(n).

i+j<n

The proof is completed. o

4. Applications

Let A be a finitely generated associative algebra. Then A, equipped with the Lie brackets [a, b] := ab—ba,
is a Lie algebra, denoted by A(™). Notice that if A is graded, then so are A(™) and all of its Lie derived
powers. Furthermore,

Lemma 4.1. Let A be a nil (resp., graded-nil) associative algebra. Then A7) is a nil (resp., graded-nil)
Lie algebra.

Proof. Let A be a nil associative algebra. For every a € A, there is some d such that a¢ = 0. Since

m

adl(x) = Z(—l)mf" (T)aixami

i=0

for every m > 0, we obtain that adfﬁ”r1 (x) is a linear combination of monomials of the form a‘xa’ with
i+j=2d+1,s0ad2"" (x) € a?A+ Aa? = 0. It follows that L is a nil Lie algebra. If A = (P A, isa
graded-nil associative algebra, then the above argument applies for every homogeneous element a (and
arbitrary x), proving that L is a graded-nil Lie algebra. O

In general, finite generation of A as an associative algebra does not guarantee the finite generation of
the Lie algebras A and [A(), A())]; but if A is generated by finitely many nilpotent elements, then
[A©), A)] is finitely generated as well and, furthermore, grows asymptotically as A:

Theorem 4.2 [ 1, Theorem 2]. Let A be a graded associative algebra generated by finitely many nilpotent
elements. Then [A7), A is a finitely generated Lie algebra and

YA, a01(n) ~ ya(n).

Proof of Corollary 1.3. Fix an arbitrary a € (0, 1). There exists a finitely generated algebra B whose
growth function is yg(n) ~ exp(n?) (see, for example, [35, Corollary D]). By Theorem 1.2, it follows
that, for every increasing, super-polynomial function w: N — N, there exists a finitely generated nil
graded algebra over an arbitrary base field whose growth is

y(n) < ya(n) < w(n)yp(n).

Taking w(n) = nlogn e get, forn >, 1, that

exp(n?) < ya(n) < n'°¢"exp(n?)

< exp((2n)?) ~ exp(n®),

as claimed.
Now let L = [A®), A)]. By [1, Theorem 2], L is a finitely generated graded Lie algebra and
vrL(n) ~ ya(n) ~ exp(n?), and by Lemma 4.1, L is a nil Lie algebra. O

Proof of Corollary 1.4. Fix an arbitrary @ > 6. Let A be a finitely generated nil graded algebra of
GKdim(A) < 3 (see [25]); denote p := GKdim(A). Let d € Z5p and 0 < B < 1 be such that
« = 2p +dp (in particular, if @ > 6, then d = [@ — 2p], and B = ajp andif @ = 6, take d = 0,8 = 1).
Let S = {[n'/A] | n € N} and observe that #(S N [1,n]) = |n®].
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Consider the monomial algebra

_ kx, y) '
(y2) + () + (yxiy | i ¢ S)

Notice that the ideal (y) <« R is nilpotent. Now for any i, j,

d+1 c—1
dimy, R (<n3i, j) < Z#{?e 5o ‘ i< n} @.1)
c=1 i=1
d+1
< Y #HSA[La) T < (d+ 1) -#(S N [1,n])? < (d+1)n®.

c=1
Moreover, if i + j < 2n, then, given? € (SN [1, n])?, we have a nonzero monomial & € RY(<Kn3i, j)
xiyxlty . yxtdyx/

for some constant K (in fact, one can take any K such that Kn > dn + (d + 1) +i + j, so we can take
K = 5d), and the assignment 7 — ¢ is injective. It follows that

dimy R} (<Kn;i, j) > #(S 0 [1,n])? 4.2)
> (Lnﬁ J)d > 0-dydp

(the last inequality follows since |x]| > %x for every x > 1.) Thus, by Theorem 3.1, there exists a finitely
generated nil graded algebra A such that

dimg A<, = dimg A<, + Z dimyg R} (<3, j) - dimy A; - dimg A;. (4.3)
i+j<n
Hence, by (4.1),
dimg A<, < dimg A<y + Z (d+ ) - dimy A; - dimy A; (4.4)
i+j<n

< dimg A<, + (d + Dn® (dimg A<y, +1)°

< (d+2)n (dimg A<, + 1),

and by (4.2),
dimg A<k > ) dimg RY(<Kn3i, ) - dimy A; - dimy A, (4.5)
i+j<2n
> 2~dpdh Z dimy A; - dimy A
i+j<2n

> 27 (dimy A<,)?
Combining (4.4) and (4.5), it follows that

~ log dimy A<,
GKdim(A) = lim sup 08 Ak Azn

n—soc0 1

=2p+dB =a,
as required.
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Now let L = [A©), A)]. By [1, Theorem 2], L is a finitely generated graded Lie algebra and
GKdim(L) = GKdim(A) = @, and by Lemma 4.1, L is a nil Lie algebra. O

5. Graded-nil algebras
5.1. Morphic words and their algebras

Let X = {a,b} and let ¢: X* — T* be an endomorphism of the free monoid X* = (a, b). Assume that
¢(a),p(b) # 1foralli > 1. If ¢(a) = au for some u € X, then there is a (unique) fixed point of ¢ in
its action on the set of (right) infinite words X!':

w = aud(u)¢?(u) -
Consider the monomial algebra
Ay, = k{(Z)/{(v € £ | v is not a factor of w).

In [5, Proposition 2.1], we proved that, under some technical assumptions on ¢, if we assign certain
degrees to the monomial generators of A, , then the positive part A}, = @‘::] (A ),, is graded-nilpotent;
that is, every subalgebra of A}, generated by homogeneous elements of an equal degree is nilpotent (and
hence finite-dimensional). This property is stronger than being graded-nil. Let us focus on a concrete
example, which will serve as a ‘basis’ for the construction in Theorem 1.5.

Example 5.1 [5, Example 2.2]. Let X = {a, b} and let ¢: * — X* be given by ¢(a) = ab, #(b) = b*a.
Then ¢ satisfies the conditions of [5, Proposition 2.1], and consequently, the resulting infinite-word

w = aud(u)$>(u) - - - = abbbabbabbaab - - -

gives rise to a monomial algebra A,, which, when endowed with the grading deg(a) = 1, deg(b) = 2,
has a graded-nilpotent positive part Af,. Furthermore, by [6, Proposition 3.1], the algebra A,, has a
quadratic growth; that is, cn? < va, (n) < con? for some constants ¢, cp > 0. Equivalently, the
complexity function p,, (n) = dimg (A, ), grows linearly with n, say, cin < p,,(n) < ca(n+ 1) for
some cy, ¢y > 0, forall n > 0 (we put ¢3(n + 1) on the right-hand side since p,, (0) = 1).

5.2. Growth of graded-nilpotent algebras

Theorem 5.2. Let R = k{(x,y)/I be an infinite-dimensional monomial algebra in which y2A= 0 and y
generates a locally nilpotent ideal. Then there exists a finitely generated graded-nil algebra A such that

n n
c1 -Zi - dimy R*(<n;i) < dimyg KSn <cy- Z(i+ 1) - dimy R*(<n3i)
i=0 i=0

for some c1,cy > 0.

Proof. Let w be the infinite word from Example 5.1 and let A, be its associated monomial algebra. Let
w|i] denote the length-i prefix of w (we think of w[0] as the empty monomial ‘1’) — for example,

w[0] =1, w[l] = a, w[2] = ab, w[3] = abb, ...
Consider the following formal language £ C {a, b, y}*:

L=A{uywlii]ly---ywlis+1] | u € Mon(A,,), |u| = i, xioyxi‘y . ~y)c’3'+1 € Mon(R)}. .1
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(We include the cases where the monomial in Mon(R) is x, and ig, is41 may be zero.) Notice that L is
a hereditary language. Indeed, consider a word

W =uywlitly - ywlisal,

where u is a factor of w of length ip and xyx/ly - - - yx’+ is a nonzero monomial in R. Then every
subword W, of W takes one of the forms

v, vy, ', vywliply---ywliglyv

where 1 < p < g < s and v is either a suffix of u of length 0 < [ < zo, or a suffix of w[i,_1] of length
I <ip_1;and v’ is a prefix of wi q+1] of length 0 < l’ < ig+1; hence, v/ = w(l’]. Since x0yxty - - - yxis+!
is a nonzero monomial in R, so is x'yx’y - - - yx‘ayx!", and thus, by (5.1), it follows that Wy € L.

Let A = k{a, b,y)/J be the monomial algebra associated with £. Endow A, with the grading
induced by deg(a) = 1,deg(b) = 2,deg(y) = 1. Let A}, = P;,(Az), be the positive part of A.
Then A7, is finitely generated (by a, b, y) and fits into

0— (y) > A7 = A}, - 0. 5.2)

Define a surjective map 6: £ — Mon(R) by

‘“|yxlly .. ,yxl.wl.

O(uywlir]y - ywliss]) = x
Notice that (L N (y)) = Mon(R) N {y) and that (W W;) = §(W)0(W>) if W; W, # 0. We claim that
(y) <A, is locally nilpotent. Indeed, for any finite set of monomials from £, each of which containing an
occurrence of y, say Wy, ..., W, consider (W), ...,08(W;) € (y)<R. Since (y) <R is locally nilpotent
by assumption, there exists some N such that O(Wﬂ(l)) - 0(Wyny) = 0 forevery p: {1,...,N} —
{1 ). IE W) - - Wy # 0, then 9( u(1) W'u(n)) =60(Wy1y) ---0(Wy(ny) = 0, a contradic-
tion (recall that 6: £ — Mon(R) and 0 ¢ Mon(R)). It follows that (y) < A, is a locally nilpotent ideal.
Let us now prove that A7, is graded-nilpotent. Fix d > 1 and let (A.), = Span;{fi, ..., fm}. Since AJ,
is graded-nilpotent, it follows from (5.2) that there exists some N; such that every product of N; ele-
ments among fi, . .., f,, vanishes in A}, . Again by the exact sequence (5.2), it follows that every product
of N; elements among fi, ..., f,; lies in (y) < A,. By the local nilpotency of (y) < A, it follows that
there is some N, such that every product of N, elements among {fi,..., f,}V! vanishes. Therefore,
(Ag )N N2 =, showing that A7, is graded-nilpotent.

Let us analyze the growth function of A7.. By (5.1),

#0~1(W)
W eMon(R),

dimg (Az),

anpw(i) -#{W € Mon(R), | pre, (W) =i}
i=0

= > (i) - dimy R* (n;)
=0

SO
n n
cr- Z i - dimg R*(<n;i) < dimg(A7)<n < c2- Z(i +1) - dimg R*(<n;1i),
i=0 i=0
for c1, c» from Example 5.1, as claimed. O
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Proof of Theorem 1.5. Let f: N — N be the growth function of any finitely generated infinite-
dimensional algebra; we may assume that f is not of linear growth. As in the proof of Theorem 1.2, we
may assume that f is subexponential. Using [9, Theorem 1.1], let R = k{x, y)/I be a monomial algebra
of growth ygr ~ f. As observed in the proof of Theorem 1.2, (y) < R is locally nilpotent. Applying
Theorem 5.2, we obtain a finitely generated, graded-nilpotent algebra A = EB:’:] A, such that

n
dimg A<, < 3 - Z(i +1) - dimg R*(<n; 1)
i=0

n
< 2con - Z dimy R*(<n;i) = 2condimy R<,, ~ nf(n)

i=0
and
dimy Xgn >y - Z i - dimy R*(<n;i)
i=0
n
>cy- Zdimk R*(<n;i) = ¢y - dimg R<,, ~ f(n),
i=0
s0 f(n) £ ya(n) < nf(n). The proof is completed. m]

Proof of Corollary 1.6. In the proof of Corollary 1.4 we constructed, for eachd € Z59, 0 < B < 1,a
monomial algebra

k{x,y)
(y2) + ()2 + (yxiy | i ¢ S)

satisfying, for some constants K, A1, A, > 0 (in fact, 1| = 274 1o =d+1and K = 5d),

o (y) < R is locally nilpotent;
o Forevery i+ j < 2n, we have that dimy, R§(<Kn;i,j) > A, nP;
o For every i, j, n, we have that dimy, R;‘(<n; i,j) < Lnh.

It follows that for every i < n, we have
n
dimg R*(<n;i) = 1+ Z dimg Ry (<n3i, j) < 1+ (n+ 1) - 4,0 < Aon P!
j=0
for some constant /lé > 0. In addition, we have, fori < n,
n n
dimg R*(<Kn;i) > Z dimg R} (<Kn;i, j) > Z AnB = 1 nB1,

j=1 Jj=1

We now apply Theorem 5.2 to the algebra R. As a result, we obtain a finitely generated, graded-nilpotent
algebra A = (P, A, whose growth function satisfies

n=1

n n
dimy XSH <cy- Z(i +1) - dimg R*(<n;i) < 2con - Z /léndﬁ“r1 < /lé'n“"&r3
i=0 i=0
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(for some A7 > 0) and

Kn
dimy A\gKn >cy- Zi -dimy R*(<Kn;i)
i=0
< n| n
>cp- Z i -dimg R*(<Kn;i) > ¢ {EJ '3 A n9Brl > /l;n”lﬁJr3
i=n/2]

for some A} > 0 (and for all n > 2). It follows that GKdim(X) = dB + 3. Since for any @ > 3 we can
findd € Z5p, 0 < B8 < 1 such that @ = df + 3, the claim follows. O

6. Matrix wreath products
6.1. Matrix wreath products

Let A, B be k-algebras. We let their matrix wreath product be
A!B =B +Ling(B', B' & A).

Given a linear map ¢: B! — A defined on B, the unital hull of B, we let cg: b — 1®¢(b) and
consider the ‘restricted” matrix wreath product:

Aty B=k(B,cy) C ALB.

If B is a finitely generated k-algebra generated by some finite-dimensional subspace V < B, then A ¢y B
is the finitely generated k-subalgebra of A ¢ B generated by V + kc 4. These have proven to be extremely
useful to construct algebras with prescribed growth and desired algebraic properties such as algebraicity
and primeness [2, 17]. In particular, if A is stably nil (that is, M, (A) is nil for every n) and B is nil, then
Ay Bisnil too [2, §4]. Let

Yoy =dime > gV p(V)

i1+ iy <n

be the growth function of ¢. By [17, Lemma 2.2],
Yo (n) < ya,(n) < vp(n)*ye(n), (6.1)

and if in addition, ¢ satisfies some ‘density’ conditions, then y,,5(n) ~ y¢(n)73(n)2 [2, Lemma 3.9].

6.2. Theorem 1.2 revisited

Fix an arbitrary base field k. Let f: N — N be the growth function of a finitely generated infinite-
dimensional algebra, not of linear growth. In particular, f’(n) > n + 1; as in the proof of Theorem 1.2,
we may assume that f is subexponential.

Let R = k(x, y)/I be the monomial algebra constructed in [9] of growth yg ~ f. As in the proof of
Theorem 1.2, the ideal J := (y) < R is locally nilpotent, and by (3.3), dimy J<,, = dimg R<,, — (n + 1).
Since y? € I, then, as a k-algebra, J is generated by the set {x'yx/}; j>o. Let B = €D, | B, be a finitely
generated infinite-dimensional nil, graded k-algebra; then dimy B, > n for every n > 1, for otherwise,
B has a linear growth by [23, Lemma 2.4], which implies that B satisfies a polynomial identity [33]; but
a finitely generated nil algebra satisfying a polynomial identity is finite-dimensional [22, Theorem 5].
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Thus, we can define a system of (arbitrary) surjective linear maps
¢n: By = Span {x'yx" """ |0<i<n-1}CJ for n=1,2,...
and let
¢=@udn: B' - J,

setting ¢(1) = y. This defines a restricted matrix wreath product J ¢4 B. Since B is a finitely generated
nil algebra and J is locally nilpotent (and hence stably nil), it follows that J ¢, B is a finitely generated
nil algebra.

Let us estimate y4(n). We have

> ¢(By)-4(By) gm( > R, R) = Jn. 6.2)
{14+ <n i+ Hs<n
Conversely, let &£ € Mon(R) N J<,
£ = xT0yxit ... xim-1 yyim
forsome m > 1, ig,...,ims1 = 0,and if m > 1, theniy,...,i,—1 > 0. Decompose
&= (0y)(a"ty) - (xtyatm) 6.3)

= Gig+1(b0) i +1(b1) -+ Diryy i1 (Pm—1)
= ¢(bo)¢(b1) -+ $(bm-1)

for suitable by € Bjy+1,b1 € Bjj+1,...,bm-1 € Bj,,_,+i,,+1, Where
o+ D+ +D+ -+ (g +im+ 1)=& < n;

hence, & € 2, 4..ip,<n 9(Bp,) - - - ¢(B), ). Therefore,

Jen=Span (Mon(R) N <)) € Y. ¢(Bp,) -+~ $(Bp,).

pit--tps<n

Together with (6.2), we conclude that

Yo(n) =dimg J<p, = yr(n) = (n+1) ~yr(n) ~ f(n). (6.4)

Case I: Countable base fields. Let k be a countable field. We specify B to be a nil algebra of GK-
dimension < 3, which can be constructed over any countable field [24, 25]. By (6.1) and (6.4), we
obtain, for every & > 0, that

() ~ve(n) < y5,8(n) < yp(n)*ye(n) < n®<f(n).

Case II: Arbitrary base fields. Let k be an arbitrary field. Let w(n) 277, 0. We specify B to be the
Bell-Young nil algebra [8] of growth yg(n) < n2@®) By (6.1) and (6.4), we obtain that

f(n) ~yg(n) < y5,8(n) < ve(n)ys(n) <n®™ f(n).

Thus, every growth function of an algebra is realizable as the growth of a nil matrix wreath product
over any countable field, up to a polynomial error factor, and over an arbitrary field, up to an arbitrarily
slow super-polynomial error factor.
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