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Monotonicity Properties of the
Hurwitz Zeta Function

Horst Alzer

Abstract. Let
oo

C(s’x):Zle)s (s>1,x>0)

n=0

be the Hurwitz zeta function and let

e ey
QW) = Qs e fa,b) = TS

where a, > 1 and a, b > 0 are real numbers. We prove: (i) The function Q is decreasing on (0, co)
iff ca— b > max(a—>,0). (ii) Qs increasing on (0, 0o) iff va — b < min(a—b, 0). An application
of part (i) reveals that for all x > 0 the function s — [(s — 1){(s, x)]1/6=D 4 decreasing on (1, co).
This settles a conjecture of Bastien and Rogalski.

1 Introduction

The Hurwitz zeta function is defined for real numbers s > 1 and x > 0 by

=1
C(s,x) = ;m

The special case x = 1 leads to the classical Riemann zeta function

=3
n=1

Both functions have important applications in number theory. The Riemann and
the Hurwitz zeta functions play an eminent role in the distribution of prime numbers
and in the theory of Dirichlet L-functions, respectively. In [5] an application of { (s, x)
to probability theory is given. Estimates of the Laurent coefficients of the Hurwitz
zeta function are presented in [7]. A collection of the most interesting properties of
(s, x) can be found, for example, in the monographs (2, §1.3; 3, Ch. 12].

Several authors studied various inequalities for the Hurwitz zeta function; see
[1, 4, 6]. Using Euler’s summation formula we obtain upper and lower bounds
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for ((s, x):
(8)2k—1Bak
e Z et < (5
2n—1
1 (8)2k—1Bak
< (s — l)xs—1 Z (2k)! x2kts—1"
Here, B;, By, ... are Bernoulli numbers and (a),, denotes the Pochhammer symbol,

ie, (a), =a(a+1)---(a+n— 1). The following elegant inequality was published
in 2002 by Bastien and Rogalski [4]:

[sC(s+ 1,)]Y% < [(s — )¢5, 01VC7Y (s> 1,x> 1).

This result led the authors to the

Conjecture For all x > 1, the function
s [s = DG(s, 0]V

is decreasing on (1, 00).

It is the aim of this paper to solve two related monotonicity problems. We deter-
mine all parameters «, 5 > 1 and a, b > 0 such that the function

(¢(a, x))*

Qx) = Qx a, B5a,b) = G

is decreasing on (0, c0). And, we determine all parameters o, 3 > 1 and a,b > 0
such that Q is increasing on (0, c0). It turns out that as a by-product we obtain a
proof of the Bastien—Rogalski conjecture.

2 Two Lemmas

In this section we provide two technical lemmas, which are important for the proof
of our main result.

Lemmal Let

1—y?
(2.1) Py, u) = (1~ = Y (1 — =) (0<y<1l,u>0).

The function y — ¢(y, u) is strictly decreasing on (0, 1), whereas y +— ¢(y, u)/(1— y?)
is strictly increasing on (0, 1).
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Proof Lety € (0,1) and u > 0. Differentiation yields
0
a—yfb(}/, u) = ud(y, w)[0(u(l +y)) — d(u(l — y))],

where 6(x) = (1/x) — 1/(* — 1). Since

262 (xe"/? + & — 1)(sinh(x/2) — x/2)
x2(e* —1)2

8 (x) = <0 (x>0),

we obtain (0/0y)¢(y, u) < 0.
Further, we get
0 ¢y, u) _ 2u sinh(uy)

Oy 1—y2 - e'(1 — e=#H))2(] — g—u(1=y))2 > 0.

This completes the proof of Lemma 1. ]

Lemma?2 Leta,B > 1anda,b> 0withaa — b > max(a — b,0). Further, let
(2.2) I(y) = I(y; v, B5a,b)
=(1+)" 21— )" *a(l +y) = b(1 — y)]
+(1—p)* 21+ ) a1 — y) — b(1 + y)].

If 3 > aand a > b, then there exists a number yo € (0, 1) such that I is positive on
(0, o) and negative on (yo,1). If @ > Banda > b, then I(y) > 0 for y € (0, 1). And,
ifa > B and b > a, then there exists a number y, € (0, 1) such that I is negative on
(0, y1) and positive on (y1, 1).

Proof We define for y € (0, 1):
P(y) = P(y;a, B;a,b) = (1 — y)* “(1 + y)* PI(y)
and

R(y) = R(y;a, B3a,b) = (1 + y)* (1 — ) P1(y).

(i) B > aand a > b: Partial differentiation gives

92 1—y\f-a-1 1 1—y\ B~
—~__P(y;a, Bia,b) = 2(a — — —1<o0.
aatresab =20-9(7) (i) 1<

Since aa — b > a — b, we geta > b(3 — 1) /(v — 1). This leads to

0 0
—P(y;, B5a,b) < —P(y; o, B a,
8)/P(y @, B;a,b) dy (s, Bsa b)’a:b(ﬁfl)/(a'fl)

l—y)ﬂ*a*1 1
I+y (1+y)?

rars-2{ (2071} <o

1+y

= a0 p@-a+ @2
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Hence, P is strictly decreasing on (0, 1) with P(0) = 2(a — b) > 0 and P(1) = —2b.
This implies that there exists a number y, € (0, 1) such that P is positive on (0, yo)
and negative on (yg, 1).

(ii) « > fand a > b: From

2

0
——P s, 05 a, )
Byda (y;a, B5a,b) >0

we obtain

0 0
_P;a;a Z_P;’;,
ay(}/aﬁab) ay()/oéﬁab)

a=

fe-n(15) " e () e

Thus, we have P(y) > P(0) = 2(a — b) > 0 for y € (0, 1).
(iii) @ > B and b > a: We get

R'(y) =(a+b)[1_ (11:;’)“*]

1
— >0
(1+y)?

_ a—fF—
+2(a—5)(b—a+(a+b)y)(11+)):) 1

and
R(0) =2(a—b) <0< 2a=R(1).

This implies that there exists a number y; € (0, 1) such that R is negative on (0, y;)
and positive on (y1, 1). [ |

3 Main Result

Now we can prove the following monotonicity properties of the ratio of Hurwitz zeta
functions.

Theorem Let

PN _ (Gl x))*
Q(x) - Q(X,O[,ﬁ,a,b) (C(B,x))b,

where o, 3 > 1 and a, b > 0 are real numbers.
(1) The function Q is decreasing on (0, 00) if and only if aa — b > max(a — b, 0).
(ii)  Qisincreasing on (0, 00) if and only if ca — Bb < min(a — b, 0).

Proof (i) First, we assume that Q is decreasing on (0, co). Let

1
g(aux) = C(Oé,x) - )?
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Then we have

A +xg(a, X)) g0 @ X) 5 (am1)a

R R ) A P oo

Since 1
lim g(r,x) = ((a) and  lim 1 (a,x) = —
X— X—00 o —

we conclude from (3.1) that
aa—0Bb>0 and aa—pOb>a—b.

Next, we suppose that aa — b > max(a — b,0). If « = §,thena — b > 0, so that
Q(x) = ({(a,x))*"? is decreasing on (0,00). Let @ # 3. Differentiation gives for
x> 0:

Q'(x)
Q(x)

Applying the integral representation (see 3, p. 251])

=, x)¢(B, %)

= aaC(a+ 1,x)¢(B8,x) — BbC(S + 1, x)¢ (e, x).

Cla,x) = ;/00 e ™ i dt
= T 1= et

and the convolution theorem for Laplace transforms, we obtain

Q'(x) 1 X Al A
62 B GE = wmr [ €T AGa A,

where
— 51~ (g(t — 5) — bs)

(1 —e5)(1 — e (t=9)
We set u = £/2 > 0. The substitution s = u(1 + y) leads to:

Alts a, Bia,b) = / e s
0

(3.3) u" “IAQu; «, B;a, b)

_ [ U=y A+ ) e~ y) = b1+ y)
e (1 — e s ) (1 — e=u01=7)

dy

1
:/ oy, wl(y;a, B3a,b) dy,
0

where ¢ and I are defined in (2.1) and (2.2), respectively. If a = b, then o > 3. This
implies that I is positive on (0, 1), so that (3.2) and (3.3) reveal that Q’(x) < 0 for
x > 0. Next, let a # b. We distinguish two cases.

Case 1: 8 > a.
Then we obtain a > b. Applying Lemmas 1 and 2 we conclude that there exists a
number y, € (0, 1) such that

oy, wI(y) > ¢(yo, wI(y) fory e (0,1).
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This implies

1 1
(3.4) / 60, wI(y)dy > $(yo,u) / 1) dy.
0 0

We have ca — 8b > a — b. This gives a > b(3 — 1)/(av — 1). Since [ is increasing
with respect to a, we get

1 1
(3.5) / I(y; v, B5a,b)dy > / I(ys 0, B;6(8 — 1) /(o — 1), b) dy
0 0

b

= ——[a—yt ey

=1
—(1L+ )71 —y)ft A 0.
y=0

We have ¢(yq, 1) > 0, so that (3.2)—(3.5) imply Q’(x) < 0 for x > 0.

Case2: o > 3.
We consider two subcases.

Case2.1:a > b.
Lemma 2 yields that I is positive on (0, 1). Since ¢ is also positive, we obtain from
(3.2) and (3.3) that Q’(x) is negative for x > 0.

Case2.2: b > a.
Applying Lemmas 1 and 2 we conclude that there exists a number y; € (0, 1) such
that
(y1,u)
(3.6 001 > S = 2)1) fory € 0.1).
1

Since a > b8/ a, we get

1 1
(3.7) /(1—y2)1(y;a,6;a,b)dy2/(l—yz)l(y;ayﬂ;bﬁ/a,b)d)/
0 0

b ) )
=2[a-pra+y’ —aspra-p’] <o
« y=0

From (3.2), (3.3), (3.6), and (3.7) we obtain that Q' is negative on (0, 00). The proof
of part (i) is complete.
(ii) Since

1/Q(x;«, B5a,b) = Q(x; 8, 5b,a) and —max(c,0) = min(—c, 0),

we conclude from part (i) that Q is increasing on (0, co) if and only if ca — b <
min(a — b, 0). [ |
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Remark Lett >s > 1.Ifweseta=s,03=t,a=t—1,b=s—1,then part (i) of

the Theorem yields that
« (s, )"
X) = ———
T = iy
is decreasing on (0, co0). Hence, we get
. ) . (t _ 1)571
Q" (x) > yILH;OQ (y) = o (x>0),

which implies that
s [(s = D¢s, 017D (x> 0)

is decreasing on (1, 00). This settles a slightly extended version of the Conjecture
posed in Section 1.
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