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Classification of Reducing Subspaces of a
Class of Multiplication Operators on the
Bergman Space via the Hardy Space

of the Bidisk

Shunhua Sun, Dechao Zheng, and Changyong Zhong

Abstract. In this paper we obtain a complete description of nontrivial minimal reducing subspaces of
the multiplication operator by a Blaschke product with four zeros on the Bergman space of the unit
disk via the Hardy space of the bidisk.

Let D be the open unit disk in C. Let dA denote Lebesgue area measure on the
unit disk ID, normalized so that the measure of ID equals 1. The Bergman space L2 is
the Hilbert space consisting of the analytic functions on [D) that are also in the space
L*(D, dA) of square integrable functions on ID. For a bounded analytic function ¢
on the unit disk, the multiplication operator My with symbol ¢ is defined on the
Bergman space L2 given by Myh = ¢h for h € L2. On the basis {e, }°°,, where e, is
equal to v/n + 12", the multiplication operator M, by z is a weighted shift operator,
said to be the Bergman shift

n+1

Meen =12

€n+l1-

A reducing subspace M for an operator T on a Hilbert space H is a subspace M of
H such that TM C M and T*M C M. A reducing subspace M of T is called minimal
if M does not have any nontrivial subspaces which are reducing subspaces. The goal
of this paper is to classify reducing subspaces of M, for the Blaschke product ¢ with
four zeros by identifying its minimal reducing subspaces. Our main idea is to lift
the Bergman shift up as a compression of a commuting pair of isometries on a nice
subspace of the Hardy space of the bidisk. This idea was used in studying the Hilbert
modules by R. Douglas and V. Paulsen [5], operator theory in the Hardy space over
the bidisk by R. Douglas and R. Yang [6, 18-20], the higher order hankel forms by
S. Ferguson and R. Rochberg [7, 8], and the lattice of the invariant subspaces of the
Bergman shift by S. Richter [12].

On the Hardy space of the unit disk, for an inner function ¢, the multiplication
operator by ¢ is a pure isometry. So its reducing subspaces are in one-to-one corre-
spondence with the closed subspaces of H> © ¢H? [4,10]. Therefore, it has infinitely
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many reducing subspaces provided that ¢ is any inner function other than a Mébius
function. Many people have studied the problem of determining reducing subspaces
of a multiplication operator on the Hardy space of the unit circle [1,2,11].

The multiplication operators on the Bergman space possess a very rich structure
theory. Even the lattice of the invariant subspaces of the Bergman shift M, is huge
[3]. But the lattice of reducing subspaces of the multiplication operator by a finite
Blaschke on the Bergman space seems to be simple. On the Bergman space, Zhu [21]
showed that for a Blaschke product ¢ with two zeros, the multiplication operator M,
has exactly two nontrivial reducing subspaces My and M. In fact, the restriction of
the multiplication operator on My is unitarily equivalent to the Bergman shift. Using
the Hardy space of the bidisk in [9], we show that the multiplication operator with
a finite Blaschke product ¢ has a unique reducing subspace My(¢), on which the
restriction of M, is unitarily equivalent to the Bergman shift and if a multiplication
operator has such a reducing subspace, then its symbol must be a finite Blaschke
product. The space My (¢) is called the distinguished reducing subspace of M, and is
equal to

V{¢'¢" :n=0,1,....,m,...}

if ¢ vanishes at 0 in [15], i.e,

zZ — O

o(z) = cz

—

11— oz

s

k

for some points {cy} in the unit disk and a unimodular constant ¢. The space has
played an important role in classifying reducing subspaces of M. In [9], we have
shown that for a Blaschke product ¢ of the third order, except for a scalar multiple
of the third power of a Mobius transform, M, has exactly two nontrivial minimal
reducing subspaces My (¢) and My(¢)*. This paper continues our study on reducing
subspaces of the multiplication operators M, on the Bergman space in [9] by using
the Hardy space of the bidisk. We will obtain a complete description of nontrivial
minimal reducing subspaces of M, for the fourth order Blaschke product ¢.

This paper is organized as follows. In Section [Il we introduce some notation to
lift the Bergman shift as the compression of some isometry on a subspace of the
Hardy space of the bidisk and state some theorems in [9] which will be used later. In
Section 2] we state the main result and present its proof. Since the proof is long, two
difficult cases in the proof are considered in the last two sections.

1 Bergman Space via Hardy Space

Let T denote the unit circle. The torus T is the Cartesian product T x T. Let do be
the rotation invariant Lebesgue measure on T2. The Hardy space H?(T?) is the sub-
space of L*(T?, do), where functions in H?(T?) can be identified with the bound-
ary value of the function holomorphic in the bidisc ID?* with the square summable
Fourier coefficients. The Toeplitz operator on H?(T?) with symbol f in L>°(T?, do)
is defined by Tf(h) = P(fh), for h € H*(T?), where P is the orthogonal projection
from L2(T?, do’) onto H?(T?).
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For each integer n > 0, let p,(z,w) = >_i_,z'w"~". Let H be the subspace of
H?(T?) spanned by functions {p, }52,. Thus

H*(T?) = H @ d{(z — w)H*(T*)}.

Let B = Py T,l9c = PycTy|oc, where Py is the orthogonal projection from
L*(T%,do) onto H. So B is unitarily equivalent to the Bergman shift M, on the
Bergman space L2 via the following unitary operator U : L2(D) — X,

Ugh — pulz, W)'
n+1
This implies that the Bergman shift is lifted up as the compression of an isometry
on a nice subspace of H2(T?). Indeed, for each finite Blaschke product ¢(z), the

multiplication operator My on the Bergman space is unitarily equivalent to ¢(B)
on H.
Let Lo be ker T

$(Z) N ker T;(W) N H. In [9], for each e € Ly, we construct functions

{d*} and d° such that for each [ > 1,

-1

pi(d(2), s(w)e+ > pil(z), p(w)diF € 3

k=0

and

pi(6(2), p(w))e + pi-1(p(2), p(w))d, € IH.

On one hand, we have a precise formula of d:

(L.1) Az, w) = we(0, w)eo(z, w) — wep(w)e(z, w),

where ¢ is the function ‘ﬁ(zi:f’v(w). On the other hand, d* is orthogonal to

ker Tj,) Nker T}, NI,
and for a reducing subspace M and e € M,

-1

pi(d(2), sw)e+ D pil(2), p(w))dF € M.

k=0
Moreover, the relation between d! and d? is given by [9, Theorem 1] as follows.

Theorem 1.1 If M is a reducing subspace of ¢(B) orthogonal to the distinguished
reducing subspace My, for each e € M N Ly, then there is an element ¢ € M N Ly and a
number X such that

(1.2) d=d’+é+ \e.
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Since it is not difficult to calculate & and A precisely for Blaschke products with
smaller order, we are able to classify minimal reducing subspaces of a multiplication
operator by a Blaschke product of the fourth order. The main ideas in the proofs of
Theorems [3.1] and [4.1] are that by complicated computations we use (L.2) to derive
conditions on zeros of the Blaschke product of the fourth order.

In this paper we often use Theorem [[.T]and Theorems 1 and 25 in [9] stated as
follows.

Theorem 1.2 There is a unique reducing subspace My for ¢(B) such that ¢p(B)|, is
unitarily equivalent to the Bergman shift. In fact,

pi1(9(2), p(w))ey } >

Mo = , g { Pe2), ow)e
o= V6@, and {FTZEEEY

form an orthonormal basis of M.

Let My be the distinguished reducing subspace for ¢(B). Then M is unitarily
equivalent to a reducing subspace of M, contained in the Bergman space, denoted
by Moy(¢). The space plays an important role in classifying the minimal reducing
subspaces of M in Theorem 2.1

In [9] we showed that for a nontrivial minimal reducing subspace 2 for ¢(B),
either 2 equals M or § is a subspace of Mj-. The condition in the following theorem
is natural.

Theorem 1.3 Suppose that 0, M, and N are three distinct nontrivial minimal reduc-
ing subspaces for ¢(B) and Q@ C M @ N. If they are contained in M-, then there is a
unitary operator U: M — N such that U commutes with ¢(B) and ¢(B)*.

2 Main Result

Let ¢ be a Blaschke product with four zeros. In this section we will obtain a complete
description of minimal reducing subspaces of the multiplication operator M. First
observe that the multiplication operator M,: is a weighted shift with multiplicity 4:

n+1
Mye, = menﬂy

where e, equals v/n + 1z". By [14, Theorem B], M+ has exactly four nontrivial min-
imal reducing subspaces:

M;=V{z":n=jmod4}, j=1,2,34.

Before stating the main result of this paper we need some notation. It is not diffi-
cult to see that the set of finite Blaschke products forms a semigroup under composi-
tion of two functions. For a finite Blaschke product ¢ we say that ¢ is decomposable
if there are two Blaschke products 17 and 1, with orders greater than 1 such that

P(2) = h1 0 Pa(2).
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For each A in D), let ¢\ denote the Mobius transform:

A—z
z) = —.
Pa(2) T
Define the operator U, on the Bergman space as follows: Uyf = f o ¢rky for f
in L2 where k, is the normalized reproducing kernel ((tlfz‘)z)' Clearly, U, is a self-

adjoint unitary operator on the Bergman space. Using the unitary operator U, we
have My () = UrMo(¢po ¢y), where A is a zero of the finite Blaschke product ¢. This
easily follows from that ¢ o ¢, vanishes at 0 and Uy MyUy = Mo, .

We say that two Blaschke products ¢, and ¢, are equivalent if there is a complex
number A in D such that ¢; = ¢, o ¢,. For two equivalent Blaschke products ¢,
and ¢,, My, and My, are mutually analytic function calculi of each other and hence
share reducing subspaces. The following main result of this paper gives a complete
description of minimal reducing subspaces.

Theorem 2.1 Let ¢ be a Blaschke product with four zeros. One of the following holds.

(i) If ¢ is equivalent to z*, i.e., ¢ is a scalar multiple of the fourth power ¢* of the
Mobius transform ¢, for some complex number ¢ in the unit disk, My has exactly
four nontrivial minimal reducing subspaces

{UcMh UCMZ, UCM37 UCM4}'

(ii) If ¢ is is decomposable but not equivalent to z*, i.e, ¢ = 1, o 1, for two Blaschke
products 1y and 1, with orders 2 but not both of 1, and 1, are a scalar multiple
of 22, then M, has exactly three nontrivial minimal reducing subspaces

{Mo(), Mo(1h2) © Mo(e), Mo(h2) L }.

(iii) If ¢ is not decomposable, then My has exactly two nontrivial minimal reducing
subspaces

{Mo(¢), Mo(¢) "}

To prove the above theorem we need the following two lemmas, which tell us when
a Blaschke product with order 4 is decomposable.

Lemma 2.2 If a Blaschke product ¢ with order four is decomposable, then the numer-
ator of the rational function ¢(z) — ¢p(w) has at least three irreducible factors.

Proof Suppose that ¢ is the Blaschke product with order four. Let f(z, w) be the
numerator of the rational function ¢(z) — ¢(w). If ¢ is decomposable, then ¢ =
11 o 1, for two Blaschke products i1 and v, with order two. Let g(z,w) be the
numerator of the rational function ), (z) — 1; (w). Clearly, z— w is a factor of g(z, w).
Thus we can write g(z, w) = (z — w)p(z, w) for some polynomial p(z, w) of z and w
to get

8(1h2(2), V2 (w)) = (V2(2) — tha(W)) p(¥2(2), tha(w)).
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On the other hand, we also have

(z = w)pa(z,w)

Pa(2) — Pa(w) =
q2(z, w)

for two polynomials p,(z, w) and g,(z, w) with no common factor. In fact, g,(z, w)
and the numerator of the rational function

P(2(2), P2 (w))
do not have a common factor also. So we obtain

(z —w)pa(z,w)

8(W2(2), Y2 (w)) = PRER)

p(ha(2), 1ha(w)).

Since f(z,w) is the numerator of the rational function g(v,(z), ¥, (w)), this gives that
f(z,w) has at least three factors. [ |

For o, B € D, define
fapw,2) = w(w—a)(w—B)(1—az)(1 - fz) —2*(z— ) (z— B)(1 — aw)(1 — Bw).

It is easy to see that f, 3(w,z) is the numerator of zz¢a(z)¢ﬂ(z) — wqua(w)d)g(w).
The following lemma gives a criterion for when the Blaschke product 2@, (z)¢3(2)
is decomposable.

Lemma 2.3 For a and (3 in D), one of the following holds.
(1)  Ifboth o and (3 equal zero, then

fagw,z) = (W —2)(w + z)(w — iz)(w + iz).

(ii) If a does not equal either 3 or —[3, then f, 3(w,z) = (w — z)p(w, z) for some
irreducible polynomial p(w, z).
(iii) If o equals either 3 or — 3, but does not equal zero, then

fasw,2) = (W — 2)p(w, 2)q(w, z)

for two irreducible distinct polynomials p(w, z) and q(w, z).

Proof Clearly, (i) holds.

To prove (ii), by the example in [13, p. 6] we may assume that neither o nor
equals 0. First observe that (w — z) is a factor of the polynomial f, 3(w, z). Taking a
long division gives f, g(w, z) = (W — z)ga3(w, z), where

Zosw,z) = (1 —az)(1 — B2)w’ + (z — (a+ B))(1 — az)(1 — Bz)w?
+(z—a)z—0)(1 —(a+ B)Z)W-i- z(z — a)(z — ).
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Next we will show that g, g(w, z) is irreducible. To do this, we assume that g, g(w, z)
is reducible to derive a contradiction.

Assuming that g, g(w, z) is reducible, we can factor g, 3(w, z) as the product of
two polynomials p(w, z) and q(w, z) of z and w with degree of w greater than or equal
to one. Write

pw,2) = a1(2)w + ag(2), q(w,z) = by(2)W* + by (2)w + by(2),

where a;(z) and b;(z) are polynomials of z. Since g, 3(w, z) equals the product of
p(w, z) and g(w, z), taking the product and comparing coefficients of w* give

(2.1) a1 (2)bs(2) = (1 — az)(1 - faz),

(2.2) a1(2)bi (2) + ag(2)ba(2) = (z — (a + B)(1 — az)(1 — B2),
(2.3) a1(2)bo(2) + ag(2)by (2) = (z — a)(z — B)(1 — (& + B)2),
(2.4) ag(2)bo(2) = z(z — a)(z — ).

Equation (2.1)) gives that one of
* m(z)=(0-az),
o a(z) = (1 — az)(1 — Ba),
e a,(z)=1.
In the first case that a;(z) = (1 — az), @) gives by(z) = (1 — [3z). Thus by
equation (2.2)) we have

a(2)(1 — Bz) = (1 — @z)[(z — (a + B))(1 — Bz) — bi(2)],

to get that (1 — az) is a factor of ay(z), and hence is also a factor of a factor
z(z — a)(z — 3) by (Z4). This implies that & must equal 0. It is a contradiction.

In the second case that a;(z) = (1 — @z)(1 — Bz), we have that by(z) = 1 to get
that either the degree of b; (z) or the degree of by(z) must be one while the degrees of
b1 (z) and by(z) are at most one. So the degree of ay(z) is at most two. Also ay(z) does
not equal zero. Equation (2.2) gives

(1 = az)(1 = B2)bi(2) +ag(2) = (z — (a + B)(1 — az)(1 — f2).
Thus ag(z) = ¢;(1 — az)(1 — (z) for some constant c;. But equation (2.4)) gives
a1 —az)(1 — Bz)by(2) = z2(z — ) (z — ).
Either ¢; = 0 or (1 — &z)(1 — [3z) is a factor of z(z — &) (z — 3). "ljhis is impossible.
In the third case that a;(z) = 1, then b,(z) = (1 — @z)(1 — Bz). Since the root

w of f, 3(w,z) is a nonconstant function of z, the degree of a,(z) must be one. Thus
the degrees of by (z) and by(z) are at most two. By equation (2Z.2)) we have

(1 —az)(1 = Bz)ag(2) + bi(2) = (z — (a + B))(1 — az)(1 — fz),

https://doi.org/10.4153/CJM-2010-026-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-026-4

422 S. Sun, D. Zheng, and C. Zhong

to get by(z) = (1 — az)(1 — Bz)[(z — (o + 3)) — ay(z)]. Since the degree of b, (2) is
at most two, we have

ag(z) = (z = (@+ ) — ¢, bi(z) = a(l — az)(1 - f2).
Equations (2.4) and (2.3) give
[z = (a+ ) — clbo(2) = z(z — a)(z — )
and
bi(2)[(z = (a+ ) = ¢] +bo(2) = (z — a)(z = B)(1 — (a + B)2).

Multiplying both sides of the last equality by [(z — (o + 3)) — ¢o] gives

bi(2)[(z — (a+B) — c]* +2(z — a)(z — B)
=[(z— (a+ ) —cl(z— a)(z— B)(1 — (& + B)z).

This leads to

o(1—az)(1 = B2)[(z— (a+B)) — c]* +2(z — a)(z — )
=[(z— (a+ ) — olz — &)z — B)(1 — (& + B)z).
If ¢y # 0, then the above equality gives that (z — a)(z — [3) is a factor of

[(z — (a+ ) — co]?. This is impossible.
If ¢g = 0, then we have

2z—a)z—B)=[z— (a+P))](z—a)(z— B)(1 — (& + B)2),

to get @ + 3 = 0 and hence o = —f3. It is also a contradiction. This completes the
proof that g, 3(w, z) is irreducible.
To prove (iii), we note that if o equals 3, an easy computation gives

fasw,2) = (w = 2)[(1 — az)w+ (z — )]
X [ww — a)(1 — az) +z(z — a)(1 — aw)].
If « = — 3, we also have
fapw,z) = (w—2)(w+2)[(1 — at2w? + (22 — o). [ ]

Proof of Theorem[2.1] Assume that ¢ is a Blaschke product with the fourth order.
By the Bochner Theorem [17], ¢ has a critical point ¢ in the unit disk. Let A = ¢(c)
be the critical value of ¢. Then there are two points « and 3 in the unit disk such that

Pr 0§ 0 pe(2) = 12 Paps,
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where 7 is a unimodule constant. Let ¢ be z°¢,¢3. Since ¢ o ¢, and ¢ are mu-
tually analytic function calculus of each other, both My.4, and M,, share reducing
subspaces.

(i) If ¢ is equivalent to z*, then 1) must equal a scalar multiple of z*. By [14, The-
orem BJ, My, has exactly four nontrivial minimal reducing subspaces

{M17M27M37M4}

where M; = \/{z" : n = jmod 4} for j = 1,2, 3, 4. The four spaces above are also
reducing subspaces for Myo4.. Noting U Moy U, = My, we have that My has exact
four nontrivial minimal reducing subspaces

{UcMh UCM27 UCM37 UCM4}~

(ii) If ¢ is decomposable but not equivalent to z*, i.e., ¢ = 1 01}, for two Blaschke
products ¢); and 9, with degree two and not both 1, and 1/, are scalar multiples of 2,
by Lemmas[2.2land 23] then « equals either 3 or —f but does not equal 0. By Theo-
rem[L.2} the restriction of My, on My(1),) is unitarily equivalent to the Bergman shift.
Thus My (2),) is also a reducing subspace of My and the restriction of My = My, oy,
on My(1),) is unitarily equivalent to My, on the Bergman space. By Theorem
again, there is a unique reducing subspace My (1) on which the restriction My, is
unitarily equivalent to the Bergman shift. Thus there is a subspace of My(¢;) on
which the restriction of My is unitarily equivalent to the Bergman shift. Theorem[L.2]
implies that Mg(¢) is contained in My(2),). Therefore Mg(),) © Mo(¢) is also a
minimal reducing subspace of M, and

L2 = Mo(8) & [Mo(1h2) © Mo(#)] & [Mo(12)]*.

By [16, Theorem 3.1], {Mo(¢), [Mo(12) © Mo(0)], [Mo(102)]+} are nontrivial min-
imal reducing subspaces of M,,. We will show that they are exact nontrivial minimal
reducing subspaces of M. If this is not true, then there is another minimal reducing
subspace {2 of M. By [9, Theorem 38], we have

Q C [Mo(1h,) © Mo(6)] @ [Mo(2h2)]™*.

By Theorem there is a unitary operator U: [Mq(¢);) © Mo(d)] — [Mo(1)2)]*
which commutes with both M, and M(j; But dim ker M N [Mo(12) © Mo(@)] =1

and dim ker M;N [Mo(10,)]+ = 2. This is a contradiction. Thus

{Mo(9), [Mo(1h2) © Mo(d)], [Mo(1h2)]*}

are exact nontrivial minimal reducing subspaces of M.

(iii) If ¢ is not decomposable, by Lemma 2.3} then ¢ equals z°¢,, or z2¢,¢ps for
two nonzero points « 3 in D and « does not equal 3 or —(3. The difficult cases
will be dealt with in SectionsBland[@ By Theorems[3.Iland @I} M, has exactly two
nontrivial minimal reducing subspaces {Mg(¢), Mo(¢)*}. [ ]
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3 Reducing Subspaces of M.,

In this section we will study reducing subspaces of M, for a nonzero point a € .
Recall that M is the distinguished reducing subspace of ¢(B) as in Theorem [[2

Theorem 3.1 Let ¢ = z°¢,, for a nonzero point o« € D. Then ¢(B) has exactly two
nontrivial reducing subspaces { Moy, Mg }.

Proof Let M, be the distinguished reducing subspace of ¢(B) as in Theorem
By Theorem we only need to show that Mg is a minimal reducing subspace for

P(B).

Assume that Mg is not a minimal reducing subspace for ¢(B). Then by [16, The-
orem 3.1] we may assume H = @?:0 M; such that each M; is a nontrivial reducing
subspace for ¢(B), My = M, is the distinguished reducing subspace for ¢(B), and
Mg = M, @ M. Recall that

¢o = 2 ¢a, Lo = span{l, p1, pa, ka(2)ka(w)},
Ly = (Lo N M) & (Lo N M) & (Lo N My).
We further assume that
dim(M; NLy) =1 and dim(M,NLy) = 2.

Take 0 # e; € My N Ly, e3, e3 € M, N Ly such that {e,, e;} are a basis for M, N L.
Then Ly = span{ey, e;, €2, €3}
By (1)), we have dgj = we;j(0,w)ey — ¢(w)e; and direct computations show that
(de,, pr) = (we;j(0, wey — p(w)ej, pr)
(we;(0,w)eo, pr) (by Tj)px =0)
(we;(0, w)eg(w, w), pr(0, w))
{we;(0,w)¢' (w), w)
(We; (0, w)(wo L (w) + 3o (w)), wr)
(W =e; (0, w) (Wl (w) + 3¢a(w)), 1)
0

for0 <k <2,and

3

(s ka(2)ka(w)) = aej(0, a)eg(a, ) = O‘ef(o’o‘)l—aiw'

This implies that those functions d(e)j are orthogonal to {1, p1, p2}-
Simple calculations give (eg, px) = 0for 0 < k <1,

(e0, p2) = (eo(0,w), pa(w, w)) = }b{{(m = 3a#0
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and
3

’ «
<607ka(z)ka(w)> = eo(a,a) =¢ (a) = 1—7|0¢|2 7é 0
By Theorem [T} there are numbers j, A; such that
d;l = dgl + ey + Aje,
d;z = dgz +é + )\260,
d;} = dg +é + A3€0,

where &, é&; € M, N L.
Now we consider two cases. In each case we will derive a contradiction.

Case 1: 11 # 0. In this case, we get that e, is orthogonal to {1, p1 }. So {1, p1, e, €1 }
form an orthogonal basis for L.

First we show that & = 0. If é; # 0, then we get that {1, p;, ey, &} are also an
orthogonal basis for Ly. Thus & = ce; for some nonzero number c¢. However, €, is
orthogonal to ej, since é; € M, and e; € M. This is a contradiction. Thus

1 _ 40
dez = dez + )\260.

Since both d} and d are orthogonal to p, and (ey, p) = —3 # 0, we have that
A2 = 0 to get that d) = d is orthogonal to Ly. On the other hand,

3

(de, ka(2)ka(w)) = aes(0, a)l—aiw.

Thus e,(0, o) = 0. Similarly we get that e5(0, o) = 0.
Moreover, since e, and e; are orthogonal to {e, ¢; }, write e, = ¢1 + ¢jpp; and
€3 = 31 + ¢ p1- Thus we have
e(0,a) =cn+tpa=0, e(0,0) =1 +ma=0

to get that e, and e; are linearly dependent. This leads to a contradiction in this case.

Case2: 1= 0. In this case we have d} = d_ + ), eo. Similarly to the proof in Case 1,
we get that \; =0,

(3.1) dy, =dd L L

and
e1(0,) = 0.

Theorem 2.2 in [16] gives that at least one €}, say &, does not equal 0. Assume that
& # 0, write & = d; — d) — A\yeo. Note that we have shown above that both dY and
eo are orthogonal to both 1 and p;. Thus & L {1, p;} and Ly = span{1, p1, e, & }.
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Since e; is orthogonal to {ey, &}, we have ey = ¢ + c;p;. Noting that ¢,(0, ) =
1 +aa=0,wegete; = q(—a+ pr).
Without loss of generality we assume that

(3.2) e = —a+ p.

Letting e be in M, N Ly such that e is a nonzero function orthogonal to &, we have
that e is orthogonal to {ey, & }. Thus e must be in the subspace span{1, p; }. So there
are two constants b; and b, such thate = b; +b,p,. Noting 0 = (e, e;) = —b1a+2b,,
we have e = b; /2(2 + &p,). Hence we may assume that

(33) e=2+ (_lpl .
By Theorem[[Tlwe have d! = d° + &+ e, for some number X and é € M, N L,. Thus

0=(d",d) = (d d+é+\e) = (d',d)

= (dq, de) (by G.I)).
However, a simple computation gives
<d21 9 dg) dgl 9 WE(O, W)eO - ¢(W)€>

=
= (d?, we(0, w)eo) (by Ty de, = 0)
= (we (0, w)ey — p(w)er, we(0, w)ey)

= {

wey (0, w)eg, we(0, w)eg) — (d(w)er, we(0, w)eg).

We need to calculate two terms in the right-hand side of the above equality. By (3.2)
and (3.3), the first term becomes

(wey (0, w)eg, we(0, w)eg) = (w(—a + w)eg, w(2 + aw)ey)

= ((—a+w)ey, 2+ aw)ey)

(—aeg, 2ep) + (wep, 2e9) + (—arey, awey) + (wey, awey)

= —aleg, eo) + 2{wey, eg) — a* (e, wey).
The first term in the right-hand side of the last equality is

(€0, €0) = {eo(w, w), e0(0, w)) = (W} + o, o)
= (W2wda + w',,), w'da) + (b0, do) = 2+ (W, da) +1
— 4.

The last equality follows from
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Similarly, we have
(wey, e9) = (weo(w, w), eg(0,w)) = (W(wey + o), o) = .
This gives
(wey (0, w)eg, we(0, w)eg) = (e1(0, w)eg, e(0, w)ep)
= ((—a+w)ey, (2 + aw)ey)
= —2aey, ep) — a*(ey, wey) + 2(wey, eo) + a{wey, wey)

= —8a — alal* +2a + 4a

—2a — alal?
A simple calculation gives that the second term becomes
(¢(w)er, we(0, w)eg) = (do(w)er, (2 + aw)eo)

= (po(w)er, 2eg) + (Po(w)er, awey)

2(po(wer(w, w), eg(0, w)) + (o (w)e (w, w), weo(0, w))

(
= 2<€1(W7 W), 1> + O(<€1(W, W)v W>
2(

—a+2w, 1) + a(—a+2w,w) = —2a+2a = 0.

Thus we conclude

<dgl,d2> = (we1 (0, w)ey, we(0, w)ey) — (d(w)er, we(0, w)eg)
= —2a — alal?
=—al2+|al’) £0
to get a contradiction in this case. This completes the proof. ]

4  Reducing Subspaces for M., 4,

In this section we will classify minimal reducing subspaces of M», 4, for two nonzero
points & and ( in ID and with o # (3.

Theorem 4.1 Let ¢ be the Blaschke product z*¢, ¢ for two nonzero points o and 3
in D. If « does not equal either 3 or —[3, then ¢(B) has exact two nontrivial reducing
subspaces { Mo, Mg }.

Proof By [9, Theorem 27], if N is a nontrivial minimal reducing subspace of ¢(B)
which is not equal to My, then N is a subspace of M-, so we only need to show that
3\/[0l is a minimal reducing subspace for ¢(B) unless & = — (.

Assume that MG is not a minimal reducing subspace for ¢(B). By [16, The-
orem 3.1], we may assume H = @?:0 M; such that each M; is a reducing sub-
space for ¢(B), My = My is the distinguished reducing subspace for ¢(B), and
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M oM, = MOL. Recall that ¢y = z¢ods, Ly = span{l, p1,e,,e3}, with e, =
ko (2)ka(w), eg = kz(2)ks(w) and

Ly = (Lo N Mp) @ (Lo N M) © (Lo N My).
So we further assume that the dimension of M; N L, is one and the dimension of

M, N Ly is two. Take a nonzero element e; in M; N Ly. Then by Theorem [L.1] there
are numbers p1, A; such that

(4.1) d;l = d(e)l + e + A1€g.

We only need to consider two possibilities, 1 is zero or nonzero. If y,; is zero,
then ([4.1) becomes
(4.2) dil = dgl + Aieg.

In this case, simple calculations give

wey (0, w)eg(z, w) — woo(w)ei (z, w), pi(z, w))

<d(e)17P1>

(

= (wey (0, w)eg(w, w) — woo(w)ey (w, w), p1(z, w))

= (we1(0, weo(w, w) — wep(w)ey (w, w), p1(0, w))
= (wey (0, w)eo(w, w) — wepo(w)er (w, w), w)

= (e1(0, w)eg(w, w) — do(w)ey (w, w), 1)

= ¢1(0,0)e0(0,0) — ¢ (0)e;(0,0) =0,

and

(e, p1) = (eo(z,w), p1(z,w))

= (eo(z, w), p1(w,w))

(0, w), 2w)

/\/\/\/\

Po(w), 2w)
= 2(woo(W)ps(w), w)
= 204(0)¢3(0) = 208 # 0.

Noting that d}, is orthogonal to Lo, by 2]) we have that A\; = 0, and hence
40 =d) L L.
So (d? ,e.) = 0 = (d, es). On the other hand,

<d3],ea> = aei (0, a)ep (o, o) — ado(a)er(a, o) = aer (0, a)eg(ar, )
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and

(e, e5) = Be1(0, B)eo(53, ) — Bepo(Der (B, B) = Ber (0, Beo(S, B
Consequently,
(4.3) e1(0,a) = e1(0, 5) = 0.

Observe that e, e;, and 1 are linearly independent. If this is not so, then 1 =
aey + be; for some numbers a, b. But e; (0, &) = 0 and ey(0, &) = 0. This forces that
1 = 0 and leads to a contradiction.

By Theorem[L1] we can take an element e € M, N Ly such that d} = d° + e, + ey
with e, # 0 and e, € M, N Ly. Thus we have that e, is orthogonal to 1 and so e, is in
{1,ep,e;}+ and {1, ey, 1, e;} form a basis for Ly. Moreover for any f € M, N Ly,

d}:dof+g+)\eo

for some number A and g € M, N L. If g does not equal 0, then g is orthogonal to 1.
Thus g is in {1, e, e;} and hence g = ce, for some number c. Therefore taking a
nonzero element e; € M, N Ly which is orthogonal to e,, we have

1 0 1
dez = dez + uzex + )\260, de

, =

0
d,, + psex + Aseo,

and {eo, 1, €, €3 } is an orthogonal basis for L.
If y1, = 0, then by the same reason as before we get

AN=0, d) =d, 1L e(0,a)=e(0,3) =0.

So using p; € Ly = span{1, ey, e1, e, }, we have o = p;(0, ) = p,(0, 5) = 3, which
contradicts our assumption that o # 3. Hence i, # 0.

Observe that 1 is in Ly = span{eg, €1, &, €3} and orthogonal to both ¢ and e,.
Thus 1 = cje; + c3es for some numbers ¢; and ¢;. So

1 =cie1(0, ) + c3e5(0, ) = c1e1(0, B) + c35(0, 3).
By (@3), we have 1 = c3e5(0, @) = c3e3(0, 3), to obtain that ¢; # 0 and
e3(0,a) = e3(0, 3) = 1/c3.

If i3 = 0, then by the same reason as before we get e3(0, ) = e3(0, 3) = 0. Hence

ps # 0.
Now by the linearality of d., and df., we have

1 _ 40
dﬂzezfuzes - dﬂsez*llzes T (M3)\2 o Mz)\3)eo'
— 0 gl
By the same reason as before we get 13\, — o A3 = Oandd,, ,, ... =d, 0,6, L Lo

and therefore

13e2(0, ) — pres(0, o) = pzex(0, B) — pae3(0, 3) = 0.
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So we get (0, ) = pa/pscs = e(0,3). Hence p1 € Ly = span{l,ep, e, e}
This implies that o = p;(0,a) = p1(0,3) = B, which again contradicts our as-
sumption that o # 3.

Another case is that i is not equal to 0. In this case, ([4.I)) can be rewritten as

€] — idél — idgl — ﬁ(30,
M1 H1

and we have that e; is orthogonal to 1 since d. , d° , and e, are orthogonal to 1. Thus

e’ ey
1isin M, N L.
By Theorem[IT] there is an element e € M, N Ly and a number ) such that

(44) d% = d(l) +e+ Npep.

Ife =0, then \g = 0, and hence d) | Lyand 1 = 1(0,) = 1(0, 3). So e # 0.
Since d} isin Ly , d} is orthogonal to 1. Noting that d° and e, are orthogonal to 1,
we have that e L 1. Hence we get an orthogonal basis {ep, e, 1, e} of L.

Claim ¢(0,a) — e(0,5) = 0.

Proof Using Theorem[[Tlagain, we have that d! = d®+g+ \e, for some g € LyNM,.
If ¢ # 0, we have that g | 1, since d!, d, and ¢, are orthogonal to 1. Thus we have

that ¢ = pe for some number 4 to obtain d! = d° + e + Aep.
Furthermore by the linearality of d|., and d{, we have that

Ay = d + (A — pdoe.

By the same reason (namely d; _,; L Lo, d_,, | 1and (e, 1) # 0) we have that

—pl

)\—/I)\OZO7 do :d

e—pl

(e — p1)(0,0) = (e — p1)(0, 3) = 0.

L Ly

e—pl

Hence we have e(0, o) — (0, 3) = p — p = 0 to complete the proof of the claim. W

Let us find the value of )y in (£4) which will be used to make the coefficients
symmetric with respect to « and (3. To do this, we first state a technical lemma which
will be used in several other places in the sequel.

Lemma 4.2 Ifgisin HX(T), then (wgo{, do) = g(0) + g() + g(B).

Proof Since ¢y equals zp, @3, simple calculations give

(wgdg, do) = (wg(Woadp)'s whadp)

gwoadp)', dadp)

8(Pap + Whods + WPaBs), batp)
1)+ (wgdy, da) + (Wgdjs, D)

= g(0) + (wgoy,, da) + (WgP5, Bp).-

(
={
= {
= (s
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Writing ¢,, as

1 i- 1 1—|af
d)a' =—-——=+ < _a =——+ _|04‘ ka(W)v
a 1—aw & [
we have 5
1— |
(Wgds da) = %(Wg(bg)(a) =g(w).

The first equality follows from (wg¢!, 1) equals 0 and the second equality follows

from .
¢a(04) = 1—7|a|2'

By the symmetry of & and 3, similar computations lead to (wg¢);, p5) = g(53).
We state the values of Ay and (e, ¢) as a lemma.

Lemma 4.3
a+

4 )

)\() = — <€0,€0> =4

Proof Since d! is orthogonal to Ly, ¢y is in Ly, and e is orthogonal to e, [&4) gives
0= (d},ep) = (d% + e+ Noeo,e0) = (d), e0) + No{eo, e0)-
We need to compute (d?, ey) and (ey, e,), respectively.
(d), e0) = (—p(w) + weo, e0) = (weo, e)
= (weo(w, w), e0(0,w)) = (w(weg + o), Po)
= (W2og, do) + (weho, ¢o) = (W, o)
=a+p.
The last equality follows from Lemma[42] with ¢ = w.
(€0, €0) = (eo(w, w), eg(0, w)) = (webg + Po, Po)
= (woy, Go) + (¢o, bo) = (wey, do) + 1
=4,

where the last equality follows from Lemma[2lwith g = 1. Hence v + 3+ 41y = 0

and)\oz—%‘d. [ |

Continuing with the proof of Theorem 4.1, let Py, denote the projection of H>(1?)
onto Ly. The element Py, (k,(w) — kg(w)) has the property that for any g € Lo,

(8: Pry(ka(w) — kg(w))) = (g, ka(w) — kg(w)) = g(0,) —g(0, 3).

Thus Py, (ko (w) — kz(w)) is orthogonal to g for g € Ly with g(0,«) = g(0, 3). So
P, (ko (w) — kz(w)) is orthogonal to ey, 1, e. On the other hand,

(P1, Pry(ka(w) — kg(w))) = o — 3 #0.
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This gives that the element Py (k,(w) — k3(w)) is a nonzero element. Therefore there
exists a nonzero number b such that Pr, (k,(w) — kg(w)) = be;. Without loss of
generality we assume that e; = Py (ko (w) — kg(w)).

Observe that

p1(9(2), p(w))er +d, € My, pi(d(2), p(w)) +dy € My, My L M,

to get
(p1(d(2), d(W))er + dy , p1(d(2), p(w)) +d}) = 0.

Thus we have

(4.5) 0= (p1(d(2), p(w))er + g, p1($(2), p(w)) + dy)
= ((0(2) + p(w))er, $(2) + () + (d,,, dy)
= <d;1 ) d%)
The second equality follows from d; ,d] € ker T, Nker T}, . The last equality
follows frome; L land ey, 1 € ker T}, Nker T} . Substituting (£4) into equation
(435), we have
0=(d

e’

= <d1

e’

= (d°

e’

d) + e+ Noeg) = (d), d}) = (d] , —d(w) + wey)
weg) = (do, + puer + Aeo, wey)
weg) + 1 {er, weg) + A1 {eg, wep).

The second equation comes from the fact that d}, is orthogonal to Ly and both e
and ey are in Ly. The third equation follows from the definition of d° and the forth
equation follows from the fact that d} is in ker Tj ) Nker T7 . We need to calculate

(A2, wey), (e1, weg), and (ey, wey) separately.
To get (7., wey), by the definition of d9 we have

(d2, weo) = (—d(w)er +wei (0, wey, weo) = (—d(w)er, weo) + (wey (0, w)e, we).

Thus we need to compute (—¢p(w)er, wep) and (we; (0, w)eg, wep) one by one. The
equality (—¢(w)e;, weg) = 0 follows from the following computations.
(—pw)er, weg) = (—wao(w)er, weo) = —(do(W)er, e)
—(go(w)er(w,w), €0 (0, w))
—(do(w)er(w, w), go(w))
= —(e1(w, w), 1)
—(e1,1)
=0.
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To get (we; (0, w)ey, wey), we continue as follows.

(wey (0, w)eg, weg) = (e1(0, w)ep, eo)

= (e1(0, w)eg(w, w), €9 (0, w))

= (e1(0, weo(w, w), po(w))

= (e1(0, w) (o (w) + weg(w)), po(w))

= (e1(0,w)do(w), do(w)) + (e1(0, w)weg(w), do(w))
= (e1(0,w), 1) + (€1 (0, w)wepg(w), go(w))

= e1(0,0) + (&1 (0, w)weg(w), po(w))

= (e1, 1) + (e1(0, w)wy(w), o (w))

= (e1(0, w)wepy(w), go(w))

=¢(0,) +€(0,0).

The last equality follows from Lemma[42land e, (0,0) = (e;, 1) = 0. Hence
<d21 ) W60> =€ (07 Oé) + (4] (07 ﬁ)

Recall that d} = d? + e + \gey is orthogonal to Ly and e; is orthogonal to both e
and eq. Thus

0= (e, d) +e+ Noeoy) = (e1, —d(w) + wep) = (1, wep).

From the computation of (47, ¢y) in the proof of Lemma[£3] we have showed that
(wey, €9) = a+ (3. Therefore we have that

(4.6) e1(0, ) + (0, 3) + A\ (a+B3) = 0.
On the other hand,

0=(d

e

€) = <d21 + e + Areg, e0) = <d§l,eo> +4)\
and

(d ey = (—(w)ey + wei (0, w)ey, eo)

wey (0, w)eg, €o)

wey (0, w)eo(w, w), e9(0, w))

wei (0, w)(¢o(w) + wedy), do(w))
= (W’e1 (0, W)y, o(w))

= 0461(0,05) + ﬂel(ovﬂ)'

=
=
=
=
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The last equality follows from Lemma L2 with ¢ = we; (0, w). Thus
ae (0, a) + Ber (0, 5) + 4 = 0.

So
(4.7) M= 2a0.0 - D9,

Substituting (£7) into (£.8]), we have

- w} 10,00+ [1- M e1(0,3) = 0.
Recall that \g = —%“3, to get
(4.8) (14 Xoa)er (0, ) + (1 + XgB)er (0, 8) = 0.

We are going to draw another equation about e, (0, ) and e (0, 3) from the prop-
erty that d} is orthogonal to L. To do this, recall that

e; = Pr,(ko(w) — kg(w)) € M; N Ly,
d;l = dgl + pre; + Areg L Ly,

Ly = span{l, p1, €4, €3},

ea = ka(2)ka(w), e = kg(2)kg(w).

Thus d}, is orthogonal to py, e, and ej.
Since d is orthogonal to p, we have (dj , p1)+pu1(e1, p1)+Ai{eo, p1) = 0. Noting

<d(e)17P1> = (—p(w)ey + wei (0, w)eo, p1) = (wei (0, w)eo, p1)

o~ o~

wey (Oa W)eO(W; W)a W> = <61(0, W)eO(W, W)a 1>

I
o

)

{er, p1) = (Pr,(Ka(w) — Ks(w)), p1) = (Ka(w) — Ks(w), p1)
a-B,

(e0(0, w), p1(w, w)) = (o(W),2w) = (W, 2w)
= 2(Gap, 1) = 2¢(0)p5(0)

= 2ap,

<607p1>

we have (& — )1 + 2a8\; = 0, to obtain
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Since d, L e,, we have (d) , eq) + i1 {e1, eq) + Ai{eo, ea) = 0, to get

a—p

— =0.
e (€0, €q)

(4.9) <d2] seq) +pifer, eq) —

We need to calculate {d°

os €a)s (€1, €q), and (e, eq). Simple calculations show that

(4.10) (dY,ea) = (—d(w)er + wei (0, w)eo, e,)

<W61 (Oa W)607 ea>

ae; (0, a)eg(a, o),
(411) <ela ea) =€l (O[, a)

= (Pr,(ka(w) — kg(w)), ea)
<ka(W) - kﬁ(w)a ea>

1
S 1—|a? 1-af
_ ala—B)
(1—[a)(1—aB)’
(4.12) (€0, €a) = eo(ar, @) = () + ()

o, 1 a—pf
= — .
I1—|af?1 —ap

Thus (£.11) and give

ela,a) a—pf
e(a,)  ala—p)

Substituting the above equality in equation (£.9]) leads to

a —
aer (0, a)ey(a, ) + ey (a, ) — py——ep(a, ) = 0.
200

Dividing both sides of the above equality by ey (cv, o) gives

61(04, Oé) a — B _
eo(a, @) —H 208

ae (0, @) +

Hence we have

ae (0, @) +Mloz(c_¥a_—ﬂﬁ) _ 'uldz;ﬁﬁ _o,
to obtain
(4.13) ey (0,0) + (8 + /\0)% _o.
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Similarly, since d}, is orthogonal to es, we have

<dgl ) eﬁ) + /~L1<ela eﬁ> + )‘1<60a eﬁ> =0,

to obtain

a—p
2a06

We need to calculate (d) , eg), (e1, es), and (e, e). Simple calculations as above show
that

(4.14) (dg ,eg) + pifer, eg) — (eo,e3) = 0.

(4.15) (d eg) = (—p(w)e; + wey (0, w)eo, e3)
= (we (0, w)ey, e3)
= Be1(0, Bleo (B, B),
(4.16) (e1,e3) = el1(0,0)
= (Pr,(ka(w) — ks(w)), es)
{ka(w) — kg(w), eg)

1
S 1-af 1P
__ Ba-p)
(1—ap)(1—(612)
@17) (s = el B) = Bo4(8) + dn(B) = PP L
. 0, €5/ — €o\M, - 0 0 - 1—@61—|6|2
Combining with ([@I7) gives
a(B.0) _  a-p
eo(8, B) Bla—p)
Substituting the above equality in (£I4) gives
a—f
pei(0, Bleo(3, B) + per (B, B) — > eo(53,8) = 0.
of
Dividing both sides of the above equality by ey (3, 3) gives
e1(8, 8) a—p _
a0 Bt G m M 2ap
Hence we have L .
G (0,) — P S,

Bla—p) "2ap ~
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to get

2p(a — ) _
(418) 661(0,ﬂ) — (Oé + /\o)m =0.
Eliminating ffé((ffig)’ from (£13) and (£.18) gives
(4.19) ala+ e (0, a) + (5 + Ao)ei (0, 3) = 0.

Now combining (£.8) and (£.19)), we have the following linear system of equations
about ¢; (0, ) and ¢, (0, 3)

(14 Aoa)er (0, @) + (1 + Xo3)er (0, 8) = 0
alo + Ager(0,a) + B(B + Ao)er (0, 3) = 0.

(4.20)

If ¢, (0, ) = €0, 8) = 0, then p; is in Ly = span{ey, e1, 1, e}. But noting
60(07 a) = 60(0, ﬁ) and 6(0, OZ) = 6(07 ﬂ)

we have p;(0, ) = p;1(0, 3), which contradicts the assumption that o # (. So at
least one of e1(0, ) and e (0, 3) is nonzero. Then the determinant of the coefficient
matrix of system (4.20) must be zero. This implies

L+ X 1+ X0
ala+ o) BB+ o)

Making elementary row reductions on the above the determinant, we get

(a—B)Xo 1+ A3
(a—B)a+B+X) BB+ )

Since o + 3 = —4Xg and o — 3 # 0, we have

=0

=0.

;\0 1+ ;\06
=3X BB+ o)

Expanding this determinant we have

0= Xo(B* + BAg) +3X(1+ Xof3)
= Xo(B + BAo +38X) + 3N
= XMo(B% +48X0) + 3X
= do(—af) + 3.
Taking absolute value on both sides of the above equation, we have
0= [Ao(—aB) +3Xo| > [Ao|(3 — [aB]) > 2|0,

to get Ao = 0. This implies & + 8 = 0, to complete the proof of Theorem 4.1 ]
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