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ABSTRACT

We formulate a conjecture which generalizes Darmon’s ‘refined class number formula’.
We discuss relations between our conjecture and the equivariant leading term conjecture
of Burns. As an application, we give another proof of the ‘except 2-part’ of Darmon’s
conjecture, which was first proved by Mazur and Rubin.

1. Introduction

In [Bur07], Burns formulated a refinement of the abelian Stark conjecture, which generalizes
Gross’s ‘refined class number formula’ [Gro88, Conjecture 4.1]. He proved that a natural leading
term conjecture, which is a special case of the ‘equivariant Tamagawa number conjecture’
(ETNC) [BF01, Conjecture 4 (iv)] in the number field case, implies his refined abelian Stark
conjecture [Bur07, Theorem 3.1]. Thus, he observed that Gross’s conjecture is a consequence of
the leading term conjecture.

In this paper, using the idea of Darmon [Dar95], we attempt to generalize Burns’s conjecture.
Our main conjecture (Conjecture 3) is formulated as a generalization of Darmon’s ‘refined class
number formula’ [Dar95, Conjecture 4.3]. We reformulate Burns’s conjecture in Conjecture 4
with slight modifications, and also propose some auxiliary conjectures (Conjectures 2 and 5).
We prove the following relation among these conjectures: assuming Conjecture 5, Conjecture 3
holds if and only if Conjectures 2 and 4 hold (see Theorem 3.15). Using the result of Burns [Bur07,
Theorem 3.1], we know that most of Conjecture 4 is a consequence of the leading term conjecture
(see Theorem 3.18). Hence, assuming Conjectures 2 and 5, we deduce that Conjecture 3 is a
consequence of the leading term conjecture (see Theorem 3.22). This is the main theorem of this
paper.

Our main theorem has the following application. We can prove Conjectures 2 and 5 in
the ‘rank-one’ case, which was considered by Darmon, and deduce that (most of) Darmon’s
conjecture is a consequence of the leading term conjecture. By the works of Burns, Greither,
and Flach [BG03, Flall], the leading term conjecture is known to be true in this case. Hence,
we give a proof of (most of) Darmon’s conjecture. To be precise, we show that the ETNC for a
particular Tate motive for abelian fields implies the ‘except 2-part’ of Darmon’s conjecture. In
[MR11], Mazur and Rubin solved the ‘except 2-part’ of Darmon’s conjecture by using the theory
of Kolyvagin systems [MRO04]. Our approach gives another proof for it.

We sketch the idea of formulating Conjecture 3. Let L'/L/k be a tower of finite extensions
of global fields such that L’'/k is abelian. We use Rubin’s integral refinement of the abelian
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Stark conjecture (the Rubin-Stark conjecture, [Rub96]). (This is Conjecture 1 in this paper.)
Assuming the Rubin—Stark conjecture, let ¢’ and € be the Rubin-Stark units lying over L’ and
(d)

L respectively. We define a ‘higher norm’ N, f (&) of €', motivated by Darmon’s construction
of the ‘theta-element’ in [Dar95]. Roughly speaking, we observe the following property of the
higher norm: we have

@(EI) — @Gal(L//L) (Ngd/)/L (5/))

for every ‘evaluator’ ® (see Proposition 2.15). Burns’s formulation (Conjecture 4) says that the
equality ®(e') = ®GL/L)(R(g)) holds for every evaluator ®, where R is the map constructed
by local reciprocity maps. Therefore, it is natural to guess that the following equality holds:

N (¢) = R(e).

L'/L
This equality is exactly our formulation of Conjecture 3, which generalizes Darmon’s conjecture.

After the author wrote the first version of this paper, the author was informed from
Professor Rubin that Mazur and Rubin also found the same conjecture as Conjecture 3. After
that, their paper [MR13] appeared in arXiv, and their conjecture is described in [MR13,
Conjecture 5.2]. The author should also remark that, in the first version of this paper, there
was a mistake in the formulation of Conjecture 3. We remark that the map j;/x in [MR13,
Lemma 4.9] is essentially the same as our injection ¢ in Lemma 2.11, but Mazur and Rubin do
not mention that jr/x is injective. So our formulation of Conjecture 3 is slightly stronger than
[MR13, Conjecture 5.2].

The organization of this paper is as follows. In § 2, we give algebraic foundations which will be
frequently used in the subsequent sections. In § 3, after a short preliminary on the Rubin—Stark
conjecture and a review of some related known facts, we formulate the main conjectures, and
also prove the main theorem (Theorem 3.22). In §4, as an application of Theorem 3.22, we give
another proof of the ‘except 2-part’ of Darmon’s conjecture (Mazur—Rubin’s theorem).

Notation. For any abelian group G, Z[G]-modules are simply called G-modules. The tensor
product over Z[G] is denoted by
—®a —.

Similarly, the exterior power over Z[G|, and Hom of Z|G]-modules are denoted by
/\, Homg(—, —)
G

respectively. We use the notation like this also for Z[G]-algebras.
For any subgroup H of G, we define the norm element Ny € Z[G] by

NH:ZO'.

ceH

For any G-module M, we define
MC ={m & M | om =m for all ¢ € G}.

The maximal Z-torsion subgroup of M is denoted by Migs.
For any G-modules M and M’, we endow M ®7z M’ with a structure of a G-bimodule by

cmem)=om@m’ and (me@m')o=meom,

where 0 € G, m € M and m' € M'. If ¢ € Homg (M, M"), where M" is another G-module, we
often denote ¢ ® Id € Homg (M ®7 M', M" @z M') by .
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2. Algebra

2.1 Exterior powers
Let G be a finite abelian group. For a G-module M and ¢ € Homg (M, Z[G]), there is a
G-homomorphism

r r—1
/\M—> /\M
G G

for all r € Z>, defined by
7‘ .
miA--- Am, — Z(—l)’_lw(mi)ml AN A1 Amia1 Ao Amy.
=1

This morphism is also denoted by ¢.
This construction gives a morphism

/\ Home (M, Z|G]) —> Homg (/\ M, /_\ M) (1)
G G

G
for all r,s € Z>q such that r > s, defined by

P1LA - ANps> (M pgo---0pi(m)).

From this, we often regard an element of A, Homg(M,Z[G]) as an element of Homeg (A M,
¢ “M). Note that if r = s, 1 A--- A, € A\ Homg (M, Z[G]), and mi A --- Am, € N\ M,
then we have
(pr A= Agr)(mi A Amy) = det(@i(mj))1<ij<r-
For a G-algebra @ and ¢ € Homg (M, Q), there is a G-homomorphism
T r—1
AM— ( A M) R Q
G G
defined by

,
mi A Amy — Z(—l)l_lml/\---/\mi_l/\miﬂ/\---/\m,«®<p(mi).
=1

Similarly to the construction of (1), we have a morphism

/;\ Hom (M, Q) —> Homg ( /G\ M, (/_\ M) R¢ Q) . 2)

G

2.2 Rubin’s lattice
In this subsection, we fix a finite abelian group G and its subgroup H. Following Rubin [Rub96,
§1.2], we give the following definition.

DEFINITION 2.1. For a finitely generated G-module M and r € Z>q, we define Rubin’s lattice
by

r

(M = {m € </\ M) ®z Q| ®(m) € Z[G] for all ® € /T\Homg(M,Z[G])}.
G G

G
Note that ﬂOG M = Z|G].
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Remark 2.2. We define ¢ : A\ Homg (M, Z[G]) - Homg(Ag M, Z[G]) by @1 A -+ A or = @
o---0; (see (1)). It is not difficult to see that

ﬂM — Homg(Im¢, Z[G));  m — (® > ®(m))
G

is an isomorphism (see [Rub96, §1.2]).

Remark 2.3. If M — M’ is a morphism between finitely generated G-modules, then it induces

a natural G-homomorphism
T T
M — (M.
G G

Next, we study some more properties of Rubin’s lattice.
Let Iy (respectively I(H)) be the kernel of the natural map Z[G] — Z[G/H| (respectively
Z[H] — Z). Note that I(H) C Iy. For any d € Zso, let Q% (respectively Q(H)?) be the dth

augmentation quotient IY, /It (respectively I(H)?/I(H)*'). Note that Q% has a natural
G /H-module structure, since Z|G| /Iy ~ Z[G /H]. It is known that there is a natural isomorphism
of G/H-modules

ZIG/H) @z Q) — Qf (3)
given by o
ocQ®awr oa,
where a € I(H)? and @ denote the image of a in Q(H)?, 5 € G is any lift of 0 € G/H, and
ca denote the image of Ga € I% in Q% (ca does not depend on the choice of &) (see [Popl1,

Lemma 5.2.3(2)]). We often identify Z[G/H] @z Q(H)? and Q%,.
The following lemma is well known, and we omit the proof.

LEMMA 2.4. For a G-module M and an abelian group A, there is a natural isomorphism
Homgz (M, A) — Homg(M,Z[G] @z A); ¢ > <m > Z c'® (p(am)).
oceG

LEMMA 2.5. Let M be a finitely generated G /H-module, and M = M /Mys. For any d € Zs,
we have an isomorphism

Homg, (M, Z|G/H]) ®z Q(H)* = Homg/r(M,Q%); ¢ ®ar> (m+— p(m)a).

In particular,
Homg, i (M, Z[G/H)) ®z Q(H)* — Homg (M, Q%)

is an injection.

Proof. We have a commutative diagram

Home,y (M, Z[G/H)) ©@z Q(H)* —— Homg, i (M, Q%)

| |

Homy, (M, Z) @7 Q(H)* Homz (M, Q(H)?),
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where the bottom horizontal arrow is given by ¢ ® a — (m — @(m)a), and the left and
right vertical arrows are the isomorphisms given in Lemma 2.4 (note that we have a natural
isomorphism Q¢ ~ Z[G/H]®7Q(H)?, see (3)). The bottom horizontal arrow is an isomorphism,
since Homg(M,Z) ~ Homgz(M,Z) and M is torsion-free by definition. Hence, the upper
horizontal arrow is also bijective. i

DEFINITION 2.6. A finitely generated G-module M is called a G-lattice if M is torsion-free.

For example, for a finitely generated G-module M, Homg (M, Z[G]) is a G-lattice. Rubin’s
lattice (N M is also a G-lattice.

PROPOSITION 2.7. Let M be a G/H-lattice, and r,d € Zx¢ such that r > d. Then an element
S /\é/H Homg (M, Q) induces a G/H-homomorphism

Q{M — (GfiM> ®cm QY (z (!iM) ®z Q(H)d).

Proof. Note that Q% is the degree-1-part of the graded G/H-algebra Di=o Q';. We apply (2)
to know that ® induces the G/H-homomorphism

T r—d
N\ M— </\M> ®c/m Qfr- (4)
G/H G/H

We extend this map to Rubin’s lattice /i M. We may assume that there exist ¢1,...,p4 €
Homg /p (M, Q}i) such that ® = o1 A--- Apq. Moreover, by Lemma 2.5, we may assume for each
1 <i < d that there exist ¢; € Homg, (M, Z|G/H]) and a; € Q(H)" such that ¢; = ¢;(-)a;. Put
U=y A---NYg € /\dG/H Homg, (M, Z[G/H]). By the definition of Rubin’s lattice, ® induces
a G/H-homomorphism

r r—d
ﬂ M — (ﬂ M> ®z QH): m— U(m)Qay - aqg.
G/H G/H

This extends the map (4). o

The following definition is due to [Bur07, §2.1].

DEFINITION 2.8. Let M be a G-lattice. For ¢ € Homg (M, Z[G]), we define o € Homg (M,
Z|G/H]) by

MY 2 71! = z[aq/H],
where the last isomorphism is given by Ng + 1. Similarly, for ® € A Homg(M, Z[G]) (r € Z>o),
P ¢ NG/ Homg, i (M*,Z|G/H)) is defined. (If r = 0, we define ® € Z[G/H] to be the image
of ® € Z[G] under the natural map.)

Remark 2.9. It is easy to see that

oceG/H

where ! € Homy(M,Z) corresponds to ¢ € Homg (M, Z[G]) (see Lemma 2.4). If » > 1, then
one also sees that

B(m) = @ (Njym) in Z[G/H] (5)
for all ® € A\ Homg (M, Z[G]) and m € () M.
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LEMMA 2.10. If M is a G-lattice, then the map
Home(M, Z[G]) — Homg,p(M", ZIG/H)); ¢ o
is surjective.
Proof. By Remark 2.9, what we have to prove is that the restriction map
Homy (M, Z) — Homgz (M, 7)

is surjective. Therefore, it is sufficient to prove that M /M H s torsion-free. Take m € M such
that nm € M* for a nonzero n € Z. For any o € H, we have

n((c —1)m) = (o — )nm = 0.

Since M is a G-lattice, it is torsion-free. Therefore, we have (0 — 1)m = 0. This implies m €
M7, O

LEMMA 2.11. Let M be a G-lattice, and r,d € Z=o. Then there is a canonical injection
ﬂ M7 — ﬂM
G/H
Furthermore, the maps
,
( N MH) ®z Q(H (ﬂ M) ®z Q(H)* — (ﬂ M) ®z Z[H)/I(H)™
G/H G

are both injective, where the first arrow is induced by i, and the second by the inclusion Q(H)? —

Z[H]/I(H)%,
Proof. Let
L /\Homg(M,Z[G]) —> Homg (/\ M,Z[G])
G
and

v+ J\ Homg,y (M7, Z[G/H]) — HomG/H< A MH,Z[G/H]>
G/H G/H

be the maps in Remark 2.2. It is easy to see that the map
k:Ime — Imey;  o(®) = 1 (@)
is well defined. By Lemma 2.10, the map

/\Homg(M,Z[G]) — /\ Homg i (M, Z|G/H]); @ — @7
e G/H

is surjective. So the map « is also surjective. Hence, by Remark 2.2, we have an injection

s =

G/H

1814

https://doi.org/10.1112/50010437X14007416 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14007416

REFINED ABELIAN STARK CONJECTURES

(note that Homg, g (Im ¢y, Z|G/ H]) ~ Homg (Im ¢y, Z[G]) by Lemma 2.4). The cokernel of this
map is isomorphic to a submodule of Homg(Kerk, Z[G]), so it is torsion-free. Hence, the map

i <G(1/j{MH) ®z Q(H)? — (QM> ®z Q(H)

is injective. The injectivity of the map

r

<©M) ®z Q(H)* — <ﬂ M) ®z Z[H]/I(H)*H!

G

follows from the fact that () M is torsion-free. m

Remark 2.12. The canonical injection i : (g a M H oy N M constructed above does not

coincide in general with the map induced by the inclusion M < M. In fact, if r > 1, then we
have
i(Nym) = Ngm

for all m € N M.

DEFINITION 2.13. Let M be a G-lattice, and r,d € Z>o9. When r > 1, we define the dth norm
NG \M — <ﬂ M> ®g Z[H)/I(H)*
G G

by

Ng’d) (m) = Z om®@o L.
oceH

When r = 0, we define
NOD 76 — zZ[G) /1%

to be the natural map.

Remark 2.14. The zeroth norm is the usual norm:

N0 _ Ny ifr>1,
H " 1Z[G] — Z|G/H] ifr =0.

PROPOSITION 2.15. Let M be a G-lattice, r,d € Zxo, and m € (\ M. Assume
Ng’d) (m) € Imji,

where, in the case r > 1, i : (g g MY &, QH)? — (Ng M) ®@z Z[H)/I(H)%* is defined to
be the injection in Lemma 2.11, and in the case r =0, i : Q% — Z[G]/Ij‘?rl to be the inclusion.
Ifd=0orr =0 orl, then we have

®(m) = o7 (LN (m))) in Q%

for all ® € N\ Homg (M, Z[G)).
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Proof. When d = 0, the proposition follows from Remarks 2.9, 2.12, and 2.14. When r = 0, the
proposition is clear. So we suppose 7 = 1. Note that in this case the map ¢ is the inclusion

i: M7 @7 Q(H) — M ®7 Z[H]/I(H),
We regard M¥ @7 Q(H)? ¢ M ®z Z[H]/I(H)%.

Take any ¢ € Homg(M, Z[G]). Then o is written as
= 3" ol o())o!
ceG/H

(see Remark 2.9). For each 0 € G/H, we fix a lifting ¢ € G, and put

p= > ¢'(5())F " € Homg(M, Z[G)).
ceG/H

Then, by the assumption on N (I_}’d) (m), we have

T (NED () = (a0 (3@ 1) (N (m)) € QF,

where

o Z|G) @z ZIH|/I(H)"™ — Z[G)/IEY;  a® b ab.
It is easy to check that
p(m) = (o (§@ 1)) (N (m) i Z[G]/ 15",
This can be checked by noting that
p= > > ¢t
o€G/H TeH
Hence, we have

p(m) = " (NG (m)) in QF. 0

Remark 2.16. We expect that the assertion in Proposition 2.15 holds for general r and d. (See
Conjecture 5 in §3.4.)

THEOREM 2.17. Let M be a G-lattice, and r,d € Z>o. Then the map
( m MH> ®z Q(H) — Hom(;(/\Homg(M,Z[G]),leq); a (B o (a))
G/H G
is injective.
Proof. Let
v+ J\ Homg, (MY, Z[G/H]) — HomG/H< A MH,Z[G/H])
G/H G/H

be the map defined in Remark 2.2 for G/H and M*. Taking Homg,  (—, Z[G/H]) to the exact
sequence

,
0 — Kerey — /\ Homg/H(MH,Z[G/H]) —> Imvyy — 0,
G/H
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we have the exact sequence

0— ﬂ M — Homg/H</\ Homg/H(MH,Z[G/H]),Z[G/H])
G/H G/H
—> Homg g (Kerty, Z|G/H]).

Since Homg,p (Kerey, Z|G/ H]) is torsion-free, the map
() 207) 2 @ty — Homeyu (| Home (317, 216/ ) Z(6/H] ) & QL)
G/H G/H
is injective. From Lemma 2.5, we have an injection

o /\ Hom (™. ZIG/H)). 216/ H]) @2 QU
G/H

— HomG/H( A\ HomG/H<MH,Z[G/H]>,Q%>
G/H

= HOHlG< A HOHlG/H(MHaZ[G/H])aQir)-
G/H

From Lemma 2.10, we also have an injection
T T
toma (/| Home (41", 216G/ ). Q% ) — Home /\ Homa(M. Z(6), % )
G/H G
The composition of the above three injections coincides with the map given in the theorem,

hence we complete the proof. i

3. Conjectures

3.1 Notation

Throughout this section, we fix a global field k. We also fix T', a finite set of places of k, containing
no infinite place. For a finite separable extension L/k and a finite set S of places of k, S;, denotes
the set of places of L lying above the places in S. For S containing all of the infinite places and
disjoint to T, (’)ES’T denotes the (S, T')-unit group of L, i.e.

Of s ={a € L* | ordy(a) = 0 for all w ¢ Sg, and a = 1 (mod w’) for all w' € Tr},

where ord,, is the (normalized) additive valuation at w. Let Y1, s = @, g5, Zw, the free abelian
group on Sr, and X7 ¢ ={D> ayw € Y 5| > ay, = 0}. Let

)\L,S : OE,S,T — R®y XL75
be the map defined by A s(a) = =3, s, loglal,w, where |-, is the normalized absolute value
at w.
1817
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Let Q(= Q(k,T)) be the set of triples (L, S, V) satisfying the following:
(i) L is a finite abelian extension of k;

(ii) S is a nonempty finite set of places of k satisfying
(a) SNT =0,
(b) S contains all the infinite places and all places ramifying in L,
(c) Of g is torsion-free;
(iii) V is a subset of S satisfying
a) any v € V splits completely in L,
V spli letely in L
(b) S| = |V|+1.

We assume that Q # @. If k is a number field, then the condition that OZ’ st is torsion-free is
satisfied when, for example, T' contains two finite places of unequal residue characteristics.

Take (L,S,V) € Q, and put G, = Gal(L/k), r = ry = |V|. The equivariant L-function
attached to the data (L/k,S,T) is defined by

OLsr(s)= Y exLsr(s,x "),
X€Gr

where G\L = Homgz(Gr,C*), ey, = (1/|GL]) ZaegL x(c)o™!, and

Lsr(s,x) = [T (1 = x(Fro)No' =) T[T (1 = x(Fr,)No ™)~

veT vgS
where Fr, € Gy, is the arithmetic Frobenius at v, and Nv is the cardinality of the residue field
at v.
We define

T
Apsr= {a € ﬂOE,S,T | exa =0 for every x € Gy, such that r(x) > r},
gL

where r(x) = r(x, S) = ords—oLs (s, x) (for the definition of (g, , see Definition 2.1). Tt is well
known that

N [{v € S | v splits completely in LKe*™X}| if x is nontrivial,
T =
|S] —1 if y is trivial,

(see [Tat84, Proposition 3.4, ch. I]) so by our assumptions on V', we have r(x) > r for every x.
This implies that s™"©p, s 7(s) is holomorphic at s = 0. We define

0 1(0) = lim s O,5:7(s) € Clg].
We fix the following:

(a) a bijection {all the places of k} ~ Z>q;
(b) for each place v of k, a place of k (a fixed separable closure of k) lying above v.

From this fixed choice, we can regard V as a totally ordered finite set with order <, and arrange
V ={v1,...,v.} so that v; < --- < v,. For each v € V, there is a fixed place w of L lying above
v, and define v* € Homg, (Y7, s,Z[G1]) to be the dual of w, i.e.

vi(w') = Z o.

cw=w’
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Thus, we often use slightly ambiguous notation such as the following: the fixed places of L lying
above v, v, v;, etc., are denoted by w,w’, w;, etc., respectively. We define the analytic regulator
map Ry : /\ZL sz’T — R[G1] by

Ry = /\ (v* o ALs),

veV

where the exterior power in the right-hand side means (vioAr gA---AvioAr g) (defined similarly
to (1)). Thus, when we take an exterior power on a totally ordered finite set, we always mean
that the order is arranged to be ascending order. One can easily see that

v oldLg=— Z log|o()|wo ™,

o€egr,

so a more explicit definition of Ry is as follows:

—1
RV(Ul VANEERIVAN u,,,) = det <_ Z log |O-(ul)”wjo- >

o€egr,

3.2 The Rubin—Stark conjecture

We use the notation and conventions as in §3.1. Recall that the integral refinement of abelian
Stark conjecture, which we call the Rubin—Stark conjecture, formulated by Rubin, is stated as
follows.

CONJECTURE 1 (Rubin [Rub96, Conjecture B']). For (L, S,V) € , there is a unique 1, gy =
ersv € AL g such that

Ry(ersy) = @(LT,)S,T(O)-

The element €7, gy predicted by the conjecture is called the Rubin—Stark unit, Rubin—Stark
element, or simply Stark unit, etc. In this paper we call it the Rubin—Stark unit.

Remark 3.1. When r = 0, Conjecture 1 is known to be true (see [Rub96, Theorem 3.3]). In this
case we have e, sy = O, 57(0) € Z[GL] = ﬂgL Z7S7T.
Remark 3.2. When r < min{|S|—1, |[{v € S | v splits completely in L}|}, we have @(Lr,)S,T(O) =0,

so Conjecture 1 is trivially true (namely, we have €1, gy = 0).

Remark 3.3. When k = Q, Conjecture 1 is true for any 7" and (L, S, V) € Q(Q,T) (see [Bur07,
Theorem A]).

3.3 Some properties of Rubin—Stark units
In this subsection, we assume that Conjecture 1 holds for all (L, S, V) € Q, and review some
properties of Rubin—Stark units.

LEMMA 3.4 [Rub96, Lemma 2.7(ii)]. Let (L,S,V) € Q. Then Ry is injective on Q ®z A} g 7

Proof. Since \p, s induces an injection Q ®z Ag, (’)Z,S’T — C®z N\g, X5, it is sufficient to
prove that

/\ v* €y <C K7z /\XL75> — C[Q’L]
gr

veV
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is injective for every x € G, such that r(x) = r. It is well known that r(y) = dimc(ey (C®zX1,s)),
so we have dimc(e,(C ®z Ag, Xr.s)) = 1. Take any v' € S\V, then we have

() (o Atn-) =20

veV veV

(recall that w (respectively w’) denotes the fixed place of L lying above v (respectively v')),
which proves the lemma. o

PROPOSITION 3.5 [Rub96, Proposition 6.1]. Let (L,S,V), (L', S',V) € Q, and suppose that L C
L' and S C S’. Then we have

Ny p(en,sv) = ( I] a- FT51)>6L,S,V>
veS\S
where Ny, 1, = Ngay(z//1), and if r = 0, then we regard NE,/L as the natural map Z[Gr/] — Z[Gy].

Proof. 1t is easy to see that NE,/L(EL/,S/A/) €Q®z ATL7S,7T. Hence, by Lemma 3.4, it is enough
to check that

Re Oy ernsd) = Ry (T =B Jevsy ).

veS\S
The left-hand side is equal to the image of @(L?S,7T(O) in R[G.], and hence to [],cgn (1 — Fr, 1)
G(Li)sj(m (see [Tat84, Proposition 1.8, ch. IV]). The right-hand side is equal to J[,cgng(1 —
Fr_l)@(LT’)S,T(O), so we complete the proof. O

v

PROPOSITION 3.6 [Rub96, Lemma 5.1(iv) and Proposition 5.2]. Let (L,S,V),(L, S, V') € Q,
and suppose that S C S’, V. C V' and S'\S = V'\V. Put

Dy y = sgn(V/7V) /\ (Z Ordw(a(.))gl> S A Homg, (OE,S’,T7Z[QL])7

veV\V “o€gr gL

where r = |V|, v’ = |V’|, and sgn(V’, V) = £1 is defined by

/

(/\ v*) o < A v*> =sgn(V',V) /\ v inHomg, (/\ YLVS/,Z[QL])

veV veV\V veV’ 93

Then we have

Py v (AL gr) CAL s
and

Qv yv(er,sv) =€L,sv-
Proof. Put ® = &y, for simplicity. First, we prove that

QAL o 7) @2 Q= Al g7 @2 Q. (6)
There is a split exact sequence of Q[Gr]-modules:
@’UES/\S w

0— OZ,S,T ®z Q — 025/7'11 ®z Q ———— @ Q[QL] —> 0,
veS\S
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where w = ZaegL ordy(a(+))o~t. So we can choose a submodule M C (’)z o 7 ®2 Q such that
Orsr®2Q=(0f g7 ®2Q) &M

@ w: M—> @ Q[GL]

veS\S veS\S

is an isomorphism. Therefore, we have

and

</\ Of,s',T> ®z Q = @ ( (/\ Or ST> ®z @> ®Q(gy] /\ M.
gr Q[gL]

If i > r, then ®(((AG, OF s7) @z Q) Dqig,) /\@[—gi] M) =0, and if ¢ < 7, then /\g[—gi] M = 0.

Hence, we have
(/\OLS’ ) ®ZQ: (/\OLST> ®ZQ

Now (6) follows by noting that r(y, S") =r(x,S) + 1’ — r for every x € GrL.

For the first assertion, by (6), it is enough to prove that (g, OF & 1) C Ng, Of 51 Since
Of ¢ /O g7 is torsion-free, we have a surjection Homg, (O] ¢ 1, Z[G1]) — Homg, (Of ¢ 1,
Z1Gr]). Now the assertion follows from the definition of Rubin’s lattice.

For the second assertion, it is enough to show that

RV((P(eL,S/7V’)) = GS)S,T(O)
It is easy to see that for v € V/\V

log Nv Z ordy(o(-))o ! =v* o Ap g1,

oc€egr,

Cligae (

and also that

log Nv) 07 (0.
veEV\V
Therefore, we have

-1
Ry (®(eL,s,v7) log Nv> Ryi(er,sv7)

veEV\V

—1
log NU) @g‘,;’,T(O)
UEV’\V

s.(0). o

(I
(

3.4 Refined conjectures

In this subsection, we propose the main conjectures. We keep the notation in §3.1. We also
keep on assuming Conjecture 1 is true for all (L, S,V) € Q. Fix (L, S,V), (L, 5", V') € Q such
that L ¢ L', S ¢ S’, and V D V'. We also use the notation defined in §2, taking G = G/
and H = Gal(L’/L). For convenience, we record the list of notation here (some new notation is
added):

(a) G = Gal(L/k);
(b) G = Gal(L'/k);
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(c) G(L'/L) = Gal(L'/L);

(d) r=1[V}]

(e) v =V"|;

(f) ersv € Ng, Of s (respectively ers sy € ﬂgﬂ Ofs ¢ ), the Rubin-Stark unit for

(L, S, V) (respectively (L', S', V")) (see §3.2);
(g) d=r—r'(=0);
(h) Iy =lgw ) = Ker(Z[Gr] — Z[GL]);
(i) I(L'/L) = I(G(L'/L)) = Ker(Z[G(L'/L)] — Z).
For n € Z>o:
(a) Qi = QZ(L’/L =1y /L/IZ’—;}:’
(b) Q(L'/L)" = Q(G(L'/L))" = I(L' /L) /I(L' /L)"+!.

Recall that there is a natural isomorphism

Z[Gr) @z Q(L' /L) ~ Rl

(see (3)).
Recall the definition of ‘higher norm’ (Definition 2.13). In the case 7’ > 1, the dth norm
r'.d ;
N =Ny 1O — (105,s0r) w2 BGE L1
gL’ gL’

is defined by

NGy = Y. cawo,
ceG(L'/L)

(0,d)

and in the case ' = 0, NL,/L

is defined to be the natural map

Z(G1] — ZIGL1/TE .

In the case ' > 1, define

i <ﬂ (925,3) ®z Q(L'/L)? (ﬂ o7, ST > ®z Z|G(L' /L)) /I(L' ) L)%+
gL

Gr

to be the canonical injection in Lemma 2.11. In the case r’ = 0, define
(mOL ST > ®Z Q(L//L)d SQ%//L —> Z[gL/]/IZj_/lL

to be the inclusion.
CONJECTURE 2. We have
N(Z,l/’i) (er,sr,vr) € Imi.
Remark 3.7. When d = 0, Conjecture 2 is true by Remarks 2.12 and 2.14.

Remark 3.8. Conjecture 2 is related to the Kolyvagin’s derivative construction, which is
important in the theory of Euler systems [Kol90, Rub00] and Mazur—Rubin’s Kolyvagin systems
[MRO4]. See Remark 4.8 for the details.
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For v € V, define
v =Py L —> Q};//L
by pu(a) =3 ,cg, (recy(oca) — 1)o~1, where rec,, is the local reciprocity map at w (recall that
w is the fixed place of L lying above v, see §3.1). Note that, by Proposition 2.7, /\veV\V’ Py €
/\éL Homg, (OF g 7, Q1 / ;) induces a morphism
A r’
ﬂ OES,T — (ﬂ OZ,S,T) ®y Q(L’/L)d-
gr gL
We define sgn(V, V') = +1 by

,

( /\ v*) o < /\ v*> =sgn(V, V") /\ v* in Homg, (/\ YL75,Z[QL]>.
veVv’ veV\V/ veV gL

(r',d)

L'/L

CONJECTURE 3. Conjecture 2 holds, and we have

i‘l(N({ff? (err,srvr)) = sgn(V, V’)( H (1- Fff)) ( /\ %) (erL,s,v)-

veES\S vEV\V

The following conjecture predicts that N (er/,57,v7) is described in terms of €7, g v .

Remark 3.9. When d = 0, Conjecture 3 is true by ‘norm relation’ (Proposition 3.5). (See
Remarks 2.12 and 2.14.)

Remark 3.10. When 7’ = 0, by Remark 3.1, one sees that Conjecture 3 is equivalent to the ‘Gross-
type refinement of the Rubin-Stark conjecture’ [Popll, Conjecture 5.3.3], which generalizes
Gross’s conjecture [Gro88, Conjecture 4.1], see [Popl1, Proposition 5.3.6].

Remark 3.11. When ' = 1, Conjecture 3 is closely related to Darmon’s conjecture [Dar95,
Conjecture 4.3]. The detailed explanation is given in §4.

ProposITION 3.12. It is sufficient to prove Conjecture 3 in the following case:
S=9,
r =min{|S| — 1,|{v € S | v splits completely in L}|} =: rr_g,
r’ = min{|S| — 1,|{v € S | v splits completely in L'}|} =: rps g.

Proof. From Proposition 3.5, we may assume S = S’. When r < rz, g and ' < r/ g, Conjecture 3
is trivially true (see Remark 3.2). When r < rz g and ' = rp/ g, we have

r'.d
Ny sy =0
if Conjecture 3 is true when r = rp g and 7’ = rp/ g. When r = rp ¢ and 1’ < rp/ g, we prove
< A %) (eL,sv) =0.
veV\V’

If there exists v € V\V’ which splits completely in L', this is clear. If all v € V\V’ do not split
completely in L', then there exists v' € S\V which splits completely in L', and we must have
V = S\{v'}. By the product formula, we see that

Z SOU,L’/L =0 on OI:,S,T'
veS\V’
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Note that ez 5v € e1(Q ®z Ag, OF s) in this case. Hence, choosing any v € V\V’, we have

( A %) (eL.sv) = i( A %) (eL,s,v),

veEV\V/ ve(S\{v" H\V’

and the right-hand side is zero since v’ splits completely in L'. o

From now on we assume S =S5, r=rp g, and ' =71/ g.

PROPOSITION 3.13. If every place in V\V' is finite and unramified in L', then Conjecture 3 is
true.

Proof. We treat the case r’ > 1. The proof for 7/ = 0 is similar.
Put W := V\V’ for simplicity. Note that (L', S\W, V") € Q. By Proposition 3.5, we have

-1
EL SV = H (1—=Fr, ep s\
veW
Hence, we have

’,d _ _
Ng//L)(EL/,S,V’) = Z o H (1 — FI',U 1)5L’,S\I/V,V’ KXo 1
ceG(L'/L) veW

= > oepswy o [ -Frh)

ceG(L'/L) veW
= NL’/LEL’,S\VV,V’ H (FIVU — 1)
veW
€ <NL//L ﬂ OB,S,T) ®z Q(L'/L)%.
gL’

For every v € W, we have

Oy = Z ordy (o (-))o ™ (Fr, — 1).

o€Gr,
(See [Ser79, Proposition 13, ch. XIII].) So, by Proposition 3.6, we have

sgn(V, v’)< A %> (eLsv) =epswy | ] Fro —1).

veW veW
By Proposition 3.5 and Remark 2.12, we have

Nprer s\wy H (Fr, —1) = Z(&TL,S\W,V' H (Fr, — 1));

veW veW
hence the proposition follows. o

The formulation of the following conjecture is a slight modification of [Bur07, Theorem 3.1]
(see also Theorem 3.18 and Remark 3.20).

CONJECTURE 4. For every ® € /\gL, Homg,, (O g7, Z[G1/]), we have

(I)(EL/’Sy/) S Id//L
and

@(eL/,s,m:sgn<v,v’><bG<L’/L>(( A sov)m,sy)) in Q1))

veEV\V/
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The following conjecture is motivated by the property of the higher norm described in
Proposition 2.15.

CONJECTURE 5. If Conjecture 2 holds, then we have
B(ep gyr) = LD (i_l(Ng/’? (err,svr))) in Q%’/L

for every ® € A\g , Homg,, (O, g7, Z[GL/)).

Remark 3.14. When d = 0 or ' = 0 or 1, Conjecture 5 is true by Proposition 2.15.

3.5 Relation among the conjectures
We keep on assuming S =5’ r =rp g, and 7’ =rp/ g.

THEOREM 3.15. Assume that Conjecture 5 holds. Then, Conjecture 3 holds if and only if
Conjectures 2 and 4 hold.

Proof. The ‘only if’ part is clear. We prove the ‘if’ part. Suppose that Conjectures 2 and 4 hold.
Then, for every ® € /\gy Homg , (07, g7, Z[G1/]), we have

¢G<L'/L><i1<N(L’l’f,?<ey,s,w>>>:sgn<v,v’><1>G<L’/”(( A\ %)w,s,v)) in Q7.
veV\V/

by Conjectures 4 and 5. By Theorem 2.17, the map

(N0x 5 ) 2 QL — Homg,, ( A\ Hom, (O 57,2161, @y
gL gL/

defined by a — (@ — ®G(E'/L)(@)) is injective. Hence, we have

PG s = s (A ) ers) :
veV\V’

Remark 3.16. Since Conjecture 3 is closely related to Darmon’s conjecture, as we mentioned in
Remark 3.11, Theorem 3.15 gives a relation between Darmon’s conjecture and Burns’s conjecture
(Conjecture 4). In [Hay04, Theorem 6.14], Hayward established a connection between these
conjectures: he proved that Darmon’s conjecture gives a ‘base change statement’ for Burns’s
conjecture. More precisely, consider a real quadratic field L and a real abelian field L which is
disjoint to L. Put L' := LL. Then Hayward proved that, assuming Darmon’s conjecture for L,
Burns’s conjecture for Z/Q implies Burns’s conjecture for L'/L up to a power of two. On the
other hand, Theorem 3.15 gives an equivalence of Burns’s conjecture and Darmon’s conjecture,
assuming Conjectures 2 and 5.

Remark 3.17. One can formulate for any prime number p the ‘p-part’ of Conjectures 2-5
in the obvious way. One sees that the ‘p-part’ of Theorem 3.15 is also valid, namely, assuming
the ‘p-part’ of Conjecture 5, the ‘p-part’ of Conjecture 3 holds if and only if the ‘p-part’ of
Conjectures 2 and 4 hold.
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The following theorem gives evidence for the validity of Conjecture 4.

THEOREM 3.18 (Burns [Bur07, Theorem 3.1]). If the conjecture in [Bur07, § 6.3] holds for L' /k,
then we have

@(5[,/757\//) S Ig//L

for every ® € /\gL, Homg,(OF, ¢ - Z[G1/]) and an equality

A %) (EL,s,v)>

O(cpr g,7) = sgu(V, V)LL) ((
veV\V’

in Coker(/\vev\v, Oy (/\QL 7 )tors = QL,/L) where L, is the subgroup of L* defined by
LY ={aeL” |ordy(a—1) >0 for all w € Ty}

Remark 3.19. In the number field case, as Burns mentioned in [Bur07, Remark 6.2], the
conjecture in [Bur07, §6.3] for L'/k is equivalent to the ETNC [BF01, Conjecture 4(iv)] for
the pair (h°(Spec (L)), Z[G1/]), and known to be true if L’ is an abelian extension over Q by the
works of Burns, Greither, and Flach [BG03, Flall].

Remark 3.20. In [Bur07, Theorem 3.1}, Burns actually proved more: let

H I, ifd>o0,

IE//L = § veV\V/
ZiG]  itd=0,

where I, = Ker(Z[G/] — Z[G1//Gy]) and G, is the decomposition group of w in G(L'/L). Then
Burns proved that, under the assumption that the conjecture in [Bur07, §6.3] holds for L' /k,
Qe syr) € If,/L for every ® € /\gy Homg, , (O], ¢ 7 Z[G1/]) and an equality

‘I’(é‘y,s,v'):SgH(VaV/)@G(LI/L)<< A %)(é‘L,s,v))

veV\V’

holds in Coker(A\, vy ¢o (/\gL 7)tors = 1 //L/IL’/LI //L)

PRroOPOSITION 3.21. We have
d ) 1
ALF) ez =0.
gL tors |gL|

d d
/\ L; = h_r,n /\ OZ,Z,T’
gL

where ¥ runs over all finite sets of places of k, which contains all of the infinite places and places
ramifying in L, and is disjoint from 7', and the direct limit is taken by the map induced by the
inclusion Op » 7 — Op sy (3 C X'). So it is sufficient to prove that for such X, /\é (’); w17 ®2

Proof. Note that

Z[1/|GL|] is torsion-free. Since OF g is torsion-free, we see that Of y - is also torsion-free.
It is well known that a finitely generated Z[1/|Gy|][GL]-module is locally free if and only if it
is torsion-free. So we see that Of s, ®z Z[1/|GL]] is locally free Z[1/|Gy|][GL]-module. Hence,

/\éL OZ,E,T ®z Z[1/|GL]] is also locally free, so it is torsion-free. O
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Combining Theorems 3.15 and 3.18 and Proposition 3.21, we have the following theorem (see
also Remark 3.17).

THEOREM 3.22. Let p be a prime number not dividing |Gy,|. Assume the ‘p-part’ of Conjecture 5
holds. If the conjecture in [Bur07, § 6.3] for L' /k and the ‘p-part’ of Conjecture 2 hold, then the
‘p-part’ of Conjecture 3 holds.

4. An application

In this section, as an application of Theorem 3.22, we give another proof of the ‘except 2-part’
of Darmon’s conjecture (Mazur-Rubin’s theorem, see Theorem 4.2).

4.1 Darmon’s conjecture
We review the slightly modified version of Darmon’s conjecture, formulated in [MR11]. First, we
fix the following:

(a) a bijection {all the places of Q} ~ Z-( such that oo (the infinite place of Q) corresponds
to zero (from this, we endow a total order on {all the places of Q});

(b) for each place v of Q, a place of Q lying above v.

Let F/Q be a real quadratic field, and x be the corresponding Dirichlet character with
conductor f. Let n be a square-free product of primes not dividing f. Put

ny = H 4,
Ln,x(£)==%1

(throughout this section, ¢ always denotes a prime number), and let v4 be the number of prime
divisors of n4. Let

On = < Z X(U)U>(1_<nf) € F(pn)”,
0€Gal(Q(pnyr)/Q(pn))

where for any positive integer m, u,, denotes the group of mth roots of unity in Q, and ¢, =
e?™/™ (the embedding @ < C is fixed above). Put

o= Y oan®0 € Fuy) @7 ZGal(F(uy)/F)).
o€Gal(F(un)/F)

Let I, be the augmentation ideal of Z[Gal(F'(uy,)/F)]. Note that the natural map
1 1
P o I 1 9 25| — Pl sa 2 1 sa 2

is injective (see [Dar95, Lemma 9.2]).
PROPOSITION 4.1 (Darmon [Dar95, Theorem 4.5(2)]). We have 0,, € F(u,)* ®z I," and the
image of 0, in F(un)* @z In* /It @y, Z[3] belongs to F* ®y I I @y, Z[3].

We often denote the image of 6, in F(un)* @z It /I &y Z|3] also by 0,.

Next, write ny = [];7; ¢; so that ¢; < --- < £, (‘<’ is the total order fixed above), and let
A; be the fixed place of F' lying above #;. Let Ay be the fixed place of F' lying above co. Let 7
be the generator of Gal(F/Q). Take uo, ..., u,, € Op[2]* such that {(1 — 7)u;}o<icy, forms a
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Z-basis of (1—7)Op[L]* (which is in fact a free abelian group of rank v +1, see [MR11, Lemma
32(11)]), and det(log |(1 — T)ui’)\j)ogidgm_ > 0. Put

X
R = (17 (b A Ak, (L= T A A (1= ) € (1= 7)0p 5] 2120,
where
pp  F*— I,/1
is defined by go%i =recy,(-) — 1, where recy, : F* — Gal(F(un)/F) is the local reciprocity map
at A\;. Note that we have
(1 —7)ug (1 —7)uy,

o (=) ol (1= 7))
R, = det : :
oh (L=7u) - gl (1 —u,)

Finally, let h,, denote the n-class number of F', i.e. the order of the Picard group of Spec O F[%]
Now Darmon’s conjecture is stated as follows.

CONJECTURE 6 (Darmon [Dar95, Conjecture 4.3], [MR11, Conjecture 3.8]).
O0n = —2""h, R, in (F(un)*/{£1}) @z 12+ /101
Mazur and Rubin proved that this conjecture holds ‘except 2-part’.
THEOREM 4.2 (Mazur—Rubin [MR11, Theorem 3.9]). We have

1
O, = —2""hy R, in F* @y I /I @4, 7 M .

4.2 Proof of Theorem 4.2
We keep the notation of the previous subsection, and also use the notation defined in §3. We
specialize the general setting of §3 into the following:

(a) k=Q;

(b) L F (a real quadratic field);

(¢) L' = F(u,)" (the maximal real subfield of F'(u,));
(d) S = S’ = {00} U {primes dividing nf};
) V = {oo} U {primes dividing n4 };

) V' = {oo):

) T: a finite set of places of Q such that

(e
(f
(8
(i) SNT =9,
(ii) le/7 ST is torsion-free.
Then one sees that (L,S,V), (L, S, V') € Q=Q(Q,T).

It is known that the Rubin—Stark conjecture (Conjecture 1) for all of the triples in  holds
[Bur07, Theorem A]. Let

l/++1 1
€T =ELSTV € ﬂ OLsr (reSpeCtively e = eL sV € ﬂ OL s = OZG&T)
gL Gr

denote the Rubin—Stark unit for the triple (L, S, V) (respectively (L', S, V")) (later we will vary
T, so we keep in the notation the dependence on T).
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Note that, since ' = 1 in this setting, Conjecture 5 holds (see Remark 3.14). Note also that,
since F'(u,)" is abelian over Q, the conjecture in [Bur07, §6.3] holds (see Remark 3.19). So, by
Theorem 3.22, if we show the ‘except 2-part’ of Conjecture 2, then we know that the ‘except
2-part’ of Conjecture 3 holds. The ‘except 2-part’ of Conjecture 3 implies Theorem 4.2, as we
will explain below. Unfortunately, we cannot prove Conjecture 2 completely. Instead, we prove
the following weak version of it.

PROPOSITION 4.3. Let 3 be a finite set of places of Q, which contains S and is disjoint from T
If ¥ is large enough, then we have

v y 1
N3P Cr) € O o2 QUYL w225 |

The proof of this proposition is given in §4.3. This proposition gives sufficient ingredients to
prove the ‘except 2-part’ of Conjecture 3: using Proposition 2.15, Theorems 2.17 and 3.18, and
Proposition 3.21, we have the following result.

THEOREM 4.4. We have
v v . » 1
N (eh) = (—1)r ( A w) (er) in L* @ QL' /L) @n ZH
Ln 4

We will deduce Theorem 4.2 from Theorem 4.4 by varying the set T
The following proposition is well known.

PROPOSITION 4.5. There exists a finite family T of T such that SNT = @ and OF, ¢, Is
torsion-free, and for every T' € T, there is an ar € Z[Gy/| such that

2= aréy inZGy),

TeT

where 07 = [[ (1 — (Fr, ') € Z[Gp).

For the proof, see [Tat84, Lemme 1.1, ch. IV]. Take such a family 7 and ap for each T € T.
The following lemma will be proved in §4.3.

LEMMA 4.6. (i) We have

(1—=7) ) arelp =Ny (an) in L7 /{£1},
TeT

where T is regarded as the generator of Gal(L'/Q(uy)™).

(ii) We have

l/++1
(1—71) Z aper = (—1)"+ 12" b, (1 — Tug A -+ A uy,  in Q&g /\ OE,S'
TeT gL

The following lemma is easily verified, so we omit the proof.
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LEMMA 4.7. The natural map Gal(L(u,)/L) — G(L'/L) induces an isomorphism
1] ~ 1

and we have

m(0n) = (=" Y oNpgyplan) @0,
oeG(L//L)

and
m(—=2""hyRy) = (—1)"+ 712" h, < /\ gpg> (L=T)ug A~ ANuy).

lny
Proof of Theorem 4.2. By Theorem 4.4, we have an equality
17
NG e = 0 (A e
lny
in L* ®z Q(L'/L)"*+ ®z Z[3]. From this and Lemma 4.6, we deduce that an equality
(=) Z Ny (an) @ ot = (=1)+Tlav-p, < /\ (pg) (L=m)ug A~ ANuyy)
ceG(L'/L) £ n 4
holds in L* ®z Q(L'/L)"+ ®z Z[%] By Lemma 4.7, we have
1
O, = —2" hpR, in F* @y IV /I @, 7 M o
4.3 Proofs of Proposition 4.3 and Lemma 4.6
In this subsection, we give the proofs of Proposition 4.3 and Lemma 4.6.
Proof of Proposition 4.3 (Compare [Dar95, Lemma 8.1 and Proposition 9.4]). It is known that
e = Noun, )t/ 01 (1 = Cap)),
where o7 = [,er(1 — €Fr; 1) (see [Popll, §4.2]). Put
G = Gal(L(pn)/L),

and

& =01 > ONG(u, /L) (1 = Gng) © 07 € OF 5 7 @2 Z[Gol.
O'GGn

It is easy to see that

(&) =2 Z oeh @01,

ceG(L'/L)

where 7 : Z[G,] — Z|G(L'/L)] is the natural projection. Hence, it is sufficient to prove that
&n € OLuy s @21

and .
€n € OF s r @z It /I @7 Z [2] .
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We prove this by induction on v;. When vy = 0, there is nothing to prove. When v, > 0,
decompose
G,~G, xG

where G, =[]y, Ge and Gy = Gal(L(p)/L). Each o € G, is uniquely written as

O'ZO'_HJg,

€|’I'L+

N4

where o_ € GG,,_ and o, € Gy. We compute

o1 > oNgGu /L) (L= Gup) @0 [] (07" = 1)

o€Gn Lng
= gn + Z (*1)V(n+/d)£n,d H (1 - Fr;l)’
dlny,d#ny lny/d
where v(ny /d) is the number of prime divisors of ny /d. From this and the inductive hypothesis,
we have &, € (’)z(“n) w7 ®z I". Fix a generator v, of Gy. In (’)Z(#n) w7 ®z [7’;+/[7’;++17 we have
~1 —1
o1 D ONgu /2w (1= Gup) ©0=! [ [ (077 = 1)
o€Ghp fny
= (=1)"* Dy, 67Ngu, ) /Lun, ) (1 = Gup) @ [ ] (e = 1),
Lny

where D, € Z[Gy,] is Kolyvagin’s derivative operator, defined by
-2
Do =] <Z m;).
Z|n+ =1

Since we have the decomposition

[ 1 <H (e — 1>> & 1M,
Z

Lng

where 72 is a subgroup of I,,*/ 15+ and the isomorphism

<H(W—1)>Z;> QRGs -1~ R

Lny Ly lny Lny
(see [MR11, Proposition 4.2(i) and (iv)]), it is sufficient to show that
D 07Ngu, /L) (L= Cnp) € Of 50/ (Of 50)™

where m is the greatest odd common divisor of {¢ — 1| £|n;}. Note that

X G ez Z B] ~ Z/mL.

K|n+

It is well known that

m\Gn
Dn+5TNQ(an)/L(Nn+)(1 —Cnf) € (OZ(un+),E,T/(Oz(pn+),E,T) )7
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(see [Rub90, Lemma 2.1}, [Dar95, Lemma 6.2], or [Rub00, Lemma 4.4.2(i)]), hence the claim
follows if we show that H' (G, ,OF ) = 0 for sufficiently large . If ¥ is large enough,

L(M"'L+)7Z7T
then we have the exact sequence
X X X
0— OL(#n+)’Z,T - OL(,LLn+),E - @ ]Fw — 07

where FS denotes the residue field at w. Since € [y is a cohomologically trivial G, -

WETL (i )

1 _ gl :
module, the above exact sequence shows that H* (G, , Of(M),z,T) =H (G, , Oz(um),ﬂ)’ Since
> is large enough, we have the exact sequence

P, ordw
0— OZ(MQE —> L(pn, ) —— @ 7Z —> 0.
WERL (i )
From this, we see that H' (G, , (’)z(uu)’z) = 0. Hence, we have H(G,,_, Oz(un+),2,T) =0. O

Remark 4.8. Consider the following composite map:
1] ~ 1
Lx Q7 Q(L//L)l”r ®7 2[2} S L Ry IZ+/IZ++1 Ry Z[Q]
1] ~
— rrez (T[e-1) o2z[5] = 2w
Z|TL+ Z

where the first isomorphism is 77!, the second arrow is the projection, and the last isomorphism

is induced by
<H(w - 1)>Z—>Z/mZ; H (e —1) = 1.

€|7‘L+ Z|n+

(L)
L'/L

map coincides with (—1)”Dy,e/.. Hence, one can regard that the ‘higher norm operator’ N

If n = ny and put v = vy, then the above proof shows that the image of 2N, (e/) under this

(L)
L'/L
is a generalization of Kolyvagin’s derivative operator D,,. This observation is originally due to
Darmon [Dar95, Proposition 9.4].

Proof of Lemma 4.6. (i) From

267 = 0rNgpu, )/ (1 = Cuf),

we obtain

2 Z aTg'T = 2NQ(Mnf)/L'(1 — Cnf)
TeT

(see Proposition 4.5). We compute

(1= 7N, )/ (1 = Gnp) = Niun) /o (0= TN, ) /LGan) (1 = Gy )
= Nrgua)/w(an),

hence we have

(1=7) > arep =Npgyp(an) in L /{1}.
TeT
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(ii) By Lemma 3.4, Ry is injective on e, (Q ®z /\gzJrl O] ), so it is sufficient to prove that

Ry <(1 — 7’) Z aT€T> = (—1)V++12V7hnRv((1 — T)Uo VANCIERIAN ul,Jr).
TeT

By the characterization of e7, the left-hand side is equal to 2(1 — T)@S:VEH)(O). Using the well-

known class number formulas for n-truncated Dedekind zeta functions of L and Q (see [Gro88,

§1]), we have
RL,n

Ro.n’
where Ry, , and Rg, are the usual n-regulators for L and Q, respectively. In Lemma 4.9, we will
prove an equality

2(1 = )0 LV (0) = 4hne,

exBrn = (_1)V++12V_71RQ777,6XRV(U0 A Auy,).

Hence, we have
2(1 - 1)OYE ™ (0) = (~1)" 12 hy Ry (1 — Thug A+~ Ay, ),
which completes the proof. i
LEMMA 4.9. We have
exRrn = (=112 Rg ey Ry (ug A -+ Ay, ).

Proof (Compare with the proof of [Rub96, Theorem 3.5]). There is an exact sequence of abelian

groups:
X

11" 11" - 1
0—> Z[n] /{il} — 0y [n] /{il} T a-no, [n} — 0.
Since (1 — 7)OL[L]* is torsion-free (see [MR11, Lemma 3.2(ii)]), this exact sequence splits. So
we can choose 11, ...,n, € Z[1]* so that {m, ..., 0, uo,...,uy, } is a basis of Op[2]*/{£1} (v

is the number of prime divisors of n). Write n_ = [];_, £, where £, is a prime number. Let \; be

the (unique) place of L lying above ¢;. We compute the regulator Ry, ,, with respect to the basis
{m, .. v w0, uy, }oof OL[%]X/{:H} and the places {\y, ..., A, _,AJ, ..., AL, Aoy, Ay |

bl I/+7
log [n|x log |n|ar loglnlx>
Ry, = tdet ,
Lo <logIUIx log |ulxr  log |ulx

where we omit the subscript, for simplicity (e.g. log|n|y means the v x (v_— — 1)-matrix
(log [mi|x )1<i<v,2<j<v_ ). We may assume that the sign of the right-hand side is positive (replace
J

m by ny 1 if necessary). We compute

d <10g!n\x log [17]xr log!nh>: <log|n!x log |n]x loglnh>
log [u[y log|ulx log|u|x log [uly log|ulxr log|u|x

~ det (10g|77’x log [n] 0 )
log [ulx log|ulxr log|u|x — log |u|xr

= det(log |n[x log|n|x) det(log |u[x — log |u|xr)
= det(2log|n|y log|n|e) det(log [(1 — 7)uly)
= 2”*_1R@7n det(log [(1 — T)uly).
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Hence, we have
exRrn = 2~ " Roney det(log |(1 — 7)uly). (7)
On the other hand, we compute

xRy (o A+ A tyy) = (—1)% ey det(log fulx + log |7(w)[x7)
= (—1)V++16X det(log [(1 — 7)u|x + (1 4+ 7)log |7(u)|x)
= (—1)”++1ex det(log [(1 — 7)uly),

where the first equality follows by noting that Ry = /¢, (—log| - [y, — log|7(")[x,7) by
definition (see §3.1), and the last equality follows from e, (1 + 7) = 0. Hence, by (7), we have
the desired equality

exRrn = (—1)"* 12" "'Rg nex Ry (ug A -+ Ay, ). O
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