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ABSTRACT. All parts ofa two-dimensiona l, iso thermal , stationary marine glacier 
(g rounded ice sheet, ice shelf a nd transi tion zo ne ) wi th consta nt viscosi ty are ana lysed 
by perturbatio n methods. In so doing, a ll zo nes of different Oow patterns can be 
considered separa tely . Corre la ti ons between spa tial sca les for a ll pa rts can be ex pressed 
in terms of th e typical ice-surface slope di stant from the ocean, whi ch ren ec ts ex terior 
conditions of the glac ier 's existence. In considering the ice-sheet ice-she lr tra nsition 
zo ne, a sm a ll pa ra meter characterizing the difference between ice a nd water densiti es 
is used. Such a n analysis a ll ows us to find boundary cond itions at the groundi ng line 
for the ground ed ice mass. G lac ier-surface profil es are determined by numerical 
methods. The g rounding-line position found by using the boundary conditions derived 
in thi s pa per differs from th a t obtained by using Thomas and Bentl ey's ( 1978) 
boundary conditions by a bout 10% o r th e gro unded ice-stream leng th. 

1. INTRODUCTION 

Modelling th e d yna mics of the g rounded pa rt o r a mari ne 
ice shee t requires the imposition of boundary condit ions 
at its terminus (g rounding line) . At the same time, th e 

position of the terminus is sensiti ve to changes of such 

conditions (Lingle, 1984). Usual ly, it is ass um ed that the 
ice has notation thickn ess a t the g rounding line and th e 
terminus position is de termined by using the m ass­
bal a nce eq ua tion reduced by the shallow-ice a pproxim a­
tion (Thomas a nd Bentley, 1978). Sa lamatin (1984) 

modified this rel a tion by using an unknown pa ram eter, 
which characterizes the deviation of th e reduced norm a l 
deviatoric stress from its exact va lue. H owever, th e 
m a thema ti ca l a lgo rithm used to find this pa ra meter is 
obsc ure. On the o ther hand , beca use th e styl es of now in 

the g round ed part of the glacier a nd in the ice shelf a re 

essentiall y different (a shearing flow and a plug Oow, 
respec tively), it follows that in the ice-shee t- ice-shelf 
tra nsition zone neither shear stress nor norma l stress can 
be neglected . H ence, the probl em of findin g the stress 
fi e lds in the transition zone arises a nd hence determining 
stri c t ma themati ca ll y derived effec tive bounda ry condi­

tions for the ice shee t at the ground ing line . 
Determina tion of the ice upper-surface profil e in the 

vi cin ity of the grou nding line shou ld lead to an a lgorithm 
for detecting the line position by exa mination of th e 
upper-surface cha racteri stics. This pro blem was a lso 

consid ered in the pa per of' Ba rcilon a nd J\IacAyea l 
(1993), in which the prob lem or nuid now down an 
inclined plane with an abrupt c ha nge or boundary 
conditions on it (no-slip-free slip ) is consid ered. A lthough 
the problem they considered was som ewhat different than 

that consid ered here, the ex i tence ofa local minimum of 

lh e upper-surface eIe\ 'a tion is confirm ed by the res ults of 
th e present pape r. 

In thi s work, we stud y a n id ea li zed model of' a two­
dimensiona l, sta tiona ry, iso thermal g lacier in all pa rts of 
its ice Oow: g ro und ed ice shee t, ice shelf and transition 

zone. H ere , ice is consid ered as a l\ew tonia n Ouid . 
Alth ough th e ice Oow in th e ground ed glacier a nd the ice 
shelrh as been closely examined by man y resea rchers (e.g . 
Sanderson , 1979; HUller, 1983), th e dynamics orthe ice­
shee t- ice-shelf transiti on zone is poo rl y understood and 

the ma in approach to the problem has been numeri cal 

(Lestringant , 1994). 

2. EQUATIONS 

2.1. Kolalion 

The followin g notation wi ll be used: (x, z) are th e 
horizonta l and vertica l spa tia l coordinates; 1[' is the excess 
pressure, associated with the press ure p by the relation 
1[' = P - Pig(€ - z) ; €(x) is the upper-surface elevat ion ; 
e' = d€jdx . zo(x) is the lower-surface profile , which 
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Fig . 1. Schematic re/JreseJllalion of a marille glacier 
cOllsislillg of differelll /Jarts (grounded ice sheet, ice shelf. 
ice-sheel- ice-shelf lrallsil ion ;:'0111') which are c/lfl racleri:::ed 
b)' s/Jeci[ic flow /Jallerns (shearillg, /Jlug alld lrallsilioll). 
The origin of tlte reclallgular I~filtand coordinate .,)'slel7l is 
51'1 al lite bed at Ihe grounding fille . 

co incides with th e bed e leva tion when x < 0; Tn , T :: . Trz 

a re th e com ponents o r th e stress d e\' ia to r ; (u" w) is til e 
\"C loc ity \Tctor ; 17 is th e v iscosit y; f +.(-f- ) are rh e 

acc umula ti on ra tes o n th e up pe r a nd th e 10\l"(' r surfaces, 

respect i\ 'elv (J- = O. x < 0); g is th e accelera ti on d ue to 

g ra\' it y; Pi.Pw a rc th e ice a nd wa te r de nsities; k" = Pi/PI\": 
{j = 1 - Pi/ Pw; z* is til l' wate r le\'e l; [vl is th e sca le 
m agnitude orv (ror a ny \'a ri a ble u) in th e gro unded p a n 
oC th e g lacier; (-Xci) is th e pos iti on of th e ice divide; Xc is 

th e position of th e ice front ; a a nd T a re th e res ulta nt 

no rm a l a nd shear fo rces, 

2.2. Sell ing Ihe j!l"oblem 
Conside rin g a two-d ime nsiona l g lac il' l- m erg ing into the 

ocean (Fig. I ), let us p lace the o ri g in or a rec ta ng ul a r 

ri g h th a nd coo rdi nate sys tem (z axis is direc ted \"C rti ca ll y 

upward s) a t th e bed a t th e g ro unding lin e. Then , th e 

regio ns (-Xd) < x < 0 a nd 0 < :r < .rc. whe re (-:rd) . xc 
a re th e positi ons o f th e ice d ivid e (dome ) a nd th e ice 
fi 'on t, de fin e th e g round ed a nd fl oa ting parts o r th e 

g lac ie r, res pec ti \'Cly. 

S ta ti o na ry ice 0 0 \1 ' , ass uming inco m p ress ibilit y a nd 

co nsta nt \" iscosity of the ice, ca n be d esc ri bed by th e 
fc) lI owing Stokes' equa ti ons: 

Ehr aT,..,. aT,.: I --+--+--= Pig€: a.t a,r; Dz 

_ 07r + OT:z + OT,,.z = 0: 
oz oz OT 

T,..,. + T z, = 0: 

T,.." = 21] ?ll ; To: = 21] Dw ; T/" : = 17 (an + aw) ; 
8.t az Dz a.r 

-.I'd < .r < Xc' Zo < z < e. (1) 

Th e a bove se t o f equ a ti ons m ust be com pleted IJ y th e 
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roll o\\"i ng bo u nd a ry co nd i ti o ns: 

Th e g lac ie r upper surface IS s tress-free a nd th e 

kin em a ti c bo unda ry conditi on is used to d e te rmine 

its pro fil e : 

(2) 

Th e no-slip co nd iti on a t th e bed m ay be ass um ed fo r 

th e cold Anta rc ti c ice shee t, w here sliding is neglig ib le 
(Fowle r , 198 1): 

z = zo(:1') . ;:Z; < 0 : 'U. = O. w = 0 , (3) 

At th e sub m erged lower surface of th e ice shelf, th e 

shear stress is zero, th e norma l stress is eq ua l to th e 
wa ter press ure a nd a kin em a ti c bound a ry conditi o n is 
ap pli ed : 

z = Zo ( x ), X > 0 : 

_ * 2z'0 , 
Trz - -[pig(e - zo) - p"g(z - zo) + 7r] l + z~2' 

1 z',) (4) 
T,..,. = -[pig(e - zo) - p",g( z* - zo) + 7rl

1 
- ?:: 
+ zo-

-uZ;) + w + f - = 0 . 

At th e ice d ivid e, th e m ass Ou x is ze ro a nd th e nui d 
n O \\' is symm etr ic: 

aw 
.1' = - ,.I'd: 'U = 0, ax = O. (5) 

A t th e ice fro nt , wh ere ca lving ta kes p lace, it is 

suffi cient to impose th e \'alue o f th e res ulta nt norma l 
stress in th e ice, whose m ag nitude in wa ter is kn own 
(\\' ee rt ma n. 1957 ) : 

1( p",g * 2 
_ (-p + Tl"J') dz = - 2 (z - zo) , 
--<, 

(6) 

As we will see la te r . the solution of the pro blem d oes no t 
depe nd on th e ice-fi'ont pos iti on, w hose ex istence is 
necessa ry o nl y to d eri ve the re lat ion (6) . Thus, le t us 

ass um e th a t th ere is no caking a nd th a t x" is th e point of 

ze r o m ass flu x: q(.:Z;c)=f~;)r-f- )d;:z;= O , or 

Xc = +00 w hen th e m ass nu x is pos iti ve e\ 'C rywh cre : 

q(.r') > O. Vx > O. 
\\'e introduce tll(' res ul ta nt forces a t a n a rbit ra ry cross­

sec t io n : 

a = ~ (( - p + 1".1.,.) d z . 
.J ':0 

j
.1 

T = , T,l' Z dz , 
- 11 

Int egra tin g Equa ti o n ( I ) with res pect to z fro m Zo to f 
a nd ta king into accou nt th e bo undary co nd itio ns (2 ) . (3) 
a nd (+). \1"(' o bta in th e fo llowing eq ua ti ons: 

cla ( I ( . 0) Du, ) -1 = P ,r. zo)zo + 1 + zo- '1]'7'1 Cl'· Zo . 
ex u z 

cia ( * ) I d.l' = p", g z - Zo zl) ' 

cl1T = Pig(e - zo) - p\\'g(z* - zo), 
( x 

:1' < 0; (7) 

.r > 0 : (8) 

.1'> 0. (9) 
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I nlt'grat in g Eq u a ti on (8 ) w i th respect to :r: and usin g 
E qu a ti on (6 ) . we h a\"C [o r .r > 0: 

(10) 

2.3. , \ 'o ll-dilllfllsiolla/z';"alioll 
far fi 'om th e ocea n , the Ice 0 011' is d escrib ed b y th e 

sh a Il O\\' -i ce approximat io n (Hutte r. 1983 ) , w here th e 

shear stress is m uc h la rger than t he nor ma l streSs. !\ o n­

dime nsio n a li zin g th e govc rnin g cq ua ti o ns. \\' ith th e 
fo ll o \\ ing sca fes fa un d b >' Sa lama tin and l\l azo ( 1984) 
on th e basis of sim ilarit y theory : 

[w] = [f ±] = ~jO r d.T ; 
Xd -.r d 

[ ] 
= [x][w] . 

1.1 [z] ' 
1][W] 

[7,,] = Tzl : 
I] [n] 

[Tlo] = Tzf : [e] = [zo] = [z*] = [z] : [:r ] = :rd : 

[z] 
f = [.1'] : 

p' 1.. _ ~ 
"'(I -

p\\' 
(11) 

we obta in th e (o ll owing eC] u a ti o ns (ca pi ta l le tte rs d en o te 

th e d ime nsion less \ 'ariab les r", = 71'1/[7r.1] ): 

DIT 'J DT", [)T, o 1 
--+ f---+--= L: 

DX DX [)Z 

- ~~ + 1'.2 C~z + ~z) = 0: 

T ,·.I + Too = 0 : 

au T " = 2 all'. T . = au (=2 an- . 
T,r = 2 8X ; -- 8Z' .f . 8Z + . 8X ' 

- 1 < X < Xc , Zo < Z < L ; 

Z = L (X) : 

{ 

2L' 2 1 - 1'.2 L'2 

~f~: :7l~ : ~~'~; ;TII = - IT1 + f 2 L'2: 

Z = ZO(X ). X < 0 : U = O. TV = 0 ; 

Z = Zo (X ) . X > 0 : 
?ZI 

T ,c = - [L - Zo - t- (Z* - Zo) + IT] - .~ J n ; 
" 1 + f - ZU-

( 12) 

(13) 

(14) 

. ) 1') 

2 _ [ 1 (* ) ] 1 - c Zt) . 
E T l'r - - L - Zo - k Z - Zo + IT .) n ' 

I' 1 + f-Zt) 

- UZ!) + n-+ F - = 0; (15) 

DW 
X = - 1 : U = o. ax = 0: (16) 

!.; = !!:... 
I' p\\' 

?d ost o r th e co ld m a ri ne g lac ie rs a rc c h a rac terized by a 
\ 'a lu e of the parame ter f.« 1. Thi s pa rame ter is th e 
typi ca l ice-surfilcc slope a nd rc ll cC(s ex ter io r co nditi ons o r 

th e glacie r 's existen ce. such a s th e sca les of acc u lll u la ti o n 

ra te. it s g radi ent , bed slo pe a nd wa te r level. 

In o rde r to a n a lyse th e pro blem in E C]u a ti o ns ( 12 1-

CIlIIgIIII 01' alld I' 'ilrhinsk)' : Jl/adrllillg of marille glacier alld ire-sheet 

( 16 1. we int roduce th e st rea m fLln c ti o ll ~) : 

F ro m th e E q ua tio ns ( 12 1 a nd bo und ary conditi o ll s ( 13)­

( 16 ) . I\T o bta in th e fo ll o win g se t or C' Cj uat io ns to 
d e te rmin e V) I\'h en L a n d Zu a re g i\ 'e n: 

-l Dl 'ljJ .) Dl ~) 8" !/J 
f DXl + 21'.- DX2DZ2 + DZl = 0: 

- 1 < X < X c . ZlI < Z < L : 

Z = L (X ) : 

{ 
[~; - f2g;~ ] (1 - E2 L'2) = 41'.2 LI8~~~: 

\' 
~) = .f- 1 F + dX ; 

a U) 
Z = Zo (X ). X < 0: t/., = O. [)Z = 0: 

Z = Zo (X). X > 0 : 

{ 
[
82 7j) 2 D27j) ] 2 12 _ 2 I 82 ~, . 

DZ2 .~ f DX" (1 - f Zo) - -If ZO[)Xaz ' 

1jJ = i (; F- dX : 

Dv' 821/' 
X = - 1 : 8Z = 0, 8X2 = O. 

(17) 

(18) 

(19) 

(20) 

(2 1) 

I-I a\ 'in g de termin ed 1/). I\T ca n fin d a ll th e Un knO\\'ll fi e ld s 

except th e excess pressure n a s wc ll a s L a nd Z lI (.X > 0) . 
In o rd e r to find n. wc use th e first equ a ti o n 0[, ( 12) 

integ ra ted ['rom Z to L and th e bo unda ry conditi ons ( 13 1 

to o b ta in , in te rm s o f' 't/.l, 

IT (X . Z ) = 

2 [ [)2 t/., [) j 'L ( [)2 lj) 2 [)2lj' ) ] T 

- E 2 aX8Z + 8X Z DZ2 - f ax2 d Z . 'v' .. :Y.. . (22 ) 

Le t us d e fin e 

~ rL 
( D2 'ljJ .) D

2 1/' ) 
T (X. Z ) = J Z [)Z2 - f- [)X2 clZ : 

then 
7 ~ 

T(X ) = [7] = T (X. Zu ) . 

Beca use t h e r e la ti o ns (8 ) a nd (9 ) a re dcr i\ 'ed by 
illleg ra ti o n o f Eq ua ti o ns ( I ) \\ 'ith respect to z using th e 

bo undary co nd iti o ns on th e upper a nd 10\\'e r surfaces . 

som e o f' w hi ch \\ 'Cre no t used in th e sys tem o r E qu a ti o ns 

( 17) -( 2 1) . th ese re la ti o ns ca n be co nsid ered a s th e 

eq ua ti o ns to d e te rmin e L a nd Zo. wh e n X > O. CO I1\'C rt­

ing E qu a ti o ns (8 ) a lld (9 ) in to d im ens io nicss fo rm a nd 
substituting 1'0 1' IT I'ia E qu a ti o n (22 ), I\T o bta in th e 
fo ll o ' \' ing equ a ti o ns fo r La nd Zo . w hen X > 0: 

(L - ZO )2 (Z* - Zo)2 

2 21.:1) E2 1,~ [4 D~~~ + ~~l clZ. 

X > 0: (23) 

• , dT 
Zo - Z + kl,( L - ZII ) = kiF dX . X > 0: 

X = 0 : Zo = 0 . (24) 
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In order to determine L in th e region X < 0, we integra te 
Equation (7) with respect to X from X to 0. Since 
~(o) = (}(O)/[(}j = -Z*2/2kp, thi s yields in dimensionless 
fo rm : 

(L - ZO)2 Z*2 

2 2kp 

E2 h: (4 a~tz + ;~) dZ + LO 

(L - Zo)Z~dX 

+ [0 [II (X, Zo)Zb+ (1+E2 Zb2
) ~; (X, ZO)] dX) 

X < O. (25) 

3. FAR-FIELD SOLUTIONS 

3. 1. Far-field solutiollfor the grounded ice mass 
W e seek a n ex pa nsion for 'Ij;(g) , L(g) in th e fa r field for th e 
region X < 0 as an asy mptoti c seri es in E: 

'Ij;(g) = 'lj;bg) + 0 (E2) ; 

L(9) = L69) + O(E2) . 

Then, from Eq uations ( 17)-( 21 ) we d eri ve 

'Ij;(g) _ Q(Z - Zo)2(3L~g) - 2Zo - Z) 

° - 2 (L~q) - ZO)3 

where Q = fYl F + dX. This solutio n d escribes Poiseuill e 
Oow. 

Fro m Equa tion (25 ), we have for L &q)th a t 

(L (g) Z)2 Z*2 10 ° - 0 __ = (L(09) - Z )Z' dX 
2 2kp X ° ° ° 

( 0 a2'1j; 
+ Jx aZ2 (X , Zo) dX. 

Difle renti a ting this equation with respec t to X , we find 

dL(09) 
__ 0_ 

dX 

3Q 
(26) 

It should be noted th at 'lj;69
) only sati sfi es boundary 

conditions at the bed and th e upper surface of the glacier, 

since all the X derivatives in th e problem for 7/J609) were 

omitted. These boundary conditions imply that mass Oux 
a t th e ice d ivide is zero . Equa tion (26 ) a llows us to 
d ete rmine th e upper-surface profil e of th e glacier far from 
th e gro unding line. However, in order to d erive a unique 
so lution to the fa r-fi eld pro blem , it is necessary to 

d e termine th e far-fie ld surface elevation at the grounding 

line L~o9)( O) , as well as the magnitude of Xci, which is a lso 
unknown . These para mete rs are to be determined from 
th e matching procedure. 

In general, we cannot ex pect the strea m function we 
have found to sa tisfy all the conditi ons at the ice d ivide, 

since the shea r stress there is ze ro, although we have 
assumed that shear stresses domina te normal stresses in 
the sha llow-ice approximation. A loca l expansion near 
th e dom e may be necessa ry but it can be shown, at leas t 
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for consta nt \'iscosit y, that th e far-field so lution is in fact 
valid up to th e d ivide. D eta ils of this derivation will be 
g ive n elsewhere. 

3.2. Far-field solutioll for the ice shelf 
If x> 0, and we sea rch for th e far-field so luti o n 
'Ij; (S) , L(~), Z6s

) to the se t of Eq ua tions (17)- (21 ), (23 ) 
and (24) in the form of a n asym ptotic series in E, the 
leading-ord er term of the ice thi ckn ess proves to be zero. 
H ence, for th e ice shelf, it is necessa ry to introd uce its own 
far-field variables. I n this th eore ti cal stud y, where no 
calving is ass umed a nd th e ice shelf can be of infinite 

leng th , we suppose thatJarJrom the grounding lille th e scale 
of the long itudinal coo rdin a te is th e sa me as th a t for th e 
ground ed ice shee t. H ence, o nly the sca le of the vertica l 
coo rdin a te ITlUSt change. Onl y o ne tra nsformation gives 
us non-ze ro leading-order ice thickness in the ice shelf, 

n a m e I y Z = Z/E, L =_L/E, Zo = ZO/E, Z* = Z* /E. 
Th erefore, th e coordinate Z must be ta ken as the far­
fi eld vertica l coordina te for th e ice shelf. Notice that, in 
terms of the gro und ed ice-shee t sca le, the ice-shelf 
thickness is of order E, which dimensionally co rresponds 
to a sca le of on ly a metre or so. I t is to be emphasized that 
this scale is only appropriate thousands of kilometres from 

the ground ing line and, in rea lity, ca lving of ice berg 
causes ice shelves to be much sho rte r (a nd hence thi cker). 
Expa nding th e unknown fun ctions as power series in E: 

viS) = 'lj;6s
) + O(E) ; 

Lls) = L68
) + O(E); 

Z6s
) = Z6~) + O(E) , 

we can find a far-fi eld solution in the fo llowing form (for 
conven ience, a ll th e formul ae a re written in the far-fi eld 
variables of th e grounded pa rt ): 

'Ij;~s ) = ~ (Z - Z*) + kpQ + l x 
F - dX, (27) 

where 

Q = 1 + l x 
F dX, F = F + - F - , H 

- L (8) _ Z (s) 
- 0 00 , 

X _1 

H = EQ ( A + ~ 1 QdX) 2 LbS
) = Z* + t5H , 

Z (s) - Z* - k H (j - 1 - !2 
00 - P' - pw ' 

a nd A is constant. 
Th e far-field solution we have found coincid es with 

that derived by Van d el' Veen ( 1983) . Th e constant A is 
LO be d etermined (i'om th e m a tching procedure. 

As mentioned above, we note th a t for X = 0 (1), th a r 

is, a t a distance from the g rounding line comparab le with 

th e grounded ice-shee t leng th , H = O(E) . H owever, th e 
value o f th e constant A found by th e matching procedure 
turns o ut to be such that H is O( (E/{j)~ ) in th e vic in ity o f' 
th e grounding line. Num erica ll y, thi s is around 0 .2, 
co rresponding to a thi ckn ess in the vicinit y of 500 m , as is 

observed. 
If' we compare the far-fie ld solutions for th e stream 

function in the different regio ns, it is clea r that th ese are 
essenti a ll y differen t a nd canno t be m atc hed. Therefore, a 
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nea r-fi eld solution in th e \'ieinity of th e g ro unding line is 

necessa ry to matc h the solution for th e grounded pa r t to 

that for th e ice shelf. This nea r-field so lutio n d efin es th e 

ice-shee t- ice-shelf transi li on zo ne. 

4. NEAR-FIELD SOLUTION FOR THE 
TRANSITION ZONE 

4. 1. Equations 
In th e o rigina l coordinate sys tem , th e g rad ients of th e 
fi e lds a re proportional l O E, w hose va lue is imposed by th e 
ex te rn a l conditi ons, such as th e sca les of acc umula ti on 
ra te, its g radi ent a nd the bed slope. But , in th e ice-shee t­

ice-shelf transiti on zo ne, th e veloc ity gradient is imposed 

ma inly by th e transition from no-slip to free -fl oa ting. This 
a llows us to ma ke the ass umption that the lo ngitudin a l 
scale of th e tra nsi lion zone is th e sa me as th e ve rti ca l onc; 
the ratio be tween th ese does no t d epend on E. 

Deno ting th e ice thi ckn ess a t th e g ro unding line in th e 

sca les of the g rou nd ed pa rt b y La, le t us introduce th e 

nea r-fi eld coo rdin a tes and variab les: 

~=X/ELo , y=Z/L o, X=L/Lo, '!3=Zo/L o , 

{)* = Z* / Lo , h = X - {) . 

R ewriting Equatio ns (17)-(21) in the new va ri a bles a nd 
neglec ting bed ro ughness, we d erive 

8.J'ljJ 84 'ljJ 84. 'ljJ 
8~4 + 2 8e8y2 + 8y.J = 0 , -00 < ~ < +00 , {) < y < X; 

y = X(~) : 

{ 

[
82'ljJ 82 'ljJ] 82 'ljJ 
8y2 - 8~2 (1 - X

12
) = 4X' 8~8y : 

'ljJ = 1 + f La jg F + d~ ; 

y = '!3(~)=Zb(O )E~ + 0 (E2), ~ < 0: 'ljJ = 0, ~~ = 0 ; 

y='!3(~) , ~>o: 

{ 
[
82'ljJ _ 8

2
'ljJ] (1 _ {)12) = 4{)' 8

2
'1./; . 

ay2 a~2 a~ay' 

'ljJ = fLo Ig F - d~ ; 
~ ---> ±oo : 'ljJ < 00 . 

(28) 

(29) 

(30) 

(31) 

(32) 

The conditions (32) a re suffi cient for m a tch ing th e 

nea r-fi eld stream fun ction with th ose of th e fa r fi eld s. 

Equations (28)-(32 ) defin e 'ljJ. For th e fun c ti ons X a nd h, 
it foll ows from Equations (23 )- (25) th a t we ha ve th e 
following equat ions: 

{~2 -X{)- ~:: =o/3-1j; BdY+0/3-1j~a ~:~(~ , {)) d~+O(f); 
'!3(~) = Zb(O) E~ + 0 (E2), ~ < 0 ; 

~ = 0 : X = 1 ; (33) 

{

h2 A -1 dT kp -2 (dT) 2 _ -1 ( X . 
2+ kph/3 d~ -2°/3 d~ - /3 Jo Bdy , ~ > 0, 

~ = 0 : h = 1 ; (34) 

ChllgllllOU alld II'ilchillsk)': /I/odellillg of l/1arine glacier alld ice-sheet 

From Eq ua ti ons (23 ) a nd (24), X, {) a nd {)* can be 
exp ressed vi a hand T: 

.0* '/3-1 dT {) = u - kph + u kp d~ , 

dT 
A = {)* + oh + o/3-lkp- , 

c~ 

'!3* = k - o/3- lk dT (O) . 
p p d~ 

~ > 0 ; 

~ > 0: 

Asymptoti c a na lys is of Equation (34) shows that 

8T 
if /3 ---> 0 as E ---> 0 , t hen 8~ ---> 0 as E ---> 0 , 

beca use h = 0 (1) ; 

. aT 
If /3 ---> 00 as f ---> 0 , then a~ ---> 00 as f ---> 0 . 

(36) 

(37) 

(38) 

These cases contradi c t rh e assumption of finit e long­
itudina l sca le of th e tra nsition zo ne. 

H ence, we have /3 = 0 (1), as E ---> 0 , so th a t /3 = 

co ns ta nt + O(f) . Thi s is a ri go rou s res ult o f th e 

asy mptotic a na lysis of Equa tion (34). It is a lso true for 
non-i so therma l g laciers or ice shee ts with non -zero bed 
ro ug hn ess, as th e form er eq ualion d oes no t cha nge, except 
for th e ex press ions fo r T a nd B. Then we can find th e 
scale of the ice thickn ess a t the g ro unding lin e ,0.0, ta king 

/3 = 1 (for exa mple) in Equation (35 ): 

~g E. ( 1]QO ) k hg = b ' or ~o = PigO ' 

As a res u lt, we can conclud e th a t, ass uming th e average 

ground ed ice lhi ckn es is 0 (1) (co rresponding to 3000 m ), 
the typical ice thi ckn esses for th e tra nsition zone a nd th e 
ice shelf (suffi cientl y fa r from th e g rounding line ) wi ll be 
0( (E/6)~ ) (co rrespond ing to a th ickn ess of 800 m ) and 
O(E) (co rr es po nd in g to 6 m ) , r es p ec ti ve ly, when 
f = 2 X lO-a 

4.2. E.lpallsiol/ ill € 

W e seck th e solution of Equ a ti ons (28)-(38) as a n 

asymptotic se ri es in f : 

'ljJ='ljJO+ O(E); 

X=XO+ O(E); 

h =ho+ O(E); 

{)={)O+O(E); 

{)*='!3~+O(E); 

f3=/30+ 0(f). 

For rh e leading-ord er terms, \\'e ha \'e the fo ll owing se t of 
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equat ions: 

To = T ( l/Jo · \ 0, 190 .~) . 

The deri\Td equations descrihe the ice now in tile 
transition zone. To o rd er O(f), the bed slope and th e mass 

accumulat ion can be neglected. The parameter (30, as we ll 

as the yal ues LiiY) and A, is to be determined from 

matching th e near a nd far field s. 

4.3. E.lj)(lIlsiollJ in 0 
Equations (39)-(44) also inc lude the parameter 0 . \I'hi ch 

for the process under cons id eration is sma ll : 0::::0 O.l. 
Therefore , the soluti on to the equat ions can be sought for 
as a power se ries of b: 

l/Jo =l/Joo + O( 0) : 

ho = hoo + 0(0): 

(30 =(30() + O( 0) : 

19~ = 19~0 + 019~t + OW) : 
190 = 1900 + 0(0): 

\ 0 = Xoo + OXOI + 0(02
) : 

Then , [or '~)()O and hou, lI'e h<1\'e the follmving se t of 

eq uations: 

t, (t, l/Joo) = O. -CX) < ~ < +CX). 1 - hoo < y < 1 ; 

64 

{ 

fj21/'oo _ fY «){)O = 0 . 
y = 1 : ay2 a(2 ' 

l/Joo = 1: 

y = 1 - ho()(~) , ~ > 0 : 

{ 
[
a21/'oo _ a2l/Joo] (1 _ 1'2) = -4h' a

2
l/J()(). 

ay2 8e 100 00 a~ay . 

1/Joo = 0 ; 
( 45) 

8l/J()o 
y = O, «0: 'tPoo= O, ~= O; 

uy 

( -+ ±oc : l/Joo < CX) • 

hoo _ I dToo _ I 1 
2 + hoo (3oo df = (3()O Il-h llll Boo cly. { 

.) 

~ > 0: 

(= 0: h()o = 1: 

Due to Equations (40) (+4), we obtain 

( 46) 

Xoo = 1, 'V~: X(J1 = [hoo - 1 + (3001 (d~o - d;t (0)) ] , 

( > 0: 

(
1 - 1 cl7()o ) . - [ t 

XOI =- 2+,800 df(O) +,8(){) In B (tPoo,l,(.y)dy 

-110 
cP'ljJoo ) +(300 ~(~.o de ~ < 0; 

t: uy-

"" .0 < ( J- t
cl7()()() ) Vou = 1. 'v 01 = - 1 + (Joo CIf 0 ; 

'1300 = Xoo - hoo · ~ > 0 ' 

B = 4 [PV'oo + ~ t ( [P 'IjJoo _ f)2 ~'oo ) d 'V t . 
00 f)~f)y f)~ ./" f)y2 ae Y· <, • 

r j .l (a2 «'00 8
21/)Oll) 

I(!ll = ~ - 8~2 dy. VE, . 
l - hllll .1J '> 

(47) 

H ence, Il'e conclude that \ 00 = 1; in other \I'o rd s, th e ice 

upper surfa ce is. to order 0 (0) , a stra ight horizonta l line . 
II is notable that determination of tile function s «), hand 
() to order 0 (6) permits the d e termination of X a lld 1')* to 

order OWl, 
Soh'ing Equation s (45 ) and (46 ) ana lytica ll y is 

diffi cult: therefore , \IT use computat iona l methods. The 

a lgorit hm we use requires two initial cond itions for hO~ a t 
the point E, = O. A lso , the Equations (45 ) and (46) inc lud e 
the unknown param eter ,800 , wbose dete rmination needs 
another imposed relation . It ca n be shO\\'n (sce thc 

Appendix ) that these conditions a rc 

~ = 0 : hoo(O) = 1. h;)o(O) = 0 , h~()( O ) = 0 (48) 

and there exists a uniquc so lution of' Equations (45 ) and 
(46 ). 

U ltimately, the se t of Equations (45)-(48 ) defines the 

uniqu c near-field so lution , inc luding a determination of 

the parameter (300. Let us ca ll this se t the " principal 
s\'stem of equations", 

5. MATCHING PROCEDURE 

5.1 . .IJa/ching the l/ ear:Jlelrl.l'olll tioll/or the tral/sitioll ::,olle L('ith 
the far:/ield olle for the glacier grounded j)(lrt 
In o rder to rind th e unknown parameLer L &q ) [or th e far­

field so lution of the gro und ed g laci cr part , let us introduce 

the quantity A = L~Y ) / Lo = Ao + oAI + 0W) . 
\Iatch ing th e g lacier upper-surfa ce profiles of the far­

field so lution and the near-field o ne can be carried o ut by 
using the intermedia Le asymptotic \'ariab le w = X / I/ (E) , 
where f/I/ -+ 0 and 1/ -+ 0 as f -+ 0 (Colc, 1968 ). In Lhis 
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\I·ay, a ll th e unkn o wn pa ra m e te rs ca n be fo und: 

( 49) 

Th en , a n expressio n fo r th e ice upper-surface pro fil e A, 
whi ch is \·alid a ll th e way fro m the divide to th e 

groundin g lin e, can be writt en in th e fo rm 

I t should be no ted th a t the para m e ter A is d e termined 

b y soh ·in g th e principa l sys te m o f equ a ti o ns a nd is th e 
d eyi a tion of th e f ~lr-[i e ld ice thi ckn ess a t th e g ro undin g 
line fro m th e nea r-fi e ld o ne th ere . 

5.2 . . Ua/chillg the near-field solll /ion Jar the transition :::on f ll'it/i 
the fm~field olle fOl the ire sllelf 
!-'Ia tc iJing th e Ca r-G e ld ice thi c kn ess a nd th e nea r-fi e ld o ne 
in th e sa ll1 (, way as heRlIT, \\T can find the las t unkno\\"n 
co ns ta nt A = A162/\Aj:J ,6(~(:l /4, \\·her (' Al is d e te rmined 

fi'o m th e nea r- fie ld soluti o n . Th e n , th e upper-surfa ce 

p ro fil e a nd th e ice-thickn ess di stributi o n , whi c h a rc \·alid 

thro ug ho ut fro m the g ro undin g line to th e ice fro nt , ta ke 
th e fo rm s: 

H owc\,e r , since th e ice thi c kn ess in th e iee-she lr regio n 

(fa r fro m th c g ro unding line ) is pro po rti o na l to E, a nd th e­

acc uracy o f th e d e te rmin a ti o n o f th e lower-surface profil e 

is to 0 (6) , th e e lcl·a ti o n o r thi s s urf~\ce \I·hi e h is va lid 

th ro ug ho ut a nd is [o und b y th e sta nd a rd p rocedure as 
before, \I·ill exceed th e uppcr-surbcc cl c\ ·a ti o n f ~lirl )' br 
fro m th e g ro undi ng line . Fo r thi s reason , it is cO Il\'C ni e nt 

to rind the lower-surface pro fil e with fo rmul a (42 ), \I·hi ch 

is \·a lid e \T ry\\' h rre [o r th e noa tin g ice: 

6. OVERALL ALGORITHM FOR SOLVING THE 
PROBLEM 

First, it is necessa n · to so h-e th r princ ipa l s\·stem o r 

eq ua ti o ns. As a res ult. th e fun c ti o ns ~ 'oo. hoo and th e 

pa ra m e te- r ,600 ca n be fo un d . TIlt' [uncti o ns AO ' u~ a nd 1)0 

are- d e- terminecl to \·a ri o us o rd e rs o r acc uracy b y th e 

fo rm ulae in Eq uat io ns (+71. 
L e t us m o\"C th e- o ri g in o r th e coo rdin a te sys te m to th e 

bed a t th e- diyi ck. II"h ose positi o n is kn o\l·n . Th e n th e 

Chugunol' and II 'i/Chinsk J): M odelling qf lIIarine glacier and ire-sheet 

po int X = .r(\ d efin es th e g roundin g line. Kno win g /3, \-I·e 
ca n find th e leng th Xci 0 1' th e g round ed g lac ier pa rt from 

th e equ a ti o n 

(50) 

whi ch is a co nseque nce o f Equation (35) . In Equatio n 

(50 ) , th e fun c ti on zo(x) is knO\\"ll , because th e bed pro fil e 

is give n a nd q(.1;) = g r d.T. 
H a \·in g d e te rmin ed XcI, th e wa ter depth z* beco m e-s 

kn O\l·n a s \lT II as th e scales or no n-dimensio na li za ti on. 
Th e- n , \ye can find th e scaled ice thickness a t the 

g roundin g lin e: 

L _ z* - ZO(Xd) 
IJ - [z]19* . 

Kn owkdge 0 [' th e \ 'a lue or Aj , \I·hi ch is (o und (i'o m 

Eq ua tion (49 ) , a IlO\,·s us to d e te rm i ne t he g la ci e r u pper­

surface prolil e fa r from th e g ro unding line by so Jyin ~ 
Equ a ti on (26 ) \lith th e initi a l condition: X = 0 : L~9 
= ALo· 

The problem [o r th e ice shell' ha s an a na ly ti ca l 

solution . The constant A is known from the ll e-a r-rield 

solutio n. Th e ll, it is easy to co nstru c t g lac iC'r-surf'a ce­

pro rilc di stributi o ns, whic h are \ ·;:did throug ho ut th e 

regio n . Alth o ug h the ice-upper-surface e lc\·a ti o n is fo und 
to he O rb), it s g ra d ie lll ca n be d ClC'rmineci as 0 (b2

) . 

It sho uld be no ted th a t Sa la matin' s ( 198+ ) bo und a ry 

conditi o n ca ll be tra nsfo rm ed to th e form [o ulld in this 

pa pcr b~· choos ing th e pro pe r \"<l lue o f th e pa ra m e- tc r 

2~----------~-------------------. 

___ a 
_, ________ b 
_ ___ c 

o+--~-~-~~~-,--.--,-~ 
- 3 - 2 -1 0 /'/ 2 3 

/ 

DIMENSIONLESS HORIZONTAL COORDINATE ~ 

Flj;. 2. The near)ield solutions (a) fo r the glacier ,I Ill/a ce 
/){o[iII'J difji' r FOIII the .far-ji eld on es ( c ) .for 
- 1 < E, < 2. There i., ({ jJoill1 o.f loml minimum of lite 
ujijJer-slII'/a(e fln'alioll . T lte d{/.)lt ed lille ( b ) I.' lite waler 
lel'ei. 

5 

65 https://doi.org/10.3189/S0260305500013264 Published online by Cambridge University Press

https://doi.org/10.3189/S0260305500013264


~ 

CIllIgunov and Wilclzinsky: M odelling oJ marine glacier and ice-sheel 

w hich cha rac teri zes th e devia ti on o f the reduced norm a l 

devia tori c stress from its true va lu e. Compa rison of the 

different bo und a ry conditi ons, as well as numerical 
m e th od s, to so lve th e nea r-fi eld prob le m will be 
consid ered elsewhere. Th e res ults of ca lcul a ti ons are as 
foll ows: 

(30 = 1.5 + 0 (8), 19~ = 1 - 0.678 + 0 (82) , 

A = 1 + 0.328 + 0 (82
), Al = 1.86 . 

Th e glac ier-surlace p rofil es a re shown in Figure 2, In 

whi ch we can see tha t th e upper-surface eleva tion has a 
po int of loca l minimum , whi c h co inc id es with th e 

conclusio n o f Barcilo n a nd M acA yea l (1993). Fo r 

compa ri son, the fa r-field solutions, as ~ --7 0, a re shown. 
It is clear tha t, a t a di sta nce o f several ice thi ckn esses from 
th e groundin g line, th e fa r-fi eld so lutio ns pro pe rl y 
describe the ice d yna mics . 

Severa l tes ts on the mod el examples we re carri ed out 

to compa re the grounding-line positions fo und using 
Thom as a nd Bentley's (1978) bo und a ry conditions a nd 
those d erived in this pa per. The difference between the 
results ob tain ed is abo ut 10% of the ground ed g lac ier 
leng th. 

7. CONCLUSIONS 

The stud y ca rried out here allows us to find stri c t 
boundary conditions a t the grounding line without the 

use of simplifying assumptions, such as a re mad e in the 

bound a ry-laye r a pprox ima tio n. Th e pa ra me ter (3 is 
d etermined by th e solutio n of the near-fi eld probl em; 
however, for rea l glaciers, it ca n be fo und by na tura l 
surveys . C ha nges in thi s pa ra m e ter sho u ld reOec t 
individual peculi a riti es o f the specifi c glacier, such as 

sliding, tempera ture distributions a nd bed roughness. 

The importa nt result li es in the fac t tha t the nea r-fi eld 
ice thi ckn ess a t the g rounding line a nd tha t of the fa r fi e ld 
[or the g round ed glacier pa rt differ from the no ta ti on 
thi ckn ess by - 3.3% a nd - 0.1%, respec ti ve ly. This means 
tha t th e condition ofh ydros ta ti c equi li brium for the ice a t 

the g rounding line is th e bo und a ry condition fo r the 
g round ed pa rt of the g lacier as well as being a proper 
a pprox im a ti o n for th e rela ti onship be tween th e Ice 
thi ckn ess a nd the wa ter depth a t tha t line. 

The g lac ier-surface profil es in the vicinity of the 

g round ing line can be found se pa ra tely from the soluti ons 

of the fa r-fi eld problems, where the spa n scales a re much 

hig her. This a ll ows us to find the g lacier-surface eleva ti on 
to a suffi cient order o f acc uracy in a ll regions. The 
ex istence o f a loca l minimum of th e upper-surface 
elevation a lmos t over the g rounding line is commensura te 
with real glacier cha rac teristics . This implies tha t the 

detec tion of such a line of local minimum elevation by 
surveys can point to the g ro unding-line pos ition . 

Our coheren t a pproach to the stud y of a ll parts of the 
glaciologica l sys tem (grounded ice shee t, ice shelf a nd 
tra nsition zo ne) allows us to find rela ti on hips between 

the spatia l sca les of its pa rts via the pa ra meters E (typica l 

ice-surface slope) and 8 (no rmalized difference between 

Ice and wa ter densiti es ), whi ch cha rac teri ze ex teri or 
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condi tions o f the ex istence of the g lacier. This a lso a ll ows 
us to construct a complete model desc ribin g the d yna mi cs 

of th e sys tem . 
D es pite the fac t th a t m os t g laciers a re essenti a ll y no n­

iso therm a l, the form of th e bounda ry conditions a t th e 
g ro unding line d oes no t cha nge, exce pt for the consta nts (3 
and 19* . The case of Gl en 's flow la w wi ll be consid ered 

elsewh ere. 
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APPENDIX 

The numeri ca l a lgorithm to solve Equ a tions (45 ) a nd 
(46) requires two initi a l conditions for hoo at th e point 

~ = O. In addition , Equa ti ons (45 ) a nd (46) include the 

unknown parame ter (300, whose d etermina tion need s 
a nother imposed condit ion. In ord er to elucida te these 
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q ues ti o ns, it is necessa ry to exa min e th e behav io ur of th e 

fun c tio n hoo as ( -+ 0 a nd ( -+ +00 . 
The asymptoti c behavior of 'l/Joo a nd hoo, w hen ( -+ 

+00, can eas il y be d e ri\ 'ed: 

2(3-1/2 
h - 00 

DU - JA
1 
+( ' 

(y - 1) 
'!/Joo = - h- - ' ( -+ +00 . 

all 
(51 ) 

G enera ll y, Al =I- A. From Equa ti ons (51), we can con­
c lud e th a t 

lim h UD = O. 
~~-rX 

(52) 

W e now CO l1\'e rl Equa ti on (46) to a fo rm from \\'hi ch 

we ca. n 'dedu ce th e beha \'i o ur o[ hO~ in th e vicinity o[ th e 
grounding line. \Vith th e use of th e first equ a ti on o f ( 12) 
a nd a ft er differenti a ti on , Equa tion (46) ca n be tra ns­
form ed to th e fo llowing form : 

, 11 [e]2'l/Joo IY'l/Joo] 
flooholl + hoo 01 2 - ~ 

[ 

J Y3 ] Y=1-'['01l3 3 ] 
+2h' a' 'l/Joo _ a' 'l/Joo - h'2 (} 'l/Joo _ a '1/)00 

DO ay2 f) t at:l DO f) y3 Btlay 
<., <., y= l-hllo . <., ,</=1-11011 

30' 'l/Joo + a' 'l/Juo 
[ 

J 3 ] 
at;,2ay ay3 y=I-IIuo 

( = 0 : hoo = 1. (53) 

Chugllll ov alld ll 'ilchinsk)!: }vIadelling of marille glacier and ice-sheet 

F or th e problem under considera tio n, we ass ume tha t 

hoo is a sm oo th fun c ti o n a nd be longs to th e cl ass 

H2( -00, +00); th en \I'e ha \'e h~o(O ) = O. T a king, in th e 

\ 'ic init y o f th e grounding line hoo (( ) ~ 1, we ean lind 'l/Joo 
when ( a nd y a rc sma ll (Ba rc il on a nd l\la cA yea l, 1993): 
'l/Joo = CT3/ 2 cos(B/ 2) sin B + O(rN2), wh ere T and Bare 
po la r coo rdin a tes and C is a n unknown eo nsta nL. it is 

easy to verify th a t, with th e stream fun c tion chosen in thi s 

way, hoo (( ) == 1 \lill be th e so lution o f Equa tion (53). 

Also, th e coe ffi cient of h~1J tends to ze ro , as ( -+ O. Th ese 
res ults sugges t th a t compl ementa ry initi a l conditions a re 
d efin ed by th e problem itself a nd a rc h ~o = 0 , haD < 00 on 
(= O. 

Genera ll y, th e so lutio n of Equ a ti on (53 ) w ith a rbi­

tra r y floo d oes no t sa ti sfy conditi on (52 ) , w hi ch is 
necessa ry to ma tch th e fa r-fi eld so l u ti on fo r th e ice 
thickn ess to th e nea r-fi eld o ne, beca use it was d eri ved 
fi 'om Eq ua ti on (46 ) b y differenti a tion . H ence, wc ha \'e 
condition (52 ) to d e termine (300 . H owever, if wc sok e 

Equa ti ons (45) a nd (46 ), th en Equa ti on (52 ) is sa tisfi ed , 

but th e rela ti on h~o( O ) < 00 is no t \'a lid fo r a rbitra ry floo . 
:\Tum eri ca! ca lcul a. ti ons show th a t thi s rel a ti o n is equi\'a ­
lent to h~o(O ) = 0 a nd llllmerica l a pprox im a ti on of hao(O) 
with fini te .6.(, \I'he re .6.( is th e discre ti za tio ll leng th , is a 
continuo LL s fun ctio n of floo . H ence th ere exi sts a uniqu e 

so lution o[ Equ a ti ons (45 ) and (+6 ) . 
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