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ABSTRACT

We consider the natural A.o-structure on the Ext-algebra Ext*(G,G) associated with
the coherent sheaf G = Oc © Op, @ --- @ O,, on a smooth projective curve C, where
P1, ... ,pn € C are distinct points. We study the homotopy class of the product msg.
Assuming that h°(p1; + - - -+ p,) = 1, we prove that m3 is homotopic to zero if and only
if C is hyperelliptic and the points p; are Weierstrass points. In the latter case we show
that my is not homotopic to zero, provided the genus of C' is greater than 1. In the case
n = g we prove that the A,-structure is determined uniquely (up to homotopy) by the
products m; with ¢ < 6. Also, in this case we study the rational map M, , — AY°—29
associated with the homotopy class of m3. We prove that for g > 6 it is birational onto
its image, while for g < 5 it is dominant. We also give an interpretation of this map
in terms of tangents to C' in the canonical embedding and in the projective embedding
given by the linear series |2(p1 + - - - + py)|.

Introduction

Let C be a smooth projective curve of genus g over an algebraically closed field k. With any
generator G of the derived category D’(C) of coherent sheaves on C' one can associate an
Aso-algebra of endomorphisms of G, which is basically the Ext-algebra Ext*(G, G) equipped
with higher operations defined uniquely up to homotopy. More precisely, this construction uses
a dg-enhancement of DY(C) and applies to it the homological perturbation theory developed
originally in [Kad85, GLS91, GS86], with explicit formulas given in [KS01, Mer99]. Furthermore,
this A.c-algebra determines the derived category D®(C) (see [Kel06, Theorem 3.1]), and hence
the curve C (at least, if either char(k) = 0 or g # 1; see [HVO07]).

One of the possible choices of a generator of D’(C) is G = O¢ @ L, where L = O¢(p)
for some point p € C (the subcategory generated by G contains O¢(np) for any n > 0, so
G is a generator by [Orl09, Theorem 4]). In the case of an elliptic curve the corresponding
Axo-algebra was explicitly computed in [Polll] (assuming k = C). Note also that in this case
there exists an autoequivalence of D°(C) sending G to O¢ @ O,. Also, in the genus 1 case
Lekili and Perutz studied in [LP11] homotopy classes of minimal A-structures on Ext*(G, G)
extending the natural double product. Their results imply that all nontrivial homotopy classes
of such As-structures arise either from elliptic curves or from the nodal plane cubic (see [LP11,
Proposition 9]). Also, any such A,-structure is finitely determined, i.e., determined up to
homotopy by a finite number of the products m; (actually by m; with ¢ < 8).
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In this paper we consider a partial extension of this picture to higher genus curves and to
the case of generators of D¥(C) of the form

G=0c®0, & &0, (0.0.1)

where p1, ..., p, are n distinct points on C' (n > 1), such that h°(p; +---+p,) = 1 (in particular,
n < g). We would like to study the As-structure on the corresponding Ext-algebra

E = E,, = Ext*(G,G),

which, depends only on n and g as an associative algebra (however, the higher products depend
on (C,p1,...,pn)). In the case n = g this Ext-algebra looks particularly nice: it is generated over
the (g + 1)-dimensional subalgebra spanned by the natural idempotents in Hom(G, G), by the
one-dimensional spaces Hom(O¢, 0,,) and Ext'(O,,, Oc). Furthermore, the defining relations
between these generators are monomial (see (1.2.1)).

In general, it follows from the work of Toén (see [Toé09, Corollary 1.3]) that for any generator
G of the derived category of coherent sheaves on a smooth projective variety the natural A..-
structure on Ext*(G, G) is determined up to homotopy by a finite number of the products m; (in
the class of Aso-structures that are smooth and proper). It turns out that in our case a stronger
statement holds: any minimal A.-structure on E,, is finitely determined. More precisely, it
was proved in [Fis12] that any minimal A.-structure on Fg 4 is determined up to homotopy by
m; with ¢ < 6. This follows from the vanishing of certain graded components of the Hochschild
cohomology of E, ; (see Theorem 1.3.1). We give a simpler proof of this vanishing using a minimal
resolution of E, , from [Bar97]. On the other hand, we show that the same vanishing does not
hold for the algebra E,, if n < g, and in this case there exist A.-structures on E,,, that are
not determined by any fixed finite number of m; (with a possible exception of the case g = 2,
n = 1; see Remark 1.3.2(2)).

We also consider the following basic question about the Ay-structure on E,,, coming from
(C,p1,...,pn): whether it is equivalent to the one with ms = 0. We prove that this holds if and
only if C' is hyperelliptic and the points pi, ..., p, are Weierstrass points (see Theorem 2.6.1).
Furthermore, we also show that if g > 1 then either ms or my is always nontrivial. The main
point in the proof is that the Hochschild cohomology class given by the triple product ms can
be recovered from the triple Massey products for the complexes

] .o (0.0.2)

(see Proposition 1.3.3 and §2.4). In the hyperelliptic case we also study a certain quadruple
Massey product and use [LPWZ09, Theorem 3.1] to connect it with my.

In the case n = g we compute the triple Massey products (0.0.2) in terms of canonical rational
sections of some natural line bundles on the moduli spaces M, 4 of curves with g marked points.
Considering rational monomials of these sections, we get g? — 2g rational functions on My, ie.,
a rational map

o Op; Op,

@: Mgy — AT (0.0.3)

(see §3.2). Assuming that the characteristic is zero, we prove that for g > 6 this map is birational
onto its image (see Theorem 3.2.1), while for ¢ < 5 it is dominant (see Theorem 5.2.2). The
main idea in the proof of the former result is to reconstruct a curve C' from the multiplication
table between certain rational functions with prescribed polar parts at pi,...,p, € C (see
§4). We also observe that the above rational map extends to stable curves and make explicit
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calculations for rational irreducible nodal curves (see §4.2) To prove dominance for g < 5 we first
calculate the tangent map (see §5). Then we again use explicit calculations for rational nodal
curves.

It is interesting to note that our triple Massey products (0.0.2) have a nice geometric
interpretation: they record positions of the tangent lines to C' at p; in the canonical embedding,
as well as, for n = g, of the tangent lines to C at p; in the projective embedding given by the
linear system |2(p1 + --- + pgy)|. Equivalently, they can be related to the Wahl maps (defined
in [Wah90]) for the line bundles we and O(2(p1 + - - - +py)) evaluated at the marked points (see
§3.3).

The interest in characterizing As-algebras of the form Ext*(G,G) is motivated by the
homological mirror symmetry conjecture, extended to non-Calabi—Yau manifolds (see [KKOY09]).
Note that one knows the homological mirror correspondence involving a higher genus curve on
the symplectic side and a Landau—Ginzburg model on the B-side due to the work of Seidel
and Efimov [Seill, Efi12]. The other half of the correspondence for the same mirror pair
should involve the derived category DP(C), governed by the A..-algebra Ext*(G,G). Thus,
finding a characterization of A.-structures on E, , arising from curves would be a step towards
establishing such a correspondence. In a sequel to this paper we will compute explicitly the higher
products on E, , arising from curves and will study the normal forms of arbitrary A..-structures
on Ey,.

The paper is organized as follows. In § 1 we perform the calculation of the relevant Hochschild
cohomology of the algebras F, (mostly for n = g). Section 2 is devoted to Massey products.
Here we compute the triple Massey products governing the Hochschild cohomology class of mg
on F,,, and a certain quadruple Massey product related to my4. This allows us to characterize
geometrically the vanishing of mg (see Theorem 2.6.1). In §3 we study the Massey products
(0.0.2) globally over the moduli space of curves and show how they lead to the rational map
(0.0.3). Also, in §3.3 we discuss the connection with the tangent lines to C' in the canonical
embedding and in the embedding given by |2(p1 + - - + py)| and with the corresponding Wahl
maps. In §4 we prove that (0.0.3) is birational onto its image for g > 6. Finally, in § 5 we compute
the tangent map to (0.0.3) and show that it is dominant for ¢ < 5. Appendix A contains GAP
codes that we used to carry out explicit calculations needed for some proofs.

Notation and conventions. We work over a fixed ground field k, which is assumed to be
algebraically closed whenever we discuss geometry. By a curve we mean a projective connected
curve over k. By a divisor on a (not necessarily smooth) curve C' we always mean a divisor
supported on the smooth part of C. For such a divisor D we use the notation h'(D) = dimy H*(C,
O(D)) for i = 0,1. We use the similar notation h*(L) for a line bundle L. In a triangulated
category we denote Hom"(X,Y) := Hom(X,Y[n]) for n € Z. We also depict elements of
Hom"(X,Y) by arrows X 5 Y. For a morphism f : X — Y we often denote the morphism
f[n] : X[n] — Y[n] simply by f. For a dg-category C we denote the differentials on the Hom-spaces
by 0. We denote by H*(C) (respectively, H(C)) the category obtained by passing to cohomology
(respectively, zeroth cohomology) in Hom-spaces of C. For dg C-modules M, N we denote by
Home (M, N) the space of morphisms in the dg-category of dg C-modules. All our Aso-structures
are assumed to be strictly unital. For a vector space V with a basis B, an element b € B, and an
element w € W in another vector space, we denote by [b]*w the linear map V' — W sending b to
w and B\b to zero. For a line bundle or a one-dimensional vector space L we often abbreviate
L®" as L™
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1. Hochschild cohomology

We refer to [Kel01] for an introduction to Ac-algebras. Recall that an A.-structure (m;) on a
vector space A is called minimal if mq = 0. In this case ms equips A with a structure of a graded
associative algebra. Thus, fixing mo. we can talk about minimal A.-structures on a graded
algebra A. It is well known that equivalence classes of such A..-structures on A are controlled by
the Hochschild cohomology HH*(A) = H*(A, A). In particular, if we have two such structures
(m;) and (m}) with m; = m/, for i < n then m], —m,, is a Hochschild n-cocycle of internal degree
2 — n, whose triviality means that the structure (m}) can be changed by a homotopy in such a
way that m; = m/, for i <n (see [Pol03a, Lemma 2.2]). Let us denote by HH*(A); the component
of the ith Hochschild cohomology group of internal degree j. We deduce that the vanishing of
the Hochschild cohomology HH*(A)s_; for all i > N implies that any minimal A..-structure on
A is determined by (m;) with i« < N up to homotopy.

We would like to apply these principles to the Ext-algebra E = E,, (described explicitly
below). In the case n = g the relevant Hochschild cohomology was studied in [Fis12]. Here we
present two results of this study: an explicit description of HH?3(E)_; and the vanishing of
HHY(E,E)y_; for large i (see Proposition 1.3.3 and Theorem 1.3.1(i) below). In addition, we
will show that the latter property does not hold if n < g.

1.1 Algebras Eg4
Let C be a projective curve over k of arithmetic genus g, and let p1,...,p, be distinct smooth
points on C such that h%(p; + --- + p,) = 1. Then from the short exact sequence

0—=0c—=Oc(pr+-+pn) = Oc(pr+-+pn)/Oc — 0

we get the boundary homomorphism

D H (C,0(p)/0) = H(C,O(pr + -+ + pn) /O) = H'(C,0),
i=1
which is an embedding, since the map H°(C,O) — H°(C,O(p; + - -- + pn)) is an isomorphism
by our assumption.
Let A; € Hom(O¢, 0,,) and B; € Ext'(0,,,Oc) be generators of these one-dimensional

spaces. Then
Y; = A; o B; € Ext} (O, 0p,)

is a generator of Ext!(0,,, 0p,), and the elements

Xi = Bz o Az S Eth(OC, OC) = Hl(OC)

fori=1,...,n are linearly independent. In the case n < g we extend these to a basis (X1,..., Xy)
of HY(O¢).
Thus, the algebra E,,, = Ext*(G, G), where G is given by (0.0.1), has the k-basis
ep = id(’), €Opi = idopi’ Ai;BhY;ai: 1,...,7'L;
Xj,jzl,...,g.

The only nontrivial products in E,,, are the obvious relations involving the idempotents ex and
€o,, , as well as the relations A;B; = Y; and B;A; = X; for i = 1,...,n. In particular, this algebra
does not depend on a specific curve and points on it.

Note that the algebra E,, is the quotient algebra of the path algebra of the quiver I, 4
with n 4 1 vertices, marked with O and O,,, i = 1...,n. The arrows in I, ; go in the direction
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opposite to the direction of morphisms in D?(C). Namely, for each p; we have one arrow of degree
1 from O to O, and one arrow of degree 0 in the opposite direction. In addition, we have g —n
loops of degree 1 at O (that correspond to the generators X, y1,...,Xy).

We denote by E; , the ideal in F, ,, obtained from paths of length at least 1. In other words,
this is the k-subspace spanned by all A4;, B;, Y; and X;.

1.2 Minimal resolution of E,

Our method of calculating the Hochschild cohomology of E = E,, is similar to that used
in [LP11] for ¢ = 1. Namely, we view E as the quotient of the path algebra k[I'y,] by the
monomial relations

for 1 <1i,j < g, 1+ j. Hence, we can use a minimal projective resolution
o= PP — F

over the enveloping algebra E¢ = F ® E° constructed in [Bar97]. Let us recall this construction.
For every pair of vertices v,v’ in the quiver we have the projective F — E bimodule

P, = Fe, ® ey E,

where e, is the idempotent in E corresponding to v. For a path p in 'y ; let v and v’ be vertices
such that eype,, = p in k[I'g4]. Then we call P,, the projective bimodule generated by [p],
and denote its elements by x[p]y, where x € Ee,, y € e, E. We define the projective bimodule
generated by a collection of paths as the direct sum of the projective bimodules generated by
each path.

The E — FE bimodules in our minimal resolution are defined as follows: Py = E¢, and for j > 0
we define P; as the projective bimodule generated by the set AP(j) of paths in Iy 4, defined by
the following recursive procedure.! By definition, AP (1) consists of all paths of length 1, i.e., of
A;and B; (i =1,...,9), while AP(2) is exactly the set R of generating relations, namely of the
paths in (1.2.1). Next, AP(3) consists of paths ‘linking’ pairs from R, namely,

Let us denote by S the set of nonempty proper subwords in R. Thus,

Note that each path in AP(3) has the form p = sr, where r € R and s € S. Similarly, every path
in AP(j) will be of the form p = sp’, where p’ € AP(j — 1) and s € S. By definition, for j > 3,
AP(j + 1) is obtained by taking all paths p = sp’ € AP(j) (where p' € AP(j —1),s € S) and
replacing s either by an element of R ending with s or, in the case s = B;A;, by A;B;A;. For
example,

AP(4) = {(AiB:)?, (B Ai)?, (BiA;)? By, AiBiA;B;A; By, Ai(BjA)? | 1 <i,5 < g,i # 7} (1.2.2)

For a path p = sp’ € AP(j) with p’ € AP(j — 1) and s € S, we call s the head of p.
For an arrow a in the quiver I'y ; we denote by s(a) and t(a) the source and the target of
a (these are vertices of I'g 4). The first two of the differentials d; : P; — Pj_; are described as

follows:
ollows dy : [a] > €5(a) Ka—a® €t(a)>

ds : [aras...] > [a1]as--- +aifas] -~ + -,

! We specialize a more general procedure from [Bar97] to our situation.
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where a € AP(1), ajaz... € AP(2). For odd j > 2 the differential is
dj : [p) = s'[p'] — [p"]s",

where we write p € AP(j) in the form p = s'p' = p”s"” with p’,p” € AP(j — 1) and s,s’ € S. For
even j > 2 the differential is
dj : [p] = Zsl[pl]s%

where p € AP(j) and the sum is over all decompositions p = s1p'sy with p’ € AP(j — 1). Tt
is shown in [Bar97, Theorem 4.1] that we get in this way a minimal projective resolution of F
over F°.

LeEMMA 1.2.1. (a) The maximal internal degree of the generators of P; is equal to

~ Ji-li/4-1, j=-1mod (4),
"= {j —[j/4,  otherwise.

(b) The maximal internal degree of the generators of Pig (respectively, Py) that end with A;
is equal to 7 (respectively, 6).

Proof. (a) For each s € S let us denote by a;(s) the maximal degree of a word in AP(j) with the
head s (where deg A; = 0, deg B; = 1). Then from the definition of AP(j) we get that as(s) = 2
for all s, as well as the recursive formulas

aj+1(A) = max(a;(B), a;(BA))

for j > 3. Here we omit indices with A and B since the value of a;(-) does not depend on them.
Now it easy to check by induction that

aj(BA) = h(j), aj(B)=h(j+1) =1, a;j(AB)=h(j+2) -2, a;(A)=h(j+3)-3,

which implies the assertion since h(j + 1) < h(j) + 1.

(b) For s € S let us denote by b;(s) the maximal degree of a word in AP(j) that has the
head s and ends with A; (in the case when there are no such words we set b;(s) = —o0). These
numbers satisfy the same recursive formulas as the numbers a;(s). From this we get

bg(A) = bg(AB) = by(B) = 6,bg(BA) = —o0,
bio(A) = 6,b10(AB) = bio(B) = bio(BA) = 7,

which implies our claim. O

1.3 Calculations

Hochschild cohomology groups HH'(E, ,)2—; were calculated in [Fis12]. Here, using a minimal
projective resolution of E, , over its enveloping algebra, we give a different proof of the fact that
these groups vanish for large .

THEOREM 1.3.1. (i) One has HH'(E, 4)a—; = 0 for i > 8. If g > 1 then HH'(E, 4)2—; = 0 for
1> 6.
(ii) Assume 1 < n < g. Then HH'(E,,)2—; # 0 for all i > 5.
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Proof. (i) We can compute the Hochschild cohomology of £ = E, , using the minimal resolution
P, — FE from §1.2. First, we claim that Hompge(P;, E(2 — i)) = 0 for ¢ > 10. Indeed,
Lemma 1.2.1(a) implies that the internal degrees of generators of P; are less than ¢ — 2. Next,
for i = 9 or 10 we still claim that Hompge (P;, E(2 —i)) = 0. Indeed, first we observe that in this
case a;(s) = i—2 only when s begins with some Bj. Thus, the only possibly nontrivial morphism
P; — E(2 — i) should send a generator p € AP(i) of degree i — 2, beginning with By, to Ey. But
any nonzero homogeneous element of degree 0 in Ey that begins at the vertex O is proportional
to e, so p has to end with A;. By Lemma 1.2.1(b), this contradicts p being of degree i — 2.
Now assume that g > 1. We claim that the maps

dy : Hompge (Pg, E(—6)) — Hompge (Py, E(—6))

and
d; : HomEe(P7, E(—5)) — HOmEe(Pg, E(—5))

are injective and hence HH®(E)_¢ = HH"(E)_5 = 0. First, let us analyze the spaces Hom ge (Px,
E(—6)) and Hompge (P, E(—5)) using methods of Lemma 1.2.1. Since (Ps)s¢ = 0, the only
nonzero components of Hompge(Pg, E(—6)) correspond to generators of degree 6 in Pg mapping
to Ey. Among such generators p € AP(8) beginning with B; we are only interested in those that
end with some A; (otherwise, there is no element in Ey to map p to). Note that ag(A) = bg(A) =
bs(AB) = 5 and bg(B) = —oo. In particular, we only need to consider p with the heads B;A;
or A;B;. In the former case p should end with some Aj;, so from the definition of AP(-) we see
that p = (B;A;)?p/, where p’ € AP(4) has the head B;A; and ends with some Aj. From the list
(1.2.2) we conclude that p’ = (B;A;). On the other hand, in the case when p has the head A;B;
we have p = A;B;A;BjA;B;p’, where p’ € AP(4) has the head A;B; and ends with B; (otherwise
there is no element in Ey to map p to). This gives either p’ = (4;B;)% or p’ = A;BjA;B;A;B;.
Thus, Hompge (Ps, E(—6)) has the following basis:

a1(i) = [(BiAi)T eo,

(i, j) = [(Bidi)*(BjAj) T eo, i#J,

as(i) = [(4:B) ) eo,,

ay(i, j) = [AiB; Ai(B;Aj)? BiA;Bi|*eo,,, 1i#j. (1.3.1)

Here we identify Hompe(Ps, E(—6)) with the subspace of graded linear maps from the vector
space with the basis AP(8) to E(—6) and denote by [p|*z the linear map that sends p € AP(8)
to x and sends other basis elements to zero. To show that the images of the basis elements (1.3.1)
under d§ stay linearly independent it is enough to give some basis elements (i), ... B4(4,j) in
Hompge (Py, E(—6)), such that §,,(A) appears in d§(c,(A)) but not in d§(ay(x)) with n > m
and not in dg(a, (A’)) with A’ # A. For this purpose we take

i,7) = [A;(BiAi)*(BjA)°) 45, i # j,
Ba(i, j) = [(BiAi)2(BjAj)ng‘AiBi]*Bi, 1% J,

where in the first line we choose any j, different from 3.
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The proof of injectivity of df is very similar, where we use the basis of Hompge(P;, E(—5))

given by
a1 (i) = [(BiAi)]*eo,
as(i, j) = [(BjA;)* (BiAi) Y eo, i # j,
as(i,j) = [(BjA)(BiAi)"eo, i # j,

as(i,§) = [AiB;Ai(B;A;)* B A B|*eo,,, i # ],
(i, j) = [ABA(BA)?’B]eOm, i # 4,
a7 'La]) [A (B A ) BzAsz] €0y, » i# ]

and the following basis elements in Hompge(Pg, E(—5)):

Bi(i) = [A;(BiAi)** A5,

Ba(i,§) = [A <BA><BZ~AZ->2]*Aj, i # J,
Ba(i, ) = [Ai(B; Aj)*(Bidi)°" Ai, i # j,
Ba(i) = [(Ai )6] Y,

Bs(i,§) = [(BiA:)*(BjA;)?Bidi B]*B;, i # j,
Bs(i, §) = [(BiA:)*(B;A;)*Bi)* B, i # j,
Br(i,§) = [AiBiAi(Bj A’ BIAB*Y;, i # j,

where in the first line we choose any j, different from 3.

(ii) Let us consider the standard complex (C*®,d) computing the Hochschild cohomology of
the algebra ' = F,,. The basis of ' as R bimodule gives us a basis of each C™ of the form
[w]*b, where b € E is a basis element and w is a (composable) word of length n in basis elements
in Ey. Let us set X = X,,41. We claim that for ¢ > 5 the element

c=[XBIYI A XYY X + [X X1 B AL XY X, e CF (1.3.2)
is a cocycle giving a nontrivial cohomology class. Indeed,
S(XBIV1AI XY X)) = —6([X X1 B1 A1 XY X)) = —[XB1 A1 B1 A X4 X,

s0 0(¢) = 0. On the other hand, note that the product of any two consecutive letters in the word
w = X B1Y1 A1 X** is zero. Hence, for any basis element [w']*b € C*~!, such that [w]* X appears
in §([w']*b), we have either w = Xw’ and X; = Xb or w = w'X and X; = bX. Since X; is not
divisible by X either on the left or right, this is impossible. O

Remarks 1.3.2. (1) In the case g = 1 the spaces HH(Fy1)_4 and HH®(E11)_¢ are one-
dimensional. Furthermore, (assuming char(k) # 2,3) any minimal A.-structure on Ej;
extending the natural mo is equivalent to the one for which mg = m4 = ms = 0, and the
Hochschild classes of mg and mg completely determine the Aoo-structure up to an equivalence
(see [LP11, Theorem 5]). In the case g > 1 any As-structure is determined by the products
m; with i < 6. However, the situation is more complicated since mg is usually nonzero (see
Theorem 2.6.1 below). Furthermore, Theorem 3.2.1 below implies that an A.-structure on Eg 4
arising from a generic curve of genus g with g points, is determined among such A,.-structures by
mg alone. However, it is not clear whether every generic A-structure on £, , arises geometrically
for g > 1 (this is true for g = 1).
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(2) Assume that 1 <n < g and g > 3. Then for any ¢ > 5 there exists a minimal A,-structure
on E,, with standard mg, such that m; gives a nontrivial Hochschild cohomology class, and
mj = 0 for j # 2,4. Indeed, we can define m; by a slight modification of formula (1.3.2):

mi = [XB1Y1 AL X T X, + (X X1 B AL XX € CF

for any j # 1,n + 1. Then the A.-axiom is satisfied for (mg,m;). Hence, in this case an
Ao-structure on Ey , is not determined by any fixed finite number of (m;). Note that this
does not contradict Toén’s result [Toé09, Corollary 1.3], since we do not impose the condition
for our As.-algebras to be smooth.

PROPOSITION 1.3.3. Assume char(k) # 2. Let us associate with a Hochschild 3-cocycle c on Eg 4
of internal degree —1 the constants «;;(c) by

Bza}/;yA Zalj

Then the map

a: e (a5(c))iz) (1.3.3)
induces an isomorphism of HHS(Eg“g),l with the space of g X g matrices with zeros on the
diagonal.

Proof. Let usset £ = E, .

Step 1. First, we check that the map « is well defined, i.e., that it vanishes on boundaries. Indeed,
for a 2-cochain h of internal degree —1 we have h(B;,Y;) = A+ B; and h(Y;, A;) = N A; for some
constants A\, \'. Hence,

(6h)(B;,Yi, Ay) = —h(B;,Y;) - A; — B; - h(Y;, A;) = —AB;A; — N B;A; = —(N + M) X,
so a;j(0h) =0 for i # j.

Step 2. Next, we claim that the map « is surjective. Indeed, for i # j let us consider the
Hochschild 3-cochain
fij = [BiYi Ail" X + [Bi A Xi]" X

It is easy to check that f;; is a cocycle and that a(f;;) is the elementary matrix E;;.

Step 3. dim HH?(E)_1 = g(g — 1). Using the minimal E°-resolution P, — E from §1.2, we can
identify the space HH 3( )—1 with the middle cohomology in

d% d;
Hompe (P, E(—1)) — Hompe(P3, E(—1)) — Hompge(Py, E(—1)).

First, note that Hompge(Py, E(—1)) = 0. Indeed, the only generators of degree <2 in P
correspond to paths A;B;A;B;A; € AP(4), where i # j, and there are no elements of degree
Lin eo, Eeo. The space Hompe (P3, E(—1)) has the basis

[BiA;B;Ai]* X, [AiB;AiBi]"Y;, 1<1i,j<g.
On the other hand, the space Hompge (P, F(—1)) has the basis
[AiBi A" A, [BiAiBi]" By, i=1,...,9g
Furthermore, the differential d3 is the direct sum of g copies of the same differential as for the
g = 1 case, which is injective provided char(k) # 2 (see the proof of [LP11, Theorem 4]). Hence,
the dimension of the cohomology is (g2 + g) — 29 = g? — g as claimed. O
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2. Massey products

2.1 Massey products for dg-categories
Let (A, 0) be a dg-algebra over k. For a 0-closed element a € A we denote by [a] the corresponding
cohomology class in H*(A) := H*(A, ). Also for a homogeneous element a € A we set

qa= (_1)1+deg(a)a'

Suppose that we have a collection of homogeneous elements as = (a;;), where 0 < i < j < n,
(i,7) # (0,n), satisfying the equations

8(@@') = Z aikakj (2.1.1)

i<k<j

for all 0 <@ < j < n, (4,7) # (0,n) (in particular, the elements a; ;41 are O-closed). Then it is

easy to check that
N(ao) = Z A0k Okn
0<k<n

is also 0-closed. For given (homogeneous) cohomology classes hi,...,h, € H*(A), one defines
the nth Massey product

<h1,. . 'ahn>dg C H*(A)

as the subset formed by the classes [11(ae)]| as ae = (ai;) Tuns through all collections as above
with [a;—14] = hi, © = 1,...,¢ (see [Kra66, LPWZ09, May69]; we follow the sign convention
of [LPWZ09]). We call a collection ae as above a defining system for (hi,...,hp)qs. We say
that the Massey product (hi,...,hn)qg is defined if this subset is nonempty, i.e., there exists a
defining system for (h1, ..., hy)de. For example, the double Massey product is always defined and
is given by the usual product, up to a sign. The triple Massey product (h1, ho, h3)qg is defined if
and and only if the double products hihg and hohs vanish in H*(A).

Now let C be a dg-category over k, and let H*(C) be the corresponding graded category
obtained by passing to cohomology on morphisms. Let Xy, ..., X, be objects of C. The equations
(2.1.1) make sense for a collection of (homogeneous) morphisms a;; € Hom¢ (X, X;). Thus,
similarly to the case of a dg-algebra, one defines the Massey product of a collection (hy,...,hy)
of homogeneous morphisms in H*(C), where h; € H* Home (X, X;-1).

Recall that the homological perturbation theory provides a minimal A.-structure on H*(C)
(see, for example, [Mer99]). We will use the following important connection between the dg
Massey products and this A,.-structure.

THEOREM 2.1.1 [LPWZ09, Theorem 3.1]. Consider a minimal A -structure on H*(C) obtained
by homological perturbation theory. Let (h; € H* Home(X;, X;-1)),7=1,...,n, be homogeneous
elements, such that the Massey product (hi,...,hy)qe is defined. Then

(_1)bmn(hla cee 7hn) € <h17 R hn>dg>

where
b=1+degh, 1 +degh, 3+degh, 5+ ---.

Recall that for a dg-category C one also has the dg-category of (left) dg C-modules C-mod,
i.e., of dg-functors from C to the dg-category of k-complexes. For a pair My, My of dg C-modules
the obvious identification gives isomorphisms of complexes

Hom@ (M, M3[1]) ~ Hom@ (M, M)[1], Hom(M;[—1], My) ~ Homf (M, Ma)[1)',  (2.1.2)
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where for a complex (C, d) we denote by C[1]’ the complex (C[1],d) (recall that the usual shifted
complex C[1] has the differential —d). We need to investigate the effect of shifts on the Massey
products.

LEMMA 2.1.2. Let My, My, ..., M, be dg C-modules, and let ]\Z = M;[k;] for some k; € Z,
1 =20,...,n. Let h; € H* Homc(Mi,Mi_l) be homogeneous elements, such that the Massey
product (hy,...,hp)ag is defined. Let h; € H* Home (M;, M;_1) be an element corresponding to
h; under the obvious identification between the relevant spaces. Then one has

(B, . hn)ag = (=1 Fhni(py Y € H* Home (M, Mo) ~ H* Home (M,, Mp).

Proof. 1t is enough to consider the case when k; = 0 for all i # iy and k;, = 1. Let as = (ai;) be
a defining system for (hq,...,hn)dg, so that [a;;—1] = h;. Set

o —ayj, 1 <19 <7,
1) T .
J aij, otherwise.

Using isomorphisms (2.1.2), one can easily check that aes = (a;;) is a defining system for (h,...,
hn)ag- Note that in the case ig = 0 or ig = n we have a;; = a;j, so the two Massey products are
the same. On the other hand, if 0 < ¢y < n then

1(ae) = —pi(as),
which implies the result. O

Using Lemma 2.1.2, we can reduce the study of dg Massey products for the category of
dg-modules to the case when all a; ;1 have degree 1 (and hence all a;; in a defining system have
degree 1). This will allow us to relate defining systems for Massey products to twisted complexes.

2.2 Convolutions in dg and triangulated categories
Let C be a dg-category. A twisted complex® over C-mod is a collection M = (M;, a;;), where M;,
i € Z, are dg C-modules with M; = 0 for ¢ > 0, and a;; : M; — M;, © < j, are morphisms of
degree 1 satisfying
8(aij) + Z Qi) = 0 (221)
i<k<j
for all # < j. We define the convolution of M = (M;, a;;) as the C-module

conv(M) := <@ M;, 0 + A) , (2.2.2)

where 0 is the usual differential on @, M; and A = (a;;) is the upper-triangular endomorphism
of @; M; with components a;;. It is easy to check that (9 + A)? = 0, so (2.2.2) is indeed a dg
C-module.

Let f: My — My be a closed morphism of degree 1 in C- mod. We can view this morphism
as a twisted complex. Note that its convolution has form

Coneqg(f) := conv(f) = (M1 & Ma, Ovems, + f)-

We can also view f as a closed morphism f: M[—1] — My of degree 0, and Conegq(f) can be
identified with the standard cone of f.

2 Our convention on the numbering of M; and degrees of a;; differs from that of [BK91].
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The convolution of an arbitrary twisted complex can be obtained by iterating the cone
operation.

LEMMA 2.2.1. Let M = (M;,a;;) be a twisted complex over C-mod, where M; # 0 only for
i =0,...,n. Let us consider the truncated twisted complex [, ,, M obtained by considering only
My, ..., M, and a;; withi > 1. Then (ag;) are components of a closed morphism of degree 1,

(age) : conv(7y M) — Mo,
and there is a natural isomorphism of dg C-modules,
conv(M) ~ Conegg(age)-

The proof is straightforward and is left to the reader.

Using the above lemma, we can connect convolutions of twisted complexes over C- mod with
convolutions in the triangulated category H°(C-mod). Recall (see [GM96, Exercise IV.2.1]) that
a convolution of a complex

Xp 2 X oo Xy -2 X (2.2.3)

in a triangulated category 7 (so that d;od;+1 = 0) is an object T € T equipped with morphisms
a:T — X,[n], B: Xo — T, such that there exists a diagram (called a left Postnikov diagram)

dn71 dn72
Xn-1 Xn—2 o XO
1 1 1
X, =C, [1] ¢ (1] e (1] Cy=T
in which all the triangles (X;, C;, Ci4+1) are distinguished, so that a.: T'— X, [n] is the composition
of the arrows in the lower row.
LEMMA 2.2.2. Let (T, ) be a convolution of a complex (2.2.3). Then (T[1],(—1)"«, ) is a

convolution of the shifted complex

Xo[l] -2 X[l = - = Xa[1] -2 Xo[1).

Proof. This can be easily checked by induction on n using the fact that if
x Ly 2Lz xp
is a distinguished triangle then the triangle
x5y % oz S xp)

is also distinguished. O

LEMMA 2.2.3. Let M = (M;,a;;) be a twisted complex over C-mod, where M; # 0 only for

1 =0,...,n. Consider the complex
Mp[—n] -2 My 1[—n+1] — - — Mi[-1] -2 My (2.2.4)

in the triangulated category H°(C-mod), where d; = [a;—1;]. Let 7 : conv(M) — M, =
(M,[—n])[n] and ¢ : My — conv(M) be the natural maps (given by the projection and the
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inclusion, respectively). Then the dg C-module conv(M), together with the maps o = (—1)(g)w
and 3 = 1, is a convolution of the complex (2.2.4) in H°(C-mod).

Proof. We can proceed by induction on n (the case n = 1 was discussed before). Let
T = conv(rp;,,M). By the induction assumption, (7, (—1)( 2 )5 T M,/ : My = T) is
a convolution of the complex

My[—n+1] -2 My 1[-n+2] — - 25 M.

n

Hence, by Lemma 2.2.2, (T[—1], (—1)(2)71", /') is a convolution of

M[—n] - My _q[—n+1] = - 25 My[-1).

On the other hand, by Lemma 2.2.1,
conv(M) = Cone(conv(7j; ,, M)[~1] 00 My),
and the assertion follows. a

2.3 Massey products for triangulated categories
Let us recall the definition of the Massey products for triangulated categories, sometimes called
Toda brackets (see [Coh68], [GM96, Exercise IV.2.3]). Let

Xp P X — o X5 X (2.3.1)

be a complex in a triangulated category (so that d; o d;y; = 0). One defines (dy,...,d,) C
Hom? ™ (X,,, Xo) as the set of all p o ¢, where we take a convolution (T, : T — X,,_1[n — 2],
B : X1 —T) of the complex X,,_1 — -+ — X (if it exists), and pick morphisms p : T' — X and
q: X, — T[2 — n], such that d, is equal to the composition X, LI T2 — n] -5 X, and dy
is equal to the composition X1 — T AN Xq.

It is well known that 0 € (dy, . .., dy) is exactly the condition for the existence of a convolution
of the complex (2.3.1). Also, for (d1, . ..,d,) to be nonempty it is necessary that 0 € (dy,...,dp_1)
and 0 € (da,...,d,) (and hence, the same is true for any proper substring in di, ..., d,).

It is easy to see that the triple product (d;, ds, d3) is nonempty provided daods = dyody = 0,
and is a coset for the subgroup

dy o Hom (X3, X1) + Hom™*(Xg, X2) o d3 € Hom ™ (X3, Xj).

Note that a similar result holds for triple dg Massey products. The case of higher Massey products
is more complicated. We will only consider a certain particular situation for the quadruple
products in the triangulated and dg-settings (see Lemma 2.3.4 below).

The following relation between the Massey products in dg-categories and triangulated
categories is well known to the experts and its various versions have appeared in the literature (see
[Shi02, Proposition 6.5] and [BK91, § 5.A], which refers to the dissertation by Kapranov [Kap88]).

ProprosiTION 2.3.1. Let C be a dg-category, My, ..., M, a collection of dg C-modules, and
d; € H* Home(M;, M;_1), i = 1,...,n, a collection of maps in H*(C-mod), such that the dg
Massey product (dy,...,dp)qg is defined. Then we have

(_1)2?;11(7172)/% <d17 e 7dn>dg C <d17 e ey dn>7
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where on the right we consider the Massey product for the complex
dn d
Mn[—kl — e — kn] —> Mn—l[_kl — = kn—l] — = Ml[—kl] —1> M() (2.3.2)
in the triangulated category H°(C-mod).

Proof. By Lemma 2.1.2, it is enough to consider the case when all k; = 1. In this case we have
to prove that »
()2 dy, . dn)ag € (da, ...y dn),

where on the right we consider the Massey product for the complex

Mo[—n] -2 My _1[—n+1] = - -2 M,.
Let ae = (asj), aij € Hom(lj(Mj,Mi) be a defining system for (di,...,dp)qq, so that [a;—1,;] = d;
and (2.1.1) is satisfied with @;;, = a;,. Considering the restricted system (a;; | 1 <4,5 <n—1),
we obtain a twisted complex

M = (My—1,..., My, (—aij)i<icj<n—1)-
n—2

Let T = conv(M) be the convolution of M. By Lemma 2.2.3, (T,(—l)( 2w T — M, 1,
t: My — T) is a convolution of the complex

dn—
My_q[—n+2 =1 026y

in the triangulated category H°(C-mod). Hence, by Lemma 2.2.2, (T[-1], (—1)(n51)7T,L) is a
convolution of

dp—
My [—n+1] 21 225 -1,

Furthermore, we have closed morphisms of degree 1 of dg C-modules
= (Gen): My, =T, p=(age): T — My

(this follows from (2.1.1) for j = n and i = 0, respectively), such that mog = a,—1 5 and por = a1 .
Thus, the morphisms in H°(C-mod),

n—1

g=(-1)"2)G: My[-n] > T[-n+1] =T[-1]2—n] and p:T[-1] — My,

satisfy the conditions in the definition of the Massey product (dy, ... ,d,). Since poq € (d1, ..., d,)
is represented by (—1)( 2 ),u(a.), the assertion follows. O

On the other hand, by Theorem 2.1.1, the Massey product (di,...,dn)de always contains
+my(di,...,d,), where (ms) is a minimal A,-structure on H*(C) obtained by homological
perturbation theory. This leads to the following result that will allow us to compute the
Hochschild cohomology class of ms and, in a special situation, of my, via the Massey products.

COROLLARY 2.3.2. In the situation of Proposition 2.3.1 consider a minimal A..-structure on
H*(C-mod) obtained by the homological perturbation theory. Assume that the Massey product
(di,...,dn)qg is defined. Then

(—D)PHES (=Dkipy (dy L dy) € (dy, ... di)

with b =1+ k,—1 + kn—3 + kn—5 + - - -, where on the right we consider the Massey product for
the complex (2.3.2) in HY(C-mod).

634

https://doi.org/10.1112/50010437X13007574 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X13007574

Aoo-ALGEBRAS ASSOCIATED WITH CURVES AND RATIONAL FUNCTIONS ON M, .. 1

Remark 2.3.3. Any enhanced triangulated category in the sense of [BK91] can be realized as a full
subcategory in H°(C-mod) for the corresponding dg-category C (e.g., this follows from [BK91,
Propositions 1.3, 3.2]). Therefore, we can apply Corollary 2.3.2 to compare the Massey products
in an enhanced triangulated category with the higher products obtained by the homological
perturbation theory.

Later we will need the following result.

LEMMA 2.3.4. (i) Suppose we have a complex equation (2.3.1) in a triangulated category, where
n = 4. Assume that 0 € (dy,ds,ds), 0 € (ds,ds,ds), and a left Postnikov system for the complex

d d
X3—3>X2—2>X1

is unique up to an isomorphism (identical on X;). Then the Massey product (di,ds,ds,ds) is
nonempty. Also, for any u, i/ € {(dy,ds,ds,ds) one has

p— ' € (Hom™(Xy, Xo),ds, ds) + di o Hom™2(Xy, X1). (2.3.3)

(ii) Let C be a dg-category, and let dy,ds,ds,ds be a sequence of composable arrows in
HO(C-mod) satisfying the assumptions of (i). Then the dg Massey product (dy,ds,ds,ds)qag is
defined.

Proof. (i) By definition, (d,ds, d3,dy) consists of p o g, where p and ¢ come from a diagram

dQ dl

Xy Xo X1

Xo

5 (2.3.4)

in which the triangles (X3, X2, P) and (P, X1,T) are distinguished (so in the middle we have
a left Postnikov system for X3 — X9 — X7) and all other triangles are commutative. To show
the existence of such a diagram we observe first that we can always construct a left Postnikov
system in the middle and a morphism ¢ such that 7w ot = dy (since d3 o dy = 0). We have

JQ ot e <d2, dg, d4>.
Hence, the assumption 0 € (ds, ds, dy) implies
Jgot:dgof+god4

for some f € Hom (X4, X5) and g € Hom™!(X3, X1). Thus, changing Jg to 672 —gomandt to
t — v o f, we can achieve B
mot=dsy, dopot=0. (2.3.5)

By the uniqueness of the left Postnikov diagram in the middle, in fact, the required ¢ exists
for any choice of ds (since two such choices differ by an automorphism of P compatible with =
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and ¢). Once we have ¢ satisfying (2.3.5), we can find ¢ such that € o ¢ = ¢. On the other hand,
the morphism p in the diagram exists provided d; o do = 0. It is easy to see that

dy o (72 =pom
for some p € (dy, da,ds). Hence,
p=diog +hods
for some g’ € Hom (X3, X1) and h € Hom ™! (X5, Xp). This implies that
diody=dyog om,

so, changing 672 to 52 — ¢’ o, we will have d; o 572 = 0, which will give the morphism p.

It remains to establish (2.3.3). By assumption, up to an isomorphism, two diagrams (2.3.4)
differ only by a choice of the maps (¢, p, ¢). Given another diagram with maps (¢,p’,¢"), we can
write

plog —pog=(p'—p)ogd +po(d—aq.
Now we have ¢’ — ¢ = §ox for some = € Hom™2(Xy4, X1) and p’ —p = yoe for some y € Hom ™! (P,
Xo). Therefore,
pod —pog=yot+dioun.

It remains to observe that yot € (y o, ds,dy).
ii) Let a;_1; € Hom%(X;, X;_1) be representatives of d; for i = 1,2,3,4. By assumption,
; C y
there exist elements a4 € Homgl(X4, Xo) and a3 € Homc_l(Xg, X1) such that

0(ag4) = —agzass, O(a13) = —ai2a23.
By Proposition 2.3.1, we have 0 € (dg, d3, d4)qs. Hence,
a13a34 — a12024 = Taz4 + a2y + 0(a14)

for some a4 € HomC_Q(X4, X1), z € Hom; ' (X3, X1) and y € Homg ' (X4, X»), such that 0(z) =0,
d(y) = 0. Hence, changing a3 to aj3 — = and ag4 to a4 + y, we can obtain

a13a34 — 12024 = 0(a14).
Similarly, from the condition 0 € (dy, d2, d3) we obtain that for some a’3, agz and agp3 one has

d(a}3) = —arzaszs, O(ag2) = —agraiz,
ap20a93 — a01a’13 = a(aog).

Now we need to use our assumption on the uniqueness of a Postnikov system, up to an
isomorphism, to find a relation between a}5 and a;3. Let

P = Conegg(as3) € C-mod

be the cone of agg, viewed as a closed morphism of degree 1 from X3[1] to X2, so that we have
a triangle of closed morphisms

X3 =25 Xy = P 5 X3

that becomes distinguished in the triangulated category H°(C-mod). Our assumpion on the
uniqueness of a Postnikov system means that there exists a unique morphism dp € H O Home (P,
X1) such that ¢ ody = dy in H” Home (X2, X1), up to an automorphism of P in H°(C-mod),
compatible with the cone structure of P. We have two such morphisms ds, namely

dy = (—a12,a13) modim(9) and dy = (—a12, a)3) modim(d).
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Therefore, we have L
dy=dsoF (2.3.6)

for some automorphism F : P — P in H°(C-mod), compatible with the cone structure of P.
Any such automorphism has form

F =idp —¢fm modim(0)
for some closed element f € Homg ' (X3, X2). Hence, the condition (2.3.6) gives
a’13 = a13 + a12f + gass + 9(h),
where g € Hom; ' (X2, X1), d(g) = 0, and h € Hom;?(X3, X1) (the term gass comes from the
form of the differential on Hom¢ (P, X7)). Now setting
apy = Aoz — ao1g, Aoz = Aoz — ao2f + aoih,
we obtain that
(a1, a12, a23, aza, gy, a13, azd, Aoz, a14)
is a defining system for (di, da,ds, dy4). O
2.4 Some triple Massey products on curves
Let C be a curve and p € C' a smooth point. Let us denote by &, the image of a generator of

H°(O(p)/O) under the connecting homomorphism H°(O(p)/O) — H(0O). We would like to
study the map

Ext'(0,, 0) ® Ext' (0,, 0,) ® Hom(0, 0,) — H'(C,0)/(&,) (2.4.1)
given by the triple Massey product in D°(C) of the type
O[-2] = Op[—2] = Op[-1] — O.

Note that such a Massey product is always nonempty since Ext*(0, 0,) = Ext*(O,, O) = 0 and
the ambiguity is exactly (£,) C H'(C,O), which is equal to the image of the composition map

Ext!(0,, ©) @ Hom(0, 0,) — H(C,0).
p p

It is also compatible with the map —ms, obtained by the homological perturbation theory (see
Corollary 2.3.2 and Remark 2.3.3).

Note that we have canonical bases in spaces Hom(O, 0,), Ext'(0,, 0,) ® T* and Ext!(0,,
O) ® T*, where T' = T), is the tangent line to C' at p. By the definition of the Massey product,
we have to consider the canonical extension

0 T* @K Op > Oap > O, — 0

inducing a generator of Extl(Op,Op). Then we should consider liftings ¢ : O — O, and d :
Osp — (T*)*? @y O[1] such that Toec=1:0 — Oy and iod: T* @ Op — (T*)®? @ O[1] is
the canonical element represented by the extension

0— (T")*? @ O = (T")?? @, @0(p) — T* @y Op — 0.

Thus, we can take ¢ =1 € HY(C, Oy,) and d to be the class of the extension
0= (T2 @1 O — (TH)®? @) O(2p) — Oy — 0. (2.4.2)
Our Massey product is the coset of the composition doc: O — (T*)¥? @) O[1] in (T*)®? @)
H(0)/(&). In other words, this is the image of 1 € H(Os,) under the boundary homomorphism

Sap : H(Ogy) — (T*)*% @y H'(O) (2.4.3)
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associated with the extension (2.4.2), viewed modulo ({,). Since the latter subspace is the image
under &g, of the subspace H(T* @y Op) C H°(Os,), we obtain that our Massey product is zero
if and only if

H%(0g,) = ker(dp) + HY(T* @1, O).

Since ker(dzp) is the image of the homomorphism
(T)% @y HO(O(2p)) — H*(O3p),
the Massey product vanishes if and only if the composed map
(T7)%2 @i H(O(2p)) — HY(O2p) — H°(Op) /H(T* @1 Op) = H(Oy)
is surjective. In other words, this is equivalent to surjectivity of the map
H®(0(2p)) — H*(O(2p)/O(p)),
or to the condition H°(C,0(2p)) ¢ H°(C,O(p)). Thus, we obtain the following result.

PROPOSITION 2.4.1. Let C' be a curve, p € C' a smooth point. The Massey product (2.4.1)
vanishes if and only if H°(C,0(2p)) ¢ H(C,O(p)). For example, if C' is smooth and projective
of genus g > 1 then this happens if and only if either g = 1 or C' is hyperelliptic and p is a
Weierstrass point of C'.

Next, we will compute the Massey product (2.4.1) in terms of additional data allowing us
to represent classes in H'(O). Namely, let g be the arithmetic genus of C, and let us assume
that D is an effective divisor of degree g — 1 (supported on the smooth part of C) such that
hY(D + p) = 1 and p ¢ supp(D). Then the boundary homomorphism

5p4p : H(O(D +p)/0) - H'(0)

associated with an exact sequence 0 - O — O(D +p) = O(D + p)/O — 0 is an isomorphism.
Consider also the similar boundary homomorphism

Spyap - H(O(D +2p)/O) — H'(0),

so that dp., is the restriction of dpa, to the subspace H(O(D +p)/O) € HY(O(D + 2p)/O).
Note that the kernel of dp4o), is the image of the natural embedding

H(O(D +2p))/H°(0) — H°(O(D + 2p)/0).
Thus, for z € HY(O(D + 2p)/O) we can write

dp+2p(x) = 0p1p(y)

where y € H°(O(D + p)/O) is such that 2 = y + smod O for some global section s €
HO(O(D + 2p)).
We want to compute the image of a generator of H°(O(2p)/O) under the composition of the
boundary homomorphism
8ap : HO(O(2p)/0) — H'(0),

with the projection H*(O) — H'(0)/(£,). Since ds, is just the restriction of 6p2p, we can apply
the above recipe to z € H(O(2p)/O) C HY(O(D+2p)/O). Note that (£,) = 5p4,(H(O(p)/0)),
so we need to find y € H°(O(D + p)/O) and s € H°(O(D + 2p)) such that

x=1y+ smodO

638

https://doi.org/10.1112/50010437X13007574 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X13007574

Aoo-ALGEBRAS ASSOCIATED WITH CURVES AND RATIONAL FUNCTIONS ON M, .. 1

and then view y modulo H%(O(p)/O). In other words, we need to consider the projection of y to
H°(O(D + p)/O(p)) =~ H°(O(D)/0O). Since the polar part of y near supp D is opposite to that
of s, we obtain the following formula for the Massey product (2.4.1).

ProproSITION 2.4.2. With the above choice of divisor D let us consider the restriction maps
rDi2pp  HO(O(D + 2p)) /HY(O) — H(O(D + 2p)/O(D + p)) = T
and
rp+2p,p : H(O(D +2p))/HY(0) — H°(O(D)/O).
Then the map (2.4.1) is equal to

_5D+p O TD+2p,D © T[_)}f—2p,p T — Hl(o)/<§P>a

where
dp+p : H(O(D)/O) — HY(O(D +p)/O(p)) = H'(O)/(&)
is the isomorphism induced by 0p+p.

Assume now that we are in the situation of § 1.1 with n = g, so we have ¢ distinct smooth
points p1,...,py € C such that RO (p1+- - +py) = 1, and the corresponding classes X;,i=1,...,g,
form a basis in H'(C,0) (we use the notation from §1.1 for the basis elements in various
Ext-spaces). Let T}, denote the tangent line to C' at p;. We have a natural isomorphism

T, = H(C,0(p;)/0) =~ Ext'(Op,, Op,),

so we can think of Y; as a generator of T),. Let us set D; = Z#i Dj-

COROLLARY 2.4.3. The constants «;j(ms) associated with the najura] Ano-structure on Eg 4 (see
Proposition 1.3.3) can be computed as follows. Pick an element Y; € H°(O(2p; + D;)) such that

Yimod O(p; + Di) = (Y;)®2 € HY(O(2p:) /O (p;)) =~ TE2.

Then
aij(ms) - Y; = Y; mod(’)(?pi + > pk> e H'(O(p;)/O) ~ Ty,.
ki,
Proof. This follows from the above computation of the Massey product (B;, Y;, 4;) together with

the compatibility
_m3(Bi7 }/% AZ) € <Bl7 Ytia Al>

obtained from Corollary 2.3.2. O

Remark 2.4.4. The above corollary shows that the constants a;;(mg) are related to a different
kind of triple Massey product in D?(C) studied in [Pol03b]. Namely, setting D = > 7_, px, we
have

aij(m3) ® Y; = (m3(O(D), pi, pj), Vi22), (2.4.4)

where m3(L,z,y) € (we ® L7Y)|, ® L|, is the triple Massey product corresponding to the
composable arrows )
Oc— 0Oy —> L — 0O,
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defined whenever = # y, x is a base point of wc ® L' and y is a base point of L (see [Pol03b,
§1.1]). Note that in our case

m3(O(D), pi,p;) € T, ® O(=D)|p, @ O(D)lp, = (I;)** & T,y,.
The identity (2.4.4) also follows from the A..-axioms associated with composable arrows
00, % om0, %o

for | = k and [ = 4. Picking one more point ¢ € C generically, we can write a formula for
m3(O(D), pi,p;) in terms of theta-functions. Namely, first one easily checks that ms(O(D), p,
pj) = m3(O(D — q), pi, pj). Next, we represent D — ¢ as the sum of two divisors:

where { = p; +p; —2q and D;; = Zk#’j pk- We have a theta-function 6p,; 4 on the Jacobian of
C associated with the degree-(¢g — 1) divisor D;; + g. Now, by [Pol03b, Lemma 2.2], we obtain

O = 20051, (0) )
6Dij+q(pi - pj)HDij+q(pi +p; — 2(])’

where we view Hbij +4(0) as a global 1-form on C. Note that the formula of [Pol03b, Lemma 2.2]
is applicable since p; and p; are not in the support of D;; + q.

m3(O(D), pi,pj) = m3(O(D — q),pi, pj) =

2.5 A quadruple Massey product
Next, let us assume that (C, p) is such that H(C, O(2p)) ¢ H(C,O(p)) (e.g., C is a hyperelliptic
smooth projective curve and p is a Weierstrass point).

LEMMA 2.5.1. Under the above assumption the quadruple Massey product in D*(C) of the type
O[-3] = 0,[-3] = 0,[-2] —» O[-1] 5 O
gives rise to a well-defined map
(&) @ Ext!(0,, 0) @ Ext'(0,, 0,) ® Hom(O,0,) — H'(C,0)/{&,). (2.5.1)

The corresponding dg Massey product (coming from some dg-enhancement of D(C)) is also
defined.

Proof. We would like to apply Lemma 2.3.4 in our situation. Note that the relevant triple Massey
products contain zero, since Homz((’)p, O) = 0 and the triple Massey product (2.4.1) vanishes by
Proposition 2.4.1 (here we use our assumption on (C,p)). Next, we need to check the uniqueness
of a left Postnikov diagram (up to an isomorphism) for the complex
1 1
O, LR O, LR 0.
n

Since the distinguished triangle containing ¢ corresponds to a nontrivial extension
0= 0p = Oy — 0, =0,

it is enough to check that any diagram

Op———>0,————=0
™ 7
]
Oy
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in which the left triangle is distinguished, is obtained from any other such diagram by an
automorphism of Os),. Indeed, two choices of 7 differ by a morphism of the form f om, where
fe Homl((’)p, O). Thus, f is a multiple of n: f = c¢- 7, and so

fom=cnom)=no(c-Lom).

Now consider the automorphism id +c(¢ o m) of Oy,. This automorphism is compatible with the
extension structure and sends 7 to 17 + f o w, as required.
It remains to check that the ambiguity for our Massey product is exactly

(&) C HY(C,0) = Ext' (0, 0).

By Lemma 2.3.4, we have to look at the composition &, o Hom(0, 0) C Ext'(O, ) and at the
triple Massey product

(Ext'(0,, 0),Ext'(0,, 0,), Hom(0, 0,)) C Ext'(0, O).

Applying Proposition 2.4.1 once more, we see that the latter product is (&,).
The last assertion follows from Lemma 2.3.4(b). O

By definition, the Massey product (2.5.1) is calculated as the composition §~ os in the diagram

(1]

0 0, @ @

n &

(2.5.2)

O(2p)

in which the triangle containing ¢ and the triangle containing 77 and r are distinguished and
all the other triangles are commutative. Here r is the composition of the natural projection
O(2p) — O(2p)/O and an isomorphism O(2p)/O ~ Oy,. In other words, we pick an element
€ € HY(O(—2p)) such that t.(§) = &, where

t, : HY(O(-2p)) — H(0)

is the map induced by the canonical embedding ¢ : O(—2p) — O. On the other hand, we
choose a section s : O — O(2p) such that 7(s) = 1 € HY(Oy), and apply the induced map
s« : HY(O(=2p)) — H'(O) to &. One can check directly that the ambiguities in the choices of
¢ and s do not change the coset of s.(£) in HY(O)/(&,) (we also know this by Lemma 2.5.1).
From this we obtain the following descriptions of the quadruple Massey product (2.5.1) similar
to those for the triple Massey product (2.4.1).

PROPOSITION 2.5.2. Let C be a curve, p € C' a smooth point, such that H°(C,O(2p)) ¢ H°(C,
O(p)). Let T' = T, denote the tangent line to C at p.
(a) The Massey product (2.5.1) is given by the map

¢: T ® (&) = T%° = H(O(3p)/O(2p)) — H'(0)/ (&), (2.5.3)
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where the last arrow is induced by the boundary homomorphism &3, : H°(O(3p)/0) — H(0).
The map ¢ vanishes if and only if H*(C,O(3p)) ¢ H°(C,O(2p)).

(b) Let g be the arithmetic genus of C, and let D be an effective divisor of degree g — 1
(supported on the smooth part of C) such that h°(D + p) = 1 and p ¢ supp(D). Then we have

¢ = _5D+P ©TD+3p,D © TB}l—fﬂp,p’
where
rpapp - HO(O(D + 3p))/H(O(2p)) — H"(O(3p)/O(2p)) =~ T,
rp+ap,p : H(O(D + 3p))/H*(O(2p)) — H°(O(D)/O)
are natural restriction maps and dp.y, Is the isomorphism from Proposition 2.4.2.

Proof. (a) Pick s € HY(O(2p)) such that 3 = smod O(p) # 0. Then, as we have seen above,

PE®E) = 5*@*)_1(519)

(the right-hand side is well defined in H'(0)/(£,)). Recall that &, € H'(O) is the image
of a generator ¢, of T~ H%(O(p)/O) under the boundary map H®(O(p)/0) — H'(O).
Hence, if we pick a generator ¢, € H°(O(p)/O(—2p)), such that ¢, = 1, mod O, then
(te)1(&p) € HY(O(—2p)) is represented modulo ker(t,) by the image of ¢, under the boundary
homomorphism

H°(O(p)/O(=2p)) — H'(O(~2p)).
Now the morphism of exact sequences
0——0(=2p) —= O(p) — O(p)/O(~2p) —0

0 O O(3p) O@3p)/O 0

shows that ¢(5 ® &,) is represented by the image of s (1%) under the boundary map
HY(O(3p)/O) — H'(O), which implies our first assertion.

The map ¢ vanishes if and only if the image of the boundary homomorphism 43, :
HO(O(3p)/O) — H(O) is equal to (£,), which is the image of d2, : H*(O(2p)/O) — H(O).
Since H(O(2p)/O) has codimension 1 in H°(O(3p)/0), this happens exactly when ker(da)
has codimension 1 in ker(d3,). But these kernels are H%(O(2p))/H°(0) and H°(O(3p))/H’(0),
respectively, hence the assertion.

(b) Note that x(D +p) =1, so H}(O(D + p)) = 0. It follows that H*(O(D + 2p)) = 0, and
hence, h°(D + 2p) = x(D + 2p) = 2. Also, h%(p) < h%(D +p) =1, so h®(p) = 1 and h°(2p) = 2.
Therefore, the natural map H°(O(2p)) — H°(O(D + 2p)) is an isomorphism. Now the fact that
TD+3p,p 1s an isomorphism follows from the long exact sequence of cohomology associated with
the exact sequence

0— O(D +2p) — O(D +3p) — O(3p)/O(2p) — 0.
We have a natural direct sum decomposition
H°(O(D + 3p)/O(p)) ~ H(O(D)/O) & H’(O(3p)/O(p))
and a boundary map

§: H(O(D + 3p)/O(p)) — H'(O(p)) = H'(0)/{&)-
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We observe that the restriction of § to the summand H°(O(D)/O) is exactly the isomorphism
0p+p, and the restriction of § to H°(O(3p)/O(p)) is compatible with ¢. Now start with a section
s € H°(O(D + 3p)) and write

smodO(p) =z +vy

with € HY(O(D)/O) and y € H°(O(3p)/O(p)). Then we have

i(TD-H%p,p(s)) =4(y),
0p+p(rD+3p,0(8)) = 6(2).

Since §(z) + 0(y) = d(s) = 0, our assertion follows. O

COROLLARY 2.5.3. Let C' be an irreducible projective curve with at most nodal singularities of
arithmetic genus g > 2, and let p € C be a smooth point such that H°(C,O(2p)) ¢ H°(C, O(p)).
Then the Massey product (2.5.1) does not vanish.

Proof. By Proposition 2.5.2, we have to check that H°(C, O(3p)) = H°(C, O(2p)). If C is smooth
then the divisor 2p is in the hyperelliptic system, and the assertion follows easily. Thus, we can
assume that C is singular. Let C' — C' be the normalization of C', so that C'is obtained by gluing
pairs of distinct points (%7 bi),i=1,...,s, on C. We denote by p € C the point corresponding
to p € C. If the genus of C'is at least 2 then it is hyperelliptic and the assertion follows as in the
smooth case. B

Now assume that C has genus 1. The condition h(C, O(2p)) = 2 implies that a nonconstant
section f € H(C,O(2p)) satisfies f(a;) = f(b;) for i = 1,...,s. Pick an element h € H(C,
O(3p))\H"(C,O(2p)). Since the sections (1, f, h) form a basis of H(C, O(3p)), they distinguish
points of C, so we have h(a;) # h(b;), and h cannot descend to an element of H(C,O(3p)).
Hence, H(C,O(3p)) = H°(C,O(2p)) in this case.

Finally, consider the case C' = P!. We can assume that p = oo and think of sections of O(np)
on P! as polynomials of degree n. Without loss of generality we can assume that b; = —a; for all
i (so that t2 € HO(P!,O(2p)) descends to a nonconstant section of O(2p) on C). Assume that
there is a polynomial h of degree 3 such that h(a;) = h(—a;) for all i. Write h = hy + h_, where
hy is even and h_ is odd. Then we have h_(a;) =0 for ¢ = 1,...,s. Since h_ is an odd cubic
polynomial, this implies that s = 1, which contradicts the assumption g > 2. O

Remark 2.5.4. There are examples of (C,p), such that H°(C,O(3p)) ¢ H°(C,0(2p)) ¢ H°(C,
O(p)) and the arithmetic genus of C' is at least 2 (necessarily with C' reducible). The simplest
example of genus 2 is the union of two elliptic curves intersecting at one point (p can be any
smooth point).

In the case when C' is a hyperelliptic smooth projective curve we can calculate the Massey
product (2.5.1) in terms of the corresponding ramification points on P!. Let f : C' — P! be the
morphism given by the hyperelliptic linear system, so that O(2p) ~ f*O(1). Let p1,...,pg be
distinct Weierstrass points on C' (i.e., ramification points of f), and let a; = f(p;) € P'. Then,
setting D; = >, ; pi, we can use an isomorphism HY(O(D;)/0) ~ HYO)/(X;) (where X; = &,)
and view the Massey product (2.5.1) for p = p; as a map

T3 — HY(O(Dy)/0) ~ EP T,
J#i

Let a?f : Tgfg — T}, be the components of this map, where i # j.
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PROPOSITION 2.5.5. Assume char(k) # 2. Let f : C — P* be a double covering (with C' smooth)
and let py,...,p, be distinct ramification points with f(p;) = a; € P*. Let £ = det™(£.0¢)
(which is a line bundle on P! isomorphic to O(g + 1)), and let s € H(P!, £2) be the canonical
section vanishing at the ramification points of f. Then we have canonical isomorphisms

Ty, = L7 e, @ T, (2.5.4)
where T,, is the tangent space to P! at a;. Let us write
Oézhje = Bij - Kis
where k; € L'2|ai ®T, p_il is the natural trivialization given by s, and
Bij € Lla; @ T,2 @ L} @ Ty

Assume that a; € Al = P'\{oco} for i = 1,...,g. Then, using a trivialization of L|,: and the
natural trivialization of Tpi|s1, we have

Bij =

1 a; — ag

aj—ai aj—ak

k#i,j
Hence, using these trivializations, and in addition an isomorphism £? ~ Op1(2g + 2), we get
he _ F'(ai) yp oai—an

iy

)
aj—a j—ak

ki
where F' is the polynomial corresponding to the section s.

Proof. We can realize C' as the relative spectrum of the sheaf of Opi-algebras A = f,O¢. Since
char(k) # 2, we have a canonical isomorphism

./4 - Opl @ﬁ_l,

where £ ~ Op1(g+1) and the product £7!'® L~ — O is given by a section s € H(P', £?) that

has simple zeros at the 2g 4+ 2 ramification points of f. Recall that, by Proposition 2.5.2(ii), to

compute a?je we have to choose an element h; € H°(O¢(3p; + E#i p;)), such that it projects to

a given generator of T, 5?3 ~ Oc(3pi)/Oc(2p;), and then consider the polar part of h; at p;. Note
that the maximal ideal sheaf in A corresponding to p; € C' is

my, =my, &L COp @ L7,
where m, is the maximal ideal sheaf corresponding to a; = f(a;) € P!. Hence,

f*OC(pi) = m};l ~ Op1 @m;lﬁ_l

and
Tp; =~ m;il/OC ~m LT LT e L7 o, ® T

We define (2.5.4) to be this latter isomorphism. On the other hand, we have a natural
isomorphism

feO0c(2pi) ~ A(a;) = Opa(a;) & L7 (ay)

such that the induced isomorphism

T2 ~ Oc(2p)/Oc(p) ~ my ! /Opr ~ Ty,
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differs from the square of (2.5.4) by k; € L], ® Tp_il. Similarly, we get a natural isomorphism

£:0c (3pi + ij> ~ Opi (a;) @ L7 <2a¢ +y° aj> , (2.5.5)
JF#i J#
compatible with isomorphisms

Ty, ~ Oc(p;)/Oc ~ L (aj)a; ~ L7 a; @ Tay,
Oc(3pi)/Oc(2pi) ~ L7(23)|a; ~ Lo, @ T5?,

of which the first is (2.5.4) and the second differs from (2.5.4) by ;. In terms of the isomorphism
(2.5.5) we can find the required rational function by choosing a global section h; of L7 (2a; +
Z#i a;). Then, if h; projects to a given generator of £71(2a;)|s, ~ L7 4, ® TaQi, the polar part
of h; at a; (which is an element of £‘1]aj ®T,,;) will give 3;;.

Now assume that all a; € A = P!\{co} and let ¢ be the natural coordinate on A'. Let us
fix a section u € HY(A!, £71) that gives a trivialization of £~! on A! with the pole of order
g+1 at infinity. Then u/(t — a;)? (respectively, u/(t — a;)) induces a trivialization of £L71|,, @ T?
(respectively, £L7!|4, ® T}). Thus, we can set

~ u ai—aj
hi = : .
(t—ai)Q ]1;[1 t—aj

Taking the residue of E at aj, we get the desired formula for f;;. O

2.6 Consequences for the A, structure

Let (C,p1,...,pn) be a smooth projective curve of genus g > 1 with n marked points (where
n > 1), such that h%(py + --- + pp) = 1. Let E = E, ., be the Ext-algebra of the generator
Oc®Op, @+ @0, of D’(C). By the homological perturbation theory, we have a minimal A..-
structure on E extending the associative product on F, defined uniquely up to A..-equivalence.

THEOREM 2.6.1. The A-structure on E coming from the data (C,p1,...,py) Is equivalent to
the one with m3 = 0 if and only if either g = 1 or C' is hyperelliptic and p1, . . ., p, are Weierstrass
points. If ms = 0 and g > 1 then my is always nontrivial.

Proof. Assume first that n = g. A minimal Ay-structure is equivalent to the one with ms =0
if and only if the Hochschild cohomology class given by mg is trivial. By Proposition 1.3.3, this
happens exactly when

mg(Bi, Y, Az) S <X1>

for all ¢ = 1,...,n. By Corollary 2.3.2, this is equivalent to the vanishing of the Massey
products (2.4.1) for p = p1,...,pn. Now Proposition 2.4.1 tells that this is equivalent to C
being hyperelliptic and pq, ..., p, being Weierstrass points.

In the case n < g, considering the same Massey products shows that the condition for C' to
be hyperelliptic and for pi,...,p, to be Weierstrass points is necessary. Conversely, if we have
such n-tuple of Weierstrass points on a hyperelliptic curve we can complete it to a g-tuple of
Weierstrass points p1, . . ., py still satisfying the condition h%(p; + -+ +py) = 1 (see Lemma 2.6.2
below). By the first part of the proof, the As-structure on O,0p,,...,O,, can be chosen to
have trivial mg, as required.

The second assertion follows from the nontriviality of the quadruple Massey product (2.5.1)
for a Weierstrass point on a hyperelliptic curve (see Corollary 2.5.3). To connect this Massey
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product to my we use Corollary 2.3.2, noting that the dg Massey product needed is defined by
Lemma 2.5.1. O

LEMMA 2.6.2. Let py,...,pn be distinct Weierstrass points on a hyperelliptic curve, where n < g.
Then h®(py + - -+ +p,) = 1.

Proof. Tt is enough to consider the case n = g, in which case we have to check that h!(D) =
h(K — D) = 0, where D = py + - - - + py. Indeed, otherwise we would have K = D + D’ for some
effective divisor D’ of degree g — 2. Since every effective canonical divisor on C' is a sum of g — 1
fibers of the hyperelliptic map f : C — P!, this would imply that f(D + D’) is supported at
< g — 1 points, which is a contradiction. |

3. Rational functions on M, , associated with Massey products

3.1 Triple products as sections of line bundles over the moduli spaces

Let C be a projective curve of arithmetic genus g > 2, and let p1, ..., py be distinct smooth points
such that h®(py + - -+ + py) = 1. Then, by Proposition 1.3.3 and Corollary 2.4.3, the Hochschild
class of mg on Ey 4 (where the As-structure comes from (C,p1,...,py)) is determined by the

collection of elements a;; € Homk(Tgfz, Ty,;), @ # j, given by

P -1
Qj = TD;+2p;,p; © TDi+2pi’pi7 (311)

where we use the restriction maps

Foirem : HOO(D: + 2p,))/HY(0) = HO(O <2pi>/o<pi>> ~ Tff
FDivamp; : HUO(D; +2p)) /HY(O) = H(O(p;)/0) ~ Ty, (3.1.2)

where D; = > . i Pj- In particular, this construction makes sense over the open substack
UC Mgy of the Deligne-Mumford stack of stable curves with marked points, corresponding to
(C,p1,...,py) such that hO(p; + - + pg) = 1. Thus, a;; can be viewed as a section over U of
the line bundle L? ® Lj_l, where L; := pf K (the pullback of the relative canonical class on the
universal curve).

Let us set D;; = > mi,j Pm- The zero locus of «;; is supported on the divisor Z;; C ./\/lg g of
(C,p1,-..,pg) such that h0(2pZ + D;;) > 1. In particular, azj is nonzero. The complement to I/ is
the divisor Z C M, 4 of (C,p1,...,py) such that ho(pl +---4+pg) > 1. More precisely, we define
Z as the degeneration locus of the map HO(O(pl + 0 +pg)/O) = H'(0), which is the zero locus
of a section of the line bundle det(A) ™' ® L1 ® - -- ® Ly on My 4, where A is the Hodge bundle.
Similarly, Z;; is defined as the degeneratlon locus of the map H°(O(2p; + D;j)/O) — HY(0), so
it is the zero locus of a section of det(A)™! @ L3 ® Qintij Lm

Note that the divisors Z and Z;; have in general many 1rreducible components (they contain
some boundary components).

PROPOSITION 3.1.1. The section a;; € T(U, L? ® L;l) extends to a global section
dij € T(Myyg, L7 © LJ'_I(Z))
such that the zero locus of a;j is exactly Z;;.

The proof will be based on the following general fact from tensor algebra. Recall that for a
morphism of vector bundles ¢ : V' — W such that r = tkW =rk V — 1 one has a canonical map

kg : det(V) @ det(W*) =V
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such that ¢ o kg = 0. Namely, kg4 is obtained by tensoring with det(V') from the map

N (@) det(W™) — N\ (V)
using the natural isomorphism det(V) @ A" (V*) ~ V.
LEMMA 3.1.2. Let 0 — V; — V —> L — 0 be an exact sequence of vector bundles, where L is
a line bundle, and let ¢ : V. — W be a morphism of vector bundles, where r =tk W =rk V] =
rkV — 1. Let Z C S be the degeneration divisor of the restriction ¢ = ¢|v, : Vi — W. Then Z

coincides with the vanishing locus of the composed map

k 7
det(V) ® det(W*) —> V 5> L.

Proof. Note that Z is the vanishing locus of det(¢q) : det(V1) — det(W), or equivalently of the
dual map det(¢7). Thus, the assertion follows from the commutativity of the diagram

det(V) @ det(W*) =20 qet(vVy @ (V) — =V

d *
et(¢7) /\T(L*)‘/ .

det(V) @ det (V)

L
since the composition of arrows in the top row is k. O

Proof of Proposition 3.1.1. Let V be the bundle on M, 4 with the fiber H°(C, O(2p; + D;)/O)
over (C,p1,...,py), and let W = A*, so the fiber of W at (C,p1,...,pg) is H(C,O). We have a
natural connecting homomorphism ¢ : V- — W. We have natural restriction maps m; : V — L;Z
and 7; : V — L;l. Applying Lemma 3.1.2 to the exact sequence of bundles

0=V =V —=L7?-0,

where V' is the bundle on M, 4 with the fiber H°(C, O(p;+D;)), we see that the divisor Z C M, ,
coincides with the vanishing locus of the composition

k T
det(V) @ det(W*) — vV 5 172,
Note that over U the image of k, generates ker(¢), and ker(¢) is a bundle with the fiber
ker(H°(C,O(2p; + D;)/©O) — HY(C,0)) ~ H*(C,O(2p; + D;))/H’(C, 0).

Thus, we can replace the restriction maps 7p, 2, p; and 7p, +2p, p; used in defining «;; (see (3.1.2))
with the morphisms ; o kg and 7; o kg, respectively. Since m; o kg induces an isomorphism

det(V) @ det(W*) ~ L;?(-2Z),
we obtain the global morphism

70k
L;72(=Z) ~ det(V) ® det(W*) ——2> Lj_1

)

which gives the required global section a;; € I'(Mg 4, L? ® Lj_l(Z )). Now applying Lemma 3.1.2
to the exact sequence
0—>V”—>V—>L;1—>O,

where V" is the bundle on M, , with the fiber H(C, O(2p; + D;;)), we see that the vanishing
locus of 7 o ky is exactly Z;. O
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Remark 3.1.3. It is not essential to work with stable curves in the above argument. A result
similar to Proposition 3.1.1 would work with other modular compactifications of M, ,.

3.2 Rational functions )

Let Mé}; — My, (respectively, ﬂé’; — Mg ,) be the G¥,-torsor corresponding to choices of
nonzero tangent vectors at each of the marked points. Then the line bundles L; are naturally
trivialized on Mg{g, so we can view each section o;; as a rational function on Mé}g. This gives
a rational map

Hy @), getg, (3.2.1)

On the other hand, considering rational monomials in c;;, we can get rational functions on M, 4.
Namely, consider the homomorphism of groups

2
@ : 2979 = 79 : e — 2e; — e,

where Z9°~9 (respectively, Z9) has a basis (e;;)ix; (respectively, e;), where i,j < g. Then, for
every element z = ) n;je;; € ker(yp), the expression

T . _ Tij
e I

is a rational function on M, 4. It is easy to see that ker(y) has rank g% —2g, so, choosing a basis

b1,...,bg2_9, in ker(p), we obtain a rational map
_ abl,...,ab92*29 2_9
a: Mg, GY 9. (3.2.2)
2_
Note that the rational map (3.2.1) is Gi,-equivariant, where (A1,...,\;) acts on G, ¢ via the

2
homomorphism ¢* : Gf, — Gj, 7, dual to ¢, and the map @ can be viewed as the induced
rational map of quotients by Gi,.

THEOREM 3.2.1. Let char(k) = 0. If g > 6 then the map (3.2.2) is birational onto its image.

The proof of this theorem will be given in §4. The result is optimal, since for g < 5 we have
dim M, ;, > g% — 2g. In fact, for g < 5 the map (3.2.2) is dominant (see Theorem 5.2.2 below).

PROPOSITION 3.2.2. Let g > 3. For a generic curve C' the restriction of & gives a rational map
ac: CY — GY. %
with generically injective tangent map. Hence, the image of ¢ has dimension g.

Proof. Using the sections a;; on U C M 4 (see §3.1) we can extend the map @ to stable curves.
It is enough to construct a stable curve (C, p1,...,pq) in U for which the assertion is true. Let us
consider the wheel of P's with g components C, . .. ,Cy, so that 1 € C; is glued to 0 € Ciyq (we
think of indices as elements of Z/gZ). Now consider the nodal curve C' obtained as the union of
this wheel with one more component Cs, ~ P! which intersects each component C; at one point
oo € C; (we fix the corresponding ¢ distinct points on Co,). Note that the arithmetic genus of
C' is g. We choose marked points p1,...,pg, so that p; = A\; € C;\{0, 1, 0o}

Let us compute «i;. By definition, for this we have to produce a nonconstant element

f e H(C, O2py +py + -+ + Pg))- Such a function is given by a collection of functions
(fl,...,fg,foo), where f1 S HO(Cl,O(2p1)), fz € HO(C“O(]?Z)) for i = 2,...,9 and foo s a
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constant, subject to the constraints

fi(1) = fi41(0),

j%(oo) :ZJ%Oa
where ¢ = 1,...,g. Subtracting a constant from f, we can assume that f., = 0. Then we can
take
1 hn
t) = ,
Att) (ES DY
Yi
(1) = ,
for some constants y1,...,y,, and the equations become
1
2 + yl = _y727
(1—X\p) 1—X A2
Yi Yi+1 .
= — , 1=2,...,9—1,
1L—X Ait1 g
Yg 1 Y1

1 —-Ag - A% A
Solving this system, we obtain
AQ A2A3

2T O —D2a—1) BT TN 1200 - D(a—1) T
where Ada. . A
a= .
M =—1DA—=1)...(Ag—1)
Now we find 2
QG ip1Qit1,i+3  Ajyo — 1 ]
5 = fori=1,...,9,

Q7 i o0it2,i+3 Ait1

which implies that the parameters Aq, ..., Ay can be recovered from the image of the map (3.2.2).

O

Ezample 3.2.3. In the case g = 2 the homomorphism ¢* : G2, — G2, has kernel Z/3Z C G2,
generated by ((3,(5 1), where (3 is a primitive third root of unity. Hence, the map o in this case
factors through a rational map

o s MSY/(Z/3Z) — G2,

and the induced map (m.0)
Q0

Méf%/(Z/i%Z) ——— Mo x G, (3.2.3)

is birational (where 7 is the natural projection to Maj2). More explicitly, the inverse rational
map to (3.2.3) sends (C,p1,p2, A\, p) to (C,p1,p2,v1,v2), where the tangent vectors vy € Tj,,
vy € T, are defined uniquely up to the Z/3Z-action (generated by (vi,v2) = ((3v1,(5 'v2)) by
the condition that there exist rational functions f; € H°(C, O(2p1+p2)), f2 € HY(C, O(p1+2p2))
with

fi=v?mod O(py + p2), fi = Avamod O(2py),

fo= v% mod O(p1 + p2), fa2 = pv; mod O(2ps).
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Example 3.2.4. In the case g = 3 the space Mgg is 12-dimensional. By Proposition 3.2.2, for
generic curve C' of genus 3 the rational map

ac:C® = G2,
(1)

is generically étale. Hence, at a generic point of My 3 the fibers of the two dominant (rational)
maps to six-dimensional spaces

MGy "~ Gf,
|
M3

are transversal.

3.3 Interpretation in terms of tangent lines
Let C be a smooth projective curve of genus g > 2. Let L be a base point free line bundle on C.
For a point p € C let ev, € L|, ® H%(C, L)* denote the functional of evaluation at p. Then the
tangent map at a point p € C to the map

L

o1 €~ B(HO(C, L)),
given by the linear system |L|, is the map
T,C — L|, ® H°(C,L)*/{ev,) ~ L|, ® H°(C, L(—p))*,

dual to the evaluation functional for L(—p),

HO(C, L(—p)) — L(—p)lp = (1,C)" ® Llp.

In the case of the canonical line bundle L = w¢, under the duality H°(C,we)* ~ HY(C, O¢)
the functional ev, corresponds to the element &, € H 1(C,0¢), obtained from the connecting
homomorphism H%(O(p)/O) — H'(O). Hence, the tangent map to the canonical morphism
Yue 1 C — P(H(C,wc)*) at p € C can be identified with the connecting homomorphism

5, : T,C ~TrC ® H°(C,0(2p)/O(p)) — T;,C @ H(C,0(p)) ~ Ty C @ H'(C,0)/ (&),

which is exactly the triple Massey product considered in §2.4.

Now recall that for g distinct points p1,...,p, € C such that hO(py + - +py) = 1 the maps
Qj Tp%_ — T, for i # j, considered above, can be identified with the components of the same
Massey product for p = p;, up to a sign (see Proposition 2.4.2 and Corollary 2.4.3). This leads to
the following identification of the rows of the matrix (—a;;) with the coordinates of the tangent
map to the morphism given by |wc/|.

PRrROPOSITION 3.3.1. The components of the tangent map (51’% to ¢ at p;, with respect to the

decomposition H*(C, Q) ~ @j T),, are given by tensoring with —a;.

Note that the position of the tangent line to C' at p; in P97 is recorded by («;;) with fixed
1, viewed as homogeneous coordinates. In order to recover the same data as the map @, we
note that there is a canonical identification of the tangent line to C' at p; with the fiber of the
tautological line bundle Opg-1(—1) at p;. Thus, Theorem 3.2.1 leads to the following result.

COROLLARY 3.3.2. Let char(k) = 0 and g > 6. Let us associate with generic (C,ps) € Mgy
the collection (for i = 1,...,g) of points x; = p,.(p;) € P9~! and of tangent lines L; C P9~}
to pu. (C) at z; together with identification of each tangent space Ty,L; with the fiber of the
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tautological line bundle O(—1)|,,. Then generic (C, ps) can be recovered from these data (viewed
up to projective transformations).

Next, consider the map C' — P9 given by the linear system |2D|, where D = >°7_ p;. If
hY(2D — K) = 0 (which is true generically) then this map is an embedding and its image is a
curve in P9 of degree 2g. Note that the section 1 € H°(C,O(2D)) corresponds to a hyperplane
H C PY which is tangent to C at all g points pi,...,p,. Also the condition h°(D) = 1 means
that p1,...,py are in general position in H.

Now suppose we are given any curve C' C P9 of degree 2g, and a linear form ¢ € HO(P9, O(1))
such that the corresponding hyperplane H = (¢ = 0) is tangent to C' at g points p1,...,py that
are smooth points of C' and are in general linear position (we assume also that C' ¢ H). Let
L = O(1)|c. Since deg(L) = 2¢ and the section ¢ vanishes along the divisor 2p; + - - - + 2pg, it
induces an isomorphism

O()lp, ~ Oc(2pi)/O(pi) ~ T}, (3.3.1)
for each . Since p1,...,py are in general position, we obtain an isomorphism

g

H(H,0(1)) ~ P 0(1)],, ~ é:rp{.
=1

i=1
Therefore, we have a canonical isomorphism
T, H~PT, &1, (3.3.2)
J#i
Now, since H is tangent to C' at each p;, the tangent map to the embedding C' — PY at p; gives
a linear map
Ty, = Tp,H ~ P T 0T, % (3.3.3)
J#i
This time the tangent map will be given by a column of the matrix (o).

PropPOSITION 3.3.3. Suppose C — PY is a smooth projective curve embedded by the linear
system |2D|, where D = >9_, p; and h®(D) = 1. Also, let ¢ be the section 1 € H°(C,O(2D)) ~
HY(P9,0(1)). Then the components of the map (3.3.3) are given by tensoring with aj; (see

(3.1.1)).
Proof. We have L = O(1)|¢c = O¢(2D). The point p; corresponds to the functional

H()(Pg: O(l)) = HO(Cv L) - L’Pia

and the tangent map to the embedding C' — P9 at p; corresponds to the dual of the natural
restriction map

H°(C, L(—=p;))/ (1) = L(=pi)lp; = Llp, ® (I,0)". (3.3.4)
The components of the direct sum decomposition (3.3.2) are exactly the subspaces
H°(C,0(2p; + Dy))/(1) € H(C, L)/ (1) =~ H°(H,0(1)).

The subspace H°(C,L(—p;))/(1) € H°(C,L)/(1) is the direct sum of the components H°(C,
O2p; + Dj)) ~ (ijC)®2 for j # i. Furthermore, the restriction of (3.3.4) to the subspace
H°(C,0(2p;j + Dj)) is exactly ;. This immediately implies the assertion. a

Similarly to Corollary 3.3.2, this leads to the following result.
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COROLLARY 3.3.4. Let char(k) =0 and g > 6. Then a generic (C, p1,...,pg) € Mgy 4 is uniquely
determined by the configuration of g points p1,...,pq and g tangent lines L; to C' at these points
in the embedding given by the linear system |2(p1 + --- + pg)|, together with identifications
(T, L;)? ~ O(1)|p, obtained from (3.3.1).

Remark 3.3.5. One can ask whether in Corollaries 3.3.2 and 3.3.4 it is enough to consider simply
the configuration of points (p;) and lines (L;), for sufficiently large g. We do not know the answer.
Note that the number of parameters describing such a configuration is g2 — 3¢, so one should
take g > 7 in order for this to have a chance to be true.

Recall that for a line bundle L one has the Wahl map (see [Wah90])
2
W : \"H(C, L) - H(C, L? ® we).

By definition,
Wi (s1 A s2)(p) = @1 (p)e2(p) — 5 (p)er(p),

where @1, @9 are local functions at p corresponding to s, s via some local trivialization of L. In
invariant terms, the functional

2
Wip: \ H(C,L) = (L* ® we)|p : 1A s2 = Wi(s1 A 52)(p)
is given by restricting to a neighborhood U C C of p and applying the composition

2 ev i
N\ H(U, L) = H(U, L(—p)) @ L], —2=2

L(—p)|p ® L, ~ (L’ ® we) |ps
where the first map is induced by the exact sequence
0— H(U,L(-p)) = H(U,L) = L|, — 0.

In the case when L is base point free we can take U = C, and we see that Wy , is essentially
given by the Pliicker coordinates of the tangent line to ¢ (C) C P(H?(C, L)*) at p.

Now let (C,p1,...,py) be as before. Given the interpretation of (c;;) in terms of tangent
lines from Propositions 3.3.1 and 3.3.3, we can relate it to the Wahl maps W}, associated with
L = wc and L = O¢(2D).

In the case L = we we have a natural decomposition H(C,wc) = @7_, T, and for i # j
the restriction ) W,

T, o T, ' — N\ H(Cwo) — T,
is given by tensoring with —ay;;. This completely determines W, ,, since its restrictions to
Tp;1 ®Tp_kl c N*HO(C,we) are zero for j # i, k # i.

In the case L = Oc(2D) the maps Wi, factor through A*(H°(C, L)/(1)), since the section

1 € H°(C, L) has a double zero at p;. We have a decomposition

H(C,L)/(1) = @ H"(C,0(2pi + Dy))/{1),

i=1

and an identification of each summand H%(C,O(2p; + D;))/(1) ~ Tj.. Now the restriction

L,p;

2
W,
T;, © T; = NH(C.L)/1) —" (L@ we)ly = T;,

is given by ;. Again, this determines W ,,,, since its restrictions to ng ® Tka are zero for

J ik 4.
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4. Reconstruction of the curve

In this section (C,ps) corresponds to a generic point of M, 4. In particular, h%(D) = 1, where

4.1 Multiplication map
Consider the line bundle

L'=0c(2D +p1) = Oc(3p1 +2(p2 + - +py))
of degree 2g+1 on C.
LEMMA 4.1.1. Let g > 4. For generic (C, ps) the curve C' is cut out by quadrics in the projective
embedding given by |L'|.

Proof. By [GL88, Theorem 2], this is true provided C' is not hyperelliptic and L’ % we(x 4y + 2)
for any x,y,2z € C (i.e., C has no trisecants in the projective embedding given by |L’|) . Since
L’ is determined by g > 4 points on C, this holds generically. O

Thus, for g > 4, generically we can recover the image of C' in P9*! from the multiplication
map
H(C, L)) ® H°(C, L") — H°(C, (L)?). (4.1.1)

By the Riemann-Roch formula, we have h®(L') = g + 2, h°((L')?) = 3g + 3.

LEMMA 4.1.2. Fori=1,...,g, let us pick a nonconstant rational function f; € H°(C,O(D+p;))
and a rational function h; € H°(C,O(D + 2p;))\H®(C,O(D + p;)). Then we have the following
bases in H*(C, L") and H°(C, (L')?):

HC,L'): 1, f1,..., fg, b1
HO(Cv (L/)2) : 17f17"-7fg7h17-~-7hgaf127"'7 gzvflhlah%'
Proof. The exact sequences
g
0 — H°(C,0(nD)) — H’(C,0((n+1)D)) — P H(C, O((n + 1)p;)/O(np;)) — 0
i=1
for n =1, 2 and 3 give us the following bases:
H°(C,0(2D)): 1, f1,..., fgi
HY(C,0BD)): 1, f1,-.\ fgsh1,-- -, hg;
HO(C’O(4D)) : ]-7f17'-'7fg7h’17"'7hguf127"'7fg2'
Now the result follows from the exact sequences
0— H(C,0(2D)) — H°(C,L") = H°(C,0(3p1)/O(2p1)) — 0

and
0 — H°(C,0(4D)) — H°(C,(L')?) — H°(C,0(6p1)/O(4p1)) — 0. O

We need convenient formal parameters at the marked points.

LEMMA 4.1.3. Let char(k) = 0 (respectively, char(k) > N for some N). Let C be a smooth
projective curve of genus g. For any point p and any divisor E of degree g — 1 such that p ¢
supp(E) and h®(p+ E) = 1 there exists a formal parameter t, g (respectively, formal parameter
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modulo m™¥ 1), unique up to rescaling by a constant, such that for every n > 2 (respectively, for
2 < n < N), there exists a global section of O(np + E) with the polar part t;% at p.

Proof. Pick a nonconstant function f(2) € H°(C,O(2p+ E)). Then for any local parameter ¢ at
p we can rescale f(2) so that 1 .

f(2):t*2+g+"'

at p, where ¢ depends only on t mod m3. Replacing t by ¢t+at? mod m? leads to the transformation
¢ — ¢ — 2a. This implies the statement for n = 2. Then we proceed by induction: suppose we
have a local parameter t mod m" and functions f(m) € H°(C,O(mp + E)) with polar parts t~™
for 2 < m < n—1. Let us take f(n) € HY(C,O(np+ E))\H°(C,O((n —1)p+ E)). Rescaling and

subtracting an appropriate linear combination of f(2),..., f(n — 1), we get a unique such f(n)
with
1 c
f(n)—t—n+¥+---

at p, where we extend t modm” to t mod m"*! in some way. Changing ¢ by ¢ + at™ leads to the

change of ¢ to ¢ — na, so we find the unique t mod m”*! for which ¢ = 0. O

Let D; =}, ; pi- Applying Lemma 4.1.3 (for char(k) # 2,3) to the pairs (p;, D;), we can
choose formal parameters (t; = t,, p,) at p;, so that there are elements f; € H°(C,O(2p; + D;))
and h; € H°(C,O(3p; + D;)), such that

1 .

fi =3 mOd OC,pﬂ
t;
1 .

h; = 5 mod Oc¢y,,
t;

where (’A)C,pz. is the completion of the local ring Oc¢p,. This fixes f; and h; up to adding a constant.
Let p; be another marked point (so j # 7). We have expansions

Qij A
fi = TZJ + vi; + (5ijtj mod thOC,pj’

J
h; = % +ei + ﬁijtj mod t?@cmj,
J
for some constants (i), (8ij), (i5), (8i5),> (€i5), (9:5) (defined for i # j). Note that here (cv;)
are the functions defined by (3.1.1) (with some choices of trivializations of the tangent spaces
Tp,). Adding a constant to each f; (respectively, h;), we can assume that

Yii+1 =0, €iit1 =0, (4.1.2)
fori=1,...,g (where we think of indices as elements of Z/gZ). This fixes the choice of f; and
h;, for ¢ = 1,..., g, uniquely. Let us also define for each i = 1,...,g a constant v;;, so that at p;
we have the expansion 1 R

fi = ? ~+ 4 mod tiOC,pi (4.1.3)

i

for some constants (7;;).
To describe the multiplication map (4.1.1) in terms of the bases of Lemma 4.1.2, we need to
find the decompositions of the products f;f; for ¢ # j and f;hq for i # 1.

3We do not use the Kronecker delta in this paper.
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LEMMA 4.1.4. (i) For i # j one has

foj Z alkajkfk+ajlh +aljh +’7ﬂf1 +72]f] +a”, (4.1.4)
k#i,j

for some constants a;j = aj;. Furthermore, one has the following relations:

5@3 + a7y = Z Ok Qe + a]zﬁl] + Vi, (415)
k#i,j
aik(Vik — Vi) + k(e = Yig) = Y Qoo + Bk + ijBin, (4.1.6)
1#i,5,k
ik + 0Ok + VikVik = Z QoYK + Qigik + i€k + ViiYik + Vi Vik + aij, (4.1.7)
143,

where i, j, k are distinct (but | = k is allowed in the last equation).
(ii) For i # j one has

fihg =" qinBinfi + Bjihi + vishy + €jifi + 6ijfj + o [ff — 29505 =Y a?kfk] +b;; (4.1.8)
k#i,j k#j

for some constants (b;;). Furthermore, one has the following relations:

Oji+ Bjivis = Y CikBikoki + iiBji + i0i + [20@‘2‘%‘@' — 250 — Y a?kakiil ;o (41.9)

ki) ki
Qik€jk + YikBjk = Z agBjicuk + BjiBik + Vij Bk + €jivik + dijajk
10,5,k
+ [Q%ij — 295505, — ) Oz?lazk], (4.1.10)
=y
ik¥jk + Vik€jk + dikBjr = Z aiBjvik + Bji€ik + Vij€jk + €jivik + 0ijVjk
I#ij
2 2
+ i [ij + 20,05k — 275Vjk — Z O‘jl'ﬂk:| + by, (4.1.11)

I#]
where 1, j, k are distinct.

Proof. (i) We have f;f; € HY(C, O(3p; + 3p; +2D;;)). Expanding in the formal parameter at p;,
we obtain

Q4

1 s (5+O[ ..
fifj = <t2+7ii+"'><t]'l+5ji+(5jit+"'> =t—3+ﬁ+”7m”+---. (4.1.12)
) 1

2 t;

Hence, the difference
flfj agz i azy ’Y]zfz 7ijfj

has poles of order at most 1 at p; and p;. On the other hand, expanding at pj, where k # ¢, 7,
we obtain

fifi=

Qi Ok " ik Vik T Ok Yik

2 ' + a0k + agdik + YikYi; mod tk@C,pk' (4.1.13)
k
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Hence,
fifi = awonfi — agihi — cuighy = viifi — vij
ki j
has poles of order at most 1 at all marked points. Since such a function has to be constant,
this implies (4.1.4). Now the relation (4.1.5) is obtained by equating polar parts of both sides of
(4.1.4) at p;. Similarly, (4.1.6) and (4.1.7) are obtained by considering expansions of both sides
of (4.1.4) at pg, where k # 1, j.
(ii) To prove (4.1.8) we start by observing that

=27t =) _odfu = t%mod t:'0cyp,
k£j J
and that this function has poles of order at most 1 at all p for k # j. Then we argue as in the
proof of (4.1.8). Comparing the polar parts of both sides of (4.1.8) at p;, we obtain (4.1.9). The
relations (4.1.10) and (4.1.11) are obtained by considering expansions of both sides of (4.1.8) at
Pk, where k #£ 14, j. |

(vij)

Proof of Theorem 3.2.1. We would like to prove that the map « : Mé}}, Gﬁifg is
generically one-to-one on its image for g > 6. Since the restriction of a to fibers of the projection
Mgg — My 4 is injective, it is enough to show how to recover generic (C, p,) from the constants
(cvij), defined using some trivializations of the tangent spaces T},. By Lemma 4.1.1, for generic
(C,pe) the kernel of the multiplication map (4.1.1) gives quadratic equations which cut out C
in the projective embedding given by |2D + pi|, where D = p; + --- + p,. If in addition we
know the line spanned by the section 1 € H(C, O(2D + p;)) then we can recover p; as a triple
zero of this section and the unordered collection of points ps,...,p,; as double zeros of this
section. Furthermore, we can recover each p; for ¢ > 2 if we know the line spanned by the section
fi € HY(C,O(D+p;)) C H(C,O(2D +p1)) used in Lemma 4.1.2. Indeed, generically f;, viewed
as a section of L, is nonzero near p; and has simple zeros at p; for j # i, j > 2.

By (4.1.4) and (4.1.8), the constants (Oéij), (ﬂij), (’7@']’)7 (52‘]‘), (€¢j), ((lij) and (blj) (Where
i # j) determine the multiplication map (4.1.1) with respect to the bases of Lemma 4.1.2. Thus,
it is enough to show that for generic (C,ps) € M, , these constants are uniquely determined by
(cvij). We do this by solving the equations obtained in Lemma 4.1.4.

Step 1. We would like to solve the equations (4.1.6) (together with the condition v; ;41 = 0) for
(Bij), (7ij)- The fact that for generic (C,p,.) these equations determine (f;;) and (v;;) follows
from Proposition 4.2.2(i) below.

Step 2. Note that we can express d;; in terms of v;; (and known quantities) using (4.1.5). Now
substituting in (4.1.7), we get a linear system for (&), (ai;) and (7;) of the form

Qi€ + Qi€ + 30zikajk’ykk + a5 = Aijk (4.1.14)

By Proposition 4.2.2(ii) below, for generic (C,ps) these equations (together with the condition
€ii+1 = 0) determine (g5), (a;;) and (74) uniquely.

Step 3. Using (4.1.9), we can express ¥;; in terms of the constants determined by oy
(generically). Finally, we use (4.1.11) to express (b;;) in terms of the known constants. O

Remark 4.1.5. The above reconstruction procedure also gives a way to produce some polynomial
equations for (a;j;) for g > 6. For example, for ¢ = 6 the system (4.1.6) of 60 equations has 54
variables (since we set 7;;4+1 = 0). Taking any 55 equations, we get the vanishing of a 55 x 55
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determinant, with one column of homogeneous cubic polynomials in (c;;) and all other entries
linear in (cy;), which gives a degree-57 equation on (c;). One can check that this indeed leads
to nonzero equations.

4.2 Degeneration argument

So far, we have reduced our reconstruction problem to proving that certain linear systems have
maximal possible rank generically on ﬂgy. Namely, consider the homogeneous linear system on
(Bij,ij), associated with (4.1.6),

ik (Vi — Vi) + oGe(Vik — Vi) = @iBik + @i Bk, (4.2.1)

and the homogeneous linear system on (g5, aij, vi;), associated with (4.1.14),

Qji€ik + i€k + 3aupaE kK + a = 0, (4.2.2)

(in both systems i, j, k are distinct). We have to check that generically they have only the obvious
solutions

’Yij = )\z‘> ﬁ,’j = O, (4.2.3)

€ij = —Hir  Gij = Qifli + Qijlly, Vi =0, (4.2.4)

for some (A;) and (u;). Our strategy is to reduce this to the case g = 6 and to study the above
systems for irreducible rational nodal curves, for which «;; can be determined explicitly.

Namely, consider the curve C' obtained from P! by gluing g pairs of distinct points (a1, by),
..., (ag,by), where a;, b; € A', together with the marked points p1, ... ,pg € C that are images
of the points c1,...,¢q4 € A ¢ PL. Note that the coordinate on Al gives rise to a trivialization
of the tangent line to C' at each p;. We look for the rational functions f; € H(C, O(2p; + D;))
in the form

where for ¢ # j the constants «;; are the functions we are interested in (while c;; do not have an
invariant meaning). Note that to compute «;; we do not need the special choice of parameters
at p; that we used for Lemma 4.1.4. The conditions f;(ax) = fi(bx) give the following system of
linear equations on (oy;):

fj( L ! ) ! L lcik<
— Qg = - , <i,k<g.
S\be—c; ar—c;) " (ar—c) (b —c)

Dividing by ax — b, we can rewrite this as

9 1 2c; — ajp — bk
i = - , 1<ik<yg. 4.2.5
j§=:1 bk —ci)aw —¢j) 7 (an — ci)?(by — ci)? ! (425
Let us consider the g x g matrices A = (ay;), M = (m;;) and N = (n;;), where
1 26,’ —a; — bj
y Mg = 2 2"
(bj — ci)(aj — i) (a; = ci)?*(bj — ci)
Then (4.2.5) is simply the matrix relation

AM = N.

(4.2.6)

m,-j =

Note that the matrices M and N are also defined when a; = b;.
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LEMMA 4.2.1. Let char(k) = 0. For g = 6 and
ai:bi:—ci:i, fOI‘izl,...,6,

the matrix M is invertible. Furthermore, for the corresponding entries c;; of the matrix A =
NM~! each of the systems (4.2.1) and (4.2.2) has six free variables. Hence, the same assertion
is true for generic a;, b;, ¢;.

Proof. We checked this with the help of a computer (see Appendix A). O

PROPOSITION 4.2.2. L%c%qar(lk) =0andg>6
(i) At generic point of Mé,; the system (4.2.1) has only trivial solutions (4.2.3).

(ii) At generic point ofﬂg; the system (4.2.2) has only trivial solutions (4.2.4).

Proof. (i) Lemma 4.2.1 implies that the assertion is true for generic (C,p1,...,ps) € Mé}%.

For g > 6 let us fix asubset I C {1,..., g} consisting of six elements. We claim that generically
the only solution of the equations (4.2.1) with ¢, j,k € I for variables (8;5,7i; | 1,7 € I) is

Bij =0, vij =i, (4.2.7)

for some constants A; ;. Indeed, without loss of generality we can assume that I = {1,...,6}.
Let us take generic curves (C1,p1,...,ps) € Mg and (Ca,p7,...,pg) € Mg_gg—¢ and consider
the nodal curve (C,p1,...,py) obtained from C; U Cy by identifying points p € C and g € C
(where p and q are different from all the markings). We also assume that nonzero tangent vector
fields are chosen at all points, so «;; are defined for i # j. Now for ¢ € {1,...,6} a nonconstant
section f; € H°(C,O(2p; + D;)) will restrict to a similar section on C; (and will have a constant
restriction to Cy). Hence for i, j € {1,...,6} the constants c;; calculated for (C,p,) are equal to
those for (C4,p1,...,ps). This implies our claim.

Thus, for generic (C,pe) a solution of (4.1.6) satisfies (4.2.7) for each I as above. Note that
for I and I such that i,j € INI" we have A\; ; = \; 7 = 7;5. Since any two subsets I containing i
can be connected by a chain of subsets containing ¢, in which every two consecutive terms have
at least two elements in common, this implies that \; ; depends only on .

(ii) For g = 6 this follows from Lemma 4.2.1. Then we proceed as in part (i). O

5. The tangent map

5.1 General formula

The tangent space to the moduli space M( ) at a stable curve (C,p1,...,pgsV1,-..,0g) (Where
v; € Tp,\0) is canonically identified with Ext (Qe, O(—2D)), where Q¢ denotes the sheaf of
Kahler differentials and D = >~7_; p;. On the other hand, if h%(O(D)) = 1 then we can use the
boundary homomorphism

P, ~ H(C,0(D)/Op:)) = H'(C,O(p;))
J#i

to get natural bases in each space H!(C,O(p;)) numbered by e;;, i # j.
Let us consider the regular map

ares ; (0 @), AT,

where YD) ¢ ﬂé}; is the preimage of the open substack U C Mg,g defined by h%(D) = 1.
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ProprosITION 5.1.1. Under the above identifications the tangent map to '*® is the map

g g
Ext! (0, 0(-2D)) %L @ Ext!(O(~2D - p,), O(~2D)) =~ P H(C,0(py)),  (5.1.1)
i=1 i=1
where for each i, dfi € Qc(2D +p;) is the differential of the rational function f; € HY(O(D +p;)),
such that f; = v?mod O(D).

Proof. By irreducibility of the moduli space it is enough to consider the case when C' is smooth.
Then (5.1.1) is the map induced on H! by the morphism of coherent sheaves

T(-20) < P o).

Note also that for each ¢ the natural map

O(p;) - @ 0(D;)
J#i
induces an isomorphism on H! (recall that D; = D—p;). Hence, our assertion reduces to checking
that for each i # j, the differential da;; of the function «y; at (C,p1,...,pg,v1,...,7,) is equal
to the map induced on H' by the morphism
df;
T(—2D) Y5 0(p;) — OD;). (5.1.2)
To this end let us fix an affine covering (U,) of C' and a Cech 1-cocycle vy, with values in
T(—2D) (we assume that each marked point is contained in only one U,). This gives a first-
order deformation of (C,pi,...,p,) over kle]/(e?), glued from the trivial deformations U,[e] :=
U, x Spec(k[e]/(€2)) of U, with the transitions on Ug[e] given by the automorphisms id +evgp.
Let fi € H(C,O(D + p;)) be such that f; = v? mod O(D), so that by definition

fi = aij - vymod O(D; + p;).

We want to deform this function over k[e|/(€?), preserving the condition f; = v?mod O(D).
Thus, the deformed function should have form f; + eg, on each U,, where g, € H°(U,, O(D)).
The gluing condition gives
fi + egp = (id +€vap) (fi + €ga)
on Ugyle], which is equivalent to
96 = Ga + Van(fi)- (5.1.3)

Then daj; is the image of g,(;) in O(p;)/O, where p; € U,;). From the exact sequence
0— O(D;) - O(D) = O(pj)/O =0
we get the following exact sequence of Cech complexes:

Tj

0——=C%(O(D;)) —= C(O(D)) —— C*(O(p;)/0) —=0

N

0—=CY(O(D;)) — CH(O(D))

Note that
Vab(fi) = (vab, dfi) € O(pi) C O(Dy),
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so we can view (vg(fi)) as a 1-cocycle in CH(O(Dy)). By (5.1.3), the cochain (g,) € C°(O(D))
satisfies

9((9a)) = t(vap(fi))-
Since 7j((g4)) is exactly da;j, we obtain that the class [va(f;)] € HY(C,O(D;)) is the image of

da; under the connecting homomorphism H®(O(p;)/O) — HY(O(D;)). Since the map (5.1.2)
is given by v — v(f;), this implies our claim. O

5.2 Tangent map at a rational irreducible nodal curve
Let (C,p1,...,pq) be a stable curve. Using Serre duality, we can identify the dual to the tangent
map (5.1.1) with the map

50,0 © we2D)), (5.2.1)

g
P 1 (C,we(—p))
i=1
where we is the dualizing sheaf on C.
We will describe the map (5.2.1) explicitly in the case of the curve C obtained from P! by
gluing g pairs of distinct points (ai,b1), ..., (ag,by), with the marked points ci,...,¢cq4. Let us
denote by ¢; € C' the node corresponding to a pair (a;, b;). Recall that in this case the functions

fi € O(2p; + D;) correspond to the functions

on P!, where the matrix (c;) is determined by the conditions f;(ax) = fi(bk) (see §4.2).
The main problem is to understand the space H°(C,Qc ® we(2D)). Recall (see [HarlO,
Exercise 5.9]) that Q¢ fits into the exact sequence

0= Oy = Qo —> we — Oy — 0,

where Z is the union of all nodes. Formally, at a node ¢ € C the curve looks like Spec(k[[x,
y]]/(zy)) and the completion of Q¢ is generated by dx and dy with the relation z dy = —y dz, so
that the embedding Oz — Q¢ is given by 1 — ydz. The dualizing sheaf w¢ is locally free and is
generated near the node by dz/z = —dy/y. Thus, the space (Qc @ we) ® (’)C,q/mg has the basis
dx @ (dz/z),dy ® (dx/z),ydr @ (dz/x),xdx @ (dx/x),ydy @ (dx/x). Let

d
741 Qe ®we) ® Ocg/m? — k- (xdy@ ;)

denote the projection to (x dy ® (dx/x)) with respect to this basis. Then we have an embedding
HO(C, 0 @ we2D)) 2 HO(C,wE (2D)) & KZ. (5.2.2)

Thus, to describe (5.2.1) it is enough to consider its compositions with v and with 7, for all
q€Z.
Let 7 : P! — C be the normalization map. Then we have an isomorphism

T*we ~ wpt (Z(az‘ + bi)>7

7

so that near the 7th node ¢; the sections of w¢ are distinguished by the condition Res,, + Res, = 0.
In particular, we have an embedding

H(C,wE*(2D)) — H° <P1,w§3 <2D +2 Z(ai + bi)>> :
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Since the pullbacks 7*df; € wpi(p; + 2D) are regular at all a; and bj, we have a commutative
diagram

vo(df;)

P H(C.we(-p)

i=1
(pl

HO° (]P’l, w&? <2D +) (a;+ bj)>> ——H° <]P>1, Wi’ <2D +2) (a; + bj)))

J J

HO(C,wg?(2D))

where ¢ is induced by the embeddings
HY(C,we(—p;)) — H° <IP>1,wH£ <—C¢ + Z(aj + bj)>>
J

followed by the product with 7*df;. Finally, since w 2 has no global sections, we have an
embedding

L:HO<IP’1 w <2D+Z a;j +b; >> @w (2¢i) Jwp @@w (aj)/wE? @ w2 (b)) Jwpr,

given by the polar parts at all points a;, b; and ¢;. Thus, the map (5.2.1) is essentially determined
by the map

g
P H(C,we(—pi)) 27 @w (20) /o ea@w (a7) /2 © WER(by) foopr @ 7.
=1

(5.2.3)

In particular, (5.2.3) has the same rank as (5.2.1), which is the same as the rank of the tangent
map (5.1.1).

We now calculate the components of (5.2.3) explicitly. First, let us describe a basis in the
source space. We realize global sections of w¢ as rational 1-forms on P! having first-order poles
at a; and b; with opposite residues at a; and b; for each i (and regular elsewhere). All such
1-forms on P! can be written as
T

M=

dt,
= (t —ap)(t — br)
for some constants z1, ..., z,. Thus if (z;;) = M1, where M = (m;;) (see (4.2.6)), then for each
j the form
g
— e Tk
n; = e;j(t)dt, where e;(t ; T an)(t =) (5.2.4)

is a generator of the one-dimensional subspace H%(C,wc(—D;)) € H°(C,we). Thus, we can take
(n;) i as a basis of H(C,wc(—p;)). It remains to calculate the polar parts of df; ® n;, where
i # j, at all the points ay, by and cy, as well as the constants 7, (df; ® n;). The latter constants
can computed as follows.

LEMMA 5.2.1. Let U be a neighborhood of a node q € C, and let x and y be formal parameters
at the two points a and b over the node on the normalization. For n € H°(U,wy) consider the
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expansions near a and b of its pullback to the normalization,

~ dr d
U:(d—1+dow+"');7 77:(6—1+€0y+~-)zy,

where d_1 +e_1 = 0. Then for f € O(U) we have
[ df df dx
n(d@n) = (i @+ il o) ciys
where fis the pullback of f to the normalization.
Proof. Let f = P(z) at a and f = Q(y) at b, where P € Kk[[z]], Q € k[y]], P(0) = Q(0). Then
df = P'(z)dz + Q'(y)dy € Qcy @ Ocy.

Under the trivialization of we in the formal neighborhood ¢ given by dx/x, n corresponds to
d
(d_1+d0x—|—d1:1:+~-—eoy—ely—--')g.
Hence d
df @ n = (d—1 +dox — eoy + - - ) (P'(x) dz + Q'(y) dy) ® e

The terms contributing to 7, are

(doQ'(0)x dy — eo P'(0)y dz) ® d?x = (dpQ'(0) 4 o P (0))y dz @ dg

which gives the result. O

To apply this lemma in our case we use expansions of 7; near aj and by:

C_ Lkj Lij _ Lkj .
= <(ak —bg)(t — ax) * [Z (ar —ar)(ar, — b)) (ax — bk)Q] - >dt’

Ik
_ Lkj Ll Tk o) dt
K <(bk —ag)(t — by) - [g; (b —ar) (b, — b)) (ar — bk)2] " > !
Hence,
o (dfi @ m5) = Enar) - fi(br) + € (br) - fi(ar),
where

~ _ Xy _ Lkj
) = ; (t—a)(t—0b) (ap —bp)?

Calculation of the polar parts is straightforward. The polar part of df; ® n; at aj (respectively,

bk) is
ziifl(a dt®? ziifl(a dt®?
ki filar) respectively, ki filan) .
ak—bk t—ak ak—bk t—ak
To calculate polar parts at ¢, we need expansions of f; and 7; in t — ¢, so these will be expressed
in terms of oy and of first two derivatives of e;(t) at ¢ (see (5.2.4)). Namely for k # i, j the

polar part of df; @ n; at ¢, is

/ .
e (cr) ik ()2,
t— Cl
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The polar part of df; ® n; at ¢; is
2¢/i(ci)  el(ci) +ef(ei)evi 5®?
(t — Ci)2 t— C; '
Finally, the polar part of df; ® n; at c; is given by

< Qi +€}(Cj)aij>dt®2.

t—c;i)? t—c;
j i

THEOREM 5.2.2. Assume that char(k) = 0. For g < 5 the rational map & : My, — Gﬁj_zg is
dominant.

Proof. For g = 3 this follows from Proposition 3.2.2, which in this case states that the restriction
of @ to the generic fiber of the projection My, — M, is generically étale. For g =4 and g = 5
we use the above calculation to construct a rational irreducible nodal curve with ¢ points for
which the tangent map to « (and hence to @) is surjective. Namely, we check by computer that
for a; = —c; =i, b; = g+ i, where g = 4 or 5, the rank of the map (5.2.3) is g*> — g (see the GAP
codes in the Appendix A), hence the tangent map (5.1.1) has the same rank. a

Remark 5.2.3. By Proposition 3.2.2, in the case g = 3 the map @ is still dominant and generically
smooth for char(k) > 0. In the cases ¢ = 4 and g = 5 the same is true if char(k) is sufficiently
large.
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Appendix A. GAP codes

A.1 GAP codes for Lemma 4.2.1
Setting up vectors a = (a;), b = (b;), ¢ = (¢;) and calculating the matrix A = (ay;):

g:=6; a:=[l.g]; b:=a; c:=—aq;

M := NullMat(g, g);

for 4 in [1..g] do

for j in [1..g] do

MIi][j] == 1/((alj] — cli]) * (bl5] = ¢[i])); od; od;

N := NullMat(g, g);

for 7 in [1..g] do

for j in [1..g] do

NTG) = (2 ] — alj] - B/ ((als] — efil)"2 (O[] — eli))"2); od; od:;
A:=N/M;

Calculating the number of free variables in the system (4.2.1), where we write the coefficients
of each equation in a 2¢g x g matrix, with one block corresponding to the variables (y;;) and the
other to the variables (3;;):

T := Tuples([1..g], 3);
for S in Tuples([1..¢],3) do
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if S[1] >= S[2] or S[1] = S[3] or S[2] = S[3] then
RemoveSet (7, S); fi; od;

equations := [[;

for S'in T do

m = NullMat(2 * g, g);

m[S[1] + g][S[3]] := A[S2J[S[]}; m[S[2] + gl[S[3]] := A[S[][S[2]]
m[S[2]][S[3] := —A[S[A]][S[3]]; m[S[2][S[1]] := A[S[][S[3]];
m[S[1]][S[3]] := —A[S[2]][S[3]]; m[S[1]][S[2]] := A[S[2]][S[3]};

Add(equations, m); od;
V' := FreeLeftModule(Rationals, equations);
2% g* (g — 1) — Dimension(V);

Calculating the number of free variables in the system (4.2.2), where we write the coefficients
of each equation in a 3g x g matrix, with blocks corresponding to the variables (v;;), (a;;) and

(i), respectively:

equations2 := [[;

for S'in T do

m := NullMat(3 * g, g);

m{S[1] + 2 + g)[S[3]] := A[SI2][STL; m[S
m[S[1] + g][S2]] == 1; m[S[3]][S[3]] := 3 *
Add(equations2,m); od;

V' := FreeLeftModule(Rationals, equations2);
3xgx*(g—1)/2+ g — Dimension(V);

2]
* A[S[A]][S[3]] = A[S[21][S[3]];

A.2 GAP codes for Theorem 5.2.2

+ 2% g][S[3]] := A[S[1]][S[2]];

Setting up (say, for genus 5) and calculating matrices M, N, A as before, as well as some auxiliary
quantities, namely, the matrices ecp = (€}(c;)), ecpp = (€] (ci)), fpa = (f{(a;)), fpb = (£{(b;)),

eta = (gjl(al)) and etb = (g]z(bz))

g:=5 a:=[l.g]; b:=[g+1)..2x%9)]; c:=—a;
M := NullMat(g, g); N := NullMat(g, g); Np := NullMat(g, g);

ac2 := NullMat(g, g); ac3 := NullMat(g, g); bc2 := NullMat(g, g); be3 := NullMat(g, g);

for i in [1..g] do
for j in [1..g] do

Mi][j] := (a[j] = eli]) " (=1) * (bl5] = ¢[i]) " (=1);

NIil[j] == (2 % cli] — alj] = blg]) * (als] = cli]) " (=2) * (5] — c[i]) " (=2);
Npli][j] —2*(( [i] = alj])" (=3) = (c[i] = bl5])"(=3))/(alj] = OLI]);
ac2[i)[j] := (alj] = cli]) " (=2); ac3[i][j] := (als] - c[i])"(=3);
be2lil[j] == (blj] = cli]) " (=2); beli][s] == (blj] = ¢[i])"(=3); od; od;

A= N/M;
x := Inverse(M); ecp := —N * x; ecpp := Np * x;
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fpra:=2xac3 + Axac2; fpb:=2x%bc3 + A xbc2;

eb := NullMat(g, g); ea := NullMat(g, g);

for 7 in [1..g] do

for j in [1..g] do

if i = j then eb[i][i] := —(bli] — ali])"(=2); eald][i] := eb[i[i];
else eb[i][j] := (b[i] — a[j])"(=1) * (b[i] — b[j])"(=1);

eali][j] := (ali] — a[j])" (=1) * (a[d] = b[j])"(=1); fi; od; od;

eth := eb* x; eta := ea * x;

In the main cycle we create the set of vectors of length 5g numbered by pairs (i, 7), i # 7,
representing images of 7; € H(C,wc(—p;)) under (5.2.3). The coordinates of these vectors
are partitioned into five segments of length ¢ (named tau, pa, pb, pcl and pc2), corresponding
respectively to 7, (df; ®n;), and the polar parts of the Laurent expansions of df; ®n; at ax, by and
c (the latter are recorded in two segments: coefficients of (dt)®?t — ¢, in positions [3g+1, . .., 4g]
and coefficients of (dt)®2(t — c;)?). The output is the rank of the map (5.2.3).

functionals := []; for 4 in [1..g] do

for j in [1..g] do

if i <> j then

tau := 0% [1..g]; pa:=0x[l..g]; pb:=0x[l..g]; pcl :==0x[l..g]; pc2 :=0x [l..g];
xi:=0x[1..(5xg)l;

for k in [1..g] do

taulk] := etb[k][j] = fpali][k] + eta[k][5] * fpb[i][K];
palk] := x[k][j] * fpali][k]; pb[k] :m[ (5] * fpbli][K];

if k= i then pel[i] = ecpplllf] + ecplil[j] * AL}, pe2li =2 * ecpli][j};
elif & = j then pcl[j] —6029[][]* [i]l3]; pe2(s] := Ala[j];

else pel[k] := ecplk][j] = A[i][k]; fi;

xilk] := taulk]; zilk + g] := palk]; xi[(k + 2 * g)] := pb[k];

zil(k + 3 x g)] := pel[k]; zi[(k + 4% g)] := pe2[k]; od;

Add(functionals, z);

fi; od; od;
V := FreeLeftModule(Rationals, functionals);
Dimension(V');

For g = 4 and g = 5 we get the rank equal to 12 and 20, respectively. As a sanity check, for
g = 6 we get the rank equal to 27 = 5g — 3 which is the dimension of the moduli space Mg%,
which agrees with the fact that for g > 6 the tangent map is generically injective.
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