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SPECTRAL PROPERTIES OF FIRST ORDER ORDINARY
DIFFERENTIAL OPERATORS WITH
SHORT RANGE POTENTIALS

S. ITATSU AND H. KANETA

§1. Introduction and main theorem

The purpose of the present paper is to give a complete proof of the
theorem which will be used in a paper of the second author [4].

We will discuss certain spectral properties of selfadjoint ordinary dif-
ferential operators of the form iA(d/dx) + V acting in L*(R), = > ® L*(R),
where A is a real diagonal constant matrix and V an Hermitian matrix
valued function on R which satisfies some conditions to be stated in the
sequel.

According to [1, p. 156] a function v in L}.(R) is said to belong to
the class SR if, for some ¢ > 0, the multiplication map: u(x) — (1 +
|x])'**v(x)u(x) is a compact operator from the Sobolev space H,(R) into
L*(R) (the square integrable functions on R). For a selfadjoint operator
L in a Hilbert space 9, let L,, L. and L,. stand, respectively, for the re-
striction of L to the subspace §, spanned by all eigenvectors, 9i (the
orthogonal complement of ©,) and the absolutely continuous subspace
9.([5], p. 516). Thus we have L=L , ® L, and L, > L,.. Let A be a real
diagonal n X n-matrix with (j, j)-component «¢; and V an Hermitian nX n-
matrix valued function on R with the (j, k)-component V;, in L} .(R). As
will be shown in Lemma 1, the symmetric operator L = iA(d/dx) + V
with domain C;(R), = > @ C7(R) is essentially selfadjoint in the Hilbert
space L*(R), = >, ® L*(R), we denote the selfadjoint extension of L by L.
Then our main result is the following.

THEOREM. (i) Assume that a,---a, + 0. If each matrix element V;,
of V belongs to the class SR, then L = L,,. Under the additional assump-
tion that for some ¢ > 0 and 0 < 0 < 1/2 each V,; satisfies
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*) sup [(L + 207 [ V) Fly — st dy] < oo,

lz—

L,. is unitarily equivalent to the selfadjoint multiplication operator M in
L*(R), defined by Mf(2) = Af(2). Note that the condition (*) is satisfied if
Viu(x) = O(x["'7%) as |x| — oo.
(ii) Assume that a,=---=a, =0 and ayn,, - - @, + 0 for some 0 <
m < n and that
Vie=0 forj, k=1,---, m,
. \V, is bounded for j=1,---, mand k=m+1,---,n,
£ 3
**) Vi and Wy, = >, V,,V,, are of the class SR for j, k
1<ésm
=m-+1,.--,n.
Then L has no eigenvalues differing from zero and L, = L,.. In addition,
if each V), belongs to C(R) and satisfies
Vi(x) = O(x[7""*)  as [x] —> o0
for some ¢ > 0, then L. is unitarily equivalent to the selfadjoint multipli-
cation operator M in L*(R),_., defined by Mf(2) = 2f(2).
In §3 a sufficient condition for L to have no eigenvalues will be
found.

§2. Proof of the theorem

We proceed as Agmon [1]. To begin with, we explain our notations.
The real and complex numbers will be denoted by R and C respectively.
As usual, C, = {ze C: == Im 2z > 0} and R* = R\{0}.

L2 (R) = {u(x):‘[ |u(x)|Pdx < oo for any compact set K in R} .
K
L*(R) = the square integrable functions with the usual norm || ||.
For real s,
L*¥(R) = {u(x): (1 + x°)**u e L*(R)} with the norm | |,,,:
l[wo,s = (L + %) ul|.

For any integer m > 0 and real s, we define the weighted Sobolev space
H, (R) by

H, (R) = {u(x): D*uc L**(R), 0 < m} with the norm || |,.:

1/2 . d
lulln,e = (2 _IDulf,) ", where D = —i-%.
0<asm dx
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DIFFERENTIAL OPERATORS 25

For real m, the Sobolev space H,(R) of order m is defined as the comple-
tion of C(R) under the norm

lull = [ 18QFQ + #)da.
Here & stands for the Fourier transform of u, namely,
() = (271')“/2_[ w(x)e “*dx .

Thus H, «R) = H,(R) for non-negative integer m. The continuous func-
tions and continuously differentiable functions on R will be denoted by
C(R) and C'(R) respectively. For any 0 < § <1 and real s we denote by
C’*(R) the continuous functions such that

lllns = sup 4+ x)lue) + sup [t +|xp D =¥ < oo
TER x X — yl

¥
0<|17-y1<1 l

C"-valued functions on R whose components lie in L*(R), for example, will
be denoted by L*(R),.
Finally,
A: a real diagonal matrix with the (j, j)-component a;.
V: an Hermitian matrix valued function on R whose (j, k)-component
is V.
V: an Hermitian matrix valued function on R whose (j, k)-compo-
nent is V,(m < j, k < n).
W: an Hermitian matrix valued function on R whose (j, k)-compo-
nent is Wy, = D icicn Vi Va(m < j, B < n).
D,: the domain of the operator L = iA(d/dx) + V.

Lemma 1. The operator L = iA(d/dx) + V with domain CJ(R), is es-
sentially selfadjoint in L*(R),.

Proof. Recall that V;; € L}, (R). Obviously L is symmetric. Assume
first that the diagonal matrix is non-degenerate. It remains only to show
that the range of L — z is dense for any ze C,. To this end, suppose
that a ge L*(R), satisfies

» (L —2)f,g)=0  for any fe CS(R),.
Since Vj; e Li(R), (1) implies that g is absolutely continuous and that
@ iAg’ +(V—2)g=0.
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Thus it follows easily that

3 (Ag(x), g(x)) = — 2 Im 2(g(x), 8(x)) .

Since a monotone function in L'(R) is zero, the function (Ag(x), g(x)) is
zero. Now from (8) it follows that g = 0. Next assume that a, = --- =
¢, =0 and @, ---a, * 0. Then (1) implies that components g,(m <j
< n) are absolutely continuous. The rest of the proof is the same as
that in the case where det A # 0. Q.E.D.

Remark. The domain D, is H,(R), in the case (i) and L*(R),, ® H|(R),_..
in the case (ii) of our theorem. In order to verify this, recalling the
theorem 4.3 of [5, p. 287], it suffices to show that there exist some con-
stants 0 < @ and 0 < b < 1 such that

IfIF < @*lIFIF + O°[IF1R

for a function v belonging to class SR and for any fe H(R). To this end,
note first that the following inequality holds for some constant c.

Q@+ =D vfIF < elfii

Hence there exists positive constant r such that

f Lo, o Fdx < IF1/4.

Since ||f]l.. < c|If|} for some constant, taking N large enough, we have

[ wrtar= ([ +[  Yufeds< NUFE+ IfE/4-

2.1. Eigenvalues. The following lemma, together with Proposition 3
in § 3, implies that L has no eigenvalues in the case (i) and that L has
no eigenvalues differing from zero in the case (ii).

LemMA 2. If v belongs to the class SR, then v is integrable.

Proof. Assume that for a positive ¢ the map u— (1 + |x))'**vu is a
compact operator from H,(R) into L*(R). Then (1 + |x))'**|v||uf is inte-
grable for any u e H,(R), in particular, for u = (1 + x?)~@*+74, Q.E.D.

2.2. The limiting absorbtion principle.
Case (1). Let R,(2) be the resolvent ((A(d/dx) — 2)™! for ze C,. We
note that the theorem 4.1 of [1] holds for R,(z), hence the boundary value
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R;(2) is a well defined bounded operator in B(L**(R),, H, _(R),) for any
s> 1/2.

DerFiNITION. A function u € H{*(R), will be called a 1-outgoing func-
tion (resp. A-incoming function) if for 1€ R the relation holds:

u= R;Q)f (resp. u = R;(A)f) for some fe L**(R),

with some s > 1/2. Among several steps to prove the limiting absorption
principle (cf. Theorem 4.2, [1]), Lemma 4.2 of [1] is the only one whose
proof needs new idea. A difficulty arises because A is not necessarily
definite. Therefore, we confine ourselves to the proof of the following

LEmMmA 38 (cf. Lemma 4.2, [1]). Let ue H*(R), be a 2-outgoing (i-
incoming) function satisfying a differential equation in the distribution
sense:

®) (iA%-i— V—l)u=0,

where the matrix element of V are of class SR. Then u belongs to H, (R),
for all real s.

Proof. We shall prove the lemma for u outgoing, the proof for u
incoming is similar. By the assumption, u = R;(2) f for some fe L**(R),,
S, > 1/2. This implies

00

© @ =ia) [ ey forjed, = (jia,> 0]
= —ia;' [ e mif()dy  for jed. ={jia, < 0}.

Since f is integrable, it follows that u,(c0) = 0 (resp. u(—o) =0) for je
J.(resp. je J_) and that u is absolutely continuous. Thus (5) holds in the
ordinary sense, which yields, setting Im z = 0 in (3), the function (Au(x),
u(x)) is constant. Thus we have
0>lim 3 alu@f= 3 @ =ln 3 olu@F>0.
€T — 1<7<n oo JET 4

Z——o0 j

From this and (6) follows that f,(—— 2a;") = 0. From now, the reasoning
in the proof of Lemma 4.2 of [1] is applicable. Q.E.D.

Case (ii). Let R(2) be the resolvent ({A(d/dx) + V — 2)7! for ze C,,
I+ the injeCtion (fm+l’ ot "fn)b - (0’ Tt O,fm+l, v 'yfn)t and P+(resp. Po) the
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projection (fl, o ':fn)t - (fm+1: ° "fn)c (resp. (fls ° '7fm)t)' For FAS C: we
consider an operator L(z) with domain H(R),_.:

) L~(z)=iﬁ—é—+ V4+2z'W—z.
dx

First of all, note that the inverse R(z) of L(z) exists and that it satisfies
®) R() = z”(— P, + P,VI,R(2)P,) ® I.R(2)P, .

In fact, given an fe L*(R),, the equation (L — 2)u = f has a unique solu-
tion u = R(z)f € L*(R),, ® H(R),... As one sees easily, u = R(z)f if and
only if

) (ii&di 4V + W z)P,,u — P.f+ 2P, VP,f,
X
Pu=2z2"(— P,f+ P,Vu).

Since V,;, (m<j<n, 1< k<m) is bounded, the range (P, +2z"'P, VP,)(L*R),)
is equal to L*(R),,,. Now assume that for a given f, € L*(R),_,, the equa-
tion L(2)u, = f. admits two different solutions u{’ (j = 1,2). Then, from
the preceding observation, the equation (L — 2)u = I,f, has two distinct
solutions, which is a contradiction. The existence of R(2) has been proved.
Now (8) follows from (9). We will show that R(z) is a B((L**(R), _ n,
H,, _/(R)-valued continuous function on C. which has a continuous exten-
sion on C, U R*(s > 1/2). To this end, note that

(10) R() + R(Z)V + 2'W)R(2) = R,(2)  for zeC.,

where R,(z) denotes the resolvent ((A(d/dx) — 2)~'. Since V as well as W
belongs to SR class by the assumption (**), repeating the argument in
the proof of Theorem 4.2 [1], together with Lemma 3, we see that a
B(H, _R),_»n, H,_{R),_n)-valued function T(2) = R(2) (V + z'W) has
continuous extensions on C, U R* and that I + T%(2) (zeC. U R*) is in-
vertible if and only if z is not an eigenvalue of L. Since L has no non-
zero eigenvaues, R(z) has the boundary values R=) = I + T=(2) 'Rz (2),
which is automatically continuous in 1€ R*:

lim R(z) = R*()  in BI*(R)s-m, Hy,-(R)s-n) -

+Im2>0
In view of (8), R(2) is a B(L**(R)n, L**(R),) ® B(L**(R), - n, H,, - (R),_n)-valued
function which admits continuous extensions R*(z) on C. U R*. Now the
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absolute continuity of the spectrum of L on R* follows.
2.3. The multiplicity of L,..

Case (i). We assume the condition (*). In our case Theorem 5.1
of [1] runs as follows.

ProprosiTioN 1. There exist two families ¢.(x, ) of generalized eigen-
functions of L defined for any A€ R having the following properties (recall
that L has no eigenvalues).

(i) As a function of x and 2, ¢.(x,2) is a measurable matrix valued
function of class L%, (RXR).

(ii) For every fixed 2 the function ¢.(x, 2) belongs to C(R) N H{*(R)
and satisfies the differential equation (A(d/dx) + V — p.(x, 2) = 0.

(iii) For any vector g in C™, put ¢,(x, 2) = e“Y7A|"* gnd

%(x, ) = ¢.(x, g, ¢i(x, 2) = p,(x, A)g .

Here |A|'* denotes the diagonal matrix with (j,j) component |a,|™"*.
Then for a fixed 2 € R, the function ¢%(x, 2) has the representation

L%, 2) = ¢i(x, 2) — RTAIV()es(. , V(=) ,

where R*() are boundary values of the resolvent R(z) of L. In particular
©%(x, 2) lies in C"~*(R), N H, _{(R), for any s > 1/2 and satisfies the dif-
ferential equation (5).

Therefore we can verify the eigenfunction expansion theorem for L
along the line of the proof of Theorem 6.2 [1]. Namely, define bounded
linear maps F.:L*R), — L*(R), by

Ff@®= @0 " lim| ot Df@dx  in @),

Then F. unitarily transforms L into the selfadjoint multiplication operator
M defined by Mf(2) = 2f(2).
Case (ii). We first note

ProPOSITION 2. Let the potential V be of class C'(R) and satisfy the
first condition of the conditions (**). Then the multiplicity of L (the re-
striction of L to the orthogonal complement of the space £, spanned by
eigenvectors for eigenvalue zero) is at most n — m.

Proof. We shall show that L has an (n — m) X (n — m)-matrix valued
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spectral matrix p. The proof follows the same development as that of
Theorem 3.1 in Chapter 10 of [3]. However, in connection with the proof
of Parseval equality we should note that the image L(C;*(R),) is dense in
the orthogonal complement $F, that it is a subset of D, because V is
smooth and that, making use of notations in Chapter 10 [3], we have

[ #le@lda< [ 1gfde< | |Lf@rds,

e<[2l<1 e<]2}<1 R

[ Zle@rdo,<p|  2lg@rde <[ D@L,
<a<e 1<Ji<p R

The lemma below completes the proof of our theorem.

LEvmaA 4. Let L, be the selfadjoint operator iA(d/dx) in IL(R),. For
any fe Cow(R)n Of the form f = (09 ] 0’ fm+1, ce '9fn)t3 eitLe-itLof converges
strongly as t— oo,

Proof. As is well known ([5], Theorem 3.7 in Chapter X), the con-
vergence follows from the fact that || Ve **<«f| is integrable on some inter-
val (%, o). By the assumption (***) there exist positive constants ¢, K
and r (> 1) such that | V(x)| < K|x|'~* for |x| > r. Since (e *%f),(x) =
fi(x + a,t), assuming that a finite interval (— ¢, ¢) includes the support of
f and denoting min,.; |a;| (resp. sup,,.|f,(x)) by a (resp. s), we have the
following inequality:

Ve itief |F < 2¢K?s*n’|c + at]™**,
which yields the desired integrability of ||Ve “If||. Q.E.D.

Proposition 2 and Lemma 4 imply that L, is unitary equivalent to
the multiplication operator in L*(R),_,. Since we have shown that L, =
L,. (see 2.2), the last assertion of our theorem has been proved.

§3. Sufficient condition for L to have no eigenvalues

As stated in §1, A denotes a real diagonal matrix, while V stands
for an Hermitian matrix valued function of class L%.(R).

ProposITION 3. (i) Assume that det A#+0. If A is positive (or nega-
tive) definite or if V is integrable on a half line, then L has no eigenvalue.

(i) Assume that ¢, = --- =@, =0 and a,., - a,%* 0 for some 0 <
m < n and that
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V=20 for 1<j, k<m,

Vie and W, = >, V..V are integrable on a common half line

<l<m

for m <j, k< n,
then L has no eigenvalues differing from zero.

Proof. Suppose u e D, satisfies the following equation for a real 2.

(11) (iA—d——)— V—2>u=0.

dx
We shall show that u=0. Note that u; are absolutely continuous in the
case (i) and that u, (j > m) are also absolutely continuous in the case
(ii) (cf. the proof of Lemma 1). If A is definite, (3) implies that the func-
tion (Au(x), u(x)) is constant, thus u=0. If V is integrable, say on (0, ),
define ve L¥R), by the formula u=e"4 **%y, Then v satisfies

v/(x)ze—(iA)‘lxl V(x)e(iA)_lxlv(x).

Since v has a non-zero limit as x — oo, provided v % 0 ([3], problem 6 in
Chapter 3), we conclude that ©=0. In the case (ii) we must show u=0,
assuming that 1+#0. We rewrite (11) in the form (9) with f=0 and z=A4.
Since the Hermitian matrix valued function V + 2-'W is integrable on a
half line, it follows that P,u=0 via the same reasoning for the case (i).
From the second equality of (9), P,u=0. Thus u=0. Q.E.D.
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