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STABILITY OF DISCRETE ORTHOGONAL PROJECTIONS
FOR CONTINUOUS SPLINES

R.D. GRIGORIEFF AND I.H. SLOAN

In this paper L, stability and convergence properties of discrete orthogonal projec-
tions on the finite element space S, of continuous polynomial splines of order r are
proved. The discrete inner products are defined by composite quadrature rules with
positive weights on a sequence of nonuniform grids. It is assumed that the basic
quadrature rule @ has at least r quadrature points in order to resolve Sy, but no ac-
curacy is required. The main results are derived under minimal further assumptions,
for example the rule @ is allowed to be non-symmetric, and no quasi-uniformity of
the mesh is required. The corresponding stability of the orthogonal Lo-projections
has been studied by de Boor [1] and by Crouzeix and Thomée [2]. Stability of the
first derivative of the projection is also proved, under an assumption (unless p = 1)
of local quasi-uniformity of the mesh.

1. INTRODUCTION

This paper establishes stability and convergence properties of discrete orthogonal
projections onto the standard finite element spaces Sy of continuous polynomial splines
of degree at most r — 1 on an interval, with r > 2.

To be precise, let

(1.1) i ={0=z9p <7 < <1z =L}
be an arbitrary partition of the interval [0, L]. Then
Sy = {z,b €C0,L): wl[xk,xkﬂ] eP,_,, k=0,---,n- 1},

where 9|[z,y] denotes the restriction of ¥ to [z,y] and P, the space of polynomials of
degree at most d. Let

J 1
(12) Qo= Y wigl&) ~ [ 9(x) de

=1

Received 3rd March, 1998
The support of the Australian Research Council is gratefully acknowledged, as is the hospitality of the
Mittag-Lefller Institute where the present version of this work was completed.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9729/98 $A2.00+40.00.

307

https://doi.org/10.1017/50004972700032263 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700032263

308 R.D. Grigorieff and I.H. Sloan (2]

be a basic quadrature rule with quadrature points or nodes
0L << <<l

and weights w; > 0; the positivity of the weights plays a crucial role in the theory. We
denote by A the mesh-size vector

h:= (h01hl) Y hn-l)1

where hy :== z;,y —z for k=0,---,n —1, and introduce the composite quadrature rule
n-—1 J L

(1.3) Qngi= 3 e Y wig(zeg) ~ [ g@)d,
k=0  j=1 0

with

Tej = Tp + e, k=0,---,n-1, j=1,---,J
We then introduce the positive semidefinite, Hermitian, sesquilinear form

(1.4) (f,9), = Qn(f9), f,g€Cl0,L]

This sesquilinear form is shown in Proposition 2.1 to be an inner product on S if and
only if J > r. In this situation we may define a projection R, : C[0, L] — S, by

(1.5) (Bofi)p = ([,¥)y VY ESh

It is this discrete orthogonal projection R, that we study in this paper.
One of our main resuits (see Theorems 5.1 and 4.4) is that for each p € (1, 00], and
for hmax := max hi, we have

(16) ”Rhf - f”L,,(O,L) —0as hpax 20 V f € C[O, L],
and also, for £=1,---,71,
(1.7) IRaS = fll,0.0) € Choaell FOll,0,0), f € W30, L),

under only the most basic assumptions on the quadrature rule: we do not even insist
that the rule be symmetric. On the other hand, for all J > r it is sufficient that Q
be symmetric; and if J = r and @ is not symmetric it is sufficient that & = 0 and
&7 = 1. There are no other constraints on the choice of quadrature points, and (apart
from positivity) no constraints on the weights. Observe in (1.6) and (1.7) that R, is
defined with the aid of point evaluation of f, while the convergence holds in the L,-
norm. These convergence results require no restriction of any kind on the partition 7},
provided hpax — 0.
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The quadrature rule (1.3), and the sesquilinear form (1.4), can also be defined in a
natural way on the space G of ‘grid functions’, that is, of the complex-valued functions
on the grid
(18) 7rh:={xkdzk=0,---,n—1,j=1,---',J}

(where we use the convention that zy ; is considered different from z1, even if their val-
ues coincide, which of course happens if £, = 1 and &; = 0). The convergence properties
(1.6) and (1.7) rest on a corresponding stability property

(1.9) |Refllz,0.L) € Clifllnp, f € C[0,L] or G,
where
(1.10) Iflle = Qu(IfP)”, Feclo,LlorGh, pell),

oo = max{|f(zes)|: k=0,--,n-1,5=1,--,J}

Here and throughout the paper C denotes a generic constant independent of h and other
significant quantities.

In Theorem 6.1 we state a stability result for the derivative (R,f), in the same
setting, but this time with a quasi-uniformity assumption on the grid unless p = 1.

In the final section, Section 7, we give results, again for rather general rules  and
arbitrary meshes, for the stability of the discrete orthogonal projection RY on the space
S C S, which is obtained from S, by imposing zero boundary conditions. The main
results for RY are contained in Theorem 7.2. It turns out that R) shares the main features
of Ry, and also has some additional new properties.

The continuous counterpart of (1.9) for the orthogonal L,-projection P, on Sj, with-
out any restriction on the partition }, has first been proved by Dupont (see de Boor [1]),
extending earlier work of Douglas, Dupont and Wahlbin [5] for quasiuniform grids. The
proof in [1] relies essentially on the total positivity of the Gram matrix for the B-spline
basis of S,. It carries over directly to our discrete case if the quadrature rule is symmetric,
but its extension to the non-symmetric case, and to the study of the first derivative of
the projection, is less obvious. In the present paper we follow more closely the reasoning
of Crouzeix and Thomeée [2], who in turn based their arguments on the earlier work of
Descloux [4]. Those papers are mainly concerned with higher dimensional problems, but
the paper [2] also gives an explicit treatment of the continuous 1-dimensional problem
that serves as a starting point for the present investigation. In that paper the stability
of P, in the 1-dimensional case is related to the diagonal dominance of a tridiagonal
matrix, in an argument that is more elementary and gives easier control of the constants
determining stability than the total positivity argument. In our discrete case the cor-
responding way of reasoning enables us to consider also nonsymmetric rules ). Thus,
for example, the above-mentioned general case J = r and & = 0, £; = 1 is included,
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which is of special interest because then R, is an interpolatory projection or collocation
projection for collocating in the points of m;,. The diagonal dominance argument also
allows, as in 2], extension to a stability argument for the first derivative of R, f.

It might be useful to remark that the extension of the 1-dimensional arguments of [2]
to the discrete case is not entirely straightforward, since the proof of diagonal dominance
of the tridiagonal matrix in the cited paper relies on being able to obtain explicitly,
via integration by parts, a certain polynomial; and thence to integrate exactly certain
integrals involving this polynomial. In our case the corresponding orthogonality is with
respect to a discrete version of the inner product, so explicit knowledge of this kind is
not available, not least because integration by parts is no longer valid. We may remark
that for some other methods extension from the continuous to the discrete case is easier.
In particular, as pointed out in [6], the extension is straightforward, under very general
conditions, for the continuous-case arguments used in [5]. However the style of argument
used in that work seems inevitably to impose restrictions on the mesh.

It is well known that the stability property of P, is the key to proving L, convergence
results for finite element methods with trial space S, on nonuniform partitions; see for
example [11]. In the same way (1.9) is basic to the analysis of Galerkin methods with
quadrature. Some differential equation applications of (1.9) to a discrete Petrov-Galerkin
method are given in [9, 10]. For the (relatively trivial) special case r = 2 some of the
results obtained in this paper have been obtained previously in [9], where they were
used to analyse a discrete Petrov-Galerkin method for boundary and eigenvalue problems
associated with m-th order ordinary differential equations. Applications of (1.9) to certain
non-linear differential and integro-differential problems are discussed in (8].

In this paper we do not treat R, as a small perturbation of the corresponding
continuous orthogonal projection operator P, nor do we assume that the rule Q has any
polynomial degree of precision, as for example in the analysis of approximate Galerkin
methods in {7, Theorem XII 1.15]. The admission of general quadrature formulas in this
paper may lead to new classes of fully discrete methods for 1-dimensional differential,
integro-differential and integral equation problems that are, in our view, of independent
interest, while at the same time permitting analysis of some existing methods, ranging
from collocation methods to perturbations of Galerkin-type methods.

2. THE MAP R,

We begin by characterising conditions under which (1.4) is an inner product on S.
In this case R), is well-defired by (1.5).

PROPOSITION 2.1. The positive semidefinite Hermitian form (., .), defined in
(1.4) is an inner product on Sy, if and only if J > 7.
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PROOF: Assume initially J > r, and let ¢ € S,. Because the definition of || f|ls2
uses the values of f only at the quadrature points, clearly, ||4||n2 = 0 if and only if

(21) ’l/}(IEk.j):O, k:O,---,n—l,j=1,---,J.
Now consider 9|/, the restriction of ¥ to Ay, where
(2.2) Dy = [CL‘k,.’EH.l], k=0,---,n—-1.

Since ¥|Ax € P,_y, it is clear for J > r that (2.1) can hold only if ¥y = 0. Thus
{¥lln2 = O implies ¥ = 0 if J > r. Assume now J € r — 1. Then there exists a
polynomial ¢ € P,_;, ¢ # 0, satisfying ¢(§;) =0, j=1,---,J. We define

T -z
(2.3) P(z) = akq( ” k) y T € (T, Thy1), k=0,---,n—1,

and choose the constants ay, not all zero, in such a way that i can be continued to a
non-zero function in C[0, L] which by construction vanishes at z;, k¥ = 0,---,n — 1,
j =1,---,J. For example, if ¢(0) # 0, one can choose ay = 1 and then define 7 on
consecutive intervals, beginning with the interval (zg, z;). Similarly, in the case ¢(0) =0

but g(1) # 0 we start with k = n — 1. If ¢(0) = ¢(1) = 0, then we can take a; = 1 for all
k. 0

In accordance with this result we assume J > r in the rest of this paper, so that R,
is always well-defined.

The next step (following a line of argument in [2]) is to split the spline space Sj, into
a direct sum
(2.4) Sh = Sh,1+Sh2s
in such a way that Sp2 has a purely local basis (that is, with support in a single A
only), and Sy, is orthogonal to Sy with respect to the discrete inner product (.,.),. The
spaces in (2.4) are thus given by

(25) Sh,? : {¢ € Sh : "/’(Ik) = 0) k= 0, e )n})
(2.6) Sni: = {$€Sh: (¥, 6n), =0V pn € Sna}.

The dimension of Sy, is dim Sp,; = n + 1, which is independent of r. The dimension of
Sh2 is n(r — 2). (In the case r = 2 one has S, 5 = {0}).

We now construct a basis of S,,. Let ¥ € P,_;, i = 0,1, be the polynomials
defined by
Q(vWg) =0 Voer,,
p@(0) =1, @(1) =0, pI(0) =0, V(1) =1,
where P denotes the subspace of polynomials ¢ € P, such that ¢(0) = ¢(1) = 0. The
uniqueness, and hence existence, of ¥ for fixed 7 follows from the fact that according to

(2.7)
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(2.7) the difference v of two candidate polynomials lies in P?_, and satisfies Q@) = 0
for all ¢ € P2_,, from which follows Q(%?) = 0, and hence 4 = 0 since the polynomial 1 is
at most of degree 7 —1 and vanishes at the 7 points &;, - - -, £,.. Note that only quadrature
points lying in (0, 1) influence the definition of 3(® and ("), since ¢(0) = ¢(1) = 0. Note
too that if the contribution to the quadrature formula from the open interval (0,1) is
symmetric then

(2.8) Y (z) =901 - z), z €0,1].

The polynomials () are real, because the quadrature weights w; are real. Now let

Yo(z) = 9O (hio) , T €D,

o ilﬂi),xeAhl
'l,/)k(x) = szz_l ’ =1a 1n—1a
»© h—k) , T €N,
k

mm:=w%%%ﬂ

n—1

): ZEAn—I’

and zero elsewhere. Evidently, ¥ € Sy, k=0,---,n, and ¥ (z,) = be, 0 < k,2 < 1.
In the sequel we use the notation

J
(29) (f7 g)g;k) = h‘k E wjf(xk,j)g(xk,j)a k= 0: ey, — 11

=1

and the analogous notation || f ||§,kl), Clearly we have
SITIRG
)h = z (f: g)h .
k=0

LEMMA 2.2. {%o,---,¥n} is a basis for Sy,.

PROOF: Since the iy are clearly linearly independent and dim Si; = n + 1, the
assertion is proved if we know ¢x € Sj, ;. We show this explicitly for the case k € [1,n—1]
only. Choose any ¢ € Sp 2. Then

("pka‘ﬁ)h (’l,bk, )(k 1)+(¢ ¢)(k)

where

(2.10) (e, )P

J
hie Y w; () (ze + hat)
j=1

J
hie > wip O (&) Bl + he&j) = 0.

i=1
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The last step follows from (2.7) because ¢(zx + hi&) as a function of £ is in P°_,. In the
same way we can show that (wk,q&);‘k_l) = 0. Thus (¥, ¢), = 0, and 95 € Sp;. The
results for £k = 0 and n follow similarly. 0

The decomposition of 3 € Sy, that corresponds to (2.4) is easily achieved, once the
functions 4 have been constructed.

LEMMA 2.3. Assume J > r. An arbitrary ¢ € S, may be represented uniquely

Y = Pn1 +Vr2 Un1 € Shi, Yr2 € Shpo.
Moreover

Yny = D (@) Y-

k=0
ProOF: The uniqueness is clear since (2.4) is an orthogonal decomposition. To
prove existence, let 1 € S, be given, and note that

n n
> (xk)k € Shy, Y — Y (zk)¥k € Sk,
k=0 k=0
the latter holding because (on recalling v, (z¢) = dx¢) the given expression vanishes at z,
for £=0,---,n. Thus Y1 = Sp(zr )k 0
We now split the mapping R, according to the above splitting of S,. To this end
we define Ry ; : Gp — S fori =1,2 by

(2.11) (Ruifs )y = (F,9)y Yo € Sh
Note that R, and Ry are well defined for J > r, since by Proposition 2.1 (-,-), is an
inner product on Sy ; C Sj.

LEMMA 2.4. AssumeJ >r. Then R, = Ry, + Rh,g.

PROOF: Any element i) € S, can be written as ¢ = ¢; + ¢ with ¢, € Sp¢, € =1,2.
Taking (2.6) into account it is seen that

((Rax+Ra2)fi¥), = (Buif +Raaf, 61+ ¢2),
(B f,01), + (R f, d2)p,

where the cross terms vanish. Thus
((Rh,l + Rh,2)f) ¢)h = (f’ ¢1)h + (f1 ¢2)h = (f’ 1!’)}. = (Rhfa ¢)h7

which with Proposition 2.1 proves the assertion. 0

If we represent Ry f in the form

2.12) Rurf =3 con,

=0
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then (2.11) for ¢ = 1 is equivalent to the linear system

(213) ZAkgCg=bk, k=0,--~,n,
=0

where we have introduced the scaled Gram matrix A, of the basis {1}, with elements

A (e, %e)

ke = T k,€=0,---,n,

2.14 =
(2.14) TR

and corresponding right-hand sides

(f; z/)Ic)h
2.15 by = ———2  k=0,---,n,
( ) * N1+ hk "

with h_y := hy, .= 0. Note that R, 2 = 0if r = 2, since in that case S, = {0}.

3. PROPERTIES OF Ay

Our proof of the stability property (1.9) hinges on showing that under appropriate
circumstances the tridiagonal matrix A, defined by (2.14) is row diagonally dominant;
and moreover that the maximum difference of a diagonal element and the corresponding
row sum of absolute values of the off-diagonal elements is bounded away from zero. It
is convenient to establish these matrix properties immediately. The desired diagonal
dominance result is Proposition 3.2. The result is re-expressed as an inverse stability
property of A, in Proposition 3.6.

To simplify the statement of the following lemma, we define

AO,—I = An,n+1 =0,

and introduce
- hi
he + he_y ’

Notethat 0 oy < 1fork=0,---,nand ap =0, a, = 1.

Qg - k=20,---,n.

LEMMA 3.1. The matrix Ay is tridiagonal and has positive diagonal elements.
Moreover, fork = 0,---,n we have

(31) Onk: = Ak — |Aki-1| = |Ark+1l
= aQ(¥®?) + (1 - a)Q(¥) - [Q(vWy)]

= 30 (W0 - wsm(a(wovo)))
(o~ 3) @) - (),

where sgnt :=1 or —1 fort 2 0 or t < 0, respectively.

https://doi.org/10.1017/50004972700032263 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700032263

[9] Continuous splines 315

PROOF: By definition of ), one calculates (v, ), = 0 for |k — ¢| > 2, and

(d’k, ¢k),, = hk_lQ(¢(l)2) + th(w(O)Z)
(wk; 1/11:—1),, = h‘k—lQ('l,b(l)'ll)(O))
(e Yee)s = mQ(pMp®).

It follows that
A = Q) + (1 - a)Q(v?),
, Qv M),
A = (11— a)Q(pWy®),

i
-
>

|
-

I

from which (3.1) is obtained immediately. 0

In the rest of the paper we consider a sequence H of gridsize vectors h such that
hmax — 0 (h € H) and corresponding grids 7}, h € H.

LEMMA 3.2. Foreachhe H let

on:=min{ops : k=0,---,n}.
Then
(3.2) on = o = min (Q(v™2),Q(¥™?)) - [Q(¥M4®)|, heH.
PRrROOF: From (3.1) we obtain immediately o4 2 o, kK =0,---,n. Equality holds
because oy = 0, a, = 1. 1]

The following proposition states sufficient conditions for the existence of a suitable
positive number bounding oy, below, that is, for ¢ > 0. In other cases 0 > 0 can be
tested by computation of ¢ from the representation (3.2).

PROPOSITION 3.3. Assume J > r. Sufficient conditions for the constant o
defined in (3.2) to satisfy o > 0 are:
(@) Q(v1?) =Q(yp?)
(b) Q@ is symmetric
(c) Q@ integrates exactly all p € P,,_4 with respect to the weight function
w(z) := z(1 — ), that is,

[ pau@) dz = Quw), pePay
(d) Q(vWy®) =0

(e) J=rand§1=0,§J=l
(f) min (Q(v™),Q(¥®),Q((2z — 1)¥"),Q((1 - 2x)9®)) > 0.
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Proor: If Q(w(m) = Q(d;(")z) then it follows from Lemma 3.2 and the last form
of (3.1) that

(3.3) o= %Q (|¢(1) - ¢(°)sgn(Q(¢(l)¢(°)))|2) >0,

with equality possible only if 1 := () —¢®sgn (Q (zp(l)d:("))) vanishes at each quadrature
point. Since J 2 r and ¢ € P,_; this implies ¢ = 0, contradicting (1) = 1.

If Q is symmetric then we have observed already that ¥ (z) = ¥ (1 - z), from
which Q(zp(m) = Q(z/;(")z) follows. Thus this case is covered by case (a).

If @ integrates exactly all polynomials of degree at most 2r — 4 with respect to the
weight function w then the condition Q(1/;(i)¢) = 0 for all ¢ € P2_, in the definition (2.7)
can be replaced by the corresponding integral (since ¢(z) = z(1 — z)7(z) with 7 € P,_3),
from which it follows that M (z) = ¥©@(1 — x), so that again the case is covered by (a).

If Q(1/1(1)zp(°)) = 0 the result follows immediately from Lemma 3.2, since Q(1/)(’)2) >
0, with equality excluded because ") vanishing at all quadrature points would imply
¥ = 0, contradicting ¥(*)(1) = 1. Thus case (d) is proved.

If J=rand & =0, £, = 1 then there are exactly J — 2 = r — 2 interior nodes
&, -+, &y for the rule Q. Let {¢; : j =2,---,J — 1} C P._3 be the set of fundamental
Lagrange polynomials for the J — 2 interior nodes, that is,

(3.4) ¢; € Pros, 6;(€y) =45, 2<5,5'< T - 1.
Then z(1 — z)¢;(z) € P2_,, and from (2.7) we have
Q(e(1-z)pt¢;)) =0, j=2,---,J—1, i=0,1,
which implies, given (3.4) and w; > 0, that
POy =0forj=2,---,J—1, i=0,1,

so that 9 vanishes at each interior node. Since also %(?(0) = (1) = 1 and ¥ (1) =
M (0) = 0 it follows that Q(z/z(l)w(o)) =0, thus the result for case (e) follows from case

(d).
Turning to case (f) we note that
Q(w(lﬂ) - IQ(¢(1)¢(0))I = Q('ll)(m _ ¢(1)¢(0)sgn(Q(¢(l)¢(0))))
Q(’l/)(l) [¢(1) - Il)(o)sgn(Q (1/,(1)1/,(0)))]).

Now observe that

1/,(1) + ¢(0) -1

€ By,
p - -z -1) € P

1
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On writing ¥ +9(® = 1+ ¢ and ¥ — 9@ = (22 ~ 1) + 4, with ¢, € P2_,, it follows
from Q(¥V¢) = Q(v™M9) = 0 that

Q) | Q(wy®)| = { géw(") if Q§¢(1)¢(O); <0

P2z - 1)) if Q(uMy®@) > 0.

An analogous result holds with %V replaced by 1(® if 2z — 1 is replaced by 1 — 2z. This
proves case (f). a

REMARK 3.4. The condition (c¢) in Proposition 3.3 is satisfied, for instance, by the
(r — 1)-point Gauss-Jacobi rule belonging to the weight z(1 — z) (see [3, Section 2.7])
together with an adjoined quadrature point &, := 1 (to bring the total number of points
up to r), with any positive number allowed for w,. It is also satisfied by any rule which
is exact for polynomials of degree at most 2r — 2, such as the r-point Radau rules (which
are unsymmetric, see [3, Section 2.7.1]), or the r-point Gauss-Legendre rule.

REMARK 3.5. If condition (e) of Proposition 3.3 is satisfied it can be seen from the
proof that Q(w(o)z) = w, Q(w(m) = wy and hence o = min (w;, wy).
REMARK 3.6. If there are at least r — 2 interior nodes in @ then the functions ¢(®, i =
0,1, are already well-defined, and hence A, is well-defined. Thus under this assumption
it makes sense to consider the possibility of diagonal dominance of A, even for J = r —2
and J =71 —1.

The following results can be shown. If J = r — 2 and all nodes are interior then
Ap = 0. If J = r —1 and there are exactly 7 — 2 interior nodes then ¢ = 0. If all
J = r — 1 nodes are interior, and if also @ is symmetric then opx =0, £k = 0,---,n,
and Aj is singular. For @ not symmetric still 0 € 0 holds in this case. {Proofs of these
results can be obtained on the basis of (7.15) and (3.1).)

DEFINITION 3.7: Given p € [1,00], the sequence of matrices {Ax}# is said to be
inversely p-stable if

(3.5) Yo 1= inf{IAhclh,,, :c€Gy, lehp=1, he H} >0,

where G}, denotes the vector space of grid functions defined on =, and

n" b 4+ h /p
(3.6) ey = (2 Ll——"lcklp)  pelloo),
k=0 2
|c|h,oo = kg?fﬂlckl =: |C|oo'

The next lemma shows that it is sufficient to establish the inverse p-stability of
{An}p for p =1 or p = oo in order to obtain it for all p.

LEMMA 3.8. Forpe€ (1,00), 71 = Yoo £ Yp-
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PROOF: For the vector ¢ € C**! with components

~ hi—1 + hg

Ck - 2 ¢k, k=0,---,n,

we have |c|x,; = |€]1, and after a short calculation it is also verified that
|Ancln = |Axels,

where A} denotes the adjoint matrix of A, |- |, is the usual ¢, norm and |A4|, denotes
the matrix norm induced by the vector norm |- |,. Because Ay is square, it is clear that
A; is injective if and only if A, is injective, and that in the case they are injective

(407, = 147 oo
Consequently, if we introduce
Yhp = inf{|Anclnp : ¢ € G}, lclhp =1}, h€H,
we have either 41 = Y400 = 0 or
oo = 147212 = [(4)7 = s, heH.

On taking the infimum over h € H this shows 71 = 7,. And v, < 7, then follows by an
application of the Riesz-Thorin interpolation theorem. 0

Now we use Lemma 3.2 to obtain a result for the inverse p-stability of {An}y.

PROPOSITION 3.9. Assumeo >0 in (3.2). Then {A,}y is inversely oo-stable
with Yoo 2 o. If any of the conditions (a)-(c) in Proposition 3.3 is satisfied then Yo, = 0.

ProOF: It follows from Lemma 3.2 that o5, > o for k = 0,---,n. For given
¢ € C**!, let j be such that |¢j| = |¢|co. Then with c_; := cp41 := 0 we have

(3.7) [ Ancloo [Ajjci + Ajjo1cj-1 + AjjaCit]

2
> (A5 = |A55-1] = 145 541))les] = onglcloo,

and SO Y = 0. Any of the conditions (a)-(c) in Proposition 3.3 implies Q(w(l)z) =
Q(zp(°)2), and from (3.1) and Lemma 3.2 follows o4 = o for £ = 0,---,n. On choosing
¢ to be the vector with components

e = (—sen(Q(¥ M ®@)))", k=0,-,n,

it is easily verified that |Axc|eo = oc|oo; note the second inequality in (3.7), which in this
case is an equality. Consequently 7, < o, and the proof is complete. 0
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4. STABILITY OF {Ry}y AND INVERSE STABILITY OF {A4;}4.

In this section we establish the stability of {Rx}x. The main result is Theorem 4.4.
Let p € [1,00], and as before let H denote any sequence of mesh-size vectors h such that
hmax — 0. The sequence {Ry}y is called p-stable if there exists a constant C such that

(4.1) |Refllz 0.y € Clifllng, f€Gh heH,

and p-stability for {Ry:}m, ¢ = 1,2, is defined in the same way. The next lemma shows
that { R} # is always p-stable. The proof is straightforward because R, 2 has essentially
a local definition. Recall that Ry, = 0if r = 2.

LEMMA 4.1. Letr > 3 and let

Q(al) }
Cri= Su max ) max .
' 0¢q6l£)r 1 { Q(lql?) / la($) | &)l (|q|2) eeio] lg(€)]
Then, for all p € [1,00]
(42) IRa2fllz,0.) < Cill fllngs f € Ghy h € H.

Proor: We first prove the result for p = 1. Let f € G} be given. Choose any
k € [0,n — 1], and define
Y(z) == Rn2f(z), z€ L,
and 7(z) := 0 elsewhere. Then by (2.5) ¥ € Sj, 2, and by the definition (2.11) of Ry, » we
have

@, )P = (%, %), = (Raaf, ¥) = (f,9)s = (£, )P,

or
(18)” = (£ < IARIIE,,
and consequently, if ¥ # 0,

k
I8l za a9
(k
(1l18)*

where we have taken into account that 9 restricted to the subinterval A = [zk, Tg41) s
a polynomial of degree at most r — 1 satisfying ¥(z¢) = ¥(zx4+1) = 0. After summing
with respect to k, inequality (4.2) is proved for p = 1.

(4.3) 1Rh2fllza(an = WllLyan < 1) < CulFIIE,

Similarly,

(91)° < Al

and reasoning as in (4.3),

(4.4) Rn2fll2ian) = 1¥liwian < AL
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follows, from which (4.2) for p = oo is derived. For the remaining values p € (1, 00) the
assertion is obtained by an application of the Riesz-Thorin interpolation theorem. 1]

By virtue of Lemma 4.1 the p-stability of {R,}y is equivalent to the p-stability
of {Rs1}n. As a first step towards proving this p-stability, we relate it to the inverse
p-stability of the sequence {A}g from (2.12).

LEMMA 4.2. Letp € [1,00). If {An}y Is inversely p-stable then {Ry}y is p-
stable.

PROOF: According to Lemma 4.1 we have only to show the p-stability of {R1}x.
Recall the definition of the basis {1} of Sy 1. If xx denotes the characteristic function
for the interval (zx — hg—1, Zx + hi) then

|CF, )] < kSl pll el

where 1/p + 1/p’ = 1. Consider the case p € (1,00). Then

ol =t Sl +n St

< OF (haot +hi),
where
J 1/p
(4.5) C; = max (Z w; |y (§j)|p) :
T\S
Thus we obtain from (2.15) and (3.6)
® hg—t b | (%), [ =1 1+p/p' -
b . = S CPS Z(he_y + hy)HP/P-P p
bfhp kg% 2 Pt + i 2?;62( k-1 + hx) Ixx fllR 5
LAy | 2 P
= &Y slbasll, <8 Y (1F15)° = CBIFIE,
k=0 k=0

where we used 1 +p/p' —p=p(1/p+1/p' — 1) = 0. Now let ¢ € C"*! be the solution of
(2.13). With the aid of the assumed inverse p-stability of {A,}# we obtain

Yplclnp < |Anclhp = [blap < Collfllap-

An inspection of the proof shows that this estimate also holds in the cases p = 1 and
p = 00. On recalling (2.12), the assertion now follows with the aid of the easily verified

inequality
1B Sle00r = < Gslels,
k=0 Ly(0,L)
where .
(4.6) Cy:= 2P (/ (|¢(°)(§)|p’ + |¢(1)(§)|xr’)"/"' ) ,
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the last step following by application of the Hélder inequality to the integrand on the
right of the identity

n
>t
k=0

n-1 1
T =S by [ OO + )

LP(OIL) j=0

0

COROLLARY 4.3. If{Ap}y is inversely co-stable then {Ry}y is p-stable for all
p € [1,00| and the stability constant can be chosen independently of p.

ProoF: Combining Lemmas 3.5 and 4.2, the sequence {Ry}y is seen to be p-stable
for all p € [1,00]. By tracing the dependence of the stability constant for {Rs 1}y in the
proof of Lemma 4.2 we see that it can be chosen to be independent of p, since v, 2 Yo
and Cj can be bounded independently of p. The stability constant C, for {Rp 2}y is also
independent of p. 0

Now we are able to state our main result on the p-stability of {Rx}g.

THEOREM 4.4. Assume J 2> r and o > 0in (3.2). Then {R,}y is p-stable for
p € [1,00], with the stability constant able to be chosen independently of p.

PROOF: Combine Proposition 3.6 with Corollary 4.3. 0

Before leaving this section, we note the corresponding p-stability result that comes
from replacing the quadrature rule Q in (1.2) by the exact integral I. In this case (-,-),
is replaced by the L, inner product

(5.9)= [ F=)a)z,

the projection Rj, defined by (1.5) is replaced by the Ly-orthogonal projection P, on S,
and the norm || - ||, on the space of grid functions defined by (1.10) becomes the L, norm
Il - llz,0,1)- The following theorem is essentially {2, Theorem 1], except that the earlier
work used in place of S, the subspace Sp of functions with zero boundary conditions. It
is also an easy consequence of {1, Theorem 2.

THEOREM 4.5. Let P, be the Ly-orthogonal projection on Sy, and let p € [1, 0]
Then
| Pagllz 0.y € Cllgllz, 0L, 9 € Lp(0,L), h € H,
where C does not depend on p.

A proof could mirror the proof of (4.1), if we use the correspondences above, and
note that the integral has all the properties of a symmetric quadrature rule with J > r.
It is also possible to give a proof based on Theorem 4.4. We omit the details.
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5. CONVERGENCE PROPERTIES OF {Rp}y.

THEOREM 5.1. Letp € [1,00] and let {R,}y be p-stable. Then

(5.1) IRafliz,02) € Clfllaoes f € Gh, h€H,

(52) ”Rhg - g”Lp(O,L) - 0 (h‘ € H): g€ C[O> L]a

(5.3) IRhg — gllz,00) < Chaullg®liL o), 9 € WO, L),
fore=1,---,r.

PROOF: The estimate (5.1) is an immediate consequence of the p-stability of {R:}x
defined in (4.1}, since

g 1/p
1fllnp < (LZ w,-) [| 1l 1,00-
i=1

Since Rypgn = gy for g, € Sy, the convergence property (5.2} follows from

|1Rrg — gliL,o)y < ||1Balg — gn)llz, o) + llg — 9nllL,c0,
< Cllg— gnllap + llg = gnllz,c0.2),
if we choose g, to be piecewise linear interpolant of ¢ interpolating at the breakpoints

Tg,- -, Zn, which satisfies
llg — gnllcpo,) = 0 (h € H).

For the proof of (5.3), for given g € W;(O, L) use the same argument, but with g, € S
the interpolating function from Lemma Al or A2 for £ = 1 or £ > 1 respectively. 0

6. AN ESTIMATE FOR THE DERIVATIVE OF Ry f

In [2, Theorem 2] the bound
(6.1) |Pa9)], .z < Clllzatonr, 9 €W (0, L),

for p € [1,00], has been proved for the orthogonal projection P, on SJ. It is shown in
[2] that some restriction has to be imposed on the nonuniformity of the partition 7, for
(6.1) to hold, unless p = 1. We shall assume that m}, is locally quasiuniform, that is, for
some constant vy > 1 the condition

! €7, k=1,---,n-1, he H
hi

(6.2) SRR

holds, and that with a constant § > 1 to be specified later,

hig_y+ hi

cik-l ke=0,---,n
he_s + he "

(6.3)
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In [2] a similar bound to that in (6.3) is assumed to hold for /i /h, instead. It was pointed
out by de Boor [1] that the weaker assumption (6.3) is sometimes advantageous.
In the space of grid functions G} on 7, we introduce the mapping D,

(6.4) Dinf(zrj) = hg' f(zxj), 5=1,---,J, k=0,---,n— 1.

We shall prove the following.
THEOREM 6.1. Letp € [1,00]. Assume that o > 0 in (3.2). Then

IQ(¢(1)¢(0))|

6. =
(6:) ’ min(Q™?), Qo)

If p > 1 assume additionally that =}, is locally quasiuniform and that (6.3) holds with

(6.6) 8 < pP/le-1),

Then

(6.7) |BafY||, 6.0y < CUDRFlngs f € G, he A

REMARK 6.2. The estimate (6.7) takes a more familiar form if we apply it to a grid

function

f=9-9n
where g € Wp‘(O, L) and gy is the piecewise linear interpolant of g in the breakpoints
Zg,**,Zn. With the aid of (A1) we then obtain

n— J
| Datg - yh)“fw = kzl b 3 wihie?|(g — gn) (@)
=0

=1 -

N

n-—1
c ;;; ”glw;,,(a,‘) = C”g,“’;,,(o,L)‘

(Here we assume p € [1,00), but the corresponding result is easily seen to hold also for
p = 00.) Since Rugn = g, we obtain from (6.7),

”(Rhg)'"L,,(o,L) "(R"(g B g")),”

< + lighliz,c0.0)
(6'8) g Cug’“Lp(ovL)

Lp(0,L)
for g € W,(0, L), h € H, where the known estimate ||g}|lz,0,L) < ||9'll,(0,0) Was used.

We prepare for the proof of Theorem 6.1 with some lemmas.

LEMMA 6.3. The following estimate holds for p € (1, co]:
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(6.9) |Rr2fY], o1 < CNDRSlg, £ € G he H.
PROOF: Since Ry 2f|Ak € P2_; and vanishes at z; and x4, the inverse estimate
|(Raafy IL,(Ak) < Cshi IR S lzyion

holds for k =0,---,n — 1, with

L= I9'lloc0.1)
0%¢eP2_, lql|L,c0.1)

The estimate (6.9) now follows with the aid of the piecewise version of Lemma 4.1,

(6.10) I1Rn2flzpa0 < CISIL, S € G,
after summing with respect to k the p-th powers (for p € [1, 00)) of the resulting inequal-
ity. 0

In the next lemma we need the diagonal part of the matrix A,
By, := diag(Ax),
and also
Eh = Bh_l(Ah - Bh)

LEMMA 6.4. If(6.5) holds then
(6.11) ||E,,|’|p <(20+1)7p% teN, pel,00).
Here |Ey| denotes the matrix obtained by taking the absolute values of the elements in
E}, and as before, |Fj|, denotes the least upper bound norm of a matrix F, with respect
to the usual £, norm.

PRrooF: Observe that Ej is tridiagonal with zero diagonal. In the proof of Lemma
3.1 we have calculated the A;,. From there we see, using also (6.5) and 0 € oy < 1, that

(vl = e —— 12000
£ QM) + (1 - ax)Q(Jp @2

)Spa

and hence
[1Bal’] < 1Bnlé < 0%

The matrix Ef is a banded matrix with at most (2£ + 1) diagonals, from which it follows
that
||, < (2€+1)|IBAl| < (2¢+1)6,
The assertion then follows by interpolation. 0
For the formulation of the next lemma we introduce the (n + 1) x (n + 1) diagonal

matrix .
Ty := (diag(hk_l + hk))k:o'
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LEMMA 6.5. Under the assumptions of Theorem 6.1
l -1
(6.12) (1717 AnTy ) |p <C, heH, pe |l
PrOOF: We have the representation

TP ARTYP = T7Y% (Bu + An — BA)T,”
= By(Iu+ T BT,

where I}, is the identity matrix. Since the diagonal elements of Ay, and hence also of By
satisfy

A = akQ(|¢(l)|2) +(1- ak)Q(W(O)P)
> min (Q(lW™1), QW) >0,
it is easily seen that |B; |, < C. So (6.12) is proved if we show that the Neumann series
for (Ih +T, Yp IE,,T,}/ P I)_1 has, uniformly with respect to h € H, a convergent majorant
in the p norm. That this is in fact the case is seen from the following estimate, which
takes (6.3) and Lemma 6.4 into account, together with the (2¢+ 1)-diagonal nature of
E;,

, , hiy+ i \ 7
-1 1 1 1 4
e mm, < e (=) Iim,

< Cl2e+1)V7 (7)),

where §/7'p < 1 due to condition (6.6). Thus the Neumann series converges as desired ,
and the result is proved. 1]

PROOF OF THEOREM 6.1: In view of Lemma 6.3 it is sufficient to prove the bound
for (Ry,f) only. Now Ry, f can be written in the form

Rpaf = icﬂh,

=0
where the vector ¢ = (cg, -, ¢,) is determined by the linear system (2.13). Then with
-1 := Cny1:= 0, since Y|a; =0 unless £ = j or £ =j +1,

Lp(0,L)

||} L = 'i:h,‘--” A Jep ' (©) + civt (@) de
=

N

1 ’ Y =
L (w1 + 1) de 3 hP (sl + lesaal)

j=0

= CY (M +h7)gl
j=0

CY" (hj-1 + hy)'Plc;l?,

j=0

N
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where 1/p+1/p’ = 1 and we have used in the last inequality, in the case p > 1 only, the
estimate
B0+ by < 2(1+ ) (hj + hy)' P,

which is a consequence of (6.2). Thus we have obtained the estimate

|(Rass) <CIT; e,

Lp(0,L)

where again | - |, is the usual £, norm in C"*!. The system (2.13) can be given the form
Th—l/p'AhT’:/p’ (Th—l/p'c) — Th—I/p’b,
and Lemma 6.5 then implies the bound
T3 cly < CIT 7 bl
giving, with (2.15),

; n _ n I f)wj) lp
(6.13) ([C2RY51 PR SCY (bt hy) Plb P = Z s+ R

Finally, we can prove in the same way as in the middle part of the proof of Lemma 4.2
that the right-hand side of (6.13) is bounded by C||Dxf][} ,, proving (6.7). 0

7. IMPOSING ZERO BOUNDARY CONDITIONS

In this last section we discuss the case that the space S is replaced by
(7.1) SY = {v;. € Sp:vp(0) = wvp(L) = 0}.
By R) : G, — S§ we denote the map corresponding to Ry : G, — Sy, defined by

(7.2) (RAf,0), = (£ ¥)s Vo ES.

As we shall see, RY shares many properties with R, but there are also some differences.
The first one is that we obtain in comparison to Proposition 2.1 now the following char-
acterisation that (.,.), is an inner product on Sp.

PROPOSITION 7.1. The positive semidefinite Hermitian form (., .), is an inner
product on S if and only if either J > 7, or J = r — 1 and at least one of the extreme
quadrature points & or &; lies in (0,1).

PRrOOF: Assume J =7 —1 and & € (0,1). Again |[¢|ln2 = 0 implies (2.1). Since
¥(0) = 0 it follows that 1 has r roots in [zo,z;] and hence ¢ = 0 in Ay. Due to the
continuity of ¢ it follows that 1(z;) = 0. The reasoning can then be repeated for the
interval [z;, z,] and so forth, showing that ¢ = 0. If £; € (0, 1) one starts with [z,.;, Tn]
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first. The case J > r is known already, so that we have shown that the conditions in the
proposition are sufficient for (.,.), to be an inner product. The proof of the necessity,
not spelt out here, follows from applying the elementary fact that a homogeneous linear
system with fewer equations than unknowns has a non-trivial solution. 1]

We assume in the sequel that (.,.), is an inner product on Sp. In the present case
we can give more criteria than in Theorem 4.4 for the stability of {R}}x.

THEOREM 7.2. The sequence {R}}y is p-stable for p € [1,00] if one of the
following conditions hold:

o>0 in (3.2)

any of the conditions (a)-(f) in Proposition 3.3 holds

(7.3)
(7.4)
(7.5) J 2 v and the partition , is uniform
(7.6) J=r-1,6>0,&6=1 and inf{ay:k=1,---,n—1, h€e H} >0
(7.7) J=r-1,64=0,£,<1 and sup{ax:k=1,---,n—1,he H} < L.
PRrOOF: Corresponding to (2.4) we split
Sp = Sp,+Sh2,

where Sy is defined in (2.5) and S§, = S§ N Sh;. The functions %, -+, 4,_; form a
basis in Sp |. In place of A, we obtain an (n — 1) x (n — 1) matrix A} with elements

A=Ay, ke=1,--,n—1,

where Ay is given by (2.14). The p-stability of { R}y is then inferred from the inverse

oo-stability of {A}}y as in Lemma 4.2. Define A3 := A%_,  :=0 and
Ug,k = Agk - |A2,k-1| - |A2,k+1|: k=1,---,n—1

It is clear that with o4, given by (3.1)
(7.8) Opg 2 Onk, k=1,---,n— 1.

So the proof of Proposition 3.9 also gives the inverse oo-stability of {A}}y, assuming
(7.3) or (7.4) to hold. In the case of (7.5) we have o, =1/2, k=1,---,n—1, and from
(3.1) and (7.8) we obtain

ohy > %Q("P(l) —9© sgn Q(¢(l)¢(0))|2)’ k=1,---,n—1.

The latter quantity is positive, as we have shown in the first part of the proof of Propo-
sition 3.3.
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Now assume (7.7) to hold; the proof in the case of (7.6) is similar. With a similar
argument to that used to prove Proposition 3.3 (e) it can be shown that

opg=(1—-a)w >0, k=0,---,n,

from which follows with (7.7) and (7.8) that

dhk (1-supag)uy >0, k=1,---n—1.
D
THEOREM 7.3. Letpe€ (1,00] and let {R)}y be p-stable. Then
(7.9) I[Rgg - g“L?(Q,L) — 0 (h € H), g e CQ[O, L],
(7.10) WRY9 — glle,00 & Chaullg®l, o, 9 €EWEO, L),

for{=1,---,r. Here
Col0, L] = {g € C[0, L] : ¢(0) = 9(L) = 0}

and

W, L) = {g € WH0,L): g(0) = g(L —0}

Proor: The same reasoning as in the proof of Theorem 5.1 applies. The interpo-
lating function g, € Sy, used there is now, due to the zero boundary conditions on g, an
element of Sy 0

The map R} is well-defined and p-stable in the case J = r — 1 if the additional
conditions given in Theorem 7.2 are satisfied; see (7.6) and (7.7). One might conjecture
that p-stability holds also for symmetric quadrature rules when J = v — 1, but as our
final result we show that this is not the case.

PROPOSITION 7.4. Let J = r~1, & > 0 and the quadrature rule QQ be
symmetric. Then for all p € [1,00], {R}}x is not p-stable.

ProOF: We construct a null-sequence { fo}# of grid functions such that for all p €
[0,00], {R}, ; fa} s does not converge to zero. Define

n-—1

— = (— n—k _. 1 ,
(7.11) fn: gckwk, ¢ = (—7)" " sin (sz)
where

7= sgn(Q(z/)(‘)zp(“))).
Since

Dk = axthx + char¥esr, k=1,---,n—2,
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it follows that for k=1,---,n—2and j=1,---,J
fulors) = (=) (—ry(g) sin (Fon) + 9V (E)sin (Ton ) )
= (=" (#9(6) - () sin (Tann )
96 3 (5) s ()
= (1O (sin (Fax) —sin (Faen))

where in the last step Lemma 7.5 below has been taken into account. Hence, for k£ =
1,---,n—2
(7.12) |[fa@rs)| < Che, 5=1,---,J

It is easily seen that (7.12) also holds for k = 0 and k£ = n — 1, and consequently
Winllnp =0 (R € H).

On the other hand the vector ¢; := (0,¢;, -+, ¢n_1,0) € C**! satisfies

n—1 1/p
he_y+ hi | . T P
lealnp = (kfz: T in () )
T \IP 1/p
sin (zz) da:) >0 (heH).

+ (f

Since fy, € Sp; we have R | fp = fn. Hence, with the aid of the inequality
n

> oxx

k=0

(which is obtained by scaling the L,-integrals over the subintervals A, and using the

cE Cn-{»l

(7.13) lclap < C
LP(O!L)

equivalence of all norms in two-dimensional spaces) we conclude that

RS fullzp0.) = I fallL,0L) 72 0 (h € H),

which shows the instability of {R},}5. Then also {R}}y is not stable since we have
proved in Lemma 4.1 that {R} ,} 5 = {Rs2}# is always stable. 0

It remains only to prove the following lemma.

LEMMA 7.5. Let the assumptions of Proposition 7.4 hold. Then
YOG) = O (E)sen(Q(¥MY®)) i=1,--, 0
PROOF: Since there are r — 1 interior nodes the sesquilinear form

(7.14) Q(z(1-2)vd), ¢,¥€P,
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defines an inner product on P,_,. Let 0 # g,_, be a real polynomial which is orthogonal
to P,_3 with respect to (7.14). From the defining equations (2.7) of 9() we obtain

Q(z(1 - z)v¥g) =0, ¢ePs, i=0,L

Thus the vector obtained by restricting ¢¥(® to the points £, =1,---,7r — 1, satisfies
the same orthogonality conditions as g,_». Since the orthogonal complement of P,_; with
respect to (7.14) is one-dimensional, the relation

(7.15) ¢(i)(§j) = Bigr-2(&), j=1,--,r—1, i=0,1,

for some real constants B, and 3, follows. The symmetry of @ implies Q(w(m) =
Q(z/;(o)?), and we conclude |B| = |B|. The assertion follows now by straightforward
calculation using (7.15). 0

In passing we remark also that Theorem 6.1 holds if R, is replaced by RY.

A. APPENDIX

For the convenience of the reader we provide the approximation properties of S
needed in Section 5.

LEMMA A.1. Letp € [1,00] and g € W,(0,L). Then the piecewise linear inter-

polant g, of g interpolating at the breakpoints zy, - - -, z, satisfies
lg — gnllz,0) € Chmaxllg'llL,0.2)s
lg = gullny < Chmallg'llLy0.2)-

PROOF: Let G denote the Green's function for ¢*/dz? with Dirichlet boundary con-
ditions at z = 0 and z = 1. Then, if f € C?0,1] and f; is the linear function interpolating
f at 0 and 1, we have the representation

@) - fie) = [ 6@y

—/OIGy(x, f'(y)dy, ze€lo,1]

(It can be verified directly that this identity holds also for f € W2 (0, L).) It follows with
Hoélder’s inequality that

1 , /¢’ ,
1f = frllzwon < sup ([ 1G@ I dv) " 17 sy

sup
z€(0,1)
In the usual way we obtain by scaling and taking f(z) := g(zx + hix)

(A1) g — gnllzw(an < ChTNG NLpany, k=0,---,n—1,
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and hence
lg = anlls iy < CRIGIE, (ary
J
P
he Y wil(9 = gn)as)| < CRGIE (an)-
=1
Summation with respect to k proves the assertions. 0

LEMMA A.2. Letp € [1,00] and 2 < £ < r. Then, for each g € W0, L) there
exists a function g, € Sy interpolating g at the breakpoints xg, - - - , x, which satisfies

lg = gnllz,0 € ChEucllg®llL, o0,
lg — gallp < Chbullg®llL o)

PROOF: Choose a set of boundary conditions Bg, k=1,---,f,at z=0and z =1
containing derivatives of order £ — 1 at most, such that

B f = f(0), Baf = f(1),
and such that the condition
fE€Py, Bef=0,k=1,--- 4= f=0

holds. Denote by G the Green’s function of (d/dz)’ subject to the corresponding homo-
geneous boundary conditions. For f € W,f(O, 1) choose f; € P;_; such that

Bk(f_fl) =0, k= 1,"':8'
We then have the representation
! ¢
@)= £il0) = [ )W dy, <€),

and obtain by an application of Holder’s inequality

1 o 1/
(A2) 1f = filzwon < 0 ([ |6G o) dy) " 1/Olzy00.
z€(0,1) \JO

The function g, is constructed by defining, on each subinterval Ay, a polynomial in
P,-, corresponding to the first part of the proof; this polynomial interpolates g at the
endpoints of A;. Patching the pieces together, a function g, € S, is obtained. By a
scaling argument one derives from (Al) the bound

-1
”g - gh”Loe(Ak) S Ch’k /p”g(l)”ltp(Ak)l k= 07 e, — 1.

The assertion is then proved as in the last part of the proof of Lemma Al. 1]
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