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Abstract

Necessary and sufficient conditions for optimality in the control of linear
differential systems x = Ax+Bu with Stieltjes boundary conditions
j'ﬁ; dv(t) x(t) = 0, where v is an rx n matrix valued measure of bounded
variation, are obtained. Feedback-like control is given in the case of
quadratic performance.

1. Introduction

In the last decade, the development of the relatively new field of general boundary
value problems consisting of the study of an ordinary differential system under
general boundary conditions and differential-boundary operators has been vigor-
ously pursued by many, noticeably by A. Krall and his associates. Krall [5] gave a
comprehensive and up-to-date survey of the state-of-art of the field. Examples of
this type of system arise from various disciplines, for example, diffusion processes,
dissipative operators, nuclear reactors, vibrating wires in magnetic fields to name
just a few. On the other hand, results in the control of special cases of this type of
system (specifically, with multipoint constraints in the state trajectory) have been
reported by Bryson and Ho [4]. The purpose of this paper is to give a more precise
investigation for the necessary and sufficient conditions of the optimal control of
linear systems with Stieltjes boundary conditions, as studied by Brown and Krall
[3], when the control is unconstrained. In particular, we give a generalized feed-
back structure for the quadratic performance case. An example is also given to
illustrate our analytical results.
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We shall study optimal control problems of the following type. Let %, be the
set consisting of all welLl[t,, 1] such that for each ue%,, there exists ¢, an
absolutely continuous function on [ty #;] with range in R™ such that

(M) () = A(1) (1) + B(1) u(t), (1)
where A(?), B(¢) are nx n and nx m continuous matrices respectively,
(i) $(to) = x, given, o))
(iii) 4
[‘ame0 =0, )
Jibo

where v is an r x # matrix-valued measure of bounded variation.

The pair (¢, u) is said to be an admissible pair. Let J be a real-valued function on
the set of all admissible pairs:

T(ou) = gt (1)) + f "L, 40, o) @

where g(t,-) and L(¢,-) are C? on R™ and on R”x R™ respectively for each
t€[t,,1,]. The problem is to find (¢, ) such that

J($,4) = minJ($,u). ®

L-L %]

In what follows, we want to characterize such an optimal pair (¢, ).

2. Preliminaries

In this section we shall derive an integration by parts formula. Our development
parallels that of Brown and Krall [3]. By the Lebesgue decomposition, v can be
uniquely decomposed in the form v = v,+v, where v, and v, are measures of
bounded variations such that v,1d¢ and v,<dt with dt denoting the Lebesgue
measure. Thus (3) can be written as

4 hdy,
f dv(t) x(t)+ J' —x(t)dt =0,
A htﬂ

where dv,/dt is the Radon-Nikodym derivative of v, with respect to dt.
Let

E = {xeL2[t,,1,]: x is absolutely continuous on [ty #;], and (3) is satisfied},
p={peLl2[ty, t;): p(t) = h(t)—vT[ty,t1b for some be R, h is
absolutely continuous on [#,,#,] and peLl[t,, t;1}.

where T denotes transpose.
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We have then

LEMMA 2.1. For ¢ € E and p € P, the following relation holds

[Irodoa = sy se) s s -5 [ 40 a- [ 'mosoan ©

b b

where T denotes transpose.

ProoF. We start with the equation

[Lrrod0as ['mogoa
b o
= f:[P(t) +v7T[ty,t] 61" () dt— f:[yg‘[to’ 11T d(t) dt

+ f tl[p(t) +vT[t,, t]161Y $() dt — f h[vg‘[to, t161T (1) at, ¢))
& o

where ()’ also means differentiation.
This is possible since »T[ty,t]b is differentiable a.e. on [f),#] and
(X[, 1,]b) €LL[to,1,). The right-hand side of (7) now equals

[p(t) + v [t0, 1] B]T $(2) — [P(to) +v] [10] 21" $(t0)

- f:[p<t)+v§[ro,r]b]T'¢(z) dr - f:[v';[to,t]b]T $(0ydr

+ f :[p(t) +vTto, t]161 $(£) dt +0

Since p(t)+vI[ty, t]b is absolutely continuous on [z, #,], the first three terms are
obtained by integration by parts on the first term of the right-hand side of (7);
and since v, 1 dt and we have that v, L dt if and only if (dv/dt)[t,,t] =0, a.e. the
fourth term of the right-hand side of (7) is zero.)

Therefore the right-hand side of (7) becomes

[p(tp) +vTt, 4,161 (1) — [p(t) +vT[15) b1 H(25)

—bT [u’sf [0 tl]T (1) — v’sl‘ [to]T Mty — f:dvs(t) ¢>(t)]
= D6 Bt~ 19T Bltg) + 5 f:dvsa) 40

hdy(

= o) b=t b9 =07 [ 24 gy
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3. Necessary conditions for optimality

The following development is an extension of those in [4, pp. 47-59] and
[2, sections 5-7]. Suppose that (5, @) is a local solution to (5). Let u = i1+ edu e, 4
and ¢ corresponds to i+ &du. Then we know

Be) = O, 1) xo + f ;CD(t, 7) B(r)(r) dr
and

() = 01, 1) xp+ f ;cb(z, 7) B(r) (a(r) + eu(r)) dr,
where (1, 7) is the fundamental matrix of % = Ax. Let

edP(t)=P(t)— (1) = ¢ f :’@(r, 7) B(7) 8u(7) dr.
Noting that 8¢(f,) = 0 and
4 h h

o L0500 = ["arp00- a0 80 -0

we find
f :dv(t) 56(z) = 0.

Now consider the value J(§ + e8¢, i+ £du) —J($, #). Let

H(’y X, uap) = L(t» X, u)+pr(t, X, u)
with
f(t,x,u)=Ax+Bu, peR™

Then, along the path (&(¢), #(2)), €[ty 1;} and pe P,
J(F+ed, i1+ edu)—J($, )

= g(t, $(1)) —g(ty, $t)) + f :[L(t, $(t), u(0) — L(t, (1), a(r))] at

- s(j—f: IA)T8¢(t1)+o(e)+ f:[H(t, B+ 636, i+ eu, p) ~ H(e, §, 4, p)] dt

+ f:p'f[—<$+«~:8¢)+$l d,

where (9g/2x)|, denotes dg/dx evaluated at (1, 4(t) and ,4,p, H(t,$,4,p) are
simplified notations for (), a(t), j(t), H(t, $(t), 4(t), p(t)). The use of Lemma 2.1
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and the fact 8¢(t;) = O then gives

J(P+ed, i1+ edu)—J (B, 1)
~<farl) soo e[ (Gl )" o (] )

- e{ ()T 3(ty)— BT f :5‘%‘ St~ f:ﬁT 56 dt} +o(s)

- 8((% A) - p(tl)T) 8¢>(t1)+f [(5; A

t 6H‘

) +bT%+pT] 5 dt

T
—-— ) Sudt+o(e), ®)

On the other hand, let p be such that

. OH vT
~-p= Px |a +_dt—b a.e. on [to, 4], ®
(10)
then, from (8) and using the fact that J(&, @) is a local minimum, we have
t/(0L] \T u/0H| \T
=)+ TB)Sudt=f (— ) Sudt = 0. 11
LG+ L, av

Now choose 8i=(0L/ou)|,+ BT p, where p is still undetermined because & is
arbitrary. We want to choose p such that 8« is admissible, that is,

¢
f ‘() 8§(t) = 0, (12)
lo
where 8& corresponds to 8i. Further, (12) is easily seen to be equivalent to

4 t ] Y ¢ oL
L dv(r) L)(D(t, 7)BBTpdr = — ﬁodv(t) LCD(t, 7) Ba—u . dr. (13)

Now let 5(¢) be defined as
= — BT % T T
=070, 0| 3F) +48lo 16| 47Tt 116

fq)T( t)[—a—f; A-—c—i‘;?b+ATvT[t0,1]b} T (14)
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on [t 1,). Then, j is of the form p(r) = h(t)—vI[ty, t1b and hence peP. Further,
note that

0
plty) = OT(t, 1) l‘a‘glA'*‘VsT[to: tl]b] —vIty, 1,10
_%
N ox A.

Also, since d/dt(vT[t,,1]b) exists and is equal to zero a.e. on [#y, 1] it follows that
P(1) exists for almost all ¢ in [t,,¢,] and

oL T
Tl tlb|+ 5] ~Geb ATl )

B(t) =—AT0(1,,1) [—Z—i

oL T
T@T _oL ¢ T,T
L AT Tz, t)[ A [zof]b]df
avl
717”}

= -0+~ 5|,

oH

_ dv

0x |a dr

Thus p(t) satisfies the conditions (9) and (10). Finally, from (12) or (13), we require
[ to be such that

f;ldv(t) f;cb( t,7) BBT [(DT( ) (gg

=<5 a.e.on [ty 4]

+ Vg‘ [to, t1] b)
A

T T
+ | ®%(s,7) (3_L & b+ ATVt 5] b) ds—vX[ty, 7] b] dr
4 Ox|y dt 8

T.

¢ [
-— f ‘() f (D(t,'r)Baa—L d
to to Ul

In other words, we have to solve for b in the following system of linear equations:

[l [0 85| #7060, DT 1)
f OT(s, 7){ e+ ATVI,, s]} ds—vTt, 'r]] dr-b
og T oL
P A— LI(DT(S, T) x| ds-’ dr

h t aL
- v 7)B—| dr. 15
Ld(l)f‘od)(t, )85 4 15)

- f :dv(t) f ;(D(t, 7) BBT [@T(tl, )

https://doi.org/10.1017/51446181100001796 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100001796

440 W. L. Chan and S. K. Ng [71

The above equation can be written as
Mb =k, (16)
where M is an r x r matrix and k is an r-vector.

ASSUMPTION 3.1. Either v=0 or M is nonsingular.

If Assumption 3.1 holds, then (16) has a solution &. It follows that j is thus
determined. With this 5, we have that

f "t 58(6) = 0,
b

and hence 8 = (9L/du)|, + BT j is admissible and, from (11),

_"a_LT—T-_t‘aLT-T oL T 5
O—L((au A) e B) Sudt—fh(<au A) i B)(—al-l A+B p)dt

3 2

=fl QE +BTj|f 4t

| %ufa

This shows that
oH oL T =
O—EA~%A+B P ae. on [t,4]

Summarizing, we have proved the following

THEOREM 3.1. Suppose Assumption 3.1 holds, then for ($, @) to be a solution of
(5), it is necessary that there exists a p& P such that the following relations hold:

$=28] _agemi §0) =10 (17)
ap |a
h
f (1) B(1) = 0; (8)
1
. 0H| &7 v, OL| 7
i) Rt el e ™ Rl (19

a.e. on [ty, ;] where b is a constant vector to be determined and

0
o) = a_f’,\
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Indeed, p is of the form:
. /)
Bty = OT(t,, 1) :5% |A+ vI[to, 1] b} — vt t]b

t oL
T, ———
+ fth) (z,1) { 7% |

where ® is the fundamental matrix of (1). Further,
oH| oL
| =

A ou
where H(t,x,u,p)=L(t, x,u)+pT(Ax + Bu).

T
—d—;tc—b+ATv;f[to, T]b} dr,

+BT‘5 =0 ‘a.e. on [t5,4],
A

We now give conditions under which Theorem 3.1 becomes sufficient.

COROLLARY 3.1. Suppose Assumption 3.1 holds and that J is convex on the set of
all admissible pairs. Then, in order for ($,i) to be a solution of (5), it is necessary
and sufficient that the relations in Theorem 3.1 hold.

Proor. By Theorem 3.1, we need only to prove the sufficient part.
Suppose the relations in Theorem 3.1 hold. Then this means that
J(@+e(d—), i+ eu—i))~J($,d) = 0(e) for all ue,,.
Since J is convex with respect to (¢, u), we have
J(b, ) —I(F, @) > 1/e[J($+ e(p— ), i+ e(u—)—J($,@)] forall 0<e<].
Hence J($, u) —J($, ) > o(e)/e. Letting ¢—0 we have J(¢,u) >J(, ).

REMARK. Assumption 3.1 may be regarded as an extended controllability
condition by the following observation.

First, from the derivation of Theorem 3.1 we see that if the constraint
fdv(t) §(t) = 0 is replaced by [2dv(t) §(t) = ¢, where c is a constant vector, then
the above procedure remains true.

Now, in the particular case when v, =0, we have v{t,} = D which is an rxn
matrix of the form

1 o - - - 0
. 0 -
, 1<r<n,
0 10 0
N ——— e’
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Since v,{S} = 0 whenever S does not contain t,, we may choose the constant ¢
suitably, and our problem becomes a problem with the ith components (i = 1, ...,r)
of the terminal state fixed.

Finally, M becomes

t
D f ‘®(t,, 7) B(r) B™(r) ®(t,, 7) dr DT,
b
which is nonsingular if f4®(t,,7) B(r) B*(r) $T(t,, 7) dr is nonsingular, and the
latter is the usual controllability condition.

4. Linear quadratic problem

For the important special case when J is quadratic, we have
PROPOSITION 4.1. Suppose Assumption 3.1 holds, and that J is given by
1 (a
Th,) = KD, A+ [ 0 080 + < RO Wy},

where (-, > denotes the inner product of R™ or R™ and F,Q(t)>0, R(t)>0 for
amost all t in [ty, t,]. Then, in order for ($,u) to be a solution of (5), it is necessary
and sufficient that ($, i) satisfies the following differential-boundary systems:

$=Ap+Bu, $(ty) = x,, (20)

f ") $(1) = 0,
to

dvT
p=—dTp-04-"%b, e}
p(tl) = F¢(t1)’
u=—R1BTp, 2)

Proor. The above proposition follows from Corollary 3.1 and the fact that J
is convex on the set of all admissible pairs.

Next, we want to construct a feedback structure for the optimal control. We
start by assuming that

p(t) = K(8) §(t) +1(t) = vTIty, 11 b, (23)

where K(z), f(?) are to be determined. Differentiating (23) (thanks to the fact that
(avI[dt) [ty t]1b =0, a.e. on [ty 1,]) we get

p=K+Kp+f ae. on [t 1] 249
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Employing (20-22), equation (24) becomes

T .
—ATp—QqS—‘%cb = K(A¢~BR1BTp)+Kd+f, a.e. on [ty,1,]

or
(K+KA+ATK+Q—KBRBTK)$+(AT—KBR1 BT f
T
— (AT~ KBR™ BT)vT[t,, 1] b+ % b+f=0, ae. on tyt]. ©5)
Now choose K(-) to be an absolutely continuous matrix-valued function such
that
K=—-KA—-ATK+KBR'BTK—-Q, (26)

and f(-) to be an absolutely continuous function from [#,,#;] to R™ such that
T
f = (KBR1BT—AT) f— [(KBR‘1 BT — AT)vT[4,, t]+‘%—] b, 27

J@) = vIlte, 1,]0.
Having chosen K(-) and f(+), an optimal feedback-like control is then given by

u(@(), 1) = — R(5)7 BT() (K(O) $() +1(0) — v [t 11b). (28)

ReMARK. For the development of K, one may consult (2, sections 9-3) and
(1, pp. 23-26].

We note that the existence of solution of the Riccati equation (26) is independent
of v, and one may show that this existence is implied by the existence of minimal
J with v = 0, which is always the case (see, for example, [1, pp. 23-28]).

To illustrate the results of this paper we give a simple example.

Minimize

12
Ih,0) = 140+ [0 (9

subject to
¢ =1Uu, ¢(0) =a,
$0)+ (1) +¢(2) = 0.
First note that M = 5 so that Assumption 3.1 holds. Let

H = }u*+pu
and we have

B() = @ +v7[0,215)~v7[0,11b,
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where v, is a measure such that v {0} = v {1} =v{2} =1, and v, {4} =0 for all
measurable sets 4 in R whenever 4n{0, 1,2} is empty. Then,

#(2)+2b, 0<t<l,
) ={ $2)+b, 1<t<2,
$(2), 1=2,
and 0H/ou = ii+p = 0 a.e. implies
—-$(2)—2b, 0<t<l,
at)=—pi)={ —$(2)—b, 1<t<2,
- $Q2), t=2.
After some calculations, we have
$(1) = £4(0) -5,
$(2) = 30 -b.
To find b, let §(0)+F(1)+&(2) = 0 so that b = §(0) = «, and hence
—%a, 0<t<1,
0= { —fo, 1<1<2.
Also evaluating J gives
J($,7) = 25al.

Furthermore, we see that ($, @) is an optimal solution by the following observation.
Let

[ﬁ(t)+k1(t), 0<t<l,
a0+, 1<1<2,

[ ~%a+k(r), 0<t<],
—Yathy(n), 1<1<2.
Then, in order to satisfy ¢(0)+¢(1)+ ¢(2) = 0, we require

1 2
2 J; ky(t)dt+ fl ky(t)dt = 0.

This relation leads to

J($,u) = J(, ﬁ)+% ( f:kl(t) dt+ sz(t) dt)2+ J:k%(t) dr+ szg(t) dt > J($, ).
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To determine a closed-loop optimal control, we finally have to solve equations
(26) and (27). This gives

1
K(t) - 3__';a te[o’ 2]:
(6_t)b, 0<t<l,
3—¢
S = s
0206 | <o,
3—t¢

and
#(P(0), 6} = —{K(e) (&) + /(1) — v] [to, 15}
(0] + 6-1)b

+b, 0<t<1,

=3 -3
) 4 (7-20)b
t—_—3+—?+2b, 112,

where b is to be determined by the boundary conditions.

5. Conclusions

We have studied the problem of optimal control for linear systems with Stieltjes
boundary conditions with unconstrained controls. The necessary conditions for
optimality are represented by a system of differential-boundary equations. Under
some convexity requirement on J, these become sufficient as well. When J is
quadratic, an optimal feedback control has been constructed and an example has
been presented to illustrate our results.
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