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Abstract

It is shown that no proper ideal of i free inverse semigroup is free and that every isomorphism between
ideals 1s induced by a unique automorphism of the whole semigroup. In addition, necessary and sufficient
conditions are given for two principal ideals to be isomorphic.

1980 Mathematics subject classification (Amer. Math. Soc.): 20 M 99.

This paper is concerned with various properties of (two-sided) ideals of a free inverse
semigroup S, the investigation being based on Scheiblich’s structure theorem for §
{Scheiblich (1972), (1973)).

We show first that no proper ideal of S is a free inverse subsemigroup of §
(Theorem 1). A complementary result, stating that every ideal of S contains an
isomorphic copy of S, is a consequence of a theorem established by the author in a
separate note (Munn (to appear)).

The second topic discussed is that of isomorphisms between ideals of S. Every
isomorphism from one ideal of § to another can be extended to a unique
automorphism of S (Theorem 2): consequently, the automorphism group of an ideal
of S is a subgroup of the automorphism group of S itself. A description of the
automorphism group of $ has been provided by O’Carroll (1974).

Necessary and sufficient conditions are given for two principal ideals of S to be
isomorphic(Theorem 3) and for the inverse subsemigroups of S generated by two #-
classes to be isomorphic (Theorem 4). Theorems 3 and 4 answer two questions raised
by Reilly (1976).

The notation and terminology throughout will be that of Howie (1976).

Let S be an inverse semigroup. The semilattice of S and the automorphism group
of § will be denoted by E(S) and aut S respectively. Also, if 4 is a nonempty subset of
Sthen 4~ ' denotes {a~": «e A} and so the inverse subsemigroup of S generated by
A is just (AU A~ D, the subsemigroup generated by 4 U A4~ 1,
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The following easily-checked facts will be used below without subsequent
comment. If Vis an inverse subsemigroup of S then any #-class [ #-class] of S
contained in Vis also an #-class [ #-class] of V. Moreover, if Tand U are inverse
subsemigroups of S and teT is such that R, € T then, for any isomorphism
0. T— U for which R, < U, we have that R, 0 = R,

For the remainder of the paper X will denote a nonempty set. Let G = F %, the free
group on X, and let 1 denote the identity of G. The lengt/ l(a) of ae G is defined by

(x;eXuX™h),

n

la) = 3" if the reduced form of a is x; x; ... x
0 ifa=1

Foralla e Gthe set of all initial segments (including 1) of the reduced form of ¢ will be
denoted by a; further, for all nonempty subsets 4 of G we write
A= {aacA}

and we say that A is left closed if and only if 4 = A.

We now describe the construction for the free inverse semigroup on X given by
Scheiblich ((1972), (1973)). Let % denote the set of all finite left closed subsets of G
with at least two elements. Write

S={(A.g)e¥ xG:geA}.
It is readily verified that if (4, g) and (B, h) are in S then A U gBe%; hence we can
define a multiplication on S by the rule that

(A,g)(B,h) = (4 UgB,gh).
With respect to this multiplication S is an inverse semigroup in which

(V(4,9)e8), (4,9) ' =(g"" ' 4,97")
and
ES)={(4,1) Ae%¥}.
Let us write
W= {(xx) xeX}.

(Note that, forall xe X, x = {1,x}.) Then § = (Wu W™ "> and each mapping from
W to an inverse semigroup T extends to a unique homomorphism from S to T.
Accordingly, S is the free inverse semigroup on X and W is a set of free generators of
S (see Reilly (1972), (1973)). We denote S, as constructed above, by #.#,. The
cardinal | X | of X is termed the rank of S.

The mapping n: S — G defined by

(A,g)m =g

is evidently a surjective homomorphism. Now suppose that T is an inverse
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subsemigroup of S. It is straightforward to prove that
(P1) (Va,beT), an=bn<-ea=eb forsomeeeE(T).

Thus n induces the least group congruence on T(Munn (1961)). Moreover, if T is an
ideal of S then Tn = G.

It will be convenient to denote the #-component of a typical element ¢ of S by
F(a). Thus

(Vaes), a=(%(a),an).

Green’s relations on S are characterized in Reilly (1972) and further properties of S
are listed in Reilly (1976). We note, in particular, that S is combinatorial and
completely semisimple and that its partially ordered set of #-classes satisfies the
maximal condition. Since clements a and b of S are #-equivalent if and only if
HFla) = F(b), we have that
(P2) (VaeS), R,n= Hla)

Each #-class of S is finite: specifically,
(P3) (Vae$), |[J,|=|F @

Reilly {1972) has shown that every set of free generators of S is contained in
Wou W The following property therefore follows from (P3).

(P4) If a belongs to a set of free generators of S then |J,| = 4.
For ease of reference we also record that
(P3) (Va,beS), (able §=Fla)=g ' F(b) forsome ge F(b)

Unlike the corresponding situation for free groups, not every inverse sub-
semigroup of a free inverse semigroup S is free; for example, E(S)is not a free inverse
semigroup. By a proper idcal of § we mean an ideal other than § itself. We now
establish

THEOREM 1. No proper ideal of a free inverse semigroup S is a free inverse
subsemigroup of S.

Proor. Take S = # .# . Suppose that M is an ideal of S which is also a free inverse
subsemigroup of S. We shall show that M = S.

Let K be a set of free generators of M and let ae K. Then, by (P4) (with M
replacing S), the #-class of M containing a has exactly 4 elements. Since M is an ideal
of S this means that | J, | = 4. Consequently, by (P3),| #(a)| = 2 and so, since a* # q,
we have that aeWoU W™ ! Thus KcWuW™! and therefore
KuK'eWuW ' Hence (KUK Yre(WuW YHYr=XuX"L
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Now suppose that there exists be(WuW )W(KuK™Y. Then
bre(X U X YW\ (Ku K™ !)r, since 7|y, - is injective. Let e € E(M). Then ebe M
and so there exist elements ky, k,,....,k, in K U K~ ! such that

kik,..k,=eb.
Since er = 1 it follows that
(k, m)(kym)... (k) (br) " = 1.
But
krme(KUK Yne X o X N\{br(bn)™'} (i=12,..,n

and so we have a contradiction. Thus KU K™ '=WouW™! Hence
M=(KUK™ Y =(WuW~™!> =S and the proof is complete.

REMARK. Although a proper ideal of a free inverse semigroup S is not itself a free
inverse semigroup, it contains an isomorphic copy of S (Munn (to appear) Remark
3).

We now examine isomorphisms between ideals of a free inverse semigroup. To
save repetition we shall assume that § = £, and G = %y in the three lemmas
below.

LeMMA 1. Let T and U be inverse subsemigroups of S and let 0. T— U be an
isomorphism. Then there exists an isomorphism ¢: Trn — Un such that, for all ae T.
an¢ = aln. Suppose, further, that te Tis such that R, € Tand R,; S U. Then

(YueR,), al=(La)e,anp).
(Note that if ae R, then $(a) < Tr, since L(a) = R,n. hy (P2).)

PROOE. Let a,be T be such that ar = bz. Then, by (P1), there exists ¢ € E(T) such
that ea = eb and so e0a0 = e0bf. Since efl € E(U), this shows that afir = b0n. Thus
we can define a mapping ¢: Tr —» Un by the rule that

(1) (VaeT), ang = alin.

Since € is surjective, ¢ is surjective. Now suppose that a,be T are such that
ang = bne. Then, by (P1), there exists fe E(U) such that f(a0) = f(b0) and so
(ea)® = (eb)0, where e =f0""eET). Thus, sincc ( is injective, ¢a = eb.
Consequently, by (P1), an = br. Hence ¢ is injective. Since (0 and = are homomorph-
isms, so also is . Thus ¢ 1s an isomorphism.
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Next, let e R,. Since R, € Tand R,y < U it follows that R, = R,0 = R,y = R,
and so

all = (F(ab), abrn)
= (R o7, abn) by (P2)
= (R, Om, aln)
= (R, mo,anp) by (1)
= (#(a)@,anp) by (P2).

This completes the proof.

DEFINITION. An automorphism ¢ of G = %%, is special if and only if
(XuX HNe=XuXx!

Let the set of all special automorphisms of G be denoted by aut* G. It is clear that
aut*G is a subgroup of autG. If X is finite with exactly n elements then
laut* G| =2"n!.

Theorem 2 of O’Carroll (1974) shows, in effect, that

aut S = aut*G.

LEMMA 2. Let M and N be ideals of S and let 0: M — N be an isomorphism. Then
there exists ¢ € aut* G such that

(VueM), af = (SL(a)e,ane).

PROOF. Since M and N are ideals of S, each 1s a union of #-classes of S. Also
Mn = G = Nn. Hence, by L.emma 1, there exists ¢ e aut G such that

(2) (Yae M), al = (Fa)e,ane).

It remains to show that ¢ is special.

Suppose that there exists xe X U X ~ ! such that (x¢) > 1. Let ec E(M) and let
k = | Lle)|. Since Fle) is finite and left closed there exists a nonnegative integer r
such that x"e #(e)if0 < n < rand x"¢ F(e)if n > r. (By convention, x° = 1.) Let us
write /= ¢y, where ¢ —( NS .1). Then fe M, since M is an ideal of S. Now let
A={x""x""2 .., x"" % We have that

Ll fr=Fleyud, Fley)nA=Q
and so | #(f)| = 3k. Thus, since ¢ is injective,

(3) |L(f)e|= 3k
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But Ap < &(f); also F(f) e is left closed since L(f)p = F(f0), by (2). Hence
Ap < #(f)e. Thus, from (3),

4 |Ag| < 3k

Let u,ve X U X ~! be the first and last letters, respectively, of x¢@. Then, for all
neN, u and v are the first and last letters, respectively, of (x¢)". Consider the
elements listed below:

(x(p)r+ l’ (x(p)r+2““, (X(p)r+2k‘

r+2k—1

(x@) ' u, (xY "2 u,....(xQ) u.

(5

Let p,geN. If p # ¢ then (x@)? # (x@)? and (x@)? u # (x@)?u. Now suppose that
(x@)? = (x@)?u. Then p # ¢, since u # 1,and so Il{{x@)? ) > 1. But (x¢)* "% = uand
l(u) = 1, which is a contradiction. Thus the 4k — 1 elements in the list (5) are distinct.
Furthermore, for all integers p such that r+1 < p < r+2k—1, (x¢)? u is an initial
segment of (x@)* " ' ifu # v~ ! and is an initial segment of (x)? if u = v~ 1. Tt follows
that all the elements in the list (5) lie in A@. Hence |Ap| > 4k—1. But this
contradicts (4), since k > 1. Consequently, l(x@) = 1 for all xe X U X ~; that is,
(XuX NecsXuX L

Suppose that (X U X "¢ # X U X~ '. Then there exists ye X U X ~ ! such that
yo 'é X U X' Hence

(6) Iy~ ") > 1.

Now 07! is an isomorphism from N to M. By analogy with (2), there exists y eaut G
such that

(YbeN), b0~ ' = (FL(b)y,bry)).

Thus, for all ae M, an = (a0) 0~ ' n = (a0)my and so any ™' = abn = ang. Since
Mn = G this implies that y ~! = @. Hence iy = ¢~ '. The same argument as before,
with N, M 07, ¢~ ! replacing M, N, 0, ¢ respectively, now shows that (6) leads to a
contradiction. Hence (X U X ™Yo = X U X !, that is, ¢ is special.

LEMMA 3. Let @ caut* G. Then there exists an automorphism o of S such that

(Vaes$), ax = (L(a)op.anp).

PRrROOF. We first note that, for all g € G, J(jj ~ g¢ and so, forall ae S, Fla)d is left
closed. Hence we can define a mapping «: S — S by

(YaeS), ax = (Flayp,anp).
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Similarly, we can define »: § - S by
(VYueS), ao' =(Flayp Landp ).
Then x'x == ax’, where ¢ is the identity mapping on S. Hence « is bijective.

Moreover, a is a homomorphism, since ¢ is a homomorphism. Thus xeaut S.

REMARK. From Lemmua 2 (with M = N = 8§) and Lemma 3 we can recover
O’Carroll’s theorem linking aut S and aut* G.
We now come to the sccond main result.

THEOREM 2. Let S be a free inverse semigroup, let M and N be ideals of S and let
0. M > N be an isomorphism. Then there exists a unique automorphism o of S such
that a |y = 0.

PROOF. Let § = #.#,, as before. By Lemma 2, there exists ¢ € aut* G such that
(Vae M), ab = (F(a)p,anp).
Hence, by Lemma 3, therc exists a € aut S such that

(Yaes$), aa=(F(a)e,anp).

Thus o, = 0.
Now suppose that feaut$ is such that 3|, = 0. Then, by Lemma 2 (with
M = N = §), there exists ¢ eaut* G such that

Yael), af =(Lla)y,any).
Hence, since aa = aff for all ae M. we have that
(VaeM), anp = any.

But Mn = G. Consequently ¢ = ¢ and so a = f5.
By specializing to the case M = N we readily obtain the following corollary
concerning aut M.

COROLLARY. Let M be an ideal of u free inverse semigroup of S. Then

aut M = {aeautS: Ma = M}.

Thus. since aut S = aut* G, we see that aut M is isomorphic to a subgroup of
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aut* G. In particular, if S has finite rank then aut M is finite.
As an application of the corollary above, consider the following sequence of ideals
of S. For each neN let us write

S,={aeS: |Lla)| =z n+1}.
It is almost immediate that each S, is an ideal of S and that
S=8§,>25,258,>...

Now, for all neN and all e eaut S, we have that S, « = S,, as can easily be verified
with the help of (P3). Hence, from the corollary,

(VneN), aut§, = auts.

On the other hand, since the number of elements in a maximal #-class of S, is (k + 1)?
it follows that

(VmneN), S,=S,<m=n

In the special case where S has rank 1 the ideals S, (1€ N) are the only ideals of S
and hence all ideals have the same automorphism group. namely the group of order
2. It will be shown later that if S has finite rank greater than 1 then S possesses a
principal ideal whose automorphism group is trivial.

Next we give a method for testing whether two principal ideals of a free inverse
semigroup are isomorphic.

THEOREM 3. Let S = F Sy, let G = FGy and let a,beS. Then SaS = SbS if and
only if there exist @ caut* G and g€ F(b) such that L(u)e =g~ ' L(b).

PRrOOF. Suppose first that there exists an isomorphism : SaS — SbS. Then, by
Lemma 2, there exists ¢ eaut* G such that

(VceSaS), cO=(L(c)p,cno)

In particular, a@ = (¥(a) @, ang) and so F(ad) = F(u)e. But J, and J, are the
greatest #-classes of Sa$S and SbS respectively and so (a(). b)e #. Thus, by (P5), there
exists g e #(b) such that F(af) = g~ * F(b). Consequently, Fla)p = g~ ! L(b).

Conversely, suppose that there exist gpeaut* G and ge ¥(b) such that
FLlayp = g ' F(b). By Lemma 3, there exists acaut S such that

(VaeSl), ax = (La)e,anp).

Now b =(#£(b),br) and so, since there exists geS(b) such that
g~ Fb) = Flaye = Llax), it follows from (P5) that (b,ax)e #. Thus
(SaS)a = S(ax) S = SbS; hence SaS = SbS.
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The result can be expressed in a simple form making use of the author’s concept of
a 'word-tree’ (Munn (1974)). Each #-class of S = # £ corresponds to an unrooted
word-tree and two principal ideals of § are isomorphic if and only if the word-trees
corresponding to their generating #-classes are obtainable from each other by
reversing the orientation of those edges labelled by elements of some subset of X and
then relabelling all the edges by applying a permutation to X.

The argument used in the first part of the proof of Theorem 3 enables us to show
that a free inverse semigroup of finite rank greater than 1 has a principal ideal whose
automorphism group is triviall Let S=%4, and G= %%, where
2 <|X|=neN, and let the elements of X be x,, x,,....x,. Take

d=(XUXIuxiU.LL UL )
and It feaut SaS. Then there exist ¢ eaut* G and g € &(a) such that

(i) (VceSaS). 0= (L), cnp)
and
(i) Lla)p =g~ ' Fla).

The elements of F(a) @ of length 1 are x, @, x; @...., x, @. Suppose that g = x{, where
l<i<nand! <r<ilfr#itheng ' %(a)has precisely two elements of length 1,
namely x;”! and x, while if r = i, it has precisely one of length 1. namely x;”!. In
either case we obtain a contradiction from (ii). Consequently, ¢ = 1. Hence, since ¢ is
length-preserving, it follows from (ii) that ¢ is the identity automorphism of G. Thus,
from (1), 0 is the identity automorphism of SasS.

Theorem 3 provides a solution to a problem suggested by Reilly (1976). A second
problem, also posed by Reilly in the same paper and related to the first, can be solved
by similar techniques. We state the result as

THEOREM 4. Let S = F # y and let a,beS. Then {J,) = {(J,» if and only if there
exists an isomorphism
o Ipa>{Jpn

and an element g in L (b) such that Lla)p = g~ ' F(b).(Note that F(a) = {J > n, since
Fla) = R, m, by (P2).)

Proor. Write T= <{J,> and U = {J,>. Since J, ' = J, we see that T is an inverse
subsemigroup of S. Similarly, U is an inverse subsemigroup of S.

Suppose that there exists an isomorphism 6: T— U. Since J, and J, are,
respectively, the greatest #-classes of Tand U, it follows that J, 0 = J,. Hence, in
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particular, R,, € U. Thus, by Lemma 1, there exists an isomorphism ¢: Tn - Un
such that

al = (F(a) @, ang).

Hence #(af) = ¥(a) ¢. But, by (P5), since (ab, b)e ¢ there exists g € #(b) such that
Flal) = g~ ' F(b). Thus Fla)p =g~ ' L(b).

Conversely, suppose that there exists an isomorphism ¢: Tt - Un and an
element ¢ in #(b) such that F{a)p = g~ ' F(b). First, we note that, for all he L(a),

(h™! Fla)e = (hg)™ ! Fla) g
=(hp) ' g~ L h)
= (g(he))~ ' F(b):
furthermore, g(he)e F(b), since hp € F(a)p = g~ ' F(b). Combining this with (P5)
we see that, for all he #(a) and all keh™! Fla),
(7) (h™" A a) o, kp)e ).

Now consider an element ce T. By the definition of T there exist ¢, ¢,,....c,€J,
such thatc = ¢, ¢, ... ¢,. But #(c;) = h; ! #{a) for some h; in #(a), by (P5), and so, by
(7, (L), c;rp)ed, (i =1,2,...,r). Thus

(F() @, cne) = (Flc) .y n@)...(Fle) @, ¢, mp)e (Jpp = U.
We can therefore define a mapping 6: T— U by the rule that
(8) (VceT), c0={(L()o,cnp)
Clearly 0 is a homomorphism; moreover, since ¢ has an inverse it follows that 0 is
injective. We show that 6 1s surjective. It will suffice to prove that J, = J,0.

Let deJ, By (P5), there exists ke %(b) such that F(d)= k™' ¥(b). But
Fb) = g(Fa) @), by hypothesis. Hence k = g(he) for some he #(u) and so

k=1 F(b) = (he)™ 'y~ '[g(Lla) p)];
that is,
(9) L(d) = (h~' Fla)) .

Also dne #(d) and so, by (9), dn = mg forsome meh™ ' S(a). But (h™ ' Fla),m)e J,,
by (P5). Hence, by (9) and (8),

d=((h""Aa)p,mp)=(h"" Aa.mied,o.

Thus J, = J, 0, as required.
The mapping 0 is therefore an isomorphism and the proof is complete.
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To conclude, we give an example to illustrate Theorems 3and 4. Let X = {x, y, z},
let $ = F.#, and let a,be S be defined as follows:

a=({Lxxyxyx}1), b=({l,x,z 4z 'x},1)

Let G = #%,. Then it can be verified, by exhaustion of cases, that there does not
exist (@,g) in aut* G x #(b) such that F(a)¢ = g ! #(b). Thus, by Theorem 3,
SaS % ShbS.

Now (J,> mand {J,> n are, respectively, the free groups on {x, y} and {x, z}. Let
@: {J,>n—{J,>r be the isomorphism defined by

xXp=x, yp=x 'z

Then
Llaye = {1,x,2,2x} = z#(b)

and z~'e #(b). Hence, by Theorem 4, {J > = {J,>.
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