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Abstract

A condition equivalent to sparseness of a set on the plane is formulated and used as a motivation for a new
concept of density point on the plane. This is investigated and compared with known previous versions.
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Sarkel and De in [7] introduced the notion of a set sparse at a point. Sparse subsets of
the real line were also investigated by Filipczak in [1-3]. In [3] a condition equivalent
to sparseness of a set on the real line was formulated and used as a motivation for a
new concept of density point. This is a generalisation of a density point with respect
to a fixed sequence [4].

In our paper similar results for subsets of the plane are stated and proved. A new
concept of density point on the plane is considered and compared with others.

Let £, stand for the family of all Lebesgue measurable sets on the plane and
let A, stand for two-dimensional Lebesgue measure. For A, B € £,, the notation
A ~ B means that the symmetrical difference of A and B is a null set. For brevity,
let R((x, y), a, b) stand for the rectangle (x — a, x + a) X (y — b, y + b), where x, y € R,
a,beR, and S((x,y), r) := R((x,y), r,r). Sequences {a,},en are denoted by (a) for
short. Let 6 denote (0, 0).

Dermvimion 1 [8]. A measurable set A ¢ R? is said to be sparse at a point (x,y) if
for any & > O there exists & > 0 such that each interval (a, b) contained in (0, &) with
a/b < h contains at least one point 7 such that

HANS(x%.3).0)
4r ‘

The first theorem below is an analogue of the characterisation of sparseness in the
one-dimensional case [3].
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TrEOREM 2. A measurable set A CR? is sparse at a point (x,y) if and only if
for any € >0 there exists a decreasing sequence {a) satisfying lim,_,. a, =0 and
lim inf,,_, o (a,41/a,) > 0 and such that

/12(A N S((-x’ )’), an))
4a?

<& foreachneN.

Proor. Without loss of generality we can assume that (x, y) = 6.

Suppose that A is sparse at 8 and fix € > 0. By the assumption there exists # > 0 such
that, for each interval (a, b) contained in (0, /) such that a/b < h, there exists a point
t € (a, b) with the property that 1:(A N S (6, £))/4t> < &. We can assume that 2 < 1.

Let ¢, = (h/2)" for neN. Since ¢, <h, which implies that (c,41, c,) C (0, h),
and ¢,41/c, <h for ne N, we can find a sequence (f) such that ¢, € (¢,+1, c,) and
(AN S, t))/4tﬁ < gforevery n € N. Of course, (f) is a decreasing sequence tending
tO Zero, tye1/ty > Cniz/cn = (h/2)* > 0, so lim inf,_e(t,41/t,) > 0. This completes the
proof of necessity.

To prove the converse implication, for arbitrarily chosen € > 0 find a decreasing
sequence (a) tending to zero, with the property that lim inf, . (a,+1/a,) > 0 and

HANS,ay))

12 <g forneN., (%)

Set 6 €(0, 1) such that a,,;/a, > ¢ for all neN. Now let &2 =min{d, a;} and
consider any interval (a, 8) C (0, h) with a/B < h. Since < a;, there exists p e N
such that 5 € (ap41, a,]. Thus the inequalities /B < h < 6 < apy1/a, give ay,1 > @, so
ap+1 € (a, B), and, using (*) for n = p + 1, we conclude that A is sparse at 6. O

DerNiTioN 3. We say that (x, y) is a proximal density point of a measurable set A c R?
if its complement R?\A is sparse at (x, y).

We can also treat axes independently.

DerNiTION 4 [8]. A measurable set A € R? is said to be strongly sparse at a point (x, y)
if for any & > 0O there exist k; > 0 and k, > 0 such that for each pair of intervals, (a;, by)
contained in (0, k) with a;/b; < k; and (a, by) contained in (0, k») with a>/b, < ko,
there exists a point (&, v) € (aj, by) X (az, by) such that

/IZ(A N R((xs y)s u, V)) <g
4uv ’

THEOREM 5. A measurable set A C R? is strongly sparse at a point (x, y) if and only if
for any € > 0 there exist two decreasing sequences {a), (b) tending to zero, satisfying
lim inf,, (@t /a,) > 0 and lim inf,,_, (b, 41/b,) > 0 and such that

/IZ(A m R((xs y), an9 bl’l))
4a,b,

<& foreachneN.
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The proof is a slight modification of that of Theorem 2.

Derinition 6. We say that (x, y) is a strong proximal density point of a measurable set
A c R? if its complement R?\A is strongly sparse at (x, y).

Theorems 2 and 5 motivate us to define a new kind of density point using a family
of sequences. Following the ideas from [3], we call a family C of decreasing sequences
convergent to 0 acceptable if inf{a; : (a) € C} = 0.

DeriniTion 7. We say that (x, y) is a C-density point of a measurable set A ¢ R? if and
only if for every &€ > 0 there exists (@) € C (where C is assumed to be acceptable) such

that
LANS((x,y),an)) o1

12 —& foreachneN.
a}’l

For A € £, we define
®c(A) :={(x,y) € R? : (x, y) is a C-density point of A}.

Let us denote by C, the family of all decreasing sequences convergent to 0
and satisfying lim inf,,(a,+1/a,) > 0. Then Theorem 2 can be formulated in the
following way.

PROPOSITION 8. A point (x, y) is a proximal density point of a measurable set A C R? if
and only if (x,y) € D¢, (A).

Let Cy, C, be acceptable families of decreasing sequences convergent to 0.

DeriniTioN 9. We say that (x, y) is a C1, Cy-density point of a measurable set A € R? if
and only if for every € > 0 there exist two sequences (a) € C1, (b) € C; such that

(A NR((x, ), an, by)) S

1- for each n € N.
4a,b, & "

For A € £, we define
De, 0,(A) :={(x,y) € R?:(x,y)isaCy, C,-density point of A}.

Theorem 5 can thus be rephrased as follows.

Prorosition 10. A point (x,y) is a strong proximal density point of a measurable set
A CR?ifand only if (x, y) € D¢, ¢, (A).

It is obvious that for an acceptable family C and for any A € £, O¢(A) € D c(A)
(as we can choose the same sequence twice), but we emphasise that for the same set A
the values of ®¢ and @ ¢ can be different.

Exampie 11. Let a; = 1, a,.1 = (a,/n)* for n € N. It is clear that (a) is a decreasing
sequence convergent to 0 and the family C g,y := {(ax, ax+1, . . .) : k € N} is acceptable.
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Let A :={(x,y) e R?: —x?> <y < x?}. Then

bLANS@O,a, "
Z(T%(a))z% foreachn € N,

so 6 ¢ O, (A). However,

B(ANREO. 4 ann) _ ANREO. 4 @) 1

4
4a,a,+1 ’7613

foreachn € N,

so 6 e (DC<,1>,C<,,) (A).
Now let us mention general properties of ®¢ and O, ¢, .

ProposiTion 12. For every A, B € L, and for any acceptable families Cy, C2, C}, C}:
(1) @, 0) =0, B¢, c,(®) = 0, D, (R2) = 2, O, ¢, (R?) = R,

(2) ifA ~ Bthen ®¢,(A) = O¢,(B) and D¢, ¢,(A) = D¢, ¢, (B);

(3) if AcC Bthen ®¢,(A) C D¢, (B) and D¢, ¢,(A) € D¢, ¢, (B);

(4)  ifCy cC| then O¢,(A) C Oc; (A), and if also C; C C), then D¢, ¢,(A) € De; ¢, (A).

One may ask whether this new concept of density is not just another way of
describing proximal density, but leads also to some other density operators.
We now recall two classical kinds of density on the plane.

Dernition 13 [9]. We say that a point (x, y) € R? is an ordinary density point of the

set A e Lyif
. /lZ(A N S((xa )’), h)) _
lim =1.
h—0* 4h?
DerNiTION 14 [9]. We say that a point (x, y) € R? is a strong density point of the set
Ae L,if

/IZ(A N R((x7 }’)9 h7 k)) —

h—0* k—0* 4hk L.

If we require here that only upper limits be equal to 1 we say respectively that a
point (x, y) is an upper ordinary density point of A or an upper strong density point
of A.

As usual, let ®y(A) denote the set of all ordinary density points of a set A € £,
®(A) the set of all strong density points of A € £, ®((A) the set of all upper ordinary
density points of A, and ®@(A) the set of all upper strong density points of A.

Let C denote the family of all decreasing sequences convergent to 0. Obviously C
is acceptable.

ProposiTioN 15. We have
CDé- = 60 and (Daé‘ = 6‘

PropositioN 16. For any acceptable families Cy, C, and for every A € Ly:
(1) @A) € ¢, (A) € Dy(A), Dy(A) € Ve, ¢, (A) € Dy(A);
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(2) q)Cl(A) € -£2) q)cl,Cz(A) € LZ;
3) D¢, (A)~A D¢, c,(A) ~A.

Proor. Property (1) is obvious. Properties (2) and (3) come from (1) and the Lebesgue
density theorem which says that ®y(A) ~ A and ®,(A) ~ A. O

By Proposition 12 for every A, B € £, and for any acceptable families C;, C»:
D¢, (AN B) C D¢, (A) N De, (B)

and
D¢, c,(ANB) S D¢, ¢,(A) N Dg, ¢,(B),

but equality need not hold. For example, we can find disjoint sets A and B such
that ®o(A) N @y(B) is nonempty, so Oz (A N B) # O (A) N Oz (B), and since Dy(C)
ES(C) for any C € L, then also (Daé' (ANB)+ q)aé: An (DE,E (B).

In view of Propositions 15 and 16(1) we can ask whether it is possible to find a
family of sequences C, C # C, for which there exists a set A € £, such that ®y(A) C
Dc(A) C @y(A); whether there exists C such that @y = ®¢; and whether there exists
C c C for which ®¢ = @, or ®¢c = ®,. We obtain some answers here using a special
kind of operator @y : L2 — L, which was defined in [5] for fixed sequences (s), {t)
from the family S of all unbounded and nondecreasing sequences of positive reals. For
convenience we reformulate this definition for decreasing sequences convergent to 0.

DerintTiON 17. Let (a), (b) € C.ForAe L, we define an operator

ANR b,
Doy (A) = {(x, yeR?: lim 2ANRxY).a b)) _ 1}.
n—+oo 4a,b,

Let {(a) € C. Asin Example 11, we see that the family
Clay :={(ax, ai+1, - . ) 1k €N}

is acceptable.
The following results are straightforward consequences of the definitions.

ProrosiTioN 18. For each {a) € C
DPciay = Payay-
ProrosiTion 19. For each {a), {(b) € 5,

Dcay.cry = Plaxiny-

If, instead of the family C(a), we consider the family of all subsequences of a
fixed sequence (a), we can obtain a different set of density points, as explained in
the following example.

Exampre 20. Let a,=1/n! for neN and define A:=J,en(@21+1,0a2,) and
B:=(AU(-A)) xR.
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Then in the family of all subsequences of (@) we can find a sequence
{b,}nen, by, = ap,, such that lim,_,(A(BN S, b,,))/4b,%) =1, so for this family 6
is a C-density point of B. However, since in each sequence from C(a) there is a
subsequence {ax+1}k=k, fOr a certain ky and limg_,o(A2(B N S (6, az+1))/ 4a§k ) =0,
we have that 6 ¢ Q¢ (B).

The family of density operators that can be described via the notion of C-density is
strictly bigger than that defined by ®(,y(4), (@) € C. Indeed, for example, @5 cannot be
generated by any sequence since it is not distributive under intersection.

The next theorem states that proximal density cannot be defined by means of @,y
either.

TueOREM 21. For every (a), (b) € C there exists a set A € Ly such that the set of all its
proximal density points differs from ®ypy(A).

Proor. Let {a), (b) € C and let {an, Jxen be a subsequence of (a) belonging to Cy. For
simplicity denote (s) := {ay, }rery and {u) := {by, Jren.

Define B := | ,en(84/2, sp) and D := (BU (-B)) X R.

Since

(D 0RO, s, ) 2050 = 3)2Un 1
4s,u, - 4s,u, 2’

we have 6 ¢ @) (A) where A := R2\D.

Our next claim is to show that 6 is a proximal density point of A, that is, D is sparse
at 6.

Let £ > 0. We may assume that € < 1. From the fact that (s) € Cy it follows that
there exists ng € N such that, for each n > ng, s,.1/s, <&/2. Let h := min{s,, /2, &/4}
and let (@, 8) € (0, h) be an interval such that o/ < h. We want to find a point ¢ € (a, 8)
satisfying A,(D N S (0, 1)) /41> < .

If there exists k € N such that s;/2 € (a, 8), then s, <28 < 2h < s,,, and k > ngy. Put
t := s¢/2. Therefore,

LDNSO, 1)) 2DNSO,F) 4513 s
= < =2 <&

ar A% A w

If 5,/2 ¢ (a,B) for each n e N, then there exists k € N such that s;/2 <@ <f<
sk-1/2. Thus, for ¢ := (a + B)/2, we have t € («, 8) and

BOOSON o
472 4% B

This completes the proof. O
RemMark. We can also prove without difficulty that the set D appearing in the proof

above is strongly sparse at 6, so strong proximal density cannot be defined by @)
either.
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ProrosiTion 22. There exists an acceptable family C such that
D¢ = Op.

Proor. Since, for any (a) € C with the property that lim inf,, e (@y+1/an) > 0, @aya) =
@, as was shown in [5], we can choose as C a family C(a) and then C{a)-density
coincides with ordinary density on the plane. O

According to [6, Corollary 1.5 and Theorem 1.11] there is continuum of different
operators of the type @), so we have at least continuum many operators of the
type @c.

We can also consider more general families of sequences, not only the families
consisting of subsequences of a fixed sequence.

ProposiTioN 23. Let 6 € (0, 1] and Cs := {{a) € C:lim inf, e (ans1/a,) = 6}. Then
D¢, = Dy.

Proor. By Proposition 16(1) it is enough to show, for any A € L, that ¢, (A) C Oy(A).
To derive a contradiction, suppose that O¢,(A) \ Pp(A) # 0 for some measurable A. We

can assume that 6 € O¢,(A)\Do(A). Thus there exists a positive &y and (h) € C such
that, for all n € N,
(A" NS0, hy))

% > &.
Since 6 € O¢,(A), there exists a sequence {(a) € C~5 such that
LA NSO, a,) &>
4a? sS4
Choose two positive integers ny and p such that, for n > ng, we have a,./a, > 6/2 and

h, < ay,. Thus for each n > p there exists k, > ng such that a1 < h, < ay,, and

(A" NS (6, hy)) < LA NS0, ay))

2 = 2
4h” 4ak,,+1
_LA'NSO.a,) a4,
- 2 "2
4akn ap +1
80(52 4 _
R
This contradiction completes the proof. |

ProposiTioN 24. Let Co := {{a) € C : limyeo(@ny1/ay) = O). Then
D¢, = Dy.

Proor. By Propositions 15 and 16(1) it is enough to show, for any A € ~£2, that
@5 (A) C Oc, (A). That is the case since from every sequence belonging to C we can
choose a subsequence belonging to C. O
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ProposITION 25. Let

cl = {(a) € C: liminf(ay, 1 /a,) = 0 and 1im sup(a,/a,) = 1}.

Then .
q)c(l) = q)().

Proor. Let
Co:= {(a) € C : lim inf(ay,, /ay) = 0}-

Then Cy C Cy and, by Proposition 12(4) and Proposition 24,
®c, = Dy.

Since C cCy it is sufficient to show that O, (A) C (DCl (A) for every A e L,.
Moreover, we need only show that if 6 € O (A) then 6 € d>c 1(A). Let Ae £, and
6 € Oc,(A). Fix £ > 0. We may assume that & < 1. There exists <a> € Cp such that

HANS,ay))

4 >1- g for every n € N.

Without loss of generality we can assume that lim,,_,(@,+1/a,) = 0. Foreveryn e N
we fix @, > 0 such that
e an
a, < -ay,,; and a@,<—
8 n’

We now define inductively a decreasing sequence (b) which consists of all terms of
the sequence (a), and if a1 — a2 > @21 We put between them a new term equal
to azre1 — @op+1- Of course (D) € C. Since {ay}ren 18 a subsequence of (b) and in the
sequence (b) the next term after ay; is ax+1, we get lim inf,, o (by4+1/b,) =0

We now consider the subsequence {ay+1}ren Of the sequence (b). In the sequence
(b) the next term after a1 iS darsr When a1 — axar < a1, and ang1 — @ost
otherwise. In both cases the relevant ratio is not smaller then 1 — (@i1/d2%+1) >
1 - (1/n), solimsup,_,.,(bn+1/bn) = 1.

It remains to prove that

LANSO,b ))

4b? >1-¢ foreveryneN.

If there exists k € N such that b, = a; then the required inequality holds. Otherwise
there exists k € N such that b,, = a; — ay. Then

LANSO,by)  ANSO, a —ar)
4b2 B dag — ay)?
_ LANSO, ) — (L(ANSO, a)) - A2(A NSO, ax — )
Map — y)?
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 LANSEO ) Bawla—ap + 4o

- 4a? A(ay — ap)?
L 2a; ( a )2
B 2 apy \ain
2

E E E

21———2——(—) >1-s
2“8 (38 €

This concludes the proof. m|
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