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A CALCULATION OF THE PERFECTOIDIZATION OF
SEMIPERFECTOID RINGS

RYO ISHIZUKA

Abstract. We show that perfectoidization can be (almost) calculated by using
p-root closure in certain cases, including the semiperfectoid case. To do this,
we focus on the universality of perfectoidizations and uniform completions, as
well as the p-root closed property of integral perfectoid rings. Through this
calculation, we establish a connection between a classical closure operation “p-
root closure” used by Roberts in mixed characteristic commutative algebra and
a more recent concept of “perfectoidization” introduced by Bhatt and Scholze
in their theory of prismatic cohomology.

81. Introduction

Let p be a prime number. The method of perfectoidization, introduced by Bhatt and
Scholze in [8], is an application of the theory of prismatic cohomology to commutative
algebra. This yields a universal integral perfectoid ring over a ring, such as a semiperfectoid
ring, which is a derived p-complete ring that can be written as a quotient of an integral
perfectoid ring. This method can be seen as a generalization of the perfect closure of positive
characteristic rings. See Section 2 for an explanation of the terminology used in perfectoid
theory.

Perfectoidization has various applications to commutative algebra, such as a new theory
of almost mathematics (see [8, §10.1]), a general version of the almost purity theorem (see |8,
Th. 10.9]), much simpler proof of some previously known theorems in commutative algebra
([8, Rem. 10.13] and [19, Appendix A]), and a mixed characteristic analog of Hilbert—Kunz
multiplicity and F-signature (see [10]).

In contrast to these applications, they are not yet widely used in commutative algebra.
One problem is that many abstract theories, including homotopy theory, have been used,
and therefore perfectoidization has a mysterious ring structure. To the best of the author’s
knowledge, perfectoidization has only been explicitly calculated in [22, §2.3.1] and in the
proof of [12, Th. 4.4].

1.1 p-root closure

In this paper, we give an explicit description of the perfectoidization of semiperfectoid
rings by using p-root closure. Before explaining our first main theorem, we recall the notion
of p-root closure.

DEFINITION 1.1 [23]. Let R be a p-torsion-free ring. We say that R is p-root closed in
R[1/p] if x € R[1/p] satisfies 27" € R for some n > 1, then 2 € R holds.
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The p-root closure C(R) of R in R[1/p] is the minimal p-root closed subring of R[1/p]
containing R. Focusing on the case of “in R[1/p],” Roberts provided an explicit description
of the p-root closure C(R) as follows:

C(R)={zeR[1/p]|In>1,2"" € R}.
The term “in R[1/p]” is omitted in this paper because only this case is considered.

Here is a brief mention of the history of (p-)root closure. The notion of p-root closure is a
special case of total n-root closure introduced in commutative algebra by Anderson, Dobbs,
and Roitman [2]. Previously, n-root closedness was used, for example, by Angermdiller [5],
Anderson [1], Watkins [26], and Brewer, Costa, and McCrimmon [9]. Furthermore, its origin
can be traced back to Sheldon’s definition of root closedness in [25].

In the context of commutative algebra in mixed characteristic, Roberts provided the
above explicit description of p-root closure and applied this even before perfectoid rings
appeared. Most recently, (total) p-root closure has been renamed p-integral closure by
Cesnavicius and Scholze in [11] and is found to be more closely related to the perfectoid
theory.

1.2 Main theorem

Under this notation, our main theorems can be stated in the following forms. For
simplicity, we only state the theorems in the case of p-torsion-free rings. Readers interested
in the general cases may refer to the referenced statements in each theorem, in conjunction
with Section 1.5.

THEOREM 1.2 (Theorem 5.7; p-torsion-free case). Let R be a p-torsion-free ring which
satisfies the following conditions:

1. The p-adic completion R of R has a map from some integral perfectoid ring.
2. The perfectoidization (R)perta of R is an (honest) integral perfectoid ring.”

3. The p-adic completion C(R) of the p-root closure C'(R) is an integral perfectoid ring.

Then we have an isomorphism

(R)perfd =C(R).
This result clarifies the ring structure of perfectoidization by using p-root closure, which is
a quite explicit closure operation. The left-hand side is constructed abstractly by homotopy
theory, but it can be described as a p-root closure followed by a p-adic completion, which
are only ring-theoretic operations.

1.3 Applications

Let R be a p-torsion-free ring such that its p-adic completion Risa semiperfectoid ring,
that is, Risa quotient of some integral perfectoid ring. In applications of Theorem 1.2, it
is crucial that R satisfies the assumptions of the theorem:

1. The semiperfectoid ring R has a surjective map from some integral perfectoid ring by
the definition of semiperfectoid rings.

L As explained in the rest of Section 2, the perfectoidization of an algebra over some integral perfectoid
ring is only a complex. So this assumption states that (R)perta gives an honest ring (see Theorem 2.9).
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2. The perfectoidization (}Af)perfd of Ris an (honest) integral perfectoid ring by [8, Cor. 7.3
and Prop. 8.5] or the rest of Section 2.

3. The p-adic completion C(R) of the p-root closure C'(R) is an integral perfectoid ring by
virtue of [11, Prop. 2.1.8] (see Remark 5.8).

So we can provide an explicit description of the perfectoidization of such R as follows.

THEOREM 1.3 (Corollary 5.9; p-torsion-free case). Let R be a p-torsion-free ring such
that its p-adic completion R becomes a semiperfectoid ring. Then we have an isomorphism

(ﬁ)perfd >~ C(R). In particular, any p-torsion-free and (classically) p-adically complete
semiperfectoid ring S has an isomorphism Speria = C(5).

In the study of commutative rings in mixed characteristic, semiperfectoid rings often
appear as in [16]. An application of Theorem 1.3 is as follows.

THEOREM 1.4 (Construction 6.1 and Corollary 6.2). Let (Rg,m,k) be a complete
Noetherian local domain of mized characteristic (0,p) with perfect residue field k, and let

P, x2,..., Ty be any system of generators of the maximal ideal m such that p,xo,...,xq forms
a system of parameters of Ry. Choose compatible sequences of p-power roots
. L v
{7 20, {23 Y20, {27 } 20

inside the absolute integral closure Ry , the integral closure of R in the algebraic closure of
the fraction field of Ry. Set a subring Ry, of Ry as

Ry := U Ro[pl/ijxé/pj,...,x,l/pj] CRy.

720

Then the p-adic completion Reo of Roo becomes a p-torsion-free semiperfectoid ring by
Cohen’s structure theorem (see Construction 6.1 for details). Then (Roo)perta 1S isomorphic

o —

to the p-adic completion C(Rw) of the p-root closure C(R).

1.4 Strategy of proof

Let us comment on the strategy of the proof of Theorem 1.2. Our proof is attributed
to some universalities and the following principle of “rigidity lemma” that makes sense in
certain situations (for example, Lemma 5.2).

LEMMA. Let f: R— R be an endomorphism of a ring R. Assume that R has a “good”
map S — R from some ring S. Then if f is a map of S-algebras, f is exactly the identity
map.

— —~ —~

In the proof of Theorem 1.2, two maps of rings ¢: C(R) — (R)perta and ©: (R)pertda —

C(R) are obtained through the universality of uniform completions and perfectoidizations,
respectively. By using the lemma mentioned above, we can show that ¥ o and o are
identity maps. The former is a consequence of the universality of uniform completions
(Proposition 3.7), while the latter is a consequence of the use of “almost elements,” which
is a concept from almost mathematics (Definition 4.3 and Lemma 5.2).

1.5 p-torsion case
While the aforementioned theorems only deal with p-torsion-free rings, we can show that
similar statements hold in general.
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For this purpose, we introduce the following symbol. Let R be a ring. The p-torsion-free
quotient RPY is defined as the quotient ring

RPY = R/R[p*°] = Im (R — R[1/p]),

where R[p>°] is the ideal of all p>-torsion elements of R, which is the kernel of the
canonical map R — R[1/p]. Then RPY is a p-torsion-free ring and we have a canonical map
R — RPY < R[1/p].

The general case of main theorems are obtained by substituting C'(R) and (E)perfd for
C(RP) and ((R)perta)P™, respectively. Furthermore, the symbols (—)pertq and (—)Pt are
often interchangeably because of Corollary 5.3.

To show the general version of Theorem 1.2 (i.e., Theorem 5.7), we need to pass from
the possibly p-torsion case to the p-torsion-free case as in [4]. With this in mind, we show
that any integral perfectoid ring can be canonically modified into a p-torsion-free integral
perfectoid ring (see Theorem 4.9) by using pre-perfectoid pairs as defined in Section 4.

1.6 Notation

A Tate ring is a topological ring A which has an open subring Ap C A and an element
t € Ap such that the relative topology on Ay coincides with the t-adic topology and
A = Ap[1/t] as abstract rings. Such an open subring Ag is called a ring of definition of
A and such an element ¢ is called a pseudo-uniformizer of A. This pair (Ao, (t)) of a ring
and its ideal is called a pair of definition of A. Note that a ring (resp., pair) of definition
of A is not necessarily unique.

Conversely, for a ring Ay and an element ¢ € Ay, the ring Ag[1/t] becomes a Tate ring
by taking {t"(Ap/Ao[t>])}n>0 as a fundamental system of open neighborhoods of 0. The
Tate ring Ap[1/t] has a pair of definition (Ag/Ap[t>], (t)). When referring to a ring Ag[1/¢]
as a Tate ring, we refer to the Tate ring that arises from the pair (Ag/Ap[t>], (t)).

For a Tate ring A, the symbol A° means the set of all power-bounded elements. This
gives an open subring of A. A subring A* C A is a ring of integral elements if it is open
and integrally closed in A and AT C A°.

§2. Perfectoid rings

In this section, we recall and fix some definitions of perfectoid objects.

DEFINITION 2.1 [7, Def. 3.5]. Let S be a (non-zero) ring. Then S is an integral perfectoid
ring if the following conditions hold:

1. There exists an element 7 € S such that S is m-adically complete and 7P divides p in S.
2. The Frobenius map F': S/pS — S/pS is surjective.
3. The kernel of §: Aj,¢(S) — S is principal, where Ajn(S) == W (S%).

This 7w € S is called a perfectoid element in this paper. Here, we do not require that 7 is a
non-zero-divisor in S.

Recently, integral perfectoid rings are simply called perfectoid rings. To avoid confusion
with perfectoid Tate rings defined later in Definition 2.5, we do not use the term perfectoid
rings, but only integral perfectoid rings and perfectoid Tate rings.
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LEMMA 2.2 (see [7, Lem. 3.9]). Let S be an integral perfectoid ring, and let m € S be
a perfectoid element. Then S has compatible sequences of p-power roots {(wr)l/pj }i>0 and
{(vp)¥/P’ }i>o0 of um and vp where w and v are unit elements in S.

We fix the element @ = (vp)'/P of S. Then w becomes a perfectoid element of S. Without
loss of generality, we can assume that a perfectoid element © has a compatible sequence of
p-power roots {m'/P"} ;5.

Proof. The first statement follows from [7, Lem. 3.9].

We next check that w is a perfectoid element of S. Note that the conditions (2) and
(3) in Definition 2.1 are independent of the choice of a perfectoid element. Since w? = vp

divides p in S, it suffices to show that S is p-adically complete and this is also clear (see
[11, §2.1.2] or [13, Prop. 2.8]). 0

REMARK 2.3 [15, Th. 3.52]. Let S be a ring, and let 7 be an element of S. Then S is
an integral perfectoid ring with a perfectoid element 7 € S if and only if © € S satisfies the
following;:

1. S is m-adically complete and 7P divides p in S.
arsa?

2. The pth power map S/mS —— S/xPS is an isomorphism of rings.
3. The multiplicative map
S[r™] — S[r™]
s +— sP

is bijective, where the symbol S[7>°] is the ideal of all 7°°-torsion elements of S, which
is defined as

Sr>*l={seS|In€Zsg,m"s=0€ S} (2.1)
We recall the definition of semiperfectoid rings.

DEFINITION 2.4 [8, Notation 7.1]. A ring S is a semiperfectoid ring if it is a derived
p-complete ring that is isomorphic to a quotient of an integral perfectoid ring.

We next explain perfectoid Tate rings. See Notation (Section 1.6) at the end of the
Introduction for the basic terminology of Tate rings.

DEFINITION 2.5 [7], [14]. Let A be a complete Tate ring (more generally, let A be a
Banach ring). Then A is a perfectoid Tate ring if the following conditions hold:

1. A is uniform, that is, the set of all power-bounded elements A° is bounded in A.
2. There exists a pseudo-uniformizer m € A such that 7P divides p in A° and the Frobenius
map on A°/7PA° is surjective.

This m € A is again called a perfectoid element.

The following lemma establishes the connection between integral perfectoid rings and
perfectoid Tate rings.

LEMMA 2.6 (see [7, Lem. 3.20]). Let A be a Tate ring, and let A be a ring of integral
elements in A. If A is a perfectoid Tate ring, then Aar is an integral perfectoid ring. In
particular, A° is an integral perfectoid ring.

Conversely, if A(J)r 18 an integral perfectoid ring and bounded in A, the Tate ring A is a
perfectoid Tate ring.
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REMARK 2.7. Let A be a perfectoid Tate ring, and let m € A be a perfectoid element.
Then 7 is a non-zero-divisor in A. In general, an integral perfectoid ring is not necessarily
isomorphic to the set of all power-bounded elements in some perfectoid Tate ring.

LEMMA 2.8 (see [7, Lem. 3.21]). Let S be an integral perfectoid ring, and let m € S be
a perfectoid element. Assume that 7 is a non-zero-divisor in S. Then the Tate ring S[1/7]
defined by the pair (S,(m)) is a perfectoid Tate ring. Additionally, S C (S[1/7])°, and its
cokernel is annihilated by any fractional power of .

For convenience, we summarize a brief overview of the properties of perfectoidization
(see [8], [10] for more details).

Let S be an integral perfectoid ring, and let R be a derived p-complete S-algebra. The
perfectoidization Rpyertqa of R is defined by using the prismatic cohomology Agr/s. Note that
Rperia is typically a commutative algebra object in DZ°(S) and has a map R — Rpyerta in
D(S). The complex Rpertq is concentrated in degree 0 in the following cases:

o If char(S) =p >0, Rperta coincides with the usual perfect closure Rpers of R.

e If R can be written as a quotient of S, that is, R is a semiperfectoid ring, then Rpetq is
an integral perfectoid ring and furthermore the map R — Rperq is surjective.

e If S — R is an integral map, Ryerfq is an integral perfectoid ring.

Furthermore, the following property plays an essential role in this paper.

THEOREM 2.9 (see [8, Cor. 8.14]). If Rperta is concentrated in degree 0, it becomes an
integral perfectoid ring. In this case, the map R — Rperra @5 the universal map to integral
perfectoid rings. Namely, every map R — R’ to an integral perfectoid ring R’ uniquely
factors through R — Rpertd-

§3. Uniform completion

We use the notion of the uniform completion of Tate rings. In this section, we review the
uniform completion outlined in [16].

DEFINITION 3.1. A Tate ring A4 is uniform if the set of all power-bounded elements A°
is bounded.

Any Tate ring has the structure of a seminormed ring as follows (see [20, Def. 2.26] for
more details).

DEFINITION 3.2. Let A := Ay[l/t] be a Tate ring. Fix a real number ¢ > 1. Then, we
can define a seminorm ||-|| 4,.¢,c: A — R>¢ by

1fllag.0.c = inf {e™ [£7f € Ao}

The seminorm defines a seminormed ring (A, ||-|| ,,¢,c). The topology of the seminormed
ring (A, ||| 40.t,c) is equal to the topology of the Tate ring A = Ay[1/t]. In particular, the
topology induced from the norm ||-||4,.+,c does not depend on the choices of Ay, ¢, and c.
So we write the seminorm ||-|| 4,,+,c as ||-|| for simplicity.

The spectral seminorm attached to this seminorm ||-|| is defined as

[ fllep = Tim |77/

By Fekete’s subadditivity lemma, we have || f||sp < | f]]-
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LEMMA 3.3 (see [20, Lem. 2.29]). Let A= Ay[1/t] be a uniform Tate ring. Then A° is
equal to the unit disk A). <1 by the spectral seminorm in A.

Next, we define the uniformization and uniform completion of Tate rings as in [6, Exer.
7.2.6] and [17, Def. 2.8.13].

DEFINITION 3.4. Let A be a Tate ring. Fix a pair of definition (Ao, (t)) of A and a ring
of integral elements Al of A such that Ay C AJ. We define the following terminology.

1. The uniformization of A with respect to (Ao, (t)) and AZ is the Tate ring A [1/].

2. The uniform completion of A with respect to (Ao, (t)) and AJ is the completion of
the Tate ring AJ[1/t]. This is in fact the Tate ring Ad[1/t], where A is the t-adic
completion of Af.

REMARK 3.5. At first glance, the above definitions depend on the choices of (A4g, (t)) and
Ag . The motivation for these definitions is that we wanted to define them “functorially.”

Furthermore, even if we take a different pair of definition (Aj,(t')) of A and a different
ring of integral elements A(,)Jr such that Ay C Aéﬁ, the uniformization of A with respect to
(Ap, (t')) and A;ﬁ is isomorphic to the uniformization of A with respect to (A, (t)) and Ag.
Its isomorphism is obtained by the identity map on the abstract ring A = AB* [1/t] = Ag[1/¢]
(see [16, Lem. 5.5] and [20, Lem. 2.3]). In particular, the same statement is true for the
uniform completion. So the next definitions are well-defined.

DEFINITION 3.6. Let A be a Tate ring. The uniformization A" of A (resp., uniform
completion A" of A) is the uniformization (resp., uniform completion) of A with respect to
a pair of definition (Ag,(¢)) and a ring of integral elements AJ of A such that Ay C AJ.
By the above Remark 3.5, these definitions are independent of the choices of (Ao, (t))
and Af.

Recall that the canonical map of Tate rings i: A — A% — A" has the following universal
property.

PROPOSITION 3.7 (see [16, Prop. 5.6]). Let A be a Tate ring. Then the uniform
completion A% is a uniform complete Tate ring. Furthermore, the canonical map i: A — A%

1s the universal map to uniform complete Tate rings. That is, every map of Tate rings
h: A — B, where B is a uniform complete Tate ring uniquely factors through i: A — A®.

We record some lemmas as follows.

LEMMA 3.8. Let A be a Tate ring. Then, the completion Auo of the set of all power-
bounded elements A" of A" is isomorphic to the set of all power-bounded elements (A™)°
of A% as topological ring.

Proof. Fix a pair of definition (Ao, (t)) of A and a ring of integral elements A of A such
that Ag C AZ. By [20, Lem. 2.3], we have an inclusion t(A$)% C A, where (A{)% is the
complete integral closure of AT in A. By [20, Prop. 2.4], the canonical map A™ = Af[1/t] —
(Ad)%.[1/t] is an isomorphism of Tate rings and this map induces an isomorphism of

topological rings (AJ)AE — (A$)%.. Since A® (resp., A*) has a ring of definition AJ (resp.,

A(T ) and the complete integral closure is equal to the set of all power-bounded elements by

[20, Lem. 2.13], we have an isomorphism of topological rings (A%)° =, Auo, O
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LEMMA 3.9 (see [16, Prop. 5.6]). Assume that a Tate ring A= Ag[1/t] has a compatible
sequence of p-power roots {t'/?'};so of t. The inclusion map (A%)° — ((A%)°), =
t=1/P¥ ((A%)°) is an isomorphism of rings.

Proof. For any f € ((A%)°)., we have t'/P" f € (A%)° and then tfP" € (A%)° for any
n € Zwp. Since (A%)° is a ring of definition of A%, we have ||f?"| < c for a fixed ¢ > 1 by
Definition 3.2. In particular, ||f?"||'/?" < c'/?" for any n € Z~¢. Taking the limit n — oo,
we have || f|lsp <limy_o0 ¢'/P" = 1. This shows the inclusion ((4%)°), C (A%) ., <1 = (A")°
by Lemma 3.3.

84. Some ring-theoretic properties of pre-perfectoid pairs

Let R be an integral perfectoid ring, and let m € R be a perfectoid element. Our goal
in this section is to convert a situation where 7 is a zero-divisor into a situation where
it is a non-zero-divisor, following the approach of [4, §2.3.2]. Our argument is based on
[3], [4] and is similar to [6], [24]. If it is sufficient to consider only m-torsion-free rings
(resp., p-torsion-free rings), the symbol (—)™f defined in Definition 4.1 (resp., (—)P*) can
be removed.

For the sake of generality, we define pre-perfectoid pairs as follows.

DEFINITION 4.1. Let (S,7) be a pair such that S is a ring and 7 is an element of S which
has a compatible sequence of p-power roots {7r1/ v’ }i>0 in S and 7P divides p in S. If the
pth power map S/7S amal, S/7PS is isomorphism, we call such a pair (S,7) pre-perfectoid
pair.

For a pre-perfectoid pair (S,7), the m-torsion-free quotient S™F of S is defined as the
quotient ring

S™ .= §/S[r%°] = Im(S — S[1/x]),

where S[r>°] is the ideal of all 7>-torsion elements of S. Note that S — S™ is an
isomorphism if and only if 7 is a non-zero-divisor of S. In the case of S[1/7] = S[1/p],
S™ is equal to the p-torsion-free quotient SPY of S defined in Section 1.5.

For example, an integral perfectoid ring R and a perfectoid element 7 of R form a pre-
perfectoid pair (R, 7) because of Remark 2.3(2).

DEFINITION 4.2. Let (S,7) be a pre-perfectoid pair. An S-module M is called (7)/?P™ -
almost zero if m*/P" . M =0 for any n € Z~¢. A map of S-modules N — M is called (7)/?" -
almost injective (resp., surjective) if its kernel (resp., cokernel) is ()" -almost zero. If
a map of S-modules N — M is (W)l/poo-almost injective and surjective, we call the map a
(m)1/P7 -almost isomorphism.

DEFINITION 4.3. Let (S,7) be a pre-perfectoid pair. We define the set of almost elements
of S (see, for example, [24, Lem. 5.3]):

S, =n VPTG =g PTem — fs e S[1/n] | Vn € Lo, n /P s € ST C S[1/7]}. (4.1)
For any S-module M, the set of almost elements of M is defined as
M, = 7?7 M = {m & M[1/7] |Yn € Zso,7"/?"m e M™ C M[1/7]}, (4.2)

where M™ is the 7-torsion-free quotient of M, that is, the image of M in M|[1/x].
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REMARK 4.4. Let (S,m) be a pre-perfectoid pair. Note that S[1/7] and S.[1/7] are
isomorphic as abstract rings. Furthermore, as Tate rings, S[1/7] has a pair of definition
(8™ (7)) and S,[1/7] has a pair of definition (S., (r)). Because of 7.5, C S™ C S, these
are isomorphic as topological rings.

LEMMA 4.5. Let (S,m) be a pre-perfectoid pair. Assume that S is reduced (e.g., S is
an integral perfectoid ring, see [11, §2.1.3] or [13, Prop. 2.20]). Then, the canonical map
S — S, is a (1)Y/P7 -almost isomorphism.

Proof. The kernel of S — S[1/7] is isomorphic to the ideal S[7>°] of all 7*°-torsion
elements of S. Since S is reduced, S[r>] is (7)/?” -almost zero. In particular, S — S™ is
(usual) surjective and (7)'/P™ -almost injective. Furthermore, the inclusion S™f C 7=1/P™ ¢
in S[1/7] is (usual) injective and (7)'/P” -almost surjective by definition. This completes
the proof. O

LEMMA 4.6. Let (S,7) a pre-perfectoid pair. Then the p-th power map S./7S. amal,
S, /7P S, is injective and (m)Y/P” -almost surjective (later in Corollary /.8, this will become a
(usual) surjective map). In particular, Sy is p-root closed in Si[1/w|. Namely, if x € S.[1/7]
satisfies " € S, for some n € Ly, then x € S,.

Proof. 1f 7 is a non-zero-divisor of S, this lemma is similar to [13, Prop. 2.16(b)]. We
only have to make the same proof as [24, Lem. 5.6], being careful that S is not necessarily
m-torsion-free in our case.

First, we show that S, /7S, % S, /mPS, is injective. Let t € S, be an element in the
kernel of the p-th power map. There exists some ¢’ € S, such that t* =7Pt' in S, C S[1/7].
By definition of S,, multiplying 7'/?" by the equation for each n € Z~(, we have

(w7 = g/ = P (g L/ € qP ST (4.3)

Moreover, 7'/ P""¢ and 71/P" ' are elements of S™H. Then, there exist some elements s,41
n+1 n

and s/, in S such that s, /1 =n'/P "'t and s! /1 =xt/P"¢ in S™ C S[1/7]. By the

above equation (4.3), we have sb_ | /1 =nPs/ /1 in S™ C S[1/n] and thus, s¥_, —7Ps), is

in S[r*°] C S, which is (7)'/?” -almost zero. For any m € Zq, we have

S30=nr"/*" (Shy1—7"sy) = (Wl/pm+13n+1)p - Wp(ﬂl/pmsg)-

In particular, 7r1/pm+1sn+1 is in the kernel of the p-th power map S/mS — S/7PS, which
m+1

is zero by assumption of (S,7), and so 7/P""' s, 1 is in 7S. Passing to S C S[1/x], we

have

m+1 m+1 n41
8™ 5 p VP s )1 =P P

for any n,m € Zsg. Then, t is in (mS™),, which is defined in Definition 4.3. The next

arsa?

equality (4.4) shows the injectivity of Si/mS, ——— S /7P S,:
(rS™), = (8™, =S, C S[1/x]. (4.4)

Proof of (4.4). By definition, we have (S™), = S, and then the second equality is
clear. Any element of 7(S™), can be written as wt by using some element t € (S™),.
Because of 7!/P" (rt) = n(x'/P"t) € 7S for any n € Z~(, we have wt € (75™), and so
W(S”tf)* C (WS”tf)*.
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Conversely, take any element x € (7S™), C S[1/7]. Then, there exists t,, € S™ such
that 7'/P" x = wt,, € mS™ for each n € Z~¢. Since S[1/x] is w'/P"-torsion-free, we have

S[1/x] 3 /P (x/7) =t, € ST (4.5)

for any n € Z~¢. This shows that z/m € S[1/x] is in (S™*), and thus z = 7(z/7) is in
W(S“tf)*. 1
Second, we show that S, /7S, el S, /PS8, is (m)Y/P” -almost surjective. Take any

element x € S, C S[1/7]. For each n € Zg, we have 7'/7"x € S™ and thus there exists an
a—a?

s, € S such that 7'/7"z = s,,/1 € S™. Since S/mS X=%~ S/7PS is surjective, there exists
some s), € S such that (s,)P —s,, is in 7P S. Then, we have

/P e — (s J1)P = 5,/1—(s.)P/1 € aPS™H C 7P S, (4.6)
and s/, /1 is in S™f C S,. This shows that S, /7S, aal, S./mPS, is (m)'/P7 -almost
surjective.

ar—a?

Finally, since S, is m-torsion-free and S, /7S, —— S./7PS, is injective as above, by
[11, (2.1.7.1)], we can show that S, is p-root closed in S.[1/7].

LEMMA 4.7. Let (S,m) be a pre-perfectoid pair. Then Si[1/7] is a uniform Tate ring
which satisfies (Si[1/7])° = Sk. In particular, S, is isomorphic to the unit disk of S.[1/7]
with respect to the spectral seminorm induced from the seminorm of Si«[1/7] as defined in
Definition 3.2.

Proof. Proceeding as in [24, Lem. 5.6], the p-root closedness of S, in S,[1/7] proved
in Lemma 4.6 shows that (S.[1/7])° = S,. In fact, any element x € (S.[1/7])° makes a
topologically nilpotent element 7!/P" z for each n € Zs(. Thus there exists N = N(n) € Zsg
such that (7!/ p":c)pN € S,. This shows the equality above and thus S.[1/7] is a uniform
Tate ring. Moreover, Lemma 3.3 shows that

Sy = (S:[1/m])* = (S[1/]) < (4.7)
and we finish the proof. 0

COROLLARY 4.8. Let (S,m) be a pre-perfectoid pair. Stronger than Lemma 4.6, we can

show that the p-th power map S. /7S, aal, S, /7P S, is (usual) surjective.

Proof. This proof is similar to [16, Lem. 4.2]. Fix an element y € S,. Since the p-th
power map is (7)'/P” -almost surjective by Lemma 4.6, there exist elements a and b in S,
such that 7y = a? +7Pb € S,. Set z = a/w'/? € S,[1/x]. This satisfies

P =al/r=y—nP"lhe Y,. (4.8)

Since S, is p-root closed in S.[1/7] by Lemma 4.6, we can show that z € S,. The equality
ny = 72P +7Pb € S, and m-torsion-freeness of S, C S,[1/7] show that y = 2P + 7P~ 1b € S,.
In particular, every element of S,/ 7P~18, and S, /7S is a p-th power. The inclusion 7S, C
7P=1/PS, induces the commutative diagram

https://doi.org/10.1017/nmj.2024.2 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2024.2

752 R. ISHIZUKA

gle=1)/p —
0 —— S,/nt/PS, ™—5 '8, /xS, —— S,/aP~ /P, — 0

L |

0 —— S,/n8, = S, /aPS, — S, /7P~1S, — 0

where the rows are exact sequences and the vertical maps are the p-th power maps. Since
the right-most map and left-most map are surjective, the middle map is also surjective by
the five lemma. [

Finally, we show the stability of pre-perfectoid pairs under taking (—). and the
generalization of Lemma 2.8.

THEOREM 4.9. For any pre-perfectoid pair (S,m), the induced pair (S«,m) is again a
pre-perfectoid pair.

In particular, for any integral perfectoid ring R and a perfectoid element m € R (not
necessarily a non-zero-divisor), R, = 7 YPT R is a m-torsion-free integral perfectoid ring
with a perfectoid element .

Proof. By Lemma 4.6 and Corollary 4.8, the pair (S,,7) is a pre-perfectoid pair.

Assume that R is an integral perfectoid ring. By the above paragraph of [11, (2.1.3.1)],
the image R™ of R in R[1/7] is a m-torsion-free integral perfectoid ring. In particular,
similar to the proof of [24, Lem. 5.6], R, = (R™), is also an integral perfectoid ring with
a perfectoid element 7. U

REMARK 4.10. By Lemma 2.2, any integral perfectoid ring R has a compatible sequence
of p-power roots {ww!/P’},>0 of @ € R such that w? is some unit multiple of p in R. Then
R forms a pre-perfectoid pair (R,w). In particular, this pre-perfectoid pair (R,w) satisfies
all the statements in this section.

85. Calculations of the perfectoidization

We next show the “universality” of uniformizations and uniform completions for pre-
perfectoid pairs and deduce our main theorem (Theorem 5.7). As in the previous section,
we can get rid of the symbol (—)P! if we only consider p-torsion-free rings.

PROPOSITION 5.1. Let Ag be a m-adically topological ring for an element m € Ag. Set a
Tate ring A := Ag[l/7]. Let S be an Ag-algebra such that the image of w in S is a non-zero
element. Assume that S is an integral perfectoid ring and w is a perfectoid element of S.

Then, there exists a unique map of topological rings (A")° — S, such that the following
diagram commutes:

Ay — S

Proof. Since the Ap-algebra structure Ay — S is a continuous map with respect to the
m-adic topology, this can be extended to the map of Tate rings A — S[1/7]. By Remark 4.4
and Lemma 4.7, the Tate ring S[1/7| is isomorphic to the complete uniform Tate ring

Si[1/m].
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The universality of uniform completion (Proposition 3.7) gives a unique map of Tate rings
A" — S,[1/7] which extends A — S[1/7] = S,[1/x]. Taking the set of all power-bounded
elements, we have a map of topological rings (Aa)o — S, such that the above diagram
commutes The uniqueness of this map is clear. U

To prove our main theorem (Theorem 5.7), we state the next lemma which is in the form
of “rigidity lemma” as in Section 1.4.

LEMMA 5.2. Let Ay be a derived p-complete algebra over some integral perfectoid ring
of characteristic 0. Assume that (Ao)perta 15 an (honest) integral perfectoid ring. Then any
Ao-algebra map (Ao)pertd,« — (Ao)perfa,«” is the identity map.

Proof. Take any map f: (Ao)pertd,« — (Ao)perfa,« such that the following diagram
commutes

(AO)perfd < AO (AO)perfd
(AO)perftL* ! (AO)perfd,*

where the vertical maps are canonical ones. Since (Ag)pertd,« 1S also an integral perfectoid
ring by Theorem 4.9 and (Ag)perta i @ universal integral perfectoid ring over Ay, the
composite foc is nothing but the canonical map c¢: (Ag)perta = (Ao)perfd,«- For any = €
(Ao)perfd,«, there exists an element a € (Ag)perta such that c(a) = pr in (Ao)perta,«. Then,
we have pf(z) = f(px) = f(c(a)) = c(a) =px in (Ao)pertd,«- Since (Ag)perfd,« is p-torsion-free,
we have f(z) =z and we are done. 0

As a consequence of this lemma, we can show the following relation between (—)P* and
(_)perfd-
COROLLARY 5.3. Let Ay be a derived p-complete algebra over some integral perfectoid

ring. Assume that (Ao)perta and (Agtf)perfd are (honest) integral perfectoid rings. Then the
canonical map (Ao)pertd — (Agtf)perfd induces the isomorphism

((Ao)perta)”! =5 (AR perta-

Since the above isomorphism prevents confusion when ((Ag)persa)Pt is written as
(Ao)gffrfd, we use this symbol (—)gtefrfd in the following.

Proof of Corollary 5.3. The canonical surjective map Ay — Agtf induces a map
(Ao)pertd — (Agtf)perfd. Since (Agtf)perfd is p-torsion-free by [19, Lem. A.2], we have a
unique map ¢: ((Ag)perta)PF — (Agtf)perfd which extends the map (Aop)perta — (Agtf)perfd.

2 Note that any integral perfectoid ring does not contain Q. So a (p-adically complete) integral perfectoid
ring R is of characteristic 0 means that R contains Z as a subring and pR # R. We do not assume that
R is p-torsion-free.

3 Recall that an integral perfectoid ring (Ao)perfa has a compatible sequence {wl/p"}nzo of p-power
roots of w such that w? is a unit multiple of p in (Ao)perfa (see Lemma 2.2 and Remark 4.10). So
(Ao)pertd,« 1s the set of almost elements of the pre-perfectoid pair ((Ao)pertd,@). That is, (Ao)pertd,« =

w /T (Ao)perta € (Ao)perta[l/@] = (Ao)perta[1/p]-
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Conversely, by [13, Prop. 2.19], the p-torsion-free quotient ((Ap)perta)Pt is also an
integral perfectoid ring over Ay and thus there exists a unique map Agtf — ((Ao) perta) Pt
which extends the structure map Ag — ((Ao)perta)P't. The universality of perfectoidization
(Theorem 2.9) shows that this map can be extended to a map : (Agtf)perfd — ((Ao)perfa)PHE
uniquely.

Then the Agtf—algebra map o is the identity map because of the universality of
perfectoidizations (Theorem 2.9). On the other hand, the (Ag)perta-algebra map 1o can
be extended to the (Ag)perta-algebra endomorphism on (((Ag)perta)Ptf)s because of the
inclusion ((Ag)perta)Pt € (((Ao)perta)P*H)s € ((Ao)perta)[1/p]. Then the above rigidity lemma
(Lemma 5.2) shows that ¥ o is in fact the identity map on ((Ag)perta)Pt. This completes
the proof. U

In the proof of [12, Th. 4.4], Dine states that a quotient of a perfectoid Tate ring by some
ideal has the perfectoidization that is isomorphic to its uniform completion. We reformulate
the proof for the situation of integral perfectoid rings as follows.

THEOREM 5.4 (cf. [12]). Let Ay be a derived p-complete algebra over some integral
perfectoid ring of characteristic 0. Set a Tate ring A := Ag[l/p]. Assume that the
perfectoidization (Ao)pertd 15 an (honest) integral perfectoid ring and the uniform completion
A% of A is a perfectoid Tate ring.

Then A" is isomorphic to (Ao)perta[l/p] as a Tate ring. In particular, (A®)° and
(Ao)perfd,« are isomorphic as rings.

Proof. If we know that A” is a perfectoid Tate ring, the same proof of [12, Th. 4.4]
induces the isomorphism A% 2 (Ag)pera[1/p] by checking the universality of perfectoidiza-
tions and uniform completions as in Proposition 5.1. By Lemma 4.7, taking the set of all
power-bounded elements induces the isomorphism (A%)° 22 (Ao)perfd, - 1

REMARK 5.5. Note that (A%)° is an integral perfectoid ring if and only if A" is a
perfectoid Tate ring by Lemma 2.6. So the conditions for A% to be a perfectoid Tate ring
are studied in [18, Th. 3.3.18(ii)]. For example, if Ay is a semiperfectoid ring, then (A%)° is
an integral perfectoid ring as shown in [12, Th. 4.4]. Compare Remark 5.8 below.

We recall that taking the set of all power-bounded elements is not only a topological
operation but also an algebraic operation as mentioned in the next lemma. This lemma is
used in the proof of Corollary 6.2.

LEMMA 5.6. Let Ay be a mw-adically topological ring for an element m € Ay and let A be
a Tate ring Ag[1/7]. Assume that Ag is integral over some Noetherian ring. Then (A%)° is

the same as the m-adic completion (Ag)} of the integral closure (Ag)} of Ag in A.

Proof. By Lemma 3.8, we have (A%)° = Au. Recall that (Ag)} becomes a ring of
definition of A* and thus A“° is the complete integral closure ((Ag)})% of (Ag)} in A*
by [20, Lem. 2.13(1)]. By assumption, (Ag)7 is integral over some Noetherian ring and then
Av° = (Ap)} by [21, Prop. 7.1]. This completes the proof. O

The main result of this paper is the following.
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THEOREM 5.7. Let R be a ring which contains Z as a subring and satisfies the following
conditions:

1. The p-adic completion Ay = R of R has a map from some integral perfectoid ring.
The perfectoidization (R)perta of R is an (honest) integral perfectoid ring.
The p-adic completion C(RPY) of the p-root closure C(RPY) is an integral perfectoid
7ing.

A~

Set a Tate ring A= Ag[1/p]. Then there exists an isomorphism ¢: C(RPtf) = (E)ngrfd
d.

which is a restriction of the unique map (A%)° — — (Ao)perfa,« taken in Proposition 5.1. In

particular, (E)perfd is (p)*/P” -almost isomorphic to C(RPY). If R is p-torsion-free, we have
an honest isomorphism C(R) = (}/%)perfd.

Proof.  Since (Ag)perfa is an integral perfectoid ring whose perfectoid element is w,
the ring (Ag)ggfd is also an integral perfectoid ring by [13, Prop. 2.19]. In particular,

(Ao)gtefrfd is p-root closed in (Ag)perfa[l/p] because of the injectivity of the p-th power

map (Ao)perfd/w(AU)ggfd S (AO)ggfd/p(AO)ngd (see [11, (2.1.7.1)]). The map of
Tate rlngs R[1/p] = (Ao)perta]l/p] induced by R — Ay — (Ag)perfa gives a unique map

p: C (RPtf) (Ao)pcrfd such that the following diagram commutes

R[1/p] —— Ao[l/p] —— (Ao)peria[l/P]

A

C(Rett

/ SO (5.1)

C(R) —— C(AF") —— (Ao)ke,

perfd

R a AO a (Ao)perfd.

Taking the p-adic completion of R — C(RP'Y), we have a map Ay — C(RP). By
assumption, C'(RPtf) is an integral perfectoid ring and then, there exists a unique map
(Ag)perta — C(RP) which extends Ay — C(RPH) as follows.

AO perfd *> C(Rptf)

T / (5.2)
T

R —— C(RP)

Since C(RPH) is p-torsion-free, there exists a unique map : (Ag)P™. ) — C(RPH) which

perfd
extends (Ag)perta = C(RP).
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Combining (5.1) and (5.2), the composite map (Ao)gtefrfd LN C’@) 2, (Ao)ngrfd is
an R-algebra map and thus an Ag = ﬁ—algebra map. Furthermore, this extends to an
Ap-algebra map of perfectoid Tate rings (Ao)perta[1/p] = (Ao)perta[l/p] and thus extends to
an Ap-algebra map (Ag)perfd,« — (Ao)pertd,« by Lemma 4.7. This must be the identity map

because of Lemma 5.2 above, and then 1o ¢ is also the identity map.

On the other hand, consider the R-algebra map C@) RN (Ao)gteifd LN C@).

—_—

Inverting p, we have a map of Tate rings C(RP)[1/p] — C(RPY)[1/p] over R[1/p] via

o —

R[1/p] <—~>C(Rptf)[1/p] — C(RP*)[1/p]. Since C(RPY) C R[1/p] is contained in the integral
closure R of R in R[1/p], the uniform completion C(RP*)[1/p]® of C(RP*)[1/p] can be

written as a Tate ring R[1/p] by Definition 3.6. Similarly, the uniform completion R[1/p]®

of R[1/p] also coincides with the Tate ring R[1/p]. So these two uniform completions
C(RP™)[1/p]" and R[1/p]* are isomorphic each other via the canonical map of Tate rings

—

R[1/p] — C(RPY)[1/p].* Furthermore, since C(RP) is a p-torsion-free integral perfectoid
ring, the uniform completion of C(RP)[1/p] is isomorphic to itself by Lemma 2.8. These
arguments show that

- o — . o —

R[1/p]" = C(RPD[1/p]" = C(RPH)[1/p]" = C(RP)[1/p)]. (5.3)

—_—

This shows that the above R[1/p]-algebra map of Tate rings C'(RP*)[1/p] — C'(RPY)[1/p]
coincides with an R[1/p]-algebra map of Tate rings R[1/p]® — R[1/p]® and this is the
identity map by the universa/litl of uniform completion.

We next check that ¢: C(RPH) — (AO);};teifd is a restriction of the unique map (A%)° —
(Ap)pertd,« taken in Proposition 5.1. Similarly as above, the uniform completion of Ag[1/p] is

AT = A[1/p]" = R[1/p]" = R[1/p)" = C(RP)[1/p]". (5.4)

o —

The uniform completion C@P\“)[l /p]% of C(RP)[1/p] has a universality which gives a
unique extension A% — (Ag)perta[1/p] of ¢ as follows (see Proposition 3.7):

R Ao ’ (Ao)fififd
C(Rptf) (AO)perfd []-/p]
j e[1/p] e
— 3'77 L, ‘
C(RrH)[1/p] /

’
’
’
’
/

C(RPH)[1/p]" —= AT,

4 Note that the identity map R[1/p] = C(RP*)[1/p] is only an isomorphism of rings which is not necessarily
an isomorphism of topological rings. Therefore, we go back to the construction of uniform completion
and prove the isomorphism R[1/p]” 2 C(RP*)[1/p]" in this way.
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Since Ay is the p-adic completion of R, n: A% — — (Ao)perfa[l/p] is a unique extension of
Ag — (Ao)PLr
(A®)° — (Ao)perta,« taken in Pr0p051t10n 5.1 and this extends ¢.

If Ris is p-t torswn free, Ag = R is also p-torsion-free and so is (Ao )perta by [19, Lem. A.2].

Then C (RP“) C (R) is isomorphic to (R)pertd- 0

REMARK 5.8. Let R be a (not necessarily p-adically complete) ring containing a
compatible sequence of p-power roots {w!/?’},;>0 of @ € R such that w? is some unit

perfd- By Lemma 4.7 and the proof of Proposition 5.1, 1 induces the unique map

multiple of p in R. If the Frobenius map R/pR EiN R/pR is surjective, the p-adic completion
Cf(l?) is an integral perfectoid ring by [11, Prop. 2.1.8]. Compare Remark 5.5 above.

In particular, any semiperfectoid ring satisfies the assumptions of Theorem 5.7 and so
we have the following corollary.

COROLLARY 5.9. Let R be a ring such that the p-adic completion R of R becomes
a semiperfectoid ring which contains Z as a subring. Then (R)ﬁgfd s isomorphic to the

p-adic completion C@) of C(RPH). If R is p-torsion-free, we have (fi)perfd = C@

Proof. First, the semiperfectoid ring R has a surjective map from some integral
perfectoid ring by the definition of semiperfectoid rings (Definition 2.4). Second, The
perfectoidization (R)perra of R is an (honest) integral perfectoid ring by [8, Cor. 7.3 and

Prop. 8.5]. Finally, the p-adic completion C'(RPtf) of the p-root closure C'( RP*) is an integral
perfectoid ring by Remark 5.8. So R satisfies all assumptions of Theorem 5.7, and this
completes the proof. U

§6. Connections between p-root Closure and Perfectoidization

We recall a mixed characteristic analog of the perfection of rings, which was introduced
n [16]. This construction includes an example from [23, §4] which demonstrates a good
behavior of p-root closure from the perspective of Fontaine rings.

CONSTRUCTION 6.1. Let (Rp,m,k) be a complete Noetherian local domain of mixed
characteristic (0,p) with perfect residue field £ and let p,zo,...,x, be any system of
generators of the maximal ideal m such that p,xs,...,z4 forms a system of parameters
of Ry. Choose compatible sequences of p-power roots

(Y7} 50, {23’ Yis0, - {2l Fiso (6.1)

inside the absolute integral closure Ry . Set

00 i= U Ro[pl/Pj’q;é/pj,...,x}l/pj] CRY. (6.2)

720

Let R be the integral closure of Reo in Roo[1/p] and let Rog (resp., Roo) be the p-adic
completion of Ra, (resp., Roo)-

By Cohen’s structure theorem, there exists a surjective map Sy — Ry such that Sy is
a complete unramified regular local ring W (k)|[|tz,...,t,|] and ¢; maps to z; respectively.
In particular, Ry is a finite extension of a subring Ty := W (k)[|t2,...,tq|] of Sp. Then,
proceeding as in [16], we have a surjective map S, — R, and its p-adic completion
S — R . Remark that Soo is an integral perfect01d ring which has a compatible sequence
of p-power roots {pl/ P"}iso of p. Therefore, ROO is a semiperfectoid ring.
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—

In [16], we show that C(R.) and R are integral perfectoid rings and are (pg)'/P™ -
almost flat and (pg)'/?”™ -almost faithful Ty-algebra where g is a non-zero element of R,

that becomes a non-zero-divisor in R...

COROLLARY 6.2. Keep the notation of Construction 6.1. Then, the integral perfectoid
ring fzoo 18 (p)l/pw—almost isomorphic to the perfectoidization (ﬁoo)pcrfd and its restriction

to C(Roo) induces an isomorphism of CTRZ) = (ﬁfoo)perfd.

Proof.  As above, Eoo is a semiperfectoid ring and has a compatible sequence of p-power
roots {pl/ v’ }i>o0 of p. So the second statement is already proved in Corollary 5.9.
In particular, the perfectoidization (Ro)perta is an honest integral perfectoid ring by

[8, Prop. 8.5]. Also Ry is an integral perfectoid ring by [16, Lem. 4.2]. Note that the
proof of [16, Prop. 5.9] shows that the uniform completion of Rso[1/p] is isomorphic to the
uniform completion Roo[1/p]® of Rao[1/p]. Since R is a semiperfectoid ring, the uniform
completion Reo [1/p] ﬁAg Roo[1/p]" is a perfectoid Tate ring by Remark 5.5. In particular, we

have (Rso[1/p]%)° = Roo by Lemma 5.6 and deduce the first statement by Theorem 5.4. [J

Acknowledgment. I would like to express my gratitude to Kazuma Shimomoto for his
time and effort in this research. Many thanks to Shinnosuke Ishiro for his insightful feedback
on the paper’s interpretation. Additionally, we thank Yves André, Dimitri Dine, Fumiharu
Kato, and Kei Nakazato for reading and providing feedback on this paper. Finally, I would
like to express my deepest gratitude to the anonymous referee. The benefit of the referee is
everywhere. In particular, the referee gave me the idea of focusing on the “rigidity lemma”
(Section 1.4) and precise advice which helps the author to make a clear and readable
representation in the Introduction.

REFERENCES

[1] D. F. Anderson, Root closure in integral domains, J. Algebra 79 (1982), no. 1, 51-59.
[2] D. F. Anderson, D. E. Dobbs, and M. Roitman, Root closure in commutative rings, Ann. Sci. de
I’Université de Clermont, Math. 95 (1990), no. 26, 1-11.
[3] Y. André, Le Lemme d’Abhyankar Perfectoide, Publ. Math. Inst. Hautes Etudes Sci. 127 (2018), no.
1, 1-70.
[4] Y. André, Weak functoriality of Cohen—Macaulay algebras, J. Amer. Math. Soc. 33 (2020), no. 2,
363-380.
[5] G. Angermiiller, On the root and integral closure of Noetherian domains of dimension one, J. Algebra
83 (1983), no. 2, 437-441.
[6] B. Bhatt, Lecture notes for a class on perfectoid spaces, 2017. http://www-personal.umich.edu/
bhattb/teaching/mat679w17 /lectures.pdf.
[7] B. Bhatt, M. Morrow, and P. Scholze, Integral p-adic Hodge theory, Publ. Math. Inst. Hautes Etudes
Sci. 128 (2018), no. 1, 219-397.
[8] B. Bhatt and P. Scholze, Prisms and prismatic cohomology, Ann. Math. 196 (2022), no. 3, 1135-1275.
[9] J. W. Brewer, D. L. Costa, and K. McCrimmon, Seminormality and root closure in polynomial rings
and algebraic curves, J. Algebra 58 (1979), no. 1, 217-226.
[10] H. Cai, S. Lee, L. Ma, K. Schwede, and K. Tucker, Perfectoid signature, perfectoid Hilbert—Kunz
multiplicity, and an application to local fundamental groups, preprint, arXiv:2209.04046, 2022.
[11] K. Cesnavicius and P. Scholze, Purity for flat cohomology, Ann. Math. 199 (2024), no. 1, 51-180.
[12] D. Dine, Topological spectrum and perfectoid Tate rings, Algebra Number Theory 16 (2022), no. 6,
1463-1500.
[13] G. Dospinescu, La Conjecture du Facteur Direct (D’aprés Y. André et B. Bhatt), Astérisque 446 (2023),
141-197.

https://doi.org/10.1017/nmj.2024.2 Published online by Cambridge University Press


http://www-personal.umich.edu/bhattb/teaching/mat679w17/lectures.pdf
https://arxiv.org/abs/2209.04046
https://doi.org/10.1017/nmj.2024.2

A CALCULATION OF THE PERFECTOIDIZATION OF SEMIPERFECTOID RINGS 759

[14] J.-M. Fontaine, Perfectoides, Presque Pureté et Monodromie-Poids (D’aprés Peter Scholze), Astérisque
352 (2013), 509-534.

[15] S. Ishiro, K. Nakazato, and K. Shimomoto, Perfectoid towers and their tilts: With an application to the
Etale cohomology groups of local log-reqular rings, preprint, arXiv:2203.16400, 2022.

[16] R. Ishizuka and K. Shimomoto, A mized characteristic analogue of the perfection of rings and its almost
Cohen—Macaulay property, preprint, arXiv:2303.13872, 2023.

[17] K. S. Kedlaya and R. Liu, Relative p-adic Hodge theory: Foundations, Astérisque 371 (2015), 1-245.

[18] K. S. Kedlaya and R. Liu, Relative p-adic Hodge theory, II: Imperfect period rings, preprint,
arXiv:1602.06899, 2016.

[19] L. Ma, K. Schwede, K. Tucker, J. Waldron, and J. Witaszek, An analogue of adjoint ideals and PLT
singularities in mized characteristic, J. Algebraic Geom. 31 (2022), no. 3, 497-559.

[20] K. Nakazato and K. Shimomoto, Finite Etale extensions of Tate rings and decompletion of perfectoid
algebras, J. Algebra 589 (2022), 114-158.

[21] K. Nakazato and K. Shimomoto, A wvariant of perfectoid Abhyankar’s lemma and almost Cohen—
Macaulay algebras, Nagoya Math. J. (2023), 1-52.

[22] E. Reinecke, Moduli of curves at infinite level. Thesis, 2020. http://deepblue.lib.umich.edu/

handle/2027.42/163050.

3] P. C. Roberts, The root closure of a ring of mized characteristic, preprint, arXiv.0810.0215, 2008.

[24] P. Scholze, Perfectoid spaces, Publ. Math. Inst. Hautes Etudes Sci. 116 (2012), no. 1, 245-313.

[25] P. B. Sheldon, How changing D [[z]] changes ils quotient field, Trans. Amer. Math. Soc. 159 (1971),
223-244.

[26] J. J. Watkins, Root and integral closure for R[[X]], J. Algebra 75 (1982), no. 1, 43-58.

Ryo Ishizuka

Department of Mathematics
Tokyo Institute of Technology
Meguro-ku, Tokyo 152-8551
Japan
ishizuka.r.ac@m.titech.ac.jp

https://doi.org/10.1017/nmj.2024.2 Published online by Cambridge University Press


https://arxiv.org/abs/2203.16400
https://arxiv.org/abs/2303.13872
https://arxiv.org/abs/1602.06899
http://deepblue.lib.umich.edu/handle/2027.42/163050
mailto:ishizuka.r.ac@m.titech.ac.jp
https://doi.org/10.1017/nmj.2024.2

	1 Introduction
	1.1 p-root closure
	1.2 Main theorem
	1.3 Applications
	1.4 Strategy of proof
	1.5 p-torsion case
	1.6 Notation

	2 Perfectoid rings
	3 Uniform completion
	4 Some ring-theoretic properties of pre-perfectoid pairs
	5 Calculations of the perfectoidization
	6 Connections between p-root Closure and Perfectoidization

