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Abstract  Given a finite sequence @ = (a;)?_; in N and a sequence (x¢);2; in N, the Milliken—Taylor
system generated by a and (x¢)$2, is

n
MT(a, (zt)i21) = {Zai . Z x: Fy, Fy, ..., F, are finite non-empty
i=1 tEF;
subsets of N with max F; < min F; 4 for ¢ < n}

It is known that Milliken—Taylor systems are partition regular but not consistent. More precisely, if a
and b are finite sequences in N, then, except in trivial cases, there is a partition of N into two cells,
neither of which contains MT(a, (z¢)$2,) U MT(b, (y¢)72,) for any sequences ()52, and (y:)2,.

Our aim in this paper is to extend the above result to allow negative entries in @ and b. We do so with
a proof which is significantly shorter and simpler than the original proof which applied only to positive
coefficients. We also derive some results concerning the existence of solutions of certain linear equations in
BZ. In particular, we show that the ability to guarantee the existence of MT(a, (z¢)§2,) UMT(b, (y¢)52;)
in one cell of a partition is equivalent to the ability to find idempotents p and ¢ in BN such that
ar-ptaz-p+---+an-p=b1-q+b2-q+- -+ bm -q, and thus determine exactly when the latter has
a solution.
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AMS 2000 Mathematics subject classification: Primary 05D10
Secondary 22A15; 54H13

1. Introduction

There are striking differences between finite and infinite partition-regular systems of
linear expressions. To make this assertion precise, we remind the reader of the notion of
an image-partition-regular matrix. (We are taking N to be the set of positive integers.)
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Definition 1.1. Let A be a (finite or infinite) matrix with entries from Z and only
finitely many non-zero entries on each row. Then A is image-partition reqular if and only
if whenever Z is partitioned into finitely many classes (or is finitely coloured), there exists
a vector x of the appropriate size with entries from N such that all entries of Ax are in
the same class (or are monochrome).

Image-partition-regular matrices arise naturally in Ramsey Theory. For example, van
der Waerden’s Theorem and Schur’s Theorem are naturally stated as the assertion that
certain matrices are image-partition regular. See [4], [7] or [5, Chapter 15] for more
extensive discussions of image-partition-regular matrices. (One of the major differences
between finite and infinite image-partition-regular matrices is that the former have been
completely characterized [4], while the characterization of infinite image-partition-regular
matrices is a vexing open problem. However, we are not concerned with this difference
in this paper.)

It is a consequence of a result of Deuber [2] and some results from [4] that whenever
A and B are finite image-partition-regular matrices, then so is the matrix

(o 3)

That is, whenever Z is finitely coloured, there must exist vectors & and y of the appro-
priate size with entries from N such that all entries of Az and By have the same colour.
This is far from the case with infinite image-partition-regular matrices. To further this
discussion, we introduce the notion of Milliken—Taylor systems. Given a set A, we denote
the set of finite non-empty subsets of A by P;(A).

Definition 1.2. Let a = (a;)}_; be a finite sequence in Z\{0} and let (z;)72; be a
sequence in N. The Milliken—Taylor system MT(a, (z:)$2,) generated by a and (x:)$2,
is

{Zai . Z xy: F1, Fy, ..., F,, € Py(N) and max F; < min F;; for i < n}
i=1  tcF;

Milliken—Taylor systems are so named because their partition regularity follows imme-
diately from the Milliken—-Taylor Theorem (see [9, Theorem 2.2] and [10, Lemma 2.2]).

Definition 1.3. Let (y,)22; and (x,)22; be sequences in N. The sequence (x,)%

is a sum subsystem of (y, )52 if and only if there is a sequence (H, )52 in Py(N) with
max H,, < min H,,;1 for each n € N and z,, = ZZGHn ye for each n € N.

Notice that if (x,,)5° ; is a sum subsystem of (y,,)22 ;, then

FS((zn)nZ1) € FS((Yn)nZn);

where

FS((n)in) = { X 20 £ € Py b = MT(), ()30,
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Not only are Milliken—Taylor systems partition regular, but in fact the following
stronger result is true.

Theorem 1.4. Let a be a finite sequence in N and let (y,)S2; be a sequence in N.
Let r € N and let N = J._, B;. Then there exist i € {1,2,...,r} and a sum subsystem
(zn)nzy of (yn)pzy with MT(a, (z,)52,) C Bi.

Proof. See [3, Theorem 2.5]. O

We can now describe the striking difference between finite and infinite image-partition-
regular matrices, with which we are concerned. Consider, for example, the matrix A
whose rows consist of all rows with entries from {0, 1,2} with only finitely many non-
zero entries, at least one 1, at least one 2, and all occurrences of 1 before any occurrences
of 2. Consider also the matrix B whose rows consist of all rows with entries from {0, 1,2}
with only finitely many non-zero entries, at least one 1, at least one 2, and all occurrences
of 2 before any occurrences of 1. Then, given a sequence = (x,)%2 1, the set of entries
of Az is MT((1,2), (x,)5 ;) and the set of entries of Bx is MT((2, 1), (x,,)22 ;). Thus,
by Theorem 1.4, the matrices A and B are image-partition regular. On the other hand,

it was shown in [3, Theorem 3.3] that
A 0
0 B

is not image-partition regular. And we can say more. We know exactly when such matrices
can be combined to yield an image-partition-regular matrix.

Definition 1.5. Let a = {(a;)}* ; be a finite sequence. Then a is a compressed sequence
if and only if @ has no adjacent repeated terms.

We note that, as far as partition regularity is concerned, we lose no generality by
restricting our attention to compressed sequences a. In the following lemma, if we had
a=(2,-3,-3,1,1,1,1,2), then we would have ¢ = (2, -3,1,2).

Lemma 1.6. Let a be a finite sequence in Z\{0} and let ¢ be the compressed
sequence obtained by deleting adjacent repetitions of terms. Let (y,)%2 , be a sequence
in N. Then there is a sum subsystem (£,,)22, of (y,)$2, such that MT(c, (x,)5 ;) C
MT(a, (yn)ni1)-

Proof. Let m be the length of a and for k € N, let H, = {(k —1)m+1,(k — 1)m +
2,...,km} and let xp = 3 i Ui |

The main result of [3] determined precisely when one could guarantee Milliken—Taylor
systems for a and b in the same cell of an arbitrary partition of N, provided that the
entries of @ and b are positive.
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Theorem 1.7. Let a and b be finite compressed sequences with entries from N. The
following statements are equivalent.

(a) Whenever r € N and N=J._, B;, there exist i € {1,2,...,r} and sequences
(@n)nzy and (yn)nzy with MT(a, (zn)521) UMT(b, (yn)nl1) € Bi.

n=1
(b) There is a positive rational number « such that b=« - a.
Proof. See [3, Theorems 3.2 and 3.3]. O

In the definition of partition regularity of matrices, the requirement that the entries
of (x,)52 ;1 be positive is there because that is desired in the typical classical Ramsey-
theoretic applications. In [3], Deuber et al. did not ask what happens when the entries
of a are allowed to be negative. Had they asked this question, they could have presented
the following result, which was first stated in [7, Corollary 3.6].

Theorem 1.8. Let a be a finite sequence in Z\{0} and let (y,)52, be a sequence in
N. Let r € N and let Z = |J;_, B;. Then there exist i € {1,2,...,r} and a sum subsystem
(Zn)ply of (Yn)nzy with MT(a, (zn)52,) C B.

Proof. The proof of [3, Theorem 2.5] may be copied verbatim. O

Furthermore, if in Theorem 1.7 the entries of a and b are allowed to be negative, then
one may take the proof that (b) implies (a) directly from the proof of [3, Theorem 3.2].

The matter of the proof that (a) implies (b) in the revised Theorem 1.7 is considerably
more complicated. In the first place, the proof of [3, Theorem 3.3] is lengthy and at
least moderately intricate. In the second place, that proof does not easily accommodate
the inclusion of negative numbers. The reason has to do with the difference between the
addition and subtraction algorithms in our ordinary arithmetic (to a specified positive
base).

It is easy to see that, given p € N and a sequence (y,,)52 1 in N, there is a sum subsystem
(2,)5° 1 of (yn)2 ; with the property that for any ¢,n € N, if x,, < pt, then p'*! divides
ZTp41, and consequently there is no carrying when x,, and z,,41 are added in base p arith-
metic. This fact allowed a colouring of N based on patterns which occurred in the base p
expansion of members of N which could separate MT(a, (z,,)5% ;) from MT(b, (y,)22 )
for any sequences (r,)2; and (y,)52,, as long as one did not have b = - a for any
positive rational a.

However, even under these conditions, there is borrowing when x,, is subtracted from
Zpy1. The fact that the string of zeros between the least significant digit of x,,41 and the
most significant digit of ., is replaced by a string of (p — 1)s is not a serious problem,
but the change in the least significant digit of x,, 41 caused by the borrowing seriously
disrupts the patterns of digits. This fact caused us significant problems. Then we recalled
a lecture that two of us heard at the University of Sheffield in 1996 at which Behzad
Bordbar discussed some joint research with John Pym [1] which used the fact that any
integer (positive, zero or negative) has a unique expansion to the base —2 (using only the
digits 0 and 1). A moment’s reflection will convince the reader that the same statement
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is true with regard to base —p, using the digits {0,1,...,p—1}. There are two important
properties of this expansion. The first is that a number is divisible by pt if and only if
the rightmost ¢ digits are 0. The second is that, when ¢t € N, z,y € Z, |z| < p' and
ptt1 divides y, then there is no carrying and no borrowing when x and y are added in
base —p. This fact allows us to modify the construction of [3] and establish the analogue
of Theorem 1.7 which allows entries of @ and b to be negative.

In §2 of this paper we present some relevant facts about negative base arithmetic and
some special functions that we will use. In §3 we complete the proof of the analogue of
Theorem 1.7. In §4 we present additional equivalent conditions dealing with the solution
of certain linear equations in the Stone-Cech compactification of Z.

2. Arithmetic in base —p

We begin with the description of the base —p expansion and some routine facts about
that expansion, whose proofs we omit. (We take w = NU {0}.)

Lemma 2.1. Let p € N with p > 2. For every x € 7, there exists a unique function
Ypz i w—>{0,1,...,p—1} (with {t € w: v, (t) # 0} finite) such that

r= Ypalt) - (~p)".

If x > 0, then max{t € w : 7,,(t) # 0} is even, and if x < 0, then max{t € w :
Yp,z(t) # 0} is odd. For any = € Z\{0} and any n € N, p" divides = if and only if
min{t € w: vy, (t) #0} > n.

Given z € Z\{0} and p € N\{1} if o = max{t € w : 7, »(t) # 0}, we refer to v, () as
the most significant digit of x in the base —p expansion and we refer to « as the location
of the most significant digit. Similarly, if § = min{t € w : 7, (t) # 0}, then =, ,(d) is the
least significant digit and ¢ is its location.

Lemma 2.2. Let p € N\{1}, let t € N, and let € Z \ {0}. If = is expressible in
base —p with the most significant digit in location t, then

t t+2

p
< |lz| < .
p+1 i p+1

Proof. If t is even, this follows easily from the inequalities:
P10+ ) <z < (-1 P T4 47+ ).

If ¢ is odd, our claim then follows from the inequalities:

t4+1 t+3
< —px = plx| < .
pr = plz| P
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Corollary 2.3. Let a,z € Z \ {0}, with |a| < p. If the most significant digits of
x and ax in their base —p expansions occur in positions t and w, respectively, then
t—1<u<<t+2.

Proof. This is immediate from the inequalities:

t t+3
P <z <Jaz| < 2
p+1 p+1
and
u u+2
L - laz| < L
p+1 p+1

O

We now introduce some special functions which we will use to define colourings of Z.

Definition 2.4. Let p € N\{1}.

(a) For each z € Z\ {0}, we define p,(z) € {1,2,...,p — 1} to be the least significant
digit in the base —p expansion of x.

(b) If z € Z with |z| > p'', we define \y(z) € {0,1,2,...,p — 1} by N\, (z) =
(v1,va,...,v11), where v1vg - - - v17 occurs in the base —p expansion of z with v; at
a location ¢ which is a multiple of 6, and the most significant digit of the expansion
occurs at location s with ¢t — 5 < s < t.

Notice that if A\,(z) = Ap(y), then the most significant digits of  and y occur in
positions that are congruent mod 6 (hence mod 2) and thus x and y have the same sign.

Lemma 2.5. Let p > 3 be a prime. Let x,y € Z \ {0} and let a,b,c € Z \ {0} satisfy
|a|7 |b|7 |C|a |(l - b| <p-.

(i) If pplax) = pp(bx), then a = b.
(ii) If |z, |y| > p*! and if Ap(cx) = Ay(cy) and A\p(ax) = A,(by), then a = b.
Proof. (i) If p,(x) = pp(y) = u, then au = bu (modp) and so a = b.

(ii) Let ¢, ¢, u, v/, v, v' denote the locations of the most significant digits of x, y, az,
by, cx, cy, respectively, in their base —p expansions.

We may suppose that u = u’. If v/ > u, we can replace x by (—p)“/_“x. Since u =
(mod 6), this does not alter \,(az) or A,(cz). If u/ < u, we can replace y by (—p)*~*y.

We claim that v = v'. We suppose that t' > ¢, the other case being similar. By
Corollary 2.3,/ —1 < v =u <t+2. Sot <t+ 3. However, z and y have the same
sign, because cz and cy have the same sign, and therefore ¢ and ¢’ have the same parity.
Thus ! <t+2. Nowt—1<v<t+2andt—1<t' —1<v <t +2<t+4. Since
v =2 (mod6), v="1"
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We have
az = wy(—p)* + wo(—p)* 1+ +ws(—p)* 5 + 2
and
by = w1 (—p)" + wa(—p)"" 4+ - -+ we(—p)“5 + 2,
where wy, wa, w3, wa, ws, we € {0,1,2,...,p—1} and
u—4 t—2
el < g < o

So |az — by| < 2(p'=2/(p + 1)). Similarly, |z — y| < |c(z —y)| < 2(p'~2/(p+ 1)) and so
bz — by| < 2(p'~'/(p+1)). Thus

t—1 t—2 ¢
p p p

b—a)x| <2 +2 < < |z

06— 0l <22g v2lm < oo
so b=a. O
We remark that it is the above proof which forces us to require 11 digits in A,(x).
If M\p(az) = Ap(bz) = (v1,v2,...,v11), then one could have u = wvg, in which case

(wl,wg, ey wg) = (’1)6,’1)7, e ,’Ull).

3. Separating MT(a, (x,)32 ;) from MT(b, (yn)52 )

We shall be concerned in this section with establishing the generalization of Theorem 1.7
which allows entries of @ and b to be negative. The proof that we present of the gener-
alization turns out to be significantly simpler and shorter than the original proof.

Theorem 3.1. Let a and b be finite compressed sequences with entries from Z\{0}.
The following statements are equivalent.

(a) Wheneverr € NandZ = J,_, B;, thereexist i € {1,2,...,r} and sequences (x;)72,
and (y:)72, in N with MT(a, (z)52,) UMT(b, (y:)52,) C B;.

(b) There is a positive rational number « such that b= « - a.

Proof. (b) implies (a). Pick positive integers m and n such that @« = m/n and let
d = ma. Assume that r € N and Z = |J/_, B;. By Theorem 1.8, pick an i € {1,2,...,r}
and a sequence (z;)72; in N such that MT(d, (2;);2,) C B;. For each t € N, let x; = mz;
and let y; = nzy. Then MT(a, (x4)52,) = MT(b, (y:)521) = MT(d, (2:)52,).

The proof that (a) implies (b) will include several definitions and lemmas. We assume
that we have compressed sequences a = (a1,as,...,a,) and b = (by,bs, ..., b,) with
entries from Z\{0} such that whenever Z is finitely coloured there exist sequences {x;)2,
and (y:)$2; in N with MT(a, (x:)$2,) UMT(b, (y:)$2,) monochrome.
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We choose a prime number p such that p > 2|a;| + 2|b;| for every i € {1,2,...,n}

and every j € {1,2,...,m}. We also choose an even positive integer k such that k >
2m + 2n. We use 7 : Z — Zy, for the canonical homomorphism, and we represent Zj as
{0,1,...,k—1}. O

Definition 3.2. Let € N. Then supp(z) = {t € w : 7, . (t) # 0}.

In the above definition we suppress the dependence of supp(z) on p, because p will
remain fixed throughout the remainder of this section. Similarly, we shall write p(x) and
A(z) instead of p,(x) and A,(z)

Lemma 3.3. Let (x4)$2; be an arbitrary sequence in N.

(a) Given any b € N, there is a sum subsystem (u:;)i2; of (x4){2, such that
FS((ut)72,) € ON.

(b) There is a sum subsystem (y;)52, of (x+)72, such that for each t € N,
min(supp(ye41)) = 13 + max(supp(y:))-

(c) Given any finite colouring of N and any b € N, there is a sum subsystem (z;)§2,
of (x4)$2, such that FS({z);2,) C bN, FS((z:){2,) is monochrome, and for each
t € N, min(supp(z¢+1)) > 13 + max(supp(y:)).

Proof. (a) By thinning, we may presume that z; = x4(modbd) for all ¢,s € N. For
each s € N, let Hy = {sb,sb+1,8b+2,...,(s+1)b— 1} and let us = ), 4.

(b) Let H; = {1} and let y; = z1. Inductively, given s € N, assume that we have
chosen H, and ys =,y ¢ Let 7 = 13 + max(supp(ys)). Choose Hoy1 C {i € N :
i > max(H,)} such that [He1q| = p" and z; = xj(modp”) for all 4,5 € Hsyq. Let
Ysp1 = ZteHS“ 2¢. Then p” divides ys41, so min(supp(ys+1)) = 7.

(c) Using (a), choose a sum subsystem (u:)$2; of (x:)22; such that FS({u:)$2,) C
bN. Using (b), choose a sum subsystem (y:)s2; of (us)$2; such that for each t € N,
min(supp(ys+1)) = 13+max(supp(y;)). Using [5, Corollary 5.15], choose a sum subsystem
(2492 of (y:)$2, such that FS((z:)$2;) is monochrome. O

Definition 3.4.
(a) V={ve{0,1,2,...,p— 1} : (v1,vq,...,v6) # O}.
(b) If z € Z\ {0}, then

G(z) ={({t,u,v) e Nx {1,2,...,p— 1} x V: u00...0vjv9v3 - - - v11
occurs in the base —p expansion of x, with u
in location ¢, v; in a location which is a multiple

of 6 and at least one zero occurring between u and v }
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A gap of z is any member of G(x). We shall refer to (¢, u,v) € G(z) as a (u,v)-gap of
x. The following simple lemma is the key to our counting of gaps.

Lemma 3.5. Let |z1| > p'! and assume that
max(supp(z1)) + 11 < s = min(supp(z2)),
then G(z1 + z2) = G(x1) U G(x2) U {(s, p(x2), A(x1))}.

Proof. We leave most of the details to the reader, only pointing out the two
places where we use the assumption that max(supp(x1)) + 11 < min(supp(z2)). Let
r = max(supp(z1)). If (t,u,v) is a gap of x5 so that ©00- - Qvyvavs - - - v11 occurs in the
base —p expansion of x5, with u in location ¢ and vy in location j, then 7 > s > r + 11
so u00 - - - Ovyvavs - - - v11 occurs in the expansion of x1 + x2, with u in location t.

Similarly, if (¢, u,v) is a gap of &1 +x2 with ¢ > s, so that u00 - - - Qvivavs - - - v11 occurs
in the expansion of x7 + z2, with w in location ¢, and v; occurs in location j, then
j = s = r+ 11, so none of the digits of v come from x; and thus (¢,u,v) is a gap of
Z9. O

Definition 3.6. Let z € Z\{0}.

(a) For (u,v) € {1,2,...,p =1} x V, Gy (2) = {t € N: (t,u,v) € G(x)}.
(b) For (u,v) € {1,2,...,p— 1} X V, gu0) (@) = |Gl (@)]-

(¢) P(x) ={(u,v) € {1,2,...,p— 1} XV : w(grum(x)) € {1,2,..., 3k} }.

Thus G, 4)() is the set of locations of (u,v)-gaps of & and g(,,.)(z) is the number of
(u,v)-gaps of x. We shall only be concerned with (u,v)-gaps of x for (u,v) € P(z). We
pause to give an informal description of the procedure we shall follow to prove that (a)
implies (b) in Theorem 3.1.

Let * = apwy, + -+ + agwz + aywy, where (w:)2, is a suitable sum subsystem of
(x4)22,. We count gaps in the expansion of x. What is a bit confusing is that we have to
do this more than once.

(1) Firstly, for a given (u,v), we count the number of corresponding gaps in order to
decide whether (u,v) is in P(z) (i.e. whether the number of (u, v)-gaps is less than
or equal to 1k(modk)).

(2) Then, for each gap (¢,u,v) € G(z), with (u,v) in P(z), we count the number of
gaps in P(x) which occur to the right of the given one.

(3) Then, keeping (u,v) fixed, for each i € {0,1,...,n — 2}, we count the number of
values of ¢ for which the number obtained in (2) is equal to ¢(mod k).

(4) Finally, we ask whether the number obtained in (3) is equal to 1(mod k). If it is,
the gap which occurs between a;ow; 2 and a;11w;41 is a (u, v)-gap.
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To indicate why this works, consider the following.

Firstly, (u,v) is in P(z) if and only if it occurs between a;+1w;11 and a;w; for some i.
If we look at the expansion of x and make the simple-minded assumption that the gaps in
P(z) occur only in this way, and never occur internally inside the expansion of some a;w;,
then the gap between a;ow; s and a;jw;y1 is distinguished from the others because
it is the only one in P(x) with ¢ gaps of P(z) to its right. Of course, this assumption is
likely to be false. However, we get the same answer in (4) as we would if it were true.
The reason is that, for the gap between a;+1w;11 and a;w;, the number of internal gaps
in P(z) to its right is congruent to 0(mod k). So, whether this gap is counted in (3) or
not is unaffected by the internal gaps. Furthermore, the number of internal gaps counted
in (3) is congruent to 0(mod k). So the answer in (4) is unaffected by the internal gaps.

Lemma 3.7. Let (x:)72, be a sequence in Z\{0} such that
lz1] > p'* and max(supp(x;)) + 11 < min(supp(xs41)) for every t € N.

Suppose that there exist u € {1,2,...,p — 1} and v € V such that p(x) = u and A\(z) = v
for every x € FS({z4)$2,). Let w € {1,2,...,p—1}, let z€ V, let r € {0,1,...,k — 1},
and assume that g, »)(x) = r(mod k) for each x € FS({z¢)§2,).

(a) If (w, z) # (u,v), then r = 0.
(b) If (w, z) = (u,v), then r =k — 1.

Proof. If (w,z) # (u,v), then Gy 2 (21 + 22) = Gy,2)(21) U Gy 2)(22) and so
G(w,z)(T1 + T2) = Glw,2)(T1) + Gw,2) (22). If (w, 2) = (u,v) and min(supp(zz2)) = s, then
G(w,z)(l'l + xg) = G(w,z)(l‘l) U G(w’z)(l‘g) U {S} and so g(w’z)(l‘l + £2) = g(mz)(l‘l) +
g(w,z)(xg) + 1. |

Lemma 3.8. Let ()52, be a sequence in N such that 1 > p'! and max(supp(z¢)) +
13 < min(supp(z¢41)) for each t € N. Suppose that p(a;x) = p(a;2’) and M a;z) = M a;z’)
for all x,z" € FS((x4)2,) and all i € {1,2,...,n}. Suppose also that g, z)(a;x) =
J(w,z)(a:ix')(mod k) for all z,2" € FS((x)22,), all i € {1,2,...,n}, and all (w,z) €
{1,2,...,p =1} x V. If x € FS((z¢)2,), j € {1,2,...,n — 1}, w = p(aj+1x), and
z = Ma;x), then g(y z)(a;r) = 0(mod k) for all i € {1,2,...,n}.

Proof. Let i € {1,2,...,n} and notice that the sequence (a;z;)72; satisfies the
hypotheses of Lemma 3.7. (Given ¢ € N, by Corollary 2.3 we have that max(supp(a;x:))+
11 < max(supp(z:)) + 13 < min(supp(z¢+1)) = min(supp(a;z¢4+1))-)

Let j € {1,2,...,n — 1}, let w = p(a;4+121), and let z = A(a;z1). By Lemma 3.7
it suffices to show that (w,z) # (p(a;x1), A(a;x1)). Suppose instead that p(a;y121) =
pla;z1) and A(a;xz1) = A(a;z1). Then by Lemma 2.5 (i) we have immediately that a; 1 =
a;. By Lemma 2.5 (ii), with = y = 21 and ¢ = 1, we have that a; = a;. This contradicts
the fact that a is a compressed sequence. O
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We are now in a position to complete the proof of Theorem 3.1 by showing that (a)
implies (b).

Proof that (a) implies (b). Recall that we have been assuming that we have com-
pressed sequences a = (ay,as,...,a,) and b = (by, b, ..., by,) with entries from Z\{0}
such that whenever Z is finitely coloured there exist sequences (z;)?2; and (y;)$2; in N
with MT(a, (x4)$2,) UMT(b, (y:)$2,) monochrome. We show first that we may assume
that a, = b,, € N (and then show that a = b). To see this note that a,, and b, have
the same sign. (If ()72, is a sequence in N and F' € Py(N) such that min F' > n and
Y oier Tt > | Z;le a;iz;|, then an >, cpo¢ + Z?;ll a;x; has the same sign as a,,.) Also, if
Z =J;_, B;, then Z = |J;_,(—Bj), so statement (a) holds for a and b if and only if it
holds for —a and —b. Thus we may assume that a,, and b,, are positive.

Let ¢ = ba and let d = a,b. We claim that ¢ and d satisfy statement (a). To see
this, let » € N and let Z = J;_, B;. Pick i € {1,2,...,r} and sequences (z;);2; and
(y)$2, in N with MT(a, (z:)$2,) UMT(b, (y:)i2,) C B;. By passing to sum subsystems
we may presume (using Lemma 3.3) that FS((z:)i2;) C b,,N and FS({y:)5°,) C a,N.
For t € N, let uy = (x+/bm) and vy = (y¢/an). Then MT(c, (us)52,) = MT(a, (x:)2,)
and MT(d, (v)$2,) = MT(b, (y:)$2,). Therefore, we may assume that a, = b, € N as
claimed.

Now for = € Z\{0}, let Gp(x) = {(t,u,v) € G(z) : (u,v) € P(x)}. For z € Z\{0} and
t €N, let Ri(z) ={(t',uv,v") € Gp(x) : t < t}. For x € Z\{0} and i € {0,1,...,k — 1},
let

Si(x) = {(t,u,v) € Gp(x) : w(|Re(2)]) = i}

and
Ti(x) ={(u,v) € {1,2,....p—1} xV:7w(|{t e N: (¢t,u,v) € S;(z)}]) =1}

We define a colouring ¢ of Z as follows. For x,y € Z, ¢(xz) = ¢(y) if and only if
cither z = y = 0 or A() = AY), p(x) = pB), T(Guw)(®) = T(guw)(y)) for every
(u,v) € {1,2,...,p— 1} x V, and T;(x) = T;(y) for every i € {0,1,...,k — 1}. Notice
that ¢ is a finite colouring of Z. Pick sequences (z:)i2; and (y;)$2; in N such that
w(x) = p(y) for every z € MT(a, (x+)52,) and every y € MT(b, (y+)524).

Now define a colouring v of Z as follows. For z,y € Z, ¥(x) = ¢(y) if and only if either
r=y=0or

(1) p(x) = p(y) and A(z) = A(y);
(2) for all i € {1,2,...,n}, p(a;x) = p(a;y) and A(a;z) = M a;y);

(3) for all i € {1,2,...,m}, p(bix) = p(bsy) and A(b;x) = A(b;y);
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(4) for all (u,v) € {1,2,...,p — 1} x V and all i € {1,2,...,n}, g (air) =
9(uv)(aiy)(mod k); and

(5) for all (u,v) € {1,2,...,p — 1} x V and all i € {1,2,...,m}, g (bir) =
9(uw) (biy)(mod k).

Using Lemma 3.3 and passing to sum subsystems, we may presume that
(a) 1 > p! and y; > p'l;

(b) for each t € N, min(supp(x¢y1)) = 13 + max(supp(x:)) and min(supp(y+1)) =
13 + max(supp(y:)); and

(c) for all z,2" € FS({(x)52,) and all y,y" € FS({y)52,), one has (x) = ¥(2’) and
P(y) = P(y).

We have some P C {1,2,...,p — 1} x V such that for all z € MT(a, (z;){°,) and
all y € MT(b, (y)i2,), P(x) = P(y) = P, because T(g(y,v)(7)) = T(gu,v)(y)) for all
(u,v) € {1,2,...,p =1} x V. Let Q = {(p(aj+1754+1), Ma;z;)) : j € {1,2,...,n — 1}}.
We claim that P = Q. To see this, note that by Lemma 3.7 and conditions (2) and (4)
of the definition of 1, 7(g(uv)(a:x;)) € {0,k — 1} for all (u,v) € {1,2,...,p =1} xV
and all 7 € {1,2,...,n}. By Lemma 3.8, if (u,v) € @, then 7(g, v)(a;z;)) = 0 for all
ie{l,2,...,n}.

Now let ¢ = apzy + apn_1Zn—1 + -+ + a121, so that P(z) = P. For any (u,v) €
{1,2,...,p—1} x V, we have

n

g(u,v)(x) = Zg(u,v)(aixi) + |{] € {17 2,...,n— 1} : (um) = (p(aj+1xj+1)7 /\(aijj))}l'
i=1

Thus

if (u,v) € Q, then m(g(y,v)(z)) = {j € {1,2,...,n — 1} :
(u,v) = (plajy17j41), Mag, 7))} (%)

On the other hand, if (u,v) ¢ Q, then g, ) () = D71 g(u,v)(@i;), so either
T(Guw) () =0 or 7(guw(z) €{b—nk—n+1,....k—1}

so that (u,v) ¢ P. Thus P = @ as claimed. Similarly, P = {(p(bj+1Y;+1), AM(bjy;)) : j €
{1,2,...,m—1}}.

Now using (*) and the corresponding assertion for y = byy; + baya + -+ - + binYm, we
have

n-l= 3 w(gun@) = > TG @) =m—1,

(u,v)EP () (u,v)€P(y)
S0 n = m.
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Fort e Nand z € Z \ {0}, let
Si(z) ={(',u',v") € G(z): t' <t and (v,v') € Q}.
Given (u,v) € Q, i € {0,1,...,k — 1} and z € Z\{0}, let
Yooy (2) = {t € Nt (t,u,0) € G(2) and 7((6,(2)]) = i}.

Using Lemma 3.3, choose a sum subsystem (w;)§2; of (x:)$2; such that for all
w,w € FS((wy)$2,), all (u,v) € Q, all s € {1,2,...,n} and all ¢ € {0,1,...,k — 1},
"V(i,u,v) (asw)‘ = |7(i,u,v) (CLS’U}/)KI’HOd k)

Let (u,v) € Q, let s € {1,2,...,n}, and let ¢ € {0,1,...,k — 1}. We claim that
[V(i,uw) (@sw)| = O(mod k) for all w € FS((wy)2,). For this it suffices to show that
V(i,u,v)(asw2 + aswl) = 7(i,u,v)(asw2) U V(i,u,v)(aswl)

We note that (p(asw2), AMaswi)) ¢ Q. To see this, suppose instead that

(plaswa), AMasw1)) = (p(aj+12j41), AM(ajz;)) for some j € {1,2,...,n—1}.

Since wi,ws € FS((z4)$2;), we have that p(a;112j41) = plasws) = plaszj41) and
Aajz;) = Maswi) = Masx;). But then by Lemma 2.5, aj41 = as = a;, contradicting
the fact that a is a compressed sequence. Thus since (p(asws), A(asw1)) ¢ Q,

Viuw) (@sw2 + aswy) = {t € N: (t,u,v) € G(aswz) and (|6 (asw2 + aswy)]) = i}
U{t € N: (t,u,v) € Glaswy) and 7(|d:(aswe + aswi)|) = i}.

Now, if (¢t,u,v) € G(aswy), then §;(aswa + aswi) = d¢(aswr). If (¢, u,v) € G(asws),
then (again using the fact that (p(aswsz), A(aswi)) ¢ Q) we have §;(asws + aswy) =
0t(aswe) U di(aswr). Also, for (¢,u,v) € Gasws),

dt(aswy) = U {(t', v, v") -t € Grur ) (aswr)},
(v, v)eQ
and so |0¢(asw1)| =3 »yeq (uv)(@swi) = 0(mod k). Thus if (t,u,v) € G(asws),
we have 7(|0i(aswe + aswi)]) = 7(|6:(aswz)]). Therefore, v yv)(asws + aswi) =

'Y(i,u,'u)(aerQ) U 'Y(i,u,v)(aswl) as required.
We shall complete the proof by showing that for any x € MT(a, (z:)$2,), any z €
FS((z:)?2,) and any i € {0,1,...,n — 2},

Ti(z) = {(p(aitez), Mait12))}- (1)

Assume for now that we have done this. It will then follow similarly that for any
y € MT(a,(y)i2,), any ¢ € FS((y)i2,) and any i € {0,1,....,n — 2}, Ti(y) =
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{(p(bi+29), A(bi+1q))}. Since for such z, y and 4, we have T;(z) = T;(y), we must then
have in particular that A(a;412,) = A(bir1yn). We also have that

Manzy) = ManTp + ap—1Tp—1+ -+ + arxq)
= /\(bnyn + bn—lyn—l + -+ blyl) = A(bnyn) = )\(anyn)-

Thus by Lemma 2.5 (ii), we will have that a;41 = b;11 for each i € {0,1,...,n—2}. Since
we already know that a,, = b,,, we will then have a = b.

To establish (1), let © = a,w, + ap—1wp—1 + -+ + aqw;. We show that T;(x) =
{(p(airowita), AMa;11w;y1))} for each i € {0,1,...,n—2}. Notice that ifi € {0,1,...,n—
2} and (u,v) € Ti(z), then {t € N : (t,u,v) € S;(z)} # 0 and so (u,v) € P(z) = Q.
Consequently, for each ¢ € {0,1,...,n — 2},

Ti(z) = {(u,v) € Q : w(|{t e N: (t,u,v) € S;(z)}|) = 1}.

Let (u,v) = (p(ait2wit2), AM(ait1wit1)), where i € {0,1,...,n — 2}. We consider {t €
N: (t,u,v) € S;(z)}. If t = min(supp(a;+2w;+2)), then (¢, u,v) € S;(x), because it follows
from Lemma 3.8 that g(, ) (asws) = 0 (mod k) for every s € {1,2,...,n}. If (t,u,v) €
G(x) and t = min(supp(ajow;i2)), with j € {0,1,...,n—2}\ {3}, then (¢,u,v) € S;(z)
and thus (¢,u,v) ¢ S;(z). If (t,u,v) € G(asws) for some s € {1,2,...,n}, then (¢t,u,v) €
Si(z) if and only if ¢ € () (asws), where j + s — 1 = i(mod k). We have seen that
1Y(,uw) (@sws)| =0 (mod k). So [{t € N: (t,u,v) € Si(x)}] € 1 + kw, ie. (u,v) € Ti(x).

Now let (w, z) € P(x)\{(u,v)}. Then (t,w,2) € S;(z) if and only if t € (.2 (asws)
for some s € {1,2,...,n}, where j+s—1 = i(mod k). Since |v(; . »)(asws)| =0 (mod k),
Ht e N: (t,w,z) € Si(x)}| € kw and so (w, z) ¢ T;(x).

Thus T;(x) = {(u,v)}, and we have established that (f) holds. O

In the proof of Theorem 3.1 we used a large number of colours. We observe now that
in fact two colours suffice.

Corollary 3.9. Let a and b be finite compressed sequences with entries from Z\{0}
and assume that there is no positive rational number « such that b = « - a. Then
there exist sets A and B such that Z = AU B and there is no sequence (z;)32, with
MT(a, (x;)2,) C B and there is no sequence (y;)2, with MT(b, (y;)52;) C A.

Proof. By Theorem 3.1, pick an 7 € N and sets (C})7_; such that Z = |J;_, C; and
forno j € {1,2,...,r} do there exist sequences (x;)52; and (y;)52; with MT(a, (x;)$2,)U
MT(b, (y:)52,) € C;. Let A = |J{C} : there exists (x;)72; with MT(a, (z;)$2,) € C;} and
let B =N\ A. By Theorem 1.8 the sets A and B are as required. |

4. Equations in 87

The results of this paper are intimately related to the algebra in the Stone-Cech com-
pactification Z of Z. Given any discrete semigroup (.5, ), the operation extends to 35,
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making (3S,-) a compact right-topological semigroup with S contained in the topolog-
ical centre of 5S. We take the points of 55 to be the ultrafilters on S. See [5] for an
elementary introduction to this structure, and for the meaning of any unfamiliar terms
used here.

In particular, the operations + and - on Z both extend to SZ making (5Z, +) and (5Z, -)
right-topological semigroups. The following theorem easily implies our Theorem 1.8. In
this result it is important to note that, for example, 2- p refers to the operation in (8Z, -)
and does not mean p + p.

Theorem 4.1. Let {(a;)}~, be a sequence in Z\{0}, let p be an idempotent in (6N, +),
and let q =a1-p+as-p+---+an,-p. Let A€ pand B € q. There exists a sequence
(x:)$24 in N with FS({(z;)$2,) € A and MT(a, (x;)°,) C B.

Proof. See [7, Lemma 3.4]. O

To derive Theorem 1.8 from Theorem 4.1, let a sequence (y;)$2, in N be given, let r € N
and let Z = U;zl B;. By‘ passing to a sum subsystem if necessary, we may presume that
for each i, yi41 > 4>, oy By [5, Lemma 5.11], we can pick an idempotent p with
FS((y:)72,) € pand let ¢ = a1-p+az-p+- - -+a,-p. Pick j € {1,2,...,r} such that B; € ¢
and pick a sequence (z;)52, with FS((z;)52,) € FS((y:):2,) and MT(a, (y;)2,) C B;.
Since, for each i, we had y;11 > 4- Zi:o yt, one easily sees (using [7, Lemma 3.5], for
example) that (z;)$2, is in fact a sum subsystem of (y;)2;.

Maleki observed in Theorem 2.19 in [8] that the results of [3] implied that if
(a1,a2,...,a,) and (by,ba,..., b,) are distinct compressed sequences in N, then the
equation a; p+as-p+---+an-p=b;1-p+by-p+---+4 by - p has no solutions with
p an idempotent in (BN, +). (He also showed in [8, Theorem 2.7] that this equation also
has no solutions if p is right cancellable in (6N, +).) We now see that the corresponding
assertion holds where the entries of a and b are allowed to be negative.

Corollary 4.2. Let (ay,a2,...,a,) and (b1, be,...,by) be compressed sequences in
Z\{0}, let p+p = p € PN, and assume that a1 -p+as-p+---ap-p =by-p+ba-p+-+- by -p.
then a = b.

Proof. We show first that it suffices to show that there is some positive rational
number « such that b = « - a. Let aw = (r/s), where r, s € N. Then, by [5, Lemma 13.1]
(which is the only non-trivial instance of the distributive law known to hold in SZ), we
have that

fr.(al.p+a2.p+...+an.p):5.(bl.p+b2.p+...+b7n.p).
Since also
S.(al.p+a2.p+...+an.p):S.(bl.p+b2.p+...+bm.p)’

we have by [5, Lemma 6.28] that r = s.
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Therefore, by Theorem 3.1, it suffices to show that whenever r € N and Z = U;:1 B;,
there exist j € {1,2,...,r} and sequences (x;)$°; and (y;)32; with MT(a, (z;)2;) U
MT(b, (y:)52,) C B;. To this end, pick j € {1,2,...,7} such that B; € a1 -p+az-p+
-+++ ay - p and apply Theorem 4.1. O

We shall see in Theorem 4.4 that one can expand the list of equivalent conditions in
Theorem 3.1. One of the added conditions involves idempotents in the smallest ideal
K (BN, +) of (BN, +), the so-called minimal idempotents. These are combinatorially sig-
nificant because the members of minimal idempotents are central sets and are guaranteed
to have rich combinatorial structure (see [5, Chapter 14]).

The following lemma is not new, but does not seem to be in [5].

Lemma 4.3. Let r be an idempotent in K(SN,+) and let k € N. Then k - r is an
idempotent in K (SN, +).

Proof. The function p — k- p from BN onto k - BN is a continuous homomorphism.
(It is continuous because Ay is continuous in (8N, -) and it is a homomorphism by [5,
Lemma 13.1].) It maps K (AN, +) onto K (k- AN, +). Now k- BN contains all the idempo-
tents of BN by [5, Lemma 6.6], and therefore meets K (6N, +). It follows from [5, Theo-
rem 1.65] that K (k- ON,+) C K(8N, +). O

Theorem 4.4. Let a = (a1, a2,...,a,) and b = (b1, ba, ..., by,) be finite compressed
sequences with entries from Z\{0}. The following statements are equivalent.

(a) Whenever r € N and Z =\J,_, B;, there exist i € {1,2,...,r} and sequences
(ze)i2y and (y)§2; in N with MT(a, (z)§2,) UMT(b, (y1)§2,) € Bi.

(b) There is a positive rational number « such that b=« - a.

(¢) There exist idempotents p and q in K (ON, +) such that a1 -p+az-p+---+a,-p=
bi-qg+br-g+ - +bm-q

(d) There exist idempotents p and q in (SN, +) such that a1 -p+ag-p+---+a, -p=
bi-q+by-q+---+bn-q

Proof. We have by Theorem 3.1 that (a) and (b) are equivalent and that (c) trivially
implies (d). By Theorem 4.1, (d) implies (a) (by choosing ¢ € {1,2,...,r} such that
Bi€ay-ptaz-p+-tan-p=br-q+br-qg+--+by-q).

To see that (b) implies (c), pick k,1 € N such that b = (k/l) - a. Pick any idempotent
r € K(ON). Let p = k-r and ¢ = [ - r. By Lemma 4.3, p and ¢ are idempotents in
K(ON,+). Then a; -p4+ag-p+--+ap-p=ar-k-r+ay-k-r+--+a, -k-r=
byl r4bylor+-tby-lor=b-qtby-qt-+bm-q. O

We remark that Corollary 3.9 is equivalent to the following statement: if a and b satisfy
the hypotheses of this corollary, there exists sets A and B such that Z = AU B and there
is no idempotent p € AN for which B € a;-p+as-p+- - -+a,-p and no idempotent g € SN
for which A € by-q+by-q+---+b,,-q. This is a property which distinguishes idempotents
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from other elements of N*. Suppose that a = (a1, as,...,a,) and b = (b1, bs,...,b,,) are
arbitrary finite sequences in Z \ {0}, with a,, b, € Nand > 1, a;, > v, b; # 0. Then it
follows from results in [7] that, in any finite colouring of N, there exist p,q € N* such
that a1 -p+as-p+---+an-pand by-q+by-q+- - -+ by, - ¢ have the same monochrome set
as a member. This is even true if we require that p and ¢ have rapidly increasing sets as
members, where we call a subset {t,, : n € N} of N rapidly increasing if ¢, 1 — t,, — oc.
However, if p and ¢ have rapidly increasing sets as members, it is quite easy to prove
that the equation a1 -p+ag -p+---+an -p=by-q+bs-q+---+ by, -q can only hold if
b is a positive rational multiple of a.

We conclude by modifying [6, Question 1.5] (which remains unanswered) to allow for
negative entries.

Question 4.5. Let (aj,as9,...,a,) and (by,bs, ..., by) be compressed sequences in
Z\{0}. Suppose that there exists some p € N* such that

ai-ptaz-pt--tan-p=br-ptb-p+---+by-p

Must it then be true that a = b?

We note that it can be shown that this equation implies that a; = b; and a,, = by,.
The implication a,, = b,, was shown in [6] in the case in which a,,b,, > 0, and it is easy
to see that we can assume this. The implication a; = b; was also shown in [6] in the case
in which ay,b; > 0, and the proof in [6] extends easily to the general case.

Acknowledgements. N.H. acknowledges support received from the National Sci-
ence Foundation (USA) via grant DMS-0070593.

References

1. B. BORDBAR AND J. PyM, The set of idempotents in the weakly almost periodic com-
pactification of the integers is not closed, Trans. Am. Math. Soc. 352 (2000), 823-842.

2. W. DEUBER, Partitionen und lineare Gleichungssysteme, Math. Z. 133 (1973), 109-123.

3.  W. DEUBER, N. HINDMAN, I. LEADER AND H. LEFMANN, Infinite partition regular matri-
ces, Combinatorica 15 (1995), 333-355.

4. N. HINDMAN AND I. LEADER, Image partition regularity of matrices, Combinatorics
Probab. Comput. 2 (1993), 437-463.

5. N. HINDMAN AND D. STRAUSS, Algebra in the Stone—Cech compactification (Walter de
Gruyter, Berlin, 1998).

6. N. HINDMAN, A. MALEKI AND D. STRAUSS, Linear equations in the Stone-Cech com-
pactification of N, Integers 0 (2000), #A02, 1-20.

7. N. HINDMAN, I. LEADER AND D. STRAUSS, Infinite partition regular matrices—solutions
in central sets, Trans. Am. Math. Soc., in press.

8. A. MALEK], Solving equations in SN, Semigroup Forum 61 (2000), 373-384.

9. K. MILLIKEN, Ramsey’s theorem with sums or unions, J. Combinat. Theory A 18 (1975),
276-290.

10. A. TAYLOR, A canonical partition relation for finite subsets of w, J. Combinat. Theory
A 21 (1976), 137-146.

https://doi.org/10.1017/5001309150200010X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150200010X

