THE CLASS NUMBER OF THE CYCLOTOMIC FIELD

N. C. ANKENY anp S. CHOWLA

1. Introduction. Let g denote an odd prime, and % = £(g) the class number
of the cyclotomic field R({), where ¢ is a primitive gth root of unity. It is
known that we can write

h = h1h2

where k; and k; (both integers) are the so-called first and second factors of
the class-number; in fact %, is the class-number of the real field of degree 2
under R(¢), namely the field R(¢ + 7).

Kummer conjectured (J. de Math., 16, 1851, 473) that

g( g+3)/4

~ 2(0-3)/2 p(g—1)/2 =

(1.1) k1

(The sign used here is the sign of asymptotic equality.) He also calculated
hy for g < 97 and found %; = 1 for g < 19, &, = 411,322,823,001 for g = 97.
No proof of (1.1) has yet been published.

In this paper we show that

(1.2) log (h1/G)/log g — 0 (g—=)

and this is the most that we can prove in the direction of Kummer’s conjecture
(1.1); an interesting consequence of (1.2) is that:

There exists a gy such that %;(g) is monotonic increasing for g > go; in fact
if g2 > g1 > go, we have

ki (g2) > h1(g).

We further show that if Kummer’s conjecture is true we must have

(1.3) 2Cp. .7 =0(@™)

asg — », where:
Cr= 1 if p=1(modyg),
Crb=—1 if p= —1(modyg),
C, = 0 in all other cases.

Here p stands for a typical prime.

We are unable to prove (1.3), which if true, must lie very deep. We remark
that the convergence of the series on the left side of (1.3) has been known for
a long time [3]. As far as the authors are aware, the result 2 = k(g) >
as g — =, is explicitly proved here for the first time, excepting a recent paper
of R. Brauer [2], who also gets a sharper form of this result.
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In §5, we assume the extended Riemann hypothesis and prove the following
result, which is naturally suggested by the methods of this paper.

Let 6, and 6, denote any fixed constants such that 1 < 6; < s< 6, < 1.

If the extended Riemann hypothesis is true, there exists, for every given
e > 0, a non-principal character x(z) (mod g) such that

(1.4) |L(s)| = | % x(m)n~* | < 1+

for all g > go(e), g prime.

This result with the larger constant (§(2s))* 4+ € on the right hand side of
the inequality is implicit in some recent work of Atle Selberg [4], but it (in
this weaker form) is proved by him without any hypothesis. (Here {(s) de-
notes Reimann’s Zeta Function; hence {(2s) > 1for s > 3).

2. For » not a multiple of g we define
xi(n) = exp {2min't/(g — 1}

where % is defined as follows: let » denote a primitive root of g, then

™ =n (mod g);
t runs through the odd numbers 1, 3,5, .. ,g — 2. If nis a multiple of g we
define
Xt (n) = 0.
It is easy to see that x; (#) is a non-principal character (mod g) and that
(g -1 [n= 12l
2xm) =1—3(@g—1) [n = — 1(g)],
¢ 0 [ = & 1(g)].
Further write
[ee]
L(s) = ; xe(n)n=* [R(s) > 0].
It now easily follows that for s > 1,
MLs) =exp{¢’ & T Comm™'p7™},
t b m=
where ¢’ = 1(g — 1), and
Com= 1 [p" = 1(g
Cp.m = -1 [Pm = — l(g)]r
Com= 0 [p™ = = 1(9)].
Since, as is well known,
hy _
& =1L
and Y C, p™! is convergent, it follows that
h ' - e
1) =P ZC p7+ ¢ X Cowm .
p m2
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In the rest of this section we show that

(2.2) rfgg Y Copt 0 (g — ).
Let us write

Clx) = Cp.

P<x
Denote by n(x; &, I) the number of primes = [ (mod k) not exceeding x; ¢(k)
is the number of positive integers not exceeding & and prime to k: we shall
need the following lemmas.

LeMMA 1. For any positive e
w(x; k1) = 0{—"—} [x > k.
¢(k)log x
Here the constant implied in the O depends on € alone. Although this result
follows from the method of Viggo Brun, it was first stated explicitly by

Titchmarsh [5].
LemMma 2. If (k, 1) = 1 then for arbitrary positive 0,
z 1—ck—0
w(x; kD) — 1 J du_ _ O(xe=AGoe9}) 4 0 (’C—) )
¢(k) J2 logu ¢(k) log x

Here the constant implied in the O is an absolute one, 4 is an absolute positive
constant, ¢ is a positive constant depending on 6 alone. This result is due to

Walfisz [6].
Applying Lemma 1 with 2 = g,/ = 1 and ! = g — 1, we obtain
(2.3) Clx) = 0( ad ) [x > g1,
g log x

where the constant implied in the O symbol may depend on e.
We have for x > 2¢g — 1, since C(2g — 2) = 0,

T Cpie ¥ =y W ZC—1)
p<x 2g—1<p<x 2g—1 n

_Cw 5 C
(2:4) o x +2g—1 nin +1)°

We split the sum
x—1 C(TL)
261 n(n + 1)

S:

into three parts, thus:
S = Sl + Sz + Ss.

In
Sy, n goes from 2g — 1 to gite,
Sa, n goes from 1 + gite to exp (g%),
Ss, n goes from 1 + exp (g%) tox — 1;

8 is a small positive number whose exact specification will be given later.
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Clearly,
ISi< X mg-»)'+ X (mg+ 1)
(2'5) mg — 'lné gite mg +"It < gite
= O{g_l > m‘l} = O{E———IOg g} ,
m < 2g¢ g

where the constant in the last O symbol is independent of both € and g.
Again from (2.3) we have

< K(e)x

(26) 0< Cx) < Zlog s

[x 2> g,

where K (e) is a constant depending on € alone. Hence

15) < K;‘) 5 (n log m)™t [ < 7 < exp ()]

< A6K (e) log g
X b}
g

where 4 is an absolute positive constant. Here we used the well-known

é (n log n)~t = 0(J'x du

2 u log u

2.7)

> = O(log log x).

It remains to estimate .S3, for which purpose we use lemma 2.
From lemma 2,

1 —cg— b
C(x) = O(xe~4loe2)?) 4 O <x1 4 )
g IOg X

It follows that

ss=z1-¢7§f_-’l’_)—l—) (1 +exp (%) < n < x — 1]

= 0 {Znte4lozni} 4 0T g7inY(log n) ™2} [exp (¢%) <n <4l
since, for x > exp (g%),
%0~ > log ¥ g > g0(6)].
Hence, interchanging the O terms,

S;=0{ T gwl(logm)}+0{ X n(logn)VY,

n > exp (g¥) n 2 exp (g*)
since we have
(log m)¥? < e4losd [ > exp (g), g> gu(0)].
Thus for g > go(0), 0 < 7o

(2.8) Sy = O(g717%) + O (p71g™206/6-D) = O(g~1—2971),
From (2.5), (2.7), (2.8), we obtain
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(2.9) S| < O(eg™* log £) + O(8K (e)g ™" log g) + O(g™7% 67,

where the constants implied in the O symbols are independent of e and 6 and g.

For any given € we can choose 6 so that 6K(e) < e. Hence (2.4) and (2.9)

give

(2.10) £ ¥ -0 (g— ),
logg »<=

which is (2.2).

3. In this section we prove

(3.1) S=3 X Cpmmp™™ = 0(g™).
p m=2

Clearly,

(3.2) NN > T, m [pm = + 1(g)],
= Sl + SQ;

where S; is the contribution of the sum from the terms with p < g, S, the con-

tribution of the terms with p > g (clearly p = g contributes nothing).
First consider

ISe € & Zpm=0{Z p73
m=2 p>g p>g

3.3) =0 { > ow(x) . x‘3}

=0 (g* (log 9.

Since w(x), the number of primes £ x, is of the order of x/log x.

Split S; into two parts:
(3.4) S1=8:+ S
where
(3.5) Sy =3 2 m7ipT"

p» m=2

and the variables m, p are subject to p < g, p™ = 1(g); S is the same sum but
with variables m, p subject to p < g, p™ = — 1(g).

We first treat S;.  Since the congruence x™ = 1(g) has at most m solutions
with 0 < x < g, it follows that S; can be written as

o B(m)
(3.6) Si= ¥ 1{ 5 —”—}

m=2 M \o=A(m) %€ + 1
where

A(m) = $0mt = m) + 1,
B(m) = 3(m* 4 m),
each #is 1 or 0, and the u’s are different positive integers. We clearly have

foe] B(m) @
3.7) Si< gt Y m—l{ 5 92} S dmt,

m=2 a=A(m) Ua m=2
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Write
D2=d21 D3=d2+d31 D4=d2+d3+d4|"'l
Then
dy Dy | D3y — Dy Dz——Dz_l_D - D
Clearly
Jm +m) =1
3.9) 0< D, £ > a™ L.

From (3.6) to (3.9) we obtain
® 1 dmdm) —1 4
(3.10) 0< S3< gt Y ——— { 2 } 0@g™.

m=2m(m+1) a =1 m

Again

[ 1 B(m) ¢

S —1 —_— ——_*a_..— y
! mz=2 mo<Z(im¥ag — 1

where each ¢ is 0 or 1, and the 's are different positive integers.

Since

B(m) B(m)

¢a d’ d’a
e Y
A%:n) Vog — 1 A%:n) Vo2 + 1 b2 9,2
¥ % 4o
4w 708 + 1 8

it follows, as in the case of S; that
3.11) S: = 0(g™).

From (3.2), (3.3), (3.4), (3.10), (3.11) we derive (3.1).
4. From (2.2) and (3.1),

Com _ ,(logg
(4.1) §§mm-o<g>.
From (2.1) and (4.1)
(4.2) log (%) = o (log g),

which is our main result stated in the introduction. Further we have proved
that if Kummer’s conjecture is true we must have

(4.3) 2 Cop™ = O(g™).

5. In this section we assume the truth of the ‘“‘extended Riemann hypo-
thesis.”” For R(s) > 1, it is easy to see that

(5.1) I‘I Li(s) =exp{g X Cpo.p7 "+ ¢ };, ’£2Cp.mm—lp—ma}

where g’ = £ (g — 1). In the sequel we shall need the following result due
to Titchmarsh, [5], which we state as a lemma.
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LeEmMMA 3. If the extended Riemann hypothesis is true, and (k, ) = 1, we have

. = _1_ : _dﬁ_ 3
(5.2) w(x; k1) = o) L fog + O(x? log x)

where the constant implied in the O is independent of both x and k.

Titchmarsh makes the restriction x 2> % but this is plainly unnecessary for
m(x; k) = 0Q) if x< k.
From (5.2) it follows that

(5.3) Clx) = X Cp, = 0 (xtlog x) [x > 2],
p<x
where the constant implied in the O is independent of g.
Hence the series

2 Cppt

is convergent and represents an analytic function of s whenever R(s) > 3.
Further, the series

2 2 Commip™™*

p m=2
is clearly an analytic function of s for R(s) > %, in fact without any hypothesis.
Hence, by the theory of analytic continuation it follows that (5.1), proved
for R(s) > 1, is also true for R(s) > % on the assumption of the extended
Riemann hypothesis.
We next estimate the series on the right hand side of (5.1) qua function of g.
We restrict s to be real and to lie between 6, and 6; where % < 6, < 62 < 1.

We have
Z:CP’P_8= Z CP'P_3+ZCp-P_8=GI+G2.
28 —1<p< gt > g
Clearly
(5.5) G, = O{g““(l“’ 4927 4.+ g_’)} = O(g").
To estimate G; we use (5.3) and obtain
C 1

56) r oo =0l x SOl - o(15E).

b >g x>g X g

From (5.4), (5.5), (5.6) we obtain
(6.7) 2 Cop™ =0 (g7 log g).

To estimate

2 2 Comm™ip™™

P m=2

gua function of g, we use the method of §3. Write

Gi=2 X mp™™* ™ = = 1(g)

p mz=2

Put
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(5.8) Gs = Gy + G,

where Gy is the part which arises from the terms of G; with p < g, Gs the
remaining part (terms with p > g, for p = g contributes nothing). We have

=y~ -ofxe) - ofF 2

P> mz2 p>¢ = N

=0 {gl”“/log g}.

Hence
(5.9 Gs = O {g**/log g}.

To estimate G4 we again use the method of §3. We write
(5.10) Gs = Gs + Gy,

gAY e
A Zem o =Am (g + 1))’

@ | ( Bim e }
Gr = — —_—r,
! Z=: {a =z}4(m) (vag — 1)°¢

where A(m) =3 (m? —m) + 1, B(m) = 3 (m®> 4+ m); the «’s are different
positive integers, each 6 is 1 or 0; the v’s are different positive integers, each

¢is 1 orO.
Since . som . N
g ;”1— {a=A(m)a—3} =0 (mz=:2 m. m“) =0,
it follows as in §3 that
(5.11) Ge, G1 = 0 (g79).
From (5.5) and (5.8) — (5.11) it follows that
(5.12) I Ly(s) = exp {gf(8)} [s > 31,

where f(g) > 0as g — ». (1.4) is an immediate consequence of (5.12).

6. In this section we give a direct simple proof of the result (also implied
in the work of Paley and Selberg—see [4]:

(6.1) b |L(1)]2 ~ $g5(2).

This relation gives an upper bound for #,/G. For, from (6.1)

(6.2) I |L.(1)]2 € {51 z lLt(l)lﬁ}"' < exp (4g).

In view of Pélya’s celebrated inequality
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b
(6.3) X xi(m) =0 (gtlog g),
we obtain
[e) 3z
(6.4) L,(1) = ZI: xi(n)n™1 = 21: xt(n)r~™* 4+ O (log g) g_*.

Again (6.4) for the conjugate character, reads
© e _
(6.5) 21: xi(n)n™t = 12 xi(n). 1+ 0 (log g) . g%
From (6.4) and (6.5) we obtain on multiplication
3¢ 32 =
(6.6) Ll =3 3 20 4o oge gy g4,
m=1 n=1 mn
Hence we obtain the desired result, namely:

(6.7) b IL(D)]2 = 3¢ — 1) LT, m 0 (g} log? g)
= 1g¢(2) + O (gt log? g),

using (when m, n are not multiples of g)

_ J -1 m=n]
(6.8) 2 xi(m)xi(n) = 1—3(g — 1) [m = — n(g)],
, | o [m 3= & n(g)].
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