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FORM RINGS AND REGULAR SEQUENCES"
PAOLO VALABREGA AND GIUSEPPE VALLA

Introduction

Hironaka, in his paper [H,] on desingularization of algebraic
varieties over a field of characteristic 0, to deal with singular points
develops the algebraic apparatus of the associated graded ring, intro-
ducing standard bases of ideals, numerical characters v* and z* ete.
Such a point of view involves a deep investigation of the ideal 5*
generated by the initial forms of the elements of an ideal » of a local
ring, with respect to a certain ideal a.

The present paper has its origin in the effort of extending to a
general situation the following result (due to Hironaka: [H,)):

Let (4,m) be a local ring and zem—m?’; then the initial form z*
of z in the associated graded ring G(m) is a regular element if and
only if z is regular in A and () N m**! = (2)-m", for every integer #.

Really our paper investigates in a general way the relations between
an ideal &= (f, -, f,) and the associated graded ideal »* generated
by the initial forms of the elements of » in G.(a) = graded ring with
respect to the ideal a of the ring A.

We prove the following main results:

1-a necessary and sufficient condition for 5* to be generated by the
initial forms of the f,’s, valid for an arbitrary noetherian ring A;

2-a necessary and sufficient condition for »* to be generated by a regular
sequence, valid for an arbitrary noetherian ring A;

3-a condition like in 2, valid for a local ring A, and generalizing in a
natural way Hironaka’s result.

The paper contains also some other properties of the associated
graded ideal (concerning height and minimal generating sets) and of
G, (a) (conditions to be Cohen-Macaulay: see also [S]).
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@ The present paper has been written while both authors were members of CNR,
section 3 of GNSAGA.
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1. Form rings and ideals
If A is a noetherian ring with a unit element 1 and a any ideal
in A, we denote by G.(a) the graded A/a-algebra é a"/a™*' and call it
n=0

the form ring of A relative to a (other term: associated graded ring).
Sometimes we will have to deal also with negative powers of the
ideal a; once for all a” = A if n<0.
Given an element ac A, we denote by wv(a) the largest integer =

such that aca®; if ac()a” we set: v(@) = co. When v(a) # o the

n=1

residue clasg of a in a°¥/a"®*! ig called the initial form of o and de-
noted by a*. If v(a) = oo, then we set: a* = 0.

The definition of multiplication in G ,(a) shows that the two relations:
a*b* = (ab)* and a*b* # 0 are equivalent, provided that a* and 5*+0.

Let now b be any ideal of A; we shall denote by »* the homo-
geneous ideal of G (a) generated by all the initial forms of the elements
in b; b* is called the form ideal of b relative to a (or the associated
graded ideal). For every integer n we have: 5 = set of homogeneous
elements in 5* of degree n = (b N a® + a**")/a"*'; furthermore b* is the
kernel of a natural epimorphism of graded rings

¢ Gila) — G (b + a/\b) ’

which is homogeneous of degree 0.

The ideal »* can be defined with respect to any other ideal a; but,
if b and 4 are comaximal (i.e. a + b = A) then »* = G (a) and conversely
(as one may easily check). Therefore we assume, once for all, that a
and b are not comaximal. Of course both a and b are assumed to be
proper.

Since A is noetherian, then G,(a) is noetherian. In particular »*
is generated by the initial forms of a finite number of elements of 5.
However it is not generally true that, if &= (f,---,f,), then »b*
= (fl*’ ’f;k)

The following theorem is just a necessary and sufficient condition
for the equality:

THEOREM 1.1. If a and b= (f., -+, f,) are ideals of A, then b*
= (f¥, -, ¥ in G (a) if and only if for all n = 1 the following equality
holds :
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a N b=>av?f,
=1
where p; = v(f), i=1,.-.,7r.

Proof. Tt is clear that (F¥, .-, [%), = (Z av S, a) / an,
i=1

Hence, if 5N a* = Zr] arf, for all n>1, we have: b* =
i=1

'(fl*, "’)fr*)-

Conversely, if »* is generated by the f¥*’s, then we have: a” N b

c Zr]a"““fi + a**t for all n>1; it follows that a" N b =
i=1

ﬁ ( > arf, 4+ a*t N b). By the Artin-Rees lemma there exists an
1

t=1 \i=

integer ¢ > 0 such that a”** N b = a”**~%a? N b) for all » 4 t > q. Hence,
if d is an integer such that d > n—p, for ¢ =1, --.,7, we get the fol-
lowing equality:

@ Nb= N (Z @ fy 4 arti(at N b)) =X arf,,
i1

t2q-n+d \i=1
since, if £t > g —n + d, then a"**"%a? N b) C a’b C > a" 7 f,.
i=1

Remark 1.2. Using [R, Rem. (3.7)] one can easily see (cf. [V]) that, if
a and b are ideals of A such that a + b #+ A, then A(6*) > h(b) at least
when A is local, and certainly equality holds whenever a C b; moreover
there are examples with strict inequality. Therefore the following
result may have some interest:

ProprosITION 1.3. If a and b= (f, - -, [, are ideals of A such
that a + b+ A, then h(d*) < 7.

Proof. Let m be a maximal ideal containing both a and 5; then
we have: h(m) —r < h(m/b) = h((m/b)*) = h(m*|b*) <h(m*) — h(b*) = h(m)
—h(d*) (in the preceding chain of inequalities we use the fact that, in
the isomorphism G,(a)/b* = G ,(a + b/b), m*/b* and (m/b)* are cor-
responding ideals).

Remark 1.4. If h(f¥,.-.,f¥) =r, then also a(d*) =r. However
the following example shows that the condition A(f¥, .-, f*) =7 does
not imply the equality &* = (f¥, ---, f¥).
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ExaMPLE 1.5. Let A be the ring K[t 2% t"]] = K[[X, Y, Z]1/(XZ —
YL,YZ - X4, 7t — X°Y) = Kkllz,y,2]], . a=(x,9,2), b= (x); we have:
G,(a) = K[T, T, T,1/(T\T,, T,T,, T3, Ty = klt,, t,,t;]; hence h(d*) = h(t,) =
1, but ¥*ca® N b and ¥ ¢a’x and so, by Theorem 1.1, 5* + (x*).

2. Regular sequences in G ,(a)

In this section we consider a noetherian ring A and an ideal q in
A; if f, -, f,€A we shall state some necessary and sufficient con-
ditions for f*, ..., f* to be a regular sequence in G ,(a) (always provided
that a and (f,, ---, f,) be not comaximal).

In the following we shall write p, = v(f,) and b, = (f,, - -+, f,), for
1=1,.---,7 (b = (0)).

ProrosITION 2.1. If a and b= (f,---,f ) are ideals of A such
that ¥, ..., f* is a G ,(a)-sequence, then b* = (f¥, .-, f*).

Proof. We use induction on . The case » =1 is easy: if f* is
a non zero-divisor, then, for every g, (f¢)* = f*g*, which shows our
claim. Assume now the theorem true for » — 1 and prove it for 7.

If aca™ N b let t be the greatest integer (if it exists, oo if it does
not exisf:) such that aeb,_, + f.a*. So we can write ¢ = z + f,y, with
v(y) =t, zeb,_;if t + p, <n we have: f,ye (@ + b,_) N a'*? C qt+r-*!
+ b,._, N att?,

It follows that f*y* € b} ,; by our inductive hypothesis 5* , is gen-
erated by the initial forms of the f)’s, ¢ =1,---,7 — 1, hence y* ¢ b* ..
Then yea'*' +b,., N a’, so that aeb,_, + f,a’*!, which is absurd.
Therefore ¢ + p, > n, hence aca™ N b,_, + f,a*?". The conclusion fol-

lows immediately from the inductive assumption together with our
Theorem 1.1.

Remark 2.2. The converse of Proposition 2.1 is false even if A4 is
local. In fact, let A = E[[X, Y11/(XY) = kllz,y]], 6 = (x), a= (z,¥);
then we have: a" N b= (x"y™) N () = &™) + @Y N (@) = (@) = "
Hence by Theorem 1.1 b* = (x*), but G,(a) = KIT,, T,1/(T\T,) = klt, t,]
and z* = ¢, is a zero divisor in G (a).

In the following we shall denote by I the topological closure of an
ideal I with respect to the a-adic topology.
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THEOREM 2.3. Let a and b= (f,, -, f,) be ideals of the noetherian
ring A. Then the following facts are equivalent:
(1) fF - 15 is a G (a)-sequence;

(i) for each i=1,---,r,bir: f; S by and b, Na*=> a* ¥ f,,
j=1

for all n > 1.

Proof. (i) = (i1). For Proposition 2.1 it is enough to show that

b :fi &b,,. Let aebh, ,:f, with v(a) =n; then a*f¥cb¥,= (fF,
-+, f¥), hence a*eb},. It follows that acb,_, + a**' N (b,_,:f); re-
peating the argument we see that acb,_,.

(ii) = (@). Conversely, since a + b+~ A and b,_,: f; < b,_, for each
1=1,.--,7, we have p; < oo for each 7=1,...,7». In fact, assume
that p, = oo for some ¢; then there exists a ca such that (1 — a)f; = 0.
Thus 1 —aeb;_, and then 1 — a)1 — &) eb,_,, with a’ca; but since
a+ b+ A, this is a contradiction.

Now let a*f* e (f¥, .-, f*) with v(a) = n; then af;cb,_, + a**?*},

=1
hence b = af; + X a,f;€b, N a®* P+,
=1

4
We can write b = > b,f; with b; e a"*?:*'~?i, whence we deduce that
j=1

a —b;eb,_,: f; and from this it follows that a e a®** + b,_,.
Finally a ea®*' + b,_, N a” and this proves that a* cb*, = (f*, -,
JED-

COROLLARY 2.4. Let A be a local ring and I,a ideals of A, such
that I* is generated by a G (a)-sequence. Then I is generated by an
A-sequence.

Proof. Let I'* be generated by g9,,---,¢9,, where the ¢g,’s form a
regular sequence. Since all the minimal generating sets of 7* have the
same number of elements, we can write I'* = (f¥, ..., f*¥) with f,el.
Now gr (I*) = r, hence using the homology of Koszul complex we get
H((f¥, ---,f*; G a) =0. From this it follows that f¥*,.-.--,f* is a
G J(a)-sequence (see [A-B], Prop. 2.8); hence, by Theorem 2.3, f,,---,f,
is an A-sequence. Furthermore, since I* = (f¥, .-, f¥), we get:

(fu" ’fr)clc(fv" 9fr)—(f1’" ’fr

Remark 2.5. If f¥,-.., f* form a regular sequence, it is not neces-
sarily true that f,,---,f, form also an A-sequence, unless I = I for
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every ideal I contained in 5. In fact let A = klz,y,2] = k[X,Y,Z1/
XZ,X — XY), a= (%), f =1yz; then, since y is not a 0-divisor in 4,
we have: G (a) = (A/a)[T] = k[Z,T] which is a domain. Therefore
fea/a® is not a O-divisor in G,(a), but zf = 0.

PROPOSITION 2.6. Let a and b= (f, -+, ,) be two ideals of A
such that fi,---,f, 18 an A-sequence and a" N b = }T: a™? f, for all
n = 1. Suppose either b  a or A is local. ~

Then a™ N b; zfi a~ % f,, for each i =1,---,7 and for all n>1;

thus [, .-, f¥ is a G (a)-sequence.
r=~1
Proof. It is enough to show that & N b,_, =3 a" ? f;, for all
j=1
n>=1. Leta =Tf a,f; be an element of a™ ; then a= f_} b,f:, where b, c q" 7
i=1 i=1

r—1
and we get: b,ea"? Nb,_,. Thus we have: a" N b,_, & > a" 2 f; +
i=1

f.@ " N b,.)). Let m be an integer such that m < p; for each i =
1, ---,7—1. If n <m + p,, we have that b,_, C a" ? and f, ca"? for

eachi1=1,..-, —1; hence a® N b,_, is contained in Z‘; a? f, + f.b,_,
g:f:_,‘i a"~? f,. Therefore we may assume that n is greater than m + p,
and also that a‘* N b,_, =:§] a~? f,, for all t<m—1. If b a, then
p, > 0; if A is local and p, = 0, then we have a” N b,_, g;i arf, +
f.(a* N 8,_), hence a* N b,_, = :Z:a”"’f fy If p,>1, since n—p, <n

r—1 r—-1 r=1

— 1, we have a" N b,_, & >, a" % f; + f,(Z‘ ar PP fj) =>.a"" % f;, and
=1 =1 =

this completes the proof.

COROLLARY 2.7. If a and b= (f, ---, f.) are ideals of a local ring
A, then f¥, .-, f* form a G, (a)-sequence if and only if fi, -+, [, form

r
an A-sequence and moreover a® N b= > a* ? f; for all n > 1.
=1

Remark 2.8. The following example justifies the hypotheses of the
above proposition. Let A be the ring k[X,Y,Z,TY/(XT — Y, T —-Y —TZ)
= klz,y,2,t], a = (x,y), fi =2 and f, = z; then it is easy to see that
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S [, form a regular sequence and p, = 1, p, = 0. We have: atca’ N (v),
but zt ¢ ax; on the other hand a N (%,2) = () + a N (z) = (x) + az and,
if n>2, then a*" N (2,2) =a® =a"'z + (Y*) = a* 2 + a"2 since y* =
zy"! + Yz,

Remark 2.9. The results of the present section extend to a quite
general situation the theorem proved by Hironaka ([H,], Prop. 6) for

a local ring (4, m), when a = m and b = (f) = principal ideal, generated
by an element in m — m’.

3. Applications
In this section we discuss some applications of the preceding results.

PrOPOSITION 3.1. Let a and b = (f,---,f,) be ideals of A such
that b Z a, fi, -+, [, 18 an A-sequence and ab = a’. Then the initial
forms of the f;’s form a G (a)-sequence.

Proof. If f,ea’®= ab then we would get a relation of the form
afi+ - +Q+adfi+ - +a,.f, =0, a;ea(vy) .

But since f, - - -, f, is an A-sequence, in any relation > z,f, = 0 all the
coefficients x; must lie in the ideal (f,, ---, f,). This is well known and
easy to prove by induction on ». Thus f,¢za® and we have p,=-..- =
p, = 1. Therefore it is enough to prove, by Proposition 2.6, that a* N &
= q""'p. This is true for n=1; if n > 2 we have a” = a""'b, hence
a*Nb=a"'bNb=a"b

Remark 3.2. An interesting situation in which we can apply the
above proposition is the following: let (4,m) be a local ring of dim-
ension r which is Cohen-Macaulay, with embedding dimension m and
multiplicity e; then one can show ([S], Theorem 1) that m <e+7r —1

and the equality holds if and only if there is an A-sequence f,,---, f,
in m such that m*=m (f,, ---, f,). The latter equality is exactly our
condition on the ideals a =m and b = (fy, - -+, f7)-

Remark 3.3. The results of the present paper can be used to give

a new and simplified proof of ([V], Theorem 3.2), i.e. of the following
claim:

Let A be a Cohen-Macaulay ring and let a,, ---,a, be a regular
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sequence, I = (a,, -+, a,), t an integer >1. Then G (a) is Cohen-Maca-
wlay iof a =1I°.

Proof. As in [V] we may assume that A is a r-dimensional local
ring with maximal ideal m. Let a,, ---,a, f51, -+, fy be a maximal A-
sequence in m and let J = (fo,0, -+ f2), fi =@, for each ¢t =1,...,s
and b= (fy, -+, f,). Since f,,---, f, is a regular sequence modulo J we
have, by [V], Lemma 2.1, that a* N 5 Z a" ' (f,, - -+, f) + Jforalln > 1;
furthermore, since f;,,,---,f, is a regular sequence modulo 7, hence
modulo a” for all » > 1, by [R-V], Lemma 1.1, we get: a® N J = a™J.
From this it follows that a» N b6 a* N @ '(fy - -+, f5) + J) = a* '(f,,
e f)t+a NJ =av i (fy, -, f) + a*J; thus the f¥'s form a G,la)-
sequence by Proposition 2.6. Since dim G,(@) = r, by [M-R] this is
enough to prove that G, (a) is Cohen-Macaulay.

We conclude the paper trying to compare the initial forms of a set
of elements with respect to two different ideals a and 1.

First of all, it is easy to see that the initial form of the same
element with respect to two different ideals may or may not be a 0-
divisor; for instance, if A = Ekllx,y,21l = kl[X,Y,Z1/ (XY — 2%, a=
(x,v,2), I = (x,2), then it is clear that the initial form of x relative to
a is a non O-divisor, while the initial form with respect to 7 is a 0-
divisor. Therefore (x)* = (z*) in G,(a) (Proposition 2.1); on the con-
trary (x)* in G,(I) is not generated by the initial form of z, because
of Theorem 1.1.

In the following proposition we denote by f* the initial form with
respect to a and by f° the initial form with respect to I.

PROPOSITION 3.4. Let I C a be ideals of A and let f,, ---,f, be
elements of I such that v,(f;) = v,(f) for each i. Assume that [, .-,
fF form a G (a)-sequence. Then fi,---, f2 form a minimal base of the
ideal (fY, -+, /D) of GI).

Proof. By [A-B], Corollary 2.9, f¥,---,f* is a G (a)-sequence

r—1 r—
in any order. Now if f?= > alf?, let a = Zlaifi and p = v,(f,) =
=1 =1

v(f.); then f, =a + b, where beI?*'. Hence aca®? and aca®*; it
follows that f* =a*e(f, - -, fr_0* = (¥, ---, f*), which is absurd.
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