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Abstract

Let (S, %) be a uniform space. This space can be embedded in a complete, uniform lattice called the
scale of (S, %). We prove that the scale is compact if and only if S is finite or % = {S X S}. We
prove that this statement remains true if compact is replaced by countably compact, totally bounded,
Lindelof, second countable, or separable. In the last section of this paper, we investigate the
cardinality of the scale and the retracted scale.
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Introduction

Kent [3] showed that each uniform space (5,%) could be embedded in a
complete, uniform lattice called the scale of (5, %). The scale was first introduced
by Bushaw [2] for studying stability in topological dynamics. The local connected-
ness and connectedness of the scale were studied in [4]. In [5] it was shown how
these results apply to uniform subspaces of R. In this paper we consider cases
where the scale is compact. We prove that "S is finite or % = {5 X S}" is
equivalent to the scale being countably compact, totally bounded, Lindelof,
compact, second countable, and separable.

We also consider the retracted scale which is obtained from the scale by a
quotient construction. The retracted scale is a complete uniform lattice which is

E Copyright Australian Mathematical Society 1982

54

https://doi.org/10.1017/S1446788700017614 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700017614


[2 ] The scale of a uniform space 55

always Hausdorff. We prove that if S is infinite and % ¥= {S X S}, then the scale

and the retracted scale both have cardinality 22tard(Sl.

1

Given any nonempty set S, a prefilter on 5 is a nonempty collection a of
subsets of 5 which is closed with respect to supersets. Suppose (S,%) is a
uniform space. Let P be the set of all prefilters on S X S which are subsets of %.
For any two elements a and /? in P, define a «£ /? to mean a D j 8 . The structure
(/*,<) is called the scale of (S, % ) . (P, *£) is a complete distributive lattice
whose suprema and infima are set intersections and set unions, respectively.

If U and V are two subsets of S X S, then the set of all pairs (x, y) G S X S
such that (x, z) G V and (z, y) E U for some z & S is, denoted by U °V. For
each U E %, let C/' = {(a, j 8 ) 6 P X P | ^ £ a implies 1/ o ^ G /?, and £ G /3
implies [/ ° 5 G a}. The following proposition is proved in [3, page 160].

PROPOSITION 1. For each U G %, U'2 = U2'.

Each set of the form U' is symmetric and contains the diagonal of P X P; thus
{V | U G %} is the base for a uniformity on P, denoted by T. We call (P, T ) the
scale of the uniform space associated with (S, % ) .

Next we construct the retracted scale. Let R be an equivalence relation on P
defined by: (a, 0) G R whenever (a, /?) G U', all U G %. Let aR denote the R
equivalence class containing a. In [3, page 160] it is shown that

where

ao= {UG%\ V°U£a, all V G %}, and

«° = {U G % | v o A C U for some V G % and some ^ G a } .

Let / ^ = {aR | a G P}. Given a, /? in PR we define a < /} to mean a0 D /?0. The
order structure (/>#, < ) is called the retracted scale of (S, % ) . Let the canonical
mapping from P to PR be denoted by ^ so that for a G P, \j/(a) = aR.

To define the retracted scale uniformity, we recall that with each U G % there
is an associated entourage U' in the scale uniformity T. Let U" = \f/(U') =
{(««< PR) I («. 0) e t7)- T h e f i l t er % generated by {£/" | t/ G %} is a uniform-
ity. We call (PR, 'YH) the retracted scale uniform space associated with (5, 6li).
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We will find it convenient to use the following closed interval notation. For
a «£ /?, let [a, y3] = {y G P \ a < y ^ /8}. For each £/ G % and a G P let

a^ = { V G % I 1/ o V E a) and

au= {Ve%\ for some ,4 6 « , ( / o ^ C F ) .

It is easily shown that U'(a) — [a^, au]. This implies the next proposition.

PROPOSITION 2. The collection {[ay, a y ] | U G %} /o/ms a fta.»c system t>/
neighborhoods at a for the uniform topology on P generated by °V.

Suppose that a = 6li. Then a is the least element of P, and we denote it by 0.
Observe that 0^ = 0. Let (£/) denote the prefilter consisting of all oversets of U.
Since 0v < (U)<0u for V2 C U, Proposition 2 implies that the collection
{[0, <£/>] | U G %} is a basic neighborhood system of 0.

The next proposition will be useful in proving that a necessary and sufficient
condition for the scale to have a totally bounded neigborhood of 0 is that % have
a least element.

PROPOSITION 3. Suppose that (S, %) is a uniform space such that there exists a
U G % with the property that the complement of U is an infinite set. Then either %
has a least element or there exists a countably infinite discrete subspace of[0, (£/)].

PROOF. Assume that % does not have a least element. Then there exists
F = r ' e % a n d ) f = r 1 G % such that W3 C V C V2 C U and W3 ^ y.
Let us assume without loss of generality that U ~ U~x and (an, bn) G S X S — U,
wherean =£ am whenever n ¥= m. For n s* 1, define/?,, = (f/)U (W U {{an, bn)}).
Then A = {0n\n>\} is a subset of [0, <{/>]. Let a G P; then W'{a) is a
neighborhood of a in P. Suppose that fik, /?, G PF(«); then (Pk, /I,) G (JF)2 =
(W2)' by Proposition 1. Thus either

(i) W 2 o ( * F u { ( a f c , 6 j } ) D l / , or

(ii) W2o(wu {(ak,bk)})D WU{{a,,b,)}.

Suppose that (i) holds and let (a, b) G V- W\ Then (a, b) G W2 ° [W U
{(ak, bk)}}. There exists a c G S such that (a, c) G W U {(at, ^ ) } and (c, ft) G
H^2. Since (a, b) <£ W\ (a, c) = (ak, bk) or a = ak, c = bk. Hence (ft, ftj G W2

and (aA, ft) G Fso (ak, bk) £. V2 C U, contrary to the choice of the (an, ft,,)'s.
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Suppose (ii) holds. Then (a,, b,) eW2o[WU {(ak, bk)}} implies that there
exists a cES such that (a,, c) E WU {(ak, bk)} and (c, b,) E W2. Since
(a,, b,) € W\ a, = ak and thus / = k, and /3k = /?,. It follows that W\a)
contains at most one point of A, and so A is a discrete subset of P.

PROPOSITION 4. Let (S ,^L) be a uniform space. Then (P,°\) has a totally

bounded neighborhood of 0 / / and only if %, has a least element.

PROOF. If U E % is a least element in %, then the set [0, <(/>] = {0} is a
totally bounded neighborhood of 0. Conversely, suppose that (P , T ) has a totally
bounded neighborhood of 0. It then follows from remarks preceding Proposition
3 that there exists a U G % such that [0, ( ( / ) ] is totally bounded. If S is a finite
set, % has a least element. Suppose that S is an infinite set. Let V G % be any
subset of Gli. Since [0, (V)] is totally bounded, it follows from Proposition 3, that
either % has a least element or S X S — V is a finite set. Assume that V = V~'
and 5 X S — V is a finite set; then for any a, b E S, since S is infinite,
V(a) n V(b) # 0 . Hence (a, b) G V2, and so F 2 = 5 X S. It follows that if for
each K £ % , F C [ / , S X S - F is a finite set, then °lL = {§ X S) and so in
either case % has a least element.

THEOREM 1. Let (S, %) be a uniform space. Then the following are equivalent
conditions:

(a) (P, c\r) has a totally bounded neighborhood ofO.
(b) (P, T ) /las a compact neighborhood ofO.
(c) (/", °V) is locally compact.
(d) %. has a least element.

PROOF, (a) =» (b): Proposition 4 implies that % has a least element U. Then
[0, (U)] = (0) is a compact neighborhood of 0. (b) =» (c): Let a G P; then if [/ is
the least element of %, U'(a) C K'(a) for each V E %, and so (/'(a) is a
compact neighborhood of a. That (c) =» (d) and (d) =» (a) follows from Proposi-
tion 4.

EXAMPLE 1. It is possible for the uniformity to have a least element which is not
the diagonal A. Let S = R and let % be the set of all subsets of R2 that contain
A U {(-1,1) , (1 , - 1 ) } . Then the set A U {(-1 ,1) , (1 , - 1 ) } is the least element of
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3

We now turn from local properties of the scale to global properties.

PROPOSITION 5. Let (S, %) be a uniform space. Then (P, T ) is totally bounded if
and only if either S is a finite set or%= {S X S}.

PROOF. The sufficiency is clear. Suppose that (P, T ) is totally bounded and 2
is an infinite set. If there exists an element of % whose complement is an infinite
set, then by Proposition 3, % has a least element, say W. Then S X S — W
contains an infinite set of (an, 6n)'s, where an ¥= am whenever n ¥= m. Let /?„ =
(W U {(«„, &„)}>, n > 1, and A = {Bn | n > 1}. Since W = W, it is straightfor-
ward to show that W'{a) C\ A — {a} for each a E A. Hence A is not totally
bounded. It follows that the complement of each element of % is a finite set, and
thus %•— {S X S) whenever S is an infinite set.

Note that in Example 1 (P, T ) has a totally bounded neighborhood of 0, but
(P, T ) is not totally bounded.

LEMMA 1. Let (S, %) be a uniform space and V E % such that S - V(x) = A
for some x in S. Let the cardinality of A be infinite. Then PR contains a closed
discrete subset of cardinality 2card</<).

PROOF. Let W E % such that W3 C V, where W and V are symmetric.
Suppose A — S — V(x) for some x in S. For each nonempty subset of (S —
V(x)) X {x}, let ac = (W U C> and let B - [ac | C is as indicated above}. Then
card(fl) = 2card</().

Let a E P and suppose that ac, aD E B such that C ¥= D and let ac, aD E
W'{a). Assume D — C is nonempty. Since W is symmetric, ( a c , <xD) E (W2)'
which implies that W2 ° (W U C) D f U Z ) . Let (a, J ) £ D - C Then (a, z)
£ ff U C and (z, x) E W2 for some z in S. Now, if (a, z) E H', then (a, x) E
^ 3 C K which contradicts the fact that a & V(x). Therefore, (a, z) E C, which
implies that z = x and (a, x) E C. Again we have reached a contradiction
because (a, x) E D — C.

Consequently, W'{a) contains at most one element of B, which implies that B
is discrete. We claim that B = U {(ac)R\ac E: B}, where B denotes the closure
of B in P.

Suppose (y, <XC) E /? for some ac in 2? and y $ A. Since yRac, (y, a c ) E (/'
for all {/ in sli, which implies that ac E £/'(?) for all U in%. Hence y is a point
of closure of B. Our claim follows from the preceding paragraph.
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Since the mapping \p is both open and closed, the set »//(£)(= \p(B)) is a closed,

discrete subset of PR. Finally, card(i//(5)) = 2c a r d ( / 4 ) since \p is one to one.

LEMMA 2. Suppose ( 5 , % ) is a uniform space where ca rd (5) — a, and V is a

symmetric entourage such that for all x in S, ca rd(5 — V(x)) = j3 < a where a and

P are infinite cardinal numbers. Then V2 = S X S.

PROOF. Since V(x) U (5 - V(x)) = S for any x in S, and card(5 - V(x)) < a,
then card(F(x)) = a. Let (x, y) E S X S such that x^y. Then V(x) n F(j>) is
nonempty because if it were empty, then 5 — V(x) D ^(.y) which is contrary to
the fact that ft < a. Therefore, there exists a z in V(x) D V(y) which implies that
(x, y) £ F 2 , since K is symmetric. Consequently, V2 — S X S.

REMARK. The conclusion of the above lemma remains true if a is infinite and
S — V(x) has finitely many elements for all x in S.

THEOREM 2. Let (S, %) be a uniform space. Then the following conditions are
equivalent:

(a) (P, T ) is countably compact.
(b) (P, °V) is totally bounded.

(d) (P, CV) is compact.
(e) (P, T ) w second countable.
(f)(P, T ) K separable.
(g) £/#!«• 5 «/m/7e o/- % = {S X S ) .

PROOF. If S is finite or if % = {S X 5}, all the remaining conditions easily
follow.

Suppose that (P,'Y) is countably compact, totally bounded, Lindelof, com-
pact, second countable, or separable. Suppose that S is not finite. We wish to
show that % = { 5 X 5 } .

Assume that %¥= {5 X 5}. Then by Lemma 2 and the following remark, there
exist V in % and x in 5 such that 5 — V(x) is infinite. By Lemma 1, PR contains a
closed, discrete subset of cardinality 2card (S~| / (x ) ) . This fact is contrary to (P, ~\ )
being countably compact, totally bounded, Lindelof, compact, or second counta-
ble.

Moreover, we claim that it is contrary to (F , °V ) being separable. Suppose that
there is a countable dense subset E of P. Choose a symmetric W G % such that
W3 C V. Let 5 be the uncountable subset of P which is defined in the proof of
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Lemma 1. By that proof W'{a) contains at most one element of B for each a E P.
Since £ is a countable dense subset of P and B is an uncountable subset of P,
there must exist distinct elements a, fi E B such that W'(a) D W'(B) n E ¥= 0.
This implies that fi G W'(a), a contradiction.

We conclude that % = {S X 5}, and the theorem is proved.

Since the retracted scale PR is made up of equivalence classes of elements of the
scale P, the cardinality of PR must be less than or equal to the cardinality of P.
For certain uniform spaces the cardinalities are equal.

Let T be a set. In the proof of the following theorem 6}(T) will denote the
power set of T.

THEOREM 3. Let S be an infinite set and % a uniformity on S X S such that
3l ¥= {S X S}. / /card(S) = a, then card(PR) = 22°.

PROOF. Since P C 9(^?(S X S)% card(/>) < 22°. By Lemma 2 there exists Kin
3t such that card(S - V(x)) = a for some x in S. Let W G % such that W3 C V
and let 5 = (S - K(x)) X {x} where x G 5, and W and K are symmetric. Let
F{B) denote the collection of all filters on 5 X 5 which contain B. Then
card(/"(£)) = 22°. For each f 6 F(B), let aff = (W^>D 5", and A = {a^\^ E
F(B)}. Notice that if "J, § E F(B) such that C5¥= §, then aUJ¥= a$, which implies
that card(^) = 22". Also, note that A C P.

We claim that A is discrete. If a E P, and a,-, as E W'(a), then (at?, as) E
{W2)' since W is symmetric. If VT— (?, we may assume without loss of generality
that there exists F in ?F- §. For all G E § the set (S ~ F) n G is nonempty.
Since (a,T, aB) G ( ^ 2 ) ' and W U F G au?, H^2 ° ( ^ U f ) G as. Hence H^2 ° (W
U F)D W U G for some G in S. Let (s, x) be a point in G - F. Then (s, z) E W
U F, and (2, x) E W2 for some z in 5. Now, (s, x) $ W7* C Fbecause(s, x) E G
and G is contained in the complement of V. Therefore, (s, z) E F C Z?, which
implies that z = x and (s, x) G F. We have reached a contradiction to our choice
of (s, x)\ hence, W'(ct) contains at most one element of A. Therefore, A is a
discrete subset of P, the closure of A in P is U {(a^)R | ̂  G /"(#)}, and the image
of the closure of A under </> is ^(^4).

Now P and /^ both contain discrete subsets of cardinality 22°, so card(/>) and
card(PR) are at least 22°. Recalling that card(P) *£ 22", we conclude that card(/>)

COROLLARY. Let (5, 3l) be a uniform space. Then card(f) and c&rd(PR) are
either finite or 22°.
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