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UNIFORMLY CONTINUOUS PARTITIONS OF
UNITY ON A METRIC SPACE

BY
STEWART M. ROBINSON AND ZACHARY ROBINSON

ABsTRACT. In this paper, we construct, for any open
cover of a metric space, a partition of unity consisting of a
family of uniformly continuous functions.

It is a well-known characterization of paracompact spaces that every open
covering admits a partition of unity subordinate to it. In a series of lectures on
“Non-Linear Analysis on Banach Spaces’ given at both Dalhousie University
and Cleveland State University, K. Sundaresan posed the following question: If
(X, d) is a metric space, may one select this partition of unity to consist of
uniformly continuous functions? In this note we provide an affirmative answer
to this question.

THEOREM. Let X be a paracompact space in which each open set is the support
of a Lipschitz continuous function. Then there is a Lipschitz continuous partition
of unity subordinate to any open cover of X.

Proof. Let X be a space which satisfies the hypotheses and let % be an open
cover of X. Since X is paracompact, U admits an open refinement that is both
o-discrete and locally finite; denote this refinement by U, ., %,, where each
U, is a discrete family of open sets. Let S, = Jacu, A. We may select a
g.: X — [0, 1] to be a Lipschitz continuous function with support S,. For je Z,,
define k;:{0, 1]—[0, 1] by

k,-(x):{

and define g,;: X — [0, 1] by
8n.i(x) = k;j(g. (x)).
Being the composition of Lipschitz continuous functions, g, ; is itself Lipschitz

continuous.
Let 1:Z,— Z X Z, be a bijection, and for convenience, denote 7(n) by

j-x if xe[0, 1/f]
1 otherwise,
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(in, Jo). Define h, : X —[0, 1] by
n—1
8, (X) I1 (1-g,.(x), ifn>1
h, (x) = k=1
gi,,jl(x), if n=1.

Being the product of finitely many bounded Lipschitz continuous functions, h,,
is Lipschitz continuous. For A € 4U,,, define h, 5 : X — [0, 1] by

h,(x), ifxeA

0 otherwise.

hn,A (x> = {

It is evident that h, 4 is Lipschitz continuous.
CiamM. # ={h, o |neZ,, Ac,} is the desired partition of unity.

Proof. (i) Support (h, 4)=A €U, so ¥ is subordinate to AU.

(ii) Since {Support (h,4):neZ,, AcU,}=U,cz, U, and since U,cz, U, is
locally finite, # is a locally finite family of functions.

(iii) The following identity may be proved by induction:

3 o =1-TT (1- g, ().
k=1 k=1

Clearly, Y {h,a(x)|n€eZ,, A€ U} =3z, h.(x); therefore it will suffice to
show that for every x € X, there is some ke Z, such that g ; (x)=1. Since
Unez, U, is a cover of X, for some ne Z, and A€, x€ A. Thus, g,(x)>0
and for some jeZ,, g,(x)>1/j; i.e., g,;(x)=1. But 7 is a bijection, so for
some keZ., g, ; (x)=1.

COROLLARY. There is a uniformly continuous partition of unity subordinate to
any open cover of a metric space.

Proof. Let (X, d) be a metric space and U an open subset. For x € X, define
fulx)=d(x, X\ U).

fu is Lipschitz continuous and Support (fy) = U. Furthermore, Lipschitz con-
tinuity implies uniform continuity.

RemaRrk. The condition that every open set be the support of a uniformly
continuous functions is not a necessary condition for a space to satisfy the
conclusion of the corollary. For example, any uncountable product of closed
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unit intervals does not satisfy this condition, since any singleton is a closed set
that is not a Gg; nevertheless as a compact space, it clearly satisfies the

conclusion.
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