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Non-Selfadjoint Perturbations of Selfadjoint
Operators in Two Dimensions llla.
One Branching Point

Michael Hitrik and Johannes Sjostrand

Abstract. This is the third in a series of works devoted to spectral asymptotics for non-selfadjoint
perturbations of selfadjoint h-pseudodifferential operators in dimension 2, having a periodic classical
flow. Assuming that the strength e of the perturbation is in the range h? < e < h'/? (and may
sometimes reach even smaller values), we get an asymptotic description of the eigenvalues in rectangles
[—1/C,1/C] + i€e[Fy — 1/C,Fy + 1/C], C > 1, when €Fj is a saddle point value of the flow average
of the leading perturbation.

1 Introduction

This work is the third in a series devoted to non-selfadjoint perturbations of self-
adjoint semiclassical pseudodifferential operators in two dimensions, whose classical
bicharacteristic flow is periodic on each energy surface. The general background is
an observation by A. Melin and the second author [18] that there are quite general
classes of analytic non-selfadjoint operators in dimension 2 for which (in the semi-
classical limit when i — 0) the eigenvalues in some h-independent region of the
complex plane are determined by a Bohr—Sommerfeld quantization condition, very
much as for selfadjoint operators in dimension 1. Recall here that for selfadjoint op-
erators in dimension 2 or higher, this can happen (to the authors” knowledge) only in
the completely integrable case.

The previous works in this series are [14, 15], and more recently, in collabora-
tion with S. V@i Ngoc, the authors have begun a study of the case when the classical
flow of the unperturbed operator is no longer periodic but rather possesses invari-
ant Lagrangian tori with a Diophantine property; see [16] for the first work in this
direction.

In this work, we continue with the perturbed periodic case. After switching on a
perturbation of size ¢, the spectrum will be confined to a band of width O(¢), and the
more precise distribution of eigenvalues is very much governed by the flow average of
the imaginary part of the leading symbol of the perturbation. In the previous works,
we studied the eigenvalues associated with non-critical values of this flow average
or with non-degenerate maxima or minima in a suitable sense (after restriction to
the 2-dimensional manifold of trajectories in an energy surface). In this paper we
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study the remaining generic case, namely that of eigenvalues associated with a non-
degenerate saddle point.

We will work under the general assumptions of [14, 15], which we now recall. Let
M denote R? or a compact real-analytic manifold of dimension 2. We shall let M€
stand for a complexification of M (obtained by covering M by finitely many real and
analytic coordinate patches and then passing to corresponding complex ones in the
natural way) so that M® = C? in the case when M = R”.

When M = R?, let P, = P(x, hD,,eh) be the Weyl quantization on R? of a
symbol P(x, £, €; h) depending smoothly on € € neigh(0, R) with values in the space
of holomorphic functions of (x, £) in a tubular neighborhood of R* in C*, with

(1.1) |P(x,€, & h)| < O(1)m(Re(x, )

there. Here m is assumed to be an order function on R, in the sense that m > 0 and
for some Cy, Ny > 0,

(12)  mX) <Co(X —Y)YMom(Y), X, Y €R*, (X—Y):=(1+[X-Y]P).

We also assume that

(1.3) m=>1,

and

(1.4) P(x,&,6h) ~ > piclx, O, h—0,
j=0

in the space of such functions. We make the ellipticity assumption

(1) Pocx O] = ZmlRe(x, ), (%6 2 C,

for some C > 0.

When M is a compact manifold, we let P, = ZM <m Aq,e(x; h)(hDy)®, be a differ-
ential operator on M, such that for every choice of local coordinates, centered at some
point of M, a, ((x; h) is a smooth function of e with values in the space of bounded
holomorphic functions in a complex neighborhood of x = 0. We further assume
that

A c(5h) ~ Y aac (O, h—0,

j=0

in the space of such functions. The semi-classical principal symbol in this case is
given by po (x,&) = D" aq.c0(x)£*, and we make the ellipticity assumption

(1.6) [Poc(x,8)| > &)™, (x,6) € T*M, [¢] > C,
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for some large C > 0. (Here we assume that M has been equipped with some Rie-
mannian metric, so that |£] and (&) = (1 + |€[*)"/? are well defined.)
Sometimes, we write p for pg . and simply p for pyo. Assume

(1.7) P._ is formally selfadjoint.

In the case when M is compact, we let the underlying Hilbert space be L*(M, ju(dx))
for some positive real-analytic density p(dx) on M.

Under these assumptions, P, will have discrete spectrum in some fixed neighbor-
hood of 0 € C, when h > 0,¢ > 0 are sufficiently small, and the spectrum in this
region will be contained in a band | Im z| < O(e).

Assume for simplicity that (with p = p.—)

(1.8) p~1(0) N T*M is connected.

Let H, = p/ - % - pl- aﬁ be the Hamilton field of p. In this work, we will always
assume that for E € neigh(0, R),

the H,-flow is periodic on p~YE) N T*M with period T(E) > 0
(1.9) . .
depending analytically on E.

Letq = %(a—i)gzopf, so that
(1.10) pe = p +ieq+ O(e*m),

in the case when M = R?, and p. = p + ieq + O(€*(£)™) in the compact case. Let

1 T(E)/2 1
= — tH, dt “(BE)NT*M.
@ =55 |, 10 Hpdronp7E)

Notice that p, (q) are in involution 0 = H,(q) =: {p, (q)}. In [14], we saw how to
reduce ourselves to the case when p. = p+ie(q) +O(€*), near p~1(0)NT*M. An easy
consequence of this, also remarked upon in [14], is that the spectrum of P, in {z €
C; |Rez| < d}is confined to |-, 5[ +i€] (Re ¢) mino — 0(1), (Re ) max0+0(1)[, when
d,e,h — 0, where (Re q)mino = min,—i(g)nr-pm(Req) and similarly for (Re q)max,o-
We shall mainly think about the case when (g) is real-valued but will work under the
more general assumption that

(1.11) Im(q) is an analytic function of p and Re(q),

in a region of T*M, where |p| < 1/|0(1)].
Let Ao, = {p € T*M ; p(p) = 0, Re(q)(p) = Fo}. Assume

T(0) is the minimal period for the H,-flow at every point of Ag

(1.12) and A f, is connected.
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The connectedness assumption is for convenience only and can easily be removed.
Then 2 := p~'(0)/ exp(RH,) is a symplectic 2-dimensional manifold near the im-
age /~\07F0 of Ag . We consider Re(q) as an analytic function on neigh(xoﬁpo, o).
Assume that

(1.13) thi§ fu.ncti(.)n has Fy as critical value and.the corresponding critical
point is unique, non-degenerate and of signature 0.
Then /N\O,Fn is an co-shaped curve, and (g) is an analytic function in a neighborhood
of that curve (which is the level-curve of Re(g) corresponding to Fy).
In the following, we may assume that Fy = 0 for simplicity. In Section 2 we shall
construct an e-dependent canonical transformation x. which is an e-perturbation of
a real canonical transformation kg, with

Ke, ko neigh({T = 0}, (T*SI)ET) X neigh(KO,O,Cig) — neigh(Ag o, T*MC),
such that p o kg = g(7), (q) 0 ko = {q)(7,x, &) and
(1.14) pe o ke = (1) +ie(g) (7, x,€) + O(),

where the O(e?) is also independent of r. Here Koy C R? is an oo-shaped curve
with the self-crossing at (0, 0) and (0, 0) is the saddle point for the function (x, §) —
Re(q)(0,x, &) with ()(0,x,£) = Fy (= 0).

In the present work it seems quite essential to assume that

(1.15) the subprincipal symbol of P._, vanishes.

(In [14] this assumption was an optional one that permitted to get improved results.)
After further reductions for the lower order symbols, described in Section 2, we get
a microlocal reduction of P, near ¥ to an operator P.(hD;, x, hD,; h) with symbol

2
(1.16) P.(r,x, &h)y=g(r)+ ie(<q>(7',x, &+ 0(e) + i,l—epz(T,x,g) + Bﬁl + .- )

i
h2
=g(m) + ieQ(T,x,f, €, ?;h) .

The operator P, is only microlocally defined near

{t,7,x,6) e T*S' x T*"R; 7 =0, (x,€) € Koo},

but that allows us to define asymptotically its eigenvalues in a rectangle |-, £[ +
ie] %, é[, and they are of the form
So  koh )
(1.17) g(hk—g—T) +iewjp, k€ Z,
where w; i are the eigenvalues near 0 of Q(hk — 25—; - ’ffh, x, hD,, €, h;; h) in the mi-

crolocal space Lé, (R) defined with Floquet conditions along the two loops of Ky ¢ as
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in [14]. Here 8’ = (6,,6,) € R? with 0; = ZS—; + %, k;j € Z,and (S, S1, ;) appear
as action differences when quantizing g, while ko, k;, k, are Maslov indices.

For 7 € neigh(0,R), let R(7) be the real analytic curve formed by the values
of {(q)(7, ). That R(7) is a curve follows from (1.11) and we see that R(7) is of
the form Imw = r(7, Rew), where r is analytic in a neighborhood of 0. Also, let
p2(7) € neigh((0,0), R?) be the critical point of p — (g)(7, p) (with p°(0) = (0, 0)),
and let p.(T) € neigh((0,0), C?) be the critical point of the principal symbol

2

h h?
(08— Q(rxée=) = (@) +0©0+—p(r.xo
€ 1€

of Q(7,x,&, €, h? /s h) appearing in (1.16). Clearly, p.(7) = p2(7) + O(e + h—:). Put
we(T) = (q) (7, p°(7)) and introduce the exceptional boxes
(1.18)

2 B
B(r) = {W; | Re(w—w"(7)| < Co(e+h—), | Imw—r(7,Rew)| < M},
€ |ln(e+h?)|

for some fixed sufficiently large Cy > 0.

Theorem 1.1 We make the assumptions above and especially (1.7), (1.9), (1.11),
(1.12), (1.13), (1.15), and put 7, = hk — zs_;)r — %, k € Z. Assume furthermore
that h* < e < h'/%. For C > 0 sufficiently large, the eigenvalues of P, in |-, L[ +
ie]Fy — é,Fo + CLO[ are of the form (1.17), where the following can be said about the

Wj,k-'

* The number of wj in B(7y) isO(%+%)|ln(e+h—z)|.

o Ifwjx & B(m), then | Re(w; — wl(7i))| > Cole + %), with Cy as in (1.18).

* There is a bijection by between the set of these w; outside B(7y) and the union of
three sets of points away from B(7x): Eext = Ee» Eleftint = Eii» Erightine = Eri such that

—| Re(w—w2(r))] h
— oo)

bk(W)—W:O(e |In| Re(w — w(mp))]|

* Here E, is a subset of {Re(w — w%(73)) < —Co(e + h—:)} and Ey;, E,; are subsets of

{Re(w — w(1)) > Cole + %)} (or vice versa, but we only stick to the first option
for simplicity) that can be described by Bohr—Sommerfeld conditions

(1.19) b@(w,e,h—:,n;h) :27r(j+%)h, i€z, ©=eliri

where
h? > h?
bo (e, = mish) ~ 3 Byw e, —, m )i,
€ — €
in the space of bounded functions of w, €, h* /e, T, that are smooth near (0,0,0) in

(€, h? /€, T) and holomorphic in w for

2
| Im(w — w (7))| < &|Re(w — we(7))], £ Re(w — we(7i)) > Co (6 + h?) :
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with a “—” when © = eand “+” for © = li, ri.
o Further, b is holomorphic in a full neighborhood of w = w(7),

6 =0(w—w(|'"™), v>2,

and
2

h
bg(W76a?7Tk) _zﬂln(_ﬂ)a bli _Mln/j/a bri —/,[,ll'l/,&

are holomorphic in a neighborhood of w = w.(1). Here p is a renormalized spec-
tral parameter defined by w = K. j2/(Tx, s h), with K given in Propositions 6.2,
6.1. Finally bY, can be described as actions along suitable cycles in the complexified
cotangent space, see Section 10.

Inside the exceptional boxes the eigenvalues w; ; (for each fixed k) continue to ac-
cumulate to roughly at most five curves where three of the curves are the extensions
of the curves carrying the E,, Ej;, E,; (defined by replacing 27hj (1.19) by a continu-
ous real parameter) and one of the new curves, which exists under certain conditions,
can be related to barrier top resonances in dimension 1. There are at most two and at
least one point (if we exclude degenerate cases) where three of the curves terminate
and form a “Y”. Away from those points we may have crossings of two of the curves
(like, for instance, the ones carrying Ej; and E,;). Away from the Y points and with
some margin, the distribution of eigenvalues can be described by Bohr—Sommerfeld
rules as in the theorem, and near the Y points as well as elsewhere, we can get quite
detailed estimates for the distribution of eigenvalues. Indeed, the eigenvalues can be
identified with zeros of quite explicitly given holomorphic functions which in most
regions appear as the sum of four exponential functions, and for such functions it
is possible to study the distribution of zeros quite in detail. (See Davies [7] for in-
spiring results in this direction and Hager [11] for quite elaborated results obtained
in parallel with the present work.) The appearance of Y-shaped eigenvalue distribu-
tions for non-selfadjoint operators in one dimension seems to be quite well known
and we refer to Shkalikov [24], Redparth [22] and further references given there, as
well as to the recent works by L. Nedelec [19] and E. Servat and A. Tovbis [23]. The
Y-shaped eigenvalue distribution is also readily observed numerically; see Figure 1-3
illustrating the main result of this work.

Unfortunately it turned out to be exceedingly difficult to give a concise and precise
description of what happens inside the exceptional boxes in the form of a theorem
in less than several pages, so instead we refer the reader to Sections 8—10 where this
description can be found.

In Section 13 we apply our results to the study of barrier top resonances for po-
tentials of the form —x% + O(x*), R* 3 x — 0. In Section 12, we make a remark
that permits improving the domain of validity in the direction of small resonances.
This gives an improvement also in the applications to barrier tops in [14, 15] and
allows us in the present work to treat resonances E with h'=% < |E| < h'/? for
every fixed § > 0, while a direct application of Theorem 1.1 would only give the
range h*/> < |E| < h'/3. (In this special situation one can say that the lower bound
€ > h?, can be replaced by € > h™ for every fixed Ny > 0.)
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Figure 1: Numerical computation of the eigenvalues of the operator P, = hD, + ieQ(x, hDx),
t € S, x € R, where Q(x, hDy) is the one-dimensional double well Schrédinger operator
perturbed by a complex even potential, Q(x, hDy) = (hDy)* — x* + x* + iex?, € = 0.8. We take
h = 0.001 and € = 0.02 so that the assumption h* < € < h'/? is satisfied. When computing

the eigenvalues of Q(x, hD,), following [32], we discretized the operator using the Chebyshev
spectral method.

When starting this project, we underestimated the amount of ingredients needed,
and in order to keep the work within a reasonable size, we decided to exclude from the
paper the very interesting case when there is more than one saddle point on the same
connected component of (Re{q))~1(F,) at real energy 0. The most important case
here is probably the one with 2 saddle points arising because of an anti-symplectic
involution (typically (x,£) — (x, —&) in the Schrodinger case). We hope to take
up at least the two saddle point case in a future work (having settled essentially all
heavy technicalities in the present work). We might then also include the interesting
case when (1.12) breaks down at isolated points, leading to orbifolds. See Colin de
Verdiere—Va Ngoc [4] in the selfadjoint case.

We also ran into a somewhat unexpected difficulty. Indeed, for the 1-dimensional
operators Q, we cannot exclude a pseudospectral phenomenon leading to an expo-
nential growth of the resolvent norm in important regions near the spectrum of these
operators (cf. [8,9]). This makes it very important to keep the errors in the reduc-
tion to the operator 135 in (1.16) exponentially small, so that the accumulated error
in the global resolvent constructions remains controlled. In [14, 15] we avoided that
problem by working in naturally adapted norms where the pseudospectral problems
disappeared, but that does not seem equally easy to do here. This refined reduction
is carried out in Section 3 using quasi-norms from the theory of analytic pseudo-
differential operators originally due to Boutet de Monvel-Krée [2], in the simplified
variant of [26]. The price to pay is the apparent necessity to impose the condition
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Figure 2: Numerical computation of the eigenvalues of the operator P. = hD; + Q(x, hDx),
t € S, x € R, where Q(x, hDy) is the one-dimensional double well Schrodinger operator
perturbed by a complex odd potential, Q(x, hDy) = (hDy)* — x* + x* + iéx’, € = 0.8, in the
case when & = 0.001, € = 0.02.

(1.15) and the upper bound € < h'/2, that should be compared to the bound ¢ < K’
for every fixed § > 01in [14, 15] or even € < 1 in [29, 30].

2 Reduction to a One-Dimensional Pseudodifferential Operator

Let Hy C p~'(0) be a hypersurface which is transversal to the H,-directions and
such that Hy can be identified with neigh(f\o’o, 3o). We can then identify /N\o,o with a
curve I—NIO,O in Hy.

Let f = g~ ! o p, where g is the unique increasing analytic function with g(0) = 0
such that the Hy-flow is 2 periodic with 27 as its minimal period on Ag .

Let a: neigh(Kgo, R?) — neigh(I?IO,O7 Hj) be a real-analytic canonical transfor-
mation, where Ky is an co-shaped curve, as in the introduction. The existence of
such a map with a suitable Kj o follows from [6, Theorem 5] (see also [25]), according
to which if £, and €2, are two compact real-analytic symplectic manifolds of dimen-
sion 2, possibly with boundary, which have the same area and such that there exists
an orientation preserving analytic diffeomorphism between them, then €2, can be
mapped onto {2, by an analytic canonical transformation.

We extend « to a canonical transformation

#: neigh({r = 0}, T*S");.;) x neigh(Ko,, Rif) — neigh(Ago, T"M),

with f o k = 7 in the following way: extend Hj to an analytic hypersurface H in the
full phase space which intersects p~!(0) transversally along Hy. Let t be the grad-
periodic function defined near Ao which solves H f?: 1, with# = 0 on H. Because
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Figure 3: Numerical computation of the eigenvalues of the operator P. = hD; + Q(x, hDx),
te S, x eR, Q(x,hDy) = (hDy)* — x* + x* + ic (x2 + 6x), in the case when h = 0.001,
€ = 0.02,¢ = 0.8 and 0 = 0.12. Here J is chosen so that the perturbation x* + dx is of
the same sign in both of the potential wells of the selfadjoint part of Q(x, hDx), although of

different orders of magnitude.

of the 27-periodicity of the H-flow, we see that  is well defined up to an integer
multiple of 27r. Using that H; and Hr commute, we notice that if p is a point close to
Ao 0, then we can write p = exp(tHy + 7H;)(po), po € Hy, where 7 € R is small and

t € Ris well defined modulo a multiple of 27.
Put k(t, 75 x, &) = exp(tHy + THy)(cu(x, ). Then & has the desired properties.

As in [15, §2], we introduce the triple S = (Sy,S1,S;) € R> of action differ-
ences, with Sy corresponding to a closed H,-orbit C p~'(0), and Sy, S, correspond-

ing to the left- and right-closed orbits of the co-shaped set ﬁo,o. Let 6 = (6, 61, 6,),
0; = S;/(2mh) + kj/4, where k; € Z is a suitable Maslov index. Let L3(S' x R)

be the space of microlocally defined functions u(t, x) in neigh({7 = 0}, (T*S'), ;) x
neigh(Ko o, R?) that are multivalued but 6-Floquet periodic as in [14, §6] (orasin [18,
§3]. Let U: L3(S! x R) — L*(M) be a microlocally defined unitary Fourier integral

operator as in the cited works.

Repeating the argument in the beginning of [14, §3], we will assume from now on
that the leading perturbation g in (1.10) has already been averaged along the H,-flow
so that the leading symbol of P, becomes

(2.1) pe=p+ielq) + O(e?).

The operator P, := U~ 'P,U, has the principal symbol

Eﬁ = g(T) + i€<q>(7—7x7£) + O(Ez)~
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At this stage, we get a complete analogue to the situation in [14, §3]. There
[14, Proposition 3.2] extends, and we get a reduction of P, to an operator 135 =
ﬁf(th, x, hDy; h), also acting on L, with a complete symbol independent of ¢, and
the principal symbol still of the form

(2.2) pe = g(7) +ie(g)(1,x,6) + O(e?),

now completely independent of t.
As in [14, §5], we use Fourier series expansions in the ¢-variable and get a reduc-
tion of (2.2) to the family of operators:

(2.3) ﬁg(h(k—%) —j—;,x,th;h), kez,

where ko € Z is a fixed Maslov index and it is understood that we only consider such
values of k for which the first argument (7) in P, is small.

(i) In the general case, without any assumption on the subprincipal symbol of
P._y, we write the full symbol of P, as

(2.4)  P.(1,x,&h)
h h
= g(T) + €[i<01>(7'7x7§) + O(E) + Zpl(Taxa 5) + hEPZ(Taxag) +- ] )

and consider /i /¢ as an additional small parameter.

(ii) When the subprincipal symbol of P._, vanishes, we have the same fact for 136
by the improved Egorov property of U; see [14, §2]. Thus (p1)c=o = 0 and we
can write

h ~
zpl(Ta X, 57 6) = hpl(T7 X, §7 6)'
Instead of (2.4), we get

2

(2.5) Pu(7,x,&h) = g(T)+e[i<q)(T,x,§)+O(e)+h?p2(7,x,§)+h§1+h2ﬁ2+. -],

depending on the small parameters ¢, h? /e.
Summing up the discussion so far, we have the following.

Proposition 2.1 Let P, be as above satisfying the assumptions (1.1), (1.2), (1.3), (1.4),
(1.5), (1.6), (1.7), (1.8), (1.9), (1.11), (1.12), (1.13). Also assume that 0 < ¢ < h’
for some fixed 6 > 0. Then there exist Go(x, &) holomorphic in some fixed neigh-
borhood of p~1(0), an elliptic Fourier integral operator U of order 0, with the as-
sociated canonical transformation k as above, and an h-pseudodifferential operator
A = A(t,hDy, x,hDy; h) of order 0 with principal symbol O(e?), such that the oper-
ator
(2.6) D, = iU e iCpeiCUe it = Ad g, e P
has a symbol 1/)\5(7', x, &, & h) independent of t, modulo O(h*°). Here G = Gy (x, hDy).
In the general case, we have (2.4), provided that h < € < W, and when the subprin-
cipal symbol of P, vanishes, we have (2.5) provided that h> < ¢ < I°.
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In this proposition all symbols and phase functions are holomorphic in fixed
h, e-independent domains. The weight Gy in (2.6) is used to get a first reduction
of the principal symbol to the form (2.1); see also (8.23) in Section 8.

3 Exponential Decoupling

Since some solution operators to the localized 1-dimensional problems later on will
have some exponential growth, the decoupling result of Section 2 has to be sharpened
in the sense that we get some exponential smallness control over the remainders.

First we need to recall some notions about classical analytic symbols and their
associated quasi-norms. That was introduced in the pioneering work by L. Boutet
de Monvel and P. Krée [2], but here we shall use the simplified quasi-norms of [26,
Chapter 1]. If Q2 C Ci”é is open, a classical analytic symbol of order 0 is given by the
formal asymptotic expansion,

alx, &h) ~ Y Hax,©),
k=0

where a; are holomorphic in €2 and satisfy the growth condition,
VK € Q, 3C = Cx > 0; |ax(x, &) < CHKF) (x,€) € K.

To such an a, we associate the formal differential operator of infinite order,

(3.1) A(x, &, Dys h) = a(x,§ + hDy; h) ~ Z W Ak(x, €, D),
k=0

where

1
Ac= D —Oa(x D],

l+]a]=k

Let 2, € , ty <t < t; be an increasing family of open subsets with #, < ¢, such
that disto (2, 9Q;) >t — s, forty < s < t < t;, with the distance associated with
the £°°-norm. Let f;(A;) > 0 be the smallest constant such that

sl < fian (1)

S

where || - || is the operator norm from the space of bounded holomorphic functions
on {2, to the same space on {2;. Then

llall, = o fi(A))
0

is finite for p > 0 small enough, and conversely, the finiteness of ||a]||, for some fixed
p > 0 implies that a = A(1) is a classical analytic symbol on €);,. If a, b are classical
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analytic symbols on €2 and we let a(x, hD; h) and b(x, hD; h) denote the associated
h-pseudodifferential operators for the classical quantization, then the composition
of these two operators has the symbol

a#th ~ th > —a5 a(x, & h)DCb(x, & h).
k=0 |o|=k ol

Using that the differential operators A, B compose correspondingly, it was shown
very simply in [26, Chapter 1] that

(3.2) lla#bll, < llalll,lloll,,

implying that the composed symbol is also a classical analytic symbol.

If we prefer to work with the Weyl quantization, then the same result and proof
as in [26] remain valid, provided that we modify the choice of the associated infinite
order differential operator to

hk

63 A& Dghn— Y ((LoDueD,) ate & hutym) -
k=0 i
so that A(x, &, Dyees h) = a(x — hDg,ﬁ + th, h).

In the followmg, we will consider symbols depending on additional parameters;

(3.4) a(x, & e, ish) =Y Hap(x, & e h),

including h (which is then viewed as an independent parameter) and consequently
the admissible values of p will depend on these parameters. When defining ||al||, in
the case when h is among the additional parameters, we have in mind some specific
representation of the form (3.4). To have p tending to 0 as some power of h, and that
is what we will encounter, means roughly that we consider Gevrey symbols.

Proposition 3.1 Let {(x,&) be affine and real and let a(x, &; h) be an analytic symbol
of order 0. Then

[[£Cx, kD), alx, hD; W]|ll, < 29[ VE]| oo llall,-

Here and in the following we shall consider [/, a] as an h-pseudodifferential oper-
ator of order 0.
Proof The symbol of [¢(x, hD), a(x, hD; h)] is equal to %{E, a} = %V(vag)a, where
v = Hy is the Hamilton field of £. With a we associate the infinite order differential
operator A(x, £, Dy; h) as in (3.1). Similarly, we have

o0 o0

[€(x, hD), a(x, hD; )] < > h/Bj(x,&, D) = ?Z HCy,

j=1 k=0
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with C; = v(0x¢)(Ay) in the sense that v acts as a differential operator on the coeffi-
cients of Ay. Thus, B; = %Cj_l = %V(axﬁg)(Aj_l )- We can also express this as

1,0
(35) B] = ;(5) rZOTfrqujfl O Try,
where 7, denotes translation in the complex domain by the vector rv and r may be
complex.
Assume for simplicity that |v| = ||V]|e < 1. Then for (x,&) € Qs ty < s+|r| <
t < t, — |r| and for u holomorphic in a larger domain, we get

|(’7—7ru OAjfl o Trl/u)(xa f)\ - ‘(Ajfl’rruu)((xa g) + TI/)‘

< fj—1~(Aj—1)(j - 1)i~!
(t— (s+|r]))i—?

(j—1! u
= G+ [yt ol

t+|r|

sup |7, 1
fon
< fisi(Aj-)

Forty <s <t <t,chooset =t —|r,2|r] <t—s:

(-1t

|T—ru OAj—l OTruu(X7£)| < fj—l(Aj—l)W

sup |ul.
Q,

In other words,

fi—1(A;-)(j — 1)i-1
(t —s—2|r])/!

||T”,OA]',1 OTrVHs,t < s

and from the Cauchy inequality and (3.5), we get

fict(Ai_DG— D770 2fi (Aim) (G- 1)t

I1Bjllss < L 0<25<t—s.

T d-s—20070 T (- 21— A)i-
Here we choose § so that § := f—i minimizes W. We find
o—1 L (R
itosa=mt G-t
Hence, fiul )
2 i—1 A'_1 :
Al < 2T I G
HB]HSJ— (t_s)] J )
SO

fi(Bj) < 2fj_1(Aj—1), and [|B]|, < Zij—l(Aj—l)Pj =2p[|All,. =
i1

https://doi.org/10.4153/CJM-2008-028-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-028-3

Non-Selfadjoint Perturbations of Selfadjoint Operators in Two Dimensions 585

In the following, we allow a finite number of families () </<y, 2 € Q, v =
1,...,N as above. If |||’ denotes the p-quasi-norm, defined with the help of the
v-th family, we define

(3.6) lall, = > llalll;-

Here it is understood that if a is parameter dependent with h among the parameters,
then we use the same representation (3.4) when defining each of the quasi-norms
[lalll};- Notice that we still have (3.2).

Proposition 3.2 Let g(x,&; h) be a classical analytic symbol of order 0, defined in a
finite union D = Ule D, of polydiscs with Q € D, and let g(x, hD; h) be the corre-
sponding h-pseudodifferential operator. Let || - |||, be a quasi-norm of the form (3.6)
with the corresponding family 3 € D,,. Then for p small enough, we have

llg(x, hD; h), a(x, kD; W[, < C(g)pllall,-

Proof Write g = go(x, &)+hg1(x, & h), where g is a classical analytic symbol of order
0. We notice that ||hg: |||, < Cpll|lg1]ll,» (where hg is viewed as a symbol of order 0),
so on the operator level, we have

gy, allll, < 2RI, llall, < 2Cpllgl,llall,-

Hence it only remains to treat the contribution to the commutator from gy(x, hD).
We may assume we work in a polydisc centered at (0,0) with the radii 11,12, ...,y
Sly-.-,5y. Then,

D)= > g'xe’,

o, BEN"

where > |go N |r*s? < 0o. Now choose the classical quantization for simplicity. On
the operator level,

(3.7) (¢, hD) =Y g5 ’x*(hD)’,

where the sum converges in the space of analytic symbols, since ||x;][, < rj and
[IhDx; [, < sj + p =: 5, and we can allow some shrinking in r;, s; and choose p > 0
small enough.

Using that [||[x;, al|[,,, [ [#Dx;, allll, < 2pl|all,, in view of Proposition 3.1, we see
that

Il (D) allll, < (arr* ™95 + apr® @5 + - 4 T s?
4GP 4k G P ) 2pall,
which can be written more briefly as

Il (hDx)”, alllly < (Bry + -+ 8, + 85 + -+ 05)(1°5)2p]al -

n
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Hence

ligoCe D), ally < [@r + -+ + 0, + 05+ + 0 (D 185715 ) | 201l
5]
|

Remark The proposition remains valid for the Weyl quantization. Indeed, only
(3.7) has to be modified, by adding a term hg, (x, hD; h) to the right-hand side, where
g1 is an analytic symbol of order 0.

Returning to the considerations of Section 2, let us consider the analytic symbol,
P=g(7) +eq(r,x,) + hr(t,7,x,§, 6 h) = g(7) + e,

defined in neigh(t € S',7 = 0; ((S! + iR) x C) x ), where Q C Cfc‘5 is open. Here
we assume either that r is a classical analytic symbol of order 0 or simply that r has an
asymptotic expansion in integral powers of 4 in the space of holomorphic functions.
We have already seen in Section 2 that after a finite number of conjugations, we may
assume that r is independent of  modulo O(hY). We also assume that g’ # 0.

In the general case, we have g = O(1 + %), and when the subprincipal symbol of
P._y vanishes, we have hr = O(h* + eh + €2), § = O(1 + h*/e + h + €). In the two
cases, we shall assume respectively that

(3.8) he<h,

(3.9) W<e<h,

for some ¢ > 0. Then in both cases, we have g = O(1).

We shall see how to eliminate the t-dependence by conjugation with a pseudo-
differential operator up to an exponentially decaying error. The problem can be at-
tacked directly, but it seems that we get better remainder estimates if we first reduce
ourselves to the case when

(3.10) glr)y=r.

This is possible by means of a holomorphic functional calculus. Indeed, let f =
¢! be the inverse of the map g. It is easy to see that f(P) is well defined in the
sense of formal analytic h-pseudodifferential operators or equivalently in the sense
of composition of classical analytic symbols. (When r is merely assumed to have an
asymptotic expansion in powers of h, we consider those hs as additional parameters.)
We also see that f(P) as a symbol has the same properties as P above, but now with
g given by (3.10). It will also be easy to return to the original P, for if Ady P =
e*Pe~4, then at least formally, Ads f(P) = f(Ads P), and to say that a symbol is
independent of ¢ is equivalent to saying that the corresponding operator commutes
with translations in ¢ and this latter property is stable under taking holomorphic
functions of the operator. Until further notice g will be given by (3.10).

https://doi.org/10.4153/CJM-2008-028-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-028-3

Non-Selfadjoint Perturbations of Selfadjoint Operators in Two Dimensions 587

Using Proposition 3.2, we get

GA)  [PAT=hi{g, A}tx Do) +R(A),  R(A) = lg, Al
where

(3.12) IR, < C@epliAl,-

assuming that the ||| - || ,-quasi-norm is chosen as in Proposition 3.2.

Consider the map
(3.13) A— Ady(P) = 'Pe ™,

where [[|Al]|, is supposed to be small. At least formally,

(3.14) Ad,(P) = &4 (P).
We expand
(3.15) Ads(P) =" %(adA)k(P),

0
and get the expression for the differential

0A — adss(P) + ) % > (ady)” adsa(ads )" (P).

k=2 " vtp=k—1
v,u>0

An application of Proposition 3.2 shows that the p quasi-norm of the last term can
be estimated by

c<P)pZ > <2|HA|\|,))”+“|H6A|\|,)—C(P)p(Z Gy Al HIsAlL

k=2 'V+uk1

= C(P)p(IAlle — 1)[[|A]] -

So, if we assume some fixed upper bound on [||A]|| ,, we can represent the differential
of (3.13) as

A — adsa(P) + K(A,54), [|K(A,A)|, < CP)pl|AllII0A]l,,

and combining this with (3.11) and (3.12), we get the expression for the differential:

h _ h _
16 0A — —={g,0A} + K(A,04) = —=g'(1)O,0A + K(A, 54),
3.16

IR (A, 64)l, < ColllAll, +ISANl,-
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Consider the linear problem % g'(1)0;A = B — (B), where Bis a classical analytic
symbol of order 0 and

1 2
<B>(T,X, €>h) = 5 / B(t77—axa €>h) dt
2w Jo
It has the solution
271'
A=LB)=L(B-(B), LB = ( ) / —— = B(t 5, T,x,€)ds.
T
Clearly (with a convenient choice of the families €2;),

LB, < ColllB — (B)l, < ColllBlll,-

Choose
h
(3.17) p< s

We look for A of the form Zgo Aj such that Ad4(P) is independent of t. We shall do
the construction by successive approximations in a such a way that uniformly during
all the steps, ||A[ll, < O(1), p|l|All, < h, and hence

(3.18) IIK(A, 5A)||, < ho|||5A]|,, where § < 1.

To start with, we may assume that r — (r) = O(h?) in the sense of ordinary symbols.
Choose Ay = L(r), [[[Aolll, < Colllr — (r)|, = O(h?). Then, using (3.16) and (3.18),

Ady,(P) = P — hr+ h(r) + hry,

where P — hr + h(r) is independent of t and |[|r ||, < 0|||r — (r)]l|,.-
PutA; = L(n), [|Ai]l, < Cob||lr — (r)||,- Then

Adpgia, (P) = Ady,(P) — h(ry — (r1)) + hry = g+ eq + h{r) + h{r)) + hr,

lr2llo < Olliralll, < 6%llr = Pl

Since § < 1, the procedure will converge geometrically and we get a formal solution
Awith [[Afl, < Cillr = () ll,-

By construction [[|Af], = O(h?) for 0 < p < min(1,h/e) and we have defined
Ad4(P) by (3.15). We define ¢4 as a formal analytic symbol of order 0, by
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so that |||, < ell4llo, 9,e'4 = AeA = €A A, €% = 1 in the space of formal symbols.
Similarly, we see that
>, tkad®

k!

F, = Adyy = ¢4 =

satisfies O,F; = ad4 oF;, Fy = id. We then verify (3.14) simply by noticing that
B: (e Pe™) = ad (e Pe™ ).

Notice that from the fact that
IAll, = O, A= hA, a, =A4,),
0

we infer that locally |a,| < f£,(A,)(Cv)”, with Y £,(A,)p” < O(h?*). Hence |a,| <
Coh*(Cv/p), so
h\ v
Ha,| < ColCy (%)
p
so A is an analytic symbol with h replaced by h/p and can be realized with an un-
certainty O(h2)e~ /(€M) = O(h?)e=+/(CM; see [26, Chapter 1]. Taking p as large as
possible respecting (3.17), and recalling that we also assume that p is bounded, we
get the uncertainty

(3.19) O(h2)e M/Cleth),

This discussion can also be applied with A replaced by . Let B be such a realiza-
tion of e*. Then we can view A as an analytic symbol of order 0 by declaring that 4 is
an independent parameter. Let B~! be a parametrix, so that B#B~! = 1+ (e~ /(M)
if we also denote by B~! a realization. From the construction, it follows that BoPoB™!
has a symbol which is t-independent up to an error of the size (3.19). With this in
mind, we can state the following.

Proposition 3.3 We can construct A in Proposition 2.1, such that the symbol P, there
is independent of t up to an error which is O(1) exp(—1/C(e+h)). Here we assume (3.8)
in the general case and (3.9) in the case when the subprincipal symbol of P._ vanishes.

We end this section with a heuristic discussion explaining why we eventually will
assume that the subprincipal symbol of P._ is zero. After decoupling by eliminating
the t-dependence as above, we get a family of 1-dimensional operators (2.3) which
we consider at the branching level. If we first consider the general case without any
assumptions on the subprincipal symbol, we can expect to have an estimate on the
inverse of these operators or on the associated Grushin problems roughly of the order

€ hje e 1
ew(C(5 7)) mew(c(5+2)):
In order to combine everything, we would like this quantity times (3.19) to be < 1.
This is clearly not the case.

https://doi.org/10.4153/CJM-2008-028-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-028-3

590 M. Hitrik and J. Sjostrand

In the case when the subprincipal symbol of P._, vanishes we expect to improve
the estimate on the 1-dimensional resolvents or inverses of Grushin problems to

roughly
(e + 1)) =en(c(5 7)),

This leads to the condition L .
€
- —,
h € e+h

which simplifies to the condition €2 < h, h* < ¢, which in addition to (3.9) gives
h? < € < h'/2. This is the condition on € stated in Theorem 1.1.

4 Transition Matrix at a Branching Level

In this section and the following one, we study certain model problems. Much of
the material is standard and close, for instance, to [10, 13,21] (see also [3] for the
C®°-case), but our setup is somewhat different, and we need to recollect some of the
basic facts before returning to our operator P..

Consider

(4.1) (%(xDx+Dxx)—a)u:0,

or equivalently the equation

From [21, Proposition 11] we recall that the solutions of (4.1) in D’(R) form a
2-dimensional subspace of 8'(R).

io— L
e Forx > 0, we express u as u;x**~ 2,
io— L

e Forx < 0, we express u as us|x|"*"z,

~, —ja—1L
e For & > 0, we express u(§) as up§ 72,

~ —ia—1
e For & < 0, we express u as uy €| 2.

Here (&) = Fu(§) = \/% J e~ u(x) dx is the Fourier transform and we observe
that (4.1) is equivalent to

1 ~
(E(wf + D) + a) =0
If | Im o] < 1/2, we have two solutions u = U4 of (4.1), given by

ﬁ+(f) = H(g)g—%—ia and U\,(f) _ H(—ﬁ)\£|_%_i“,

where H = 1) 40 is the Heaviside function, and the general solution to (4.1) be-
comes a linear combination, 4 = u, U, +u,U_. We see that U, is the boundary value
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of a holomorphic function in the upper half-plane that we also denote by U, and for
x=1y,y > 0, we get

1 e L 1 1 o
1 - —yl¢e—; i — - ia— 3
U, (iy) = /0 e rsETT e —27TF< 5 za) YT

Thus for real x,

U,(x) = LI‘(l — ia) <x+ii0) ia—%,

which gives

1 1 3Ot xi0 =3 x>0
(4.2) U, (x) = —r(— - ia) xS ’
V2m N2 e I x|, x <0,

Similarly, U_(x) = U_(x — i0), with

. 1 ° —ia—3 1 1 . io—3
U-t=ip) = o= [ et de = =1 (5 —ia) Yty >0

SO
1 1 .
U (x) = —r(— — ia) (i(x — i0))*—
(x) =13
1 1 e"iaTiixa= x50
: L= (i) [l 0
(4.3) U-() Vor \2 ra) X {eiaﬂzx’“%, x < 0.

Now let u be a solution of (4.1), so that

1

. L
u=u H(x)x 7 + usH(—x)|x| 27" = u, Uy + u,U_.

Using (4.2) and (4.3), we get

1 1 ToaiT 1 . _ma_;z
(4-4) u = 71—‘(5 — Z‘Ck)efaﬂzuz + 7]_—‘(5 —iq)e ? 141,[47

V2r

1 . ma s
— —ia)e: Miyy.

Er(z

Here we want to express u,, u; in terms of 3, uy. From (4.4), we get

V2 Ta+il _ ma+is
(4.5) up) _ [ TE=iw® e U3
’ U - ematis \1/27l1' eso—if us )’
T(3+ia)

where we also used the reflection identity,

r(1+iz)r(l—iz)= T
2 2 coshmz
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Recall that I'(z) is meromorphic with simple poles at —k, for k € N, and no other
poles. The reflection identity above can also be written

s

I'ra -z =

sinwz’
and implies that if I'(z) = 0, then 1 — z has to be pole,so 1 —z = —k forsome k € N,
z = k+ 1, which is impossible since we also know that I'(k+1) = k! # 0. Hence I'(z)
has no zeros, and ﬁ is entire. The transition matrix in (4.5) has determinant 1 and
is an entire holomorphic function of a.. The relation (4.5) remains valid therefore for
alla € C.

We next compute the transition matrix analogous to the one in (4.5) in the semi-
classical case, for solutions of

(4.6) (%(thx + hDyx) — u) u=0.

This is, of course, the same equation as (4.1) with & = u/h. We now require

jn_1
{ulx’h 2 x>0,

1

uslx|'i"7 x <0,

1

et >0,
Foue) = 4 i1 ‘
u4|§| b2 §<07

where
_ ! —ixt /h _ 1€
(4.7) Ehu(g)_m/e ¢ u(x)dx—\/ﬁu(h).

A simple computation gives
(4.8)

i
V2mh'h T hyT mh+il
2ntty —e™ T2
w\ _ [Td=iDH¢ € us\ _ [(ax3 axa\ (U3
= o = .
uy eﬂ%+i% V2rh”h e%’h—‘fi% Uy aisz  aig Uy

We summarize the discussion above in the following proposition.

Proposition 4.1 Let u € C be such that [Im p| < h/2. If u € D’(R) is a solution of
(4.6), then u € 8'(R) and there exist uy, U, u3, us € C such that

u=uHEX !+ nd, (HEEE )
= usH(=x) |5 + T (H-6) 6750,
Here 3, is the semiclassical Fourier transform defined in (4.7) and the coefficients u,, u,

can be expressed in terms of us, uy by (4.8). The transition matrix which occurs in (4.8)
is entire holomorphic in (i and has determinant 1.

https://doi.org/10.4153/CJM-2008-028-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-028-3

Non-Selfadjoint Perturbations of Selfadjoint Operators in Two Dimensions 593

We finish this section by the following observation which will be useful in Section
6. The operator Py = %(thx + hD,x) has the principal symbol py(x, ) = x£. For
1€ G |u| < 1, define pj € py'(u) by pr = (1, 1), p2 = (p, 1), p3 = (=1, —p),
ps = (—p, —1). Working in the semiclassical limit, define the microlocal null so-
lutions e; of Py — i, for j = 1,...,4bye = x5~ near p1, e1 = 0 near ps,
Fre, = S_i%_% near p; =~ Kg,p2, €, = 0 near py, ej(x) = ej_»(—x), j = 3,4. Here
Kg, is the map (x, &) — (&, —x) associated with Jj. Then a general null solution of
Py — p can be written either as uye, + uje; or as uses + uyey, where (4.8) holds.

5 Asymptotics of the Transition Matrix
In this section, we shall derive asymptotic formulas for the entries of the transition

matrix (4.8). We shall use the following version of Stirling’s formula [20],

r 1 1
(2) :e_ZZZ_5(1+_+"')7 ‘Z| — 00, |argz| <7m—34,

V2T 12z

for every fixed § > 0. We apply this in two cases.

(5.1)

Case A. We have || /h > 1 and p ¢ a conic neighborhood of the negative imaginary
axis. Then % — i%, —i% avoid a conic neighborhood of R and we can apply (5.1), to
get

(5.2) Lr(l -if) = exp[%‘ —iln=ip + %‘mmo,(%)}.

Here and in what follows In always stands for the principal branch of the logarithm.

Case B. We have |u|/h > 1 and p avoids some conic neighborhood of the positive
imaginary axis. Then we can apply the earlier results with x4 replaced by —u and get

(5.3) \/%F(%+i%) :exp{—%‘n%ln(m)—%‘mma(g)].

If Re 1 > £|Im pu, we combine this with the reflection identity

1 1 Y 1 Y 1 _my© —27 Re pi/h
—I‘(——z—)f‘(—+z—):—:e ntole )
27 \2 h 2 h 2 cosh 7
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and the fact that In(ip) — In(—ip) = i7 in this region, to conclude that

o+(%) +o,(g) — O(e 2 Renlh),

It is straightforward to establish a corresponding estimate in the region Rep <
—&/1Im p|, and we can summarize both cases in

(5.4) o(g) +o,(§) = O(e " Remhy  [Rep| > L|Im pl.

Remark When p is real we have
by _ B _ e2mlul/n
(5.5) Reo+(;) ~Re0_( ;) = 0(e )

In fact, if we first assume that p > h, we get from (5.2) and (5.3):

w_exl){l:_lhlnﬂ+lzlnh_2]1 0_ (Z”,
F(%\/-;%)—e)(p[—ll;'f'lhlnﬂ_lhlnh_% O+(Z>}7

and using that the second quantity is equal to the complex conjugate of the other,
we conclude that (5.5) holds in this case. In the case p < —h, we can use the same
argument. In this case (5.2)and (5.3) give

I(5 —if) n h
—7 exp[zﬁ—z—ln|m+1zlnh+ﬁ+0 (M”,
F(%-‘ri%) I h
o _exp[ —lz—1phln|u|—1—lnh+ﬁ+0+(u)},

and we can again conclude that (5.5) holds.
In any closed sector away from iR_, we can use (4.8) and (5.2) to get

(5.6) a273—exp< ‘<uln(—z,u)—1—ﬂ—u+h—7r+th(‘) (Z)))

In any closed sector away from iR, we can use (4.8), the reflection identity and
(5.3), to get

™ T h H h
(5.7) a3 = 2cosh (T ) ef 41 =m0 ()

Using (5.3) and (4.8), we get for y away from a sector around iR;:

(5.8) a4 = et (—pInGip) =i B 4+p— B +ih O, ()
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In a sector Im pt > —C]| Re p|, we use the reflection identity

Var PG iR,
Tisim 2 cos Wz,
(2 +lh) \4 21
to get
(5.9) a4 = 2cosh< %) eh (i) =i ru— T —ihO - (),

Combining the asymptotic formulae (5.6)—(5.9), we may summarize the discus-
sion in this section in the following proposition.

Proposition 5.1 We have the following tableau for the coefficients of the transition
matrix (4.8), when |u|/h > 1. In all cases:

ForRe > C~ ! Im pf:

i : h - h
+(pln p—irp—p+m 3 +ihO _ (1))
a3 = eh 4 [N

)

i ; hoy: h
Ay = e;(—ulnu—lﬂ'uﬂL—ﬂZﬂh(‘L(;

ForImp > —C| Re pil:
i L T h  ; h
23 eﬁ(uln E—if—p+ 7 JrlhO,(;’))7

; L P i
Ay = ei(—uln%—z%ilmﬁu—%—th(‘),(;)).

ForRe pp < —C~ 1| Im pul:

i wh h
r3 = e;(uln(—u)—wTJrlh(L(;))7

14 = eh (CHIn(=pr=Frih0 (1)

ForIm p < C|Re pl:
F (G =i it 5 —ih0. ()
)

a3 =€

a4 = e%(—uln(iu)—i%ﬂL—”Th+ih0+(ﬁ)).

Here the terms with Limp in the exponents indicate that we should take the sum of the
two possible terms with the same remainders O, or O_ in the exponent for each of the
two terms.
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6 The One-Dimensional Spectral Problem

We now return to Proposition 2.1, which shows (when combined with the exponen-
tial remainder estimates of Section 3) that the study of P, near Ay (considered in a
suitable weighted space) can be reduced by conjugation to that of P, acting on the
space L3(S' x R) of functions defined microlocally in some fixed neighborhood of
T=0,(x,8& € Koo C R%in T*S' x T*R, witha 6 = (6,, 0,, 6,) Floquet periodicity
condition. Here Kj ¢ is an co-shaped curve as in the introduction, and 6 was defined
in the beginning of Section 2. In order to fix the ideas, we assume that we are in the
case when the subprincipal symbol of P._, vanishes, so that the symbol of P.is given
by (2.5), and we are then in the parameter range h> < € < h’. At least formally,
the study of P, can be reduced to a family of 1-dimensional problems by a Fourier
series expansion in the t-variable and (as noted in (2.3)) we get the 1-dimensional
operators

(6.1) P.(h(k — 60),x,hD3h), k€ Z,

where 0y = Sy/(27h) +ko /4, and we restrict the range of k by requiring that h(k— 6,)
be small. The operators (6.1) should be considered as acting on the microlocal space
L?,(R) defined similarly to L3(S' x R), with 8’ = (6;,6,). Using (2.5), we see that
(6.1) becomes

2

o(7) + ieQ(T,x, hD,, €, h—;h) = h(k—0y),
€

where
2 2

Q(’T,X,f,ﬁ h?Jh> ~ QO(Taxagvea h?) + th + h2Q2 +--

is holomorphic with respect to (7, x, ) in a fixed complex neighborhood of {0} x Ky ¢
and depends smoothly on the other parameters. We further notice that

QO(Tv X, 57 Oa O) = <Q> (T’ X, 6)

is equal to the trajectory average of g, expressed in suitable real symplectic coordi-
nates, and we know by construction that (q)(0, x,£) = 0 on Ky 0.

We also recall the assumptions (1.11) and (1.13), which say that
(6.2) (@)(7,x,8) = f(7,Re(q)(7,x,§)), Ref(r,r)=r f(0,0) =0,

Re(q) (x.6).(xe)(0, 0, 0) is non-degenerate of signature 0.

Here we assume for simplicity that (0,0) € Ky is the branching point.

In the following we shall discuss the spectrum of the 1-dimensional operator

2

(6.3) Q=0Q,= Q(T,x, th,e,h?;h).

Since this operator is only defined microlocally and up to an error O(e_ﬁ) , we
must keep in mind that for the moment the eigenvalues will be defined only formally
and up to errors of at least the same size.
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A First Localization of the Spectrum

Assume first that (q) is real-valued. Then from the sharp Garding inequality, we see
that the spectrum of the operator (6.3) in the band | Rez| < 1/0(1) is contained in

2
(6.4) {zeC;|Rez|<1/0(1),|Imz\SO(I)(h+e+h?)}.

Under the more general assumption (6.2), we see that (6.4) can be applied to
¢(1,Q;), where g(7, -) = f~l(r, ). So in the general case, we see that the spec-
trum of the operator (6.3) in the band | Rez| < 1/0(1) is contained in

2
(6.5) X, := {ze GC;|Rez| < 1/0(1), |z — f(7,Rez)| < O(l)(h+e+ h?) }

We also have

||(QT—z)_1H§diO(1) for | Rez| < 1/0(1), z¢,.

st(z, %)’

Normal Forms near the Branching Points

Let Qy = Qo(7,x,&, €, @) be the principal symbol of Q. Following [14] (and [13,
Appendix B]), we get the following adaptation of [14, Proposition 5.3].

Proposition 6.1 We can find a canonical transformation: (x,&) > Ky pe/e(x,§)
depending analytically on T and smoothly on €, h* /¢ with values in the holomorphic
canonical transformations: neigh((0,0),C?) — neigh((0,0),C?), and an analytic
function k. j2/c(, q) depending smoothly on €, h* /¢, such that

Fr e )e(0,0) = (x(7, ¢, 1% /€), (T, €, i [€))

is the unique critical point close to (0,0) of (x, &) — Qo(T,x, &, €, h*/€) and with

QO(Ta KT,e,hz/e(xa 5)7 €, hz/e) = ke,hz/e(Ta xg)

Moreover, k. is real when T is real and

7]
a—q Re kg.’hz/((T, 0) > 0.

After a conjugation by an elliptic Fourier integral operator associated to the
canonical transformation k. 2/ we may assume that the leading symbol of Q,

QO - QO(T; X, ga €, hz/g)

is a function of 7, €, h?/e and x£. We can get a complete normal form by making
further conjugations by analytic pseudodifferential operators of order 0 in such a
way that the complete symbol also becomes a function of 7, €, h* /¢ and x£. This is
carried out in Appendix A. We get the following result which is very close to one of
the main results of [13, Appendix B].
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Proposition 6.2 We can quantize k. . 2 /. by an elliptic Fourier integral operator U =
U; 2/ with an analytic symbol, depending holomorphically on T and smoothly on
€, h? /¢, such that

(6.6)  U™'QU = K je/e(1,I;h) + O(e™ ), I = Py = L (x 0 hD, + hD, 0 x),

where K 12 (T, 13 h) is a classical analytic symbol of order 0 depending holomorphically
on T and smoothly on €, h* /e. The leading part of K is k. 2 (T, 1) appearing in Propo-
sition 6.1.

The Quantization Condition

We start with a side remark about normalization. When P(x, hD,) is a selfadjoint 1-
dimensional h-pseudodifferential operator of principal type, and z € R, then we can
normalize microlocally defined solutions of (P — z)u = 0, z € R, by imposing that
(i/h[P, x]u|u) = 1. Here x = x(x, £) is defined near a piece of the real characteristics
and has the property that V is of compact support near the characteristics of P — z
and x increases from 0 to 1 when we progress in the Hamilton flow direction. (See
[13, (4.28)].) Itis easy to check that if we view u as a solution of (f(P) — f(2))u =0,
then we get the corresponding normalization

(%[f(P), X]u|u) = g(z, z)(%[R x]ulu) = g(z,2),

where f(P) — f(z) = (P — z)g(P, z). If we drop the requirement that P be selfadjoint
or just let z become complex, there is no obvious normalization of null-solutions of
P—2z, but we still have a well-defined sesqui-linear form on N(P—z) x N(P* —Z), given
by (i/h[P, x]u|v). If we have some additional information allowing us to identify the
two null-spaces, then this can still be used to normalize null-solutions of P —z. In the
following we abandon the attempt to normalize completely the null-solutions, since
already the operator Q._g 42/~ is not necessarily selfadjoint.

By Proposition 6.2 we have an analytic symbol f(-;h) depending analytically on
7 and smoothly on €, h* /¢, such that

(6.7) U~ f(Qh)U = Py.
Notice that if u is a null-solution of Py — y in a full

neighborhood of (0,0), then (Q — z)Uu = 0 near (0, 0), where the spectral pa-
rameters are related by

(6.8) flzh) = p.

Recall from the end of Section 4 that Py — u has the four characteristic points p;,
j = 1,2,3,4 and that this operator has the microlocal null solutions ¢; described
after Proposition 4.1. When  is real, we check that e; is normalized near p;. If v is

https://doi.org/10.4153/CJM-2008-028-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-028-3

Non-Selfadjoint Perturbations of Selfadjoint Operators in Two Dimensions 599

a global null-solution of Py — p, with v = v;e; near p;, then by Proposition 4.1 we
have:

(6.9) (Vz) _ (ﬂz,s 612,4) (Va) _
V1 ays dia V4

Assume for simplicity sake that k = k. 2/, is defined in a suitable domain, con-
taining p;, j = 1,...,4. Let o = k(pj), f; = Ue;. Then if u is a null-solution of
Q — z near the branching point x((0, 0)), equal to v; f; near «;, then (6.9) still holds.
We may wish to renormalize the f; by putting

(6.10) fi = eifig;.

Then a straightforward calculation shows that if # is a null-solution of Q — z near the
branching point, and u = u;g; near o, then

25} 03 €4 us —i(di—dy)
6.11 = ’ Cir= e W4Ty,
(6.11) ()= (& &) (1) o

Here is a natural example of such a renormalization. Assume for the sake of sim-
plicity that near «; the set Q; !(z) takes the form ¢ = X j(x), where A; is analytic and
depends analytically on the parameters €, h* /¢, 7, z. Then choose g; so that microlo-
cally near o; we have the standard WKB-form:

g = bj(x; el

where b; is a classical elliptic analytic symbol of order 0. The function 1); solves the
eikonal equation

0Y;

x Aj(x) =0, with the extra condition 9;(m(c;)) = 0,

and bj,v; depend analytically on the additional parameters 7,z and smoothly on
€, h* /€. Using an explicit representation of U we write near «; for j = 1, 3:

1+N

(6.12) f](x) =h // ei/h(w(x,y,H)Jro,'(y))A(x’ ¥, 9)aj(y) d)/d0 _ ei/h’aj;j(x; h).

Here the last equality follows from stationary phase, ¢ is a non-degenerate phase
function generating x and near p; we write ¢; in the WKB-form

ei(y) = aj(y)er®? = [y|i =2 = |y| 2l
The function ;Z (%) in (6.12) appears as the critical value in the stationary phase ex-

pansion of (6.12) and solves the same eikonal equation as 1);.
For j = 2, 4, we get near o ;:

filx) = o /// /MG Oy A (. y 0)a;(n) dydndd = ei‘Zij(x; h),
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where a; and ¢; appear when writing Fj,e; on WKB-form near x5 (p;).

In this case we see that d; = d;(h) is a classical analytic symbol of order 0, de-
pending analytically on the additional parameters and with the imaginary part of the
leading symbol vanishing when Im y1 = 0, € = 0, h*/e = 0. The leading part of d;
can be further described in terms of symplectic geometry.

Put

(6.13) 9]‘7]( = dj — dk.

We have the obvious relation 6,3 + 6, 4 = 013 + 0, 4.

Now we work in a full neighborhood of K o (introduced after (1.14)). Recall that
we have the points o, , a3, oy on the four crossing branches of Ky distributed
with positive orientation around the branching point. We may assume that o, a4
are situated close to the left closed curve 7! of Ky o and that o, o, are situated close
to the right closed curve 7* of Ky . Start with a microlocal null-solution to Q — z
near x((0,0)), of the form uyg4 near ay and of the form u3g; near 3. Here for the
moment u3, uy can be prescribed arbitrarily, and we then know that u = u;g; near
aj for j = 2,1, where uy, u; are given by (6.11). We require temporarily that u is a
well-defined single-valued null-solution along the whole left closed component ! of
Ko 0. Then if we follow u around the exterior part of ¥! from a4 to a3, we get

13,4

(6.14) uz = /"y, where S 4 = / Edx+0O(h) =S5, +0O(h),

with 73 4 denoting the exterior part of v which joins a4 to ;.

Now recall that we really want u € Lg,, "= (6,,6,), where §; = ;T—’h + % where
S; is a real action difference related to the reduction in Proposition 2.1 and k; € Z a
corresponding Maslov index. This means that u should be multivalued, but Floquet

periodic along ! in the sense that
(6.15) Ylu = e 20y,

where y!u denotes the extension of u along one loop of 4! which we assume to be
oriented in the following way: aiy — a3 — (0,0) — . Starting near a3, we get ylu
near the same point in two steps:

Usgs — sy — € uygs.
The Floquet condition (6.15) therefore becomes e~ 2113 = ¢34/, or equivalently
(616) Us = 627”‘9]-*%&‘41/147

instead of (6.14).

Similarly, let 7 be the right-hand loop in Ky with the orientation: a; — a; —
(0,0) — a;. Then, if we want u to extend to a null-solution in L2, near 72, we get
the analogue of (6.16):

0,4 i
(6.17) uy = &m0y,
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with ), defined as in (6.14) with 3 4 there replaced by 7, ,, the exterior segment in
~? that joins a; to a.
Start near oy with u4gs, use (6.16) to get u3 and then (6.11) to get uy, u;:

04 i 041
Uy = (Cz,sezmelJr"sS“’ + 04Uy, U = (C1,3€2m‘91+"53'4 + C1.4) U4,

and in order to get a global solution in L},, we also need to apply (6.17), which gives
our global one-dimensional quantization condition

(618) 0= Cz_3€2m(91+02)+i(53'4+Sl'2) + C2146277192+§Sl_2 _ C173627r101+ﬁ53_4 — C1a

where we took uy = 1.
In this relation, we substitute (6.11) and (6.13) and get after multiplication with

eifa/h.
0= a2’3eﬁ(53.4+512) + a2’4e,'751.2 _ alﬁeﬁsm —ar4,
with
~ ™
(6.19) 5112 =8,+ 9112 + 2mwhb, = 51,2 +0,,+8S,+ I’lkzz

§3,4 = S3A’4 + 03,4 + 27'(']’191 = 5374 + 93ﬁ4 + S] + hkl§7

where we recall that §; = 25_7]r + %. With

. ~ T
(6.20) Sik=Sjx+ h?

we get

(6.21) 0= a273e%(s3-”sl-2)_"§ + a214e%51'2 — ayzef% — a114e"%.

Proposition 6.3 Assume that

Q(Ta X, ga €, hz/e; h) ~ QO(Ta X, €7 €, hZ/e) + th(T7 X, fa €, hZ/e) R
is holomorphic in (1, (x,€)) € neigh(0,C) x neigh(Ky o, C*) and depends smoothly

one, @ € neigh(0, R). Here Ky is an co-shaped curve with the self-crossing at (0, 0).
Assume furthermore that

Q0(77x7§7 070) = <q>(7—ax7§) = f(T7 Re<q>(7-7x7§))7

where f is an analytic function with £(0,0) = 0. We assume next that along K o,
Re(q)(0,x,£) = 0 and that Re(q)(0, x, &) has a unique critical point on Ky, (0,0),
which is a non-degenerate saddle point. When z € neigh(0, C), put pn = f(z; h) where
f(z; h) is an analytic symbol introduced in Propositions 6.1 and 6.2, and in (6.8). Then
z is a quasi-eigenvalue of the operator Q(7, x, hDy, €, h* /e; h) acting on L2,(R) if and
only if the corresponding u satisfies (6.21). In (6.21), the coefficients a, 3, a1 4, a2 3, and
a, 4 are introduced in Proposition 4.1, and the quantities §172 and §374 are defined in
(6.19) and (6.20). They depend holomorphically on p with au'svj,k = O(1), and when
is real, we have Im §1k = O(e + h*/e).

In the formulation of the proposition, we leave the notion of a quasi-eigenvalue
undefined and refer the reader to Section 11 for a complete justification of this ter-
minology.
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7 Zeros of Sums of Exponential Functions

Here we elaborate on arguments in [7], and a related and even more general dis-
cussion can be found in Hager [11, Proposition 8.1]. The results established in this
section will be used in Section 10.

Let 71,72, ..., ~ be compact C! segments in C such that «; starts at 5;_; €
D(zj_1,7rj—1/2) and ends at e; € D(zj,r;/2), where we use the cyclic convention
and view the index j as an element of Z/NZ. We assume that N € {1,2,...} is
fixed, but allow v}, z;,},s;, e; to vary with the semi-classical parameter & while all
estimates below will be uniform in h. Let f be a holomorphic function defined in
U?];Ol (D(zj,rj) Uneigh(vj41)), such that

f=etS@TOW oy | f] < /HEMSEROW o Dz 1)),
where S; is holomorphic in neigh(vy;) U D(z;_,r;j_;) U D(zj, r;) and
Im(S]-H — S]) = O(h) on l)(Zj7 I’j).

In D(zj,7j) we can write f(z) = eﬁsf(z)gj(z), lgi(2)] < O(1). We further know
that |gi(e;)| > 1/0O(1). Standard arguments (see for instance [28, §5]), including
Jensen’s formula, imply that the number of zeros of g; in D(zj,r;/2) is O(1) and if ov;
is a segment in D(z;,r;/2) from e; to s; which avoids the zeros wy, ..., wy of gj in
D(zj, ;/2) such that | var arg,, (z — wy)| < 2m for every k, then

1 !
Re—,/ &dz:O(l),
2mi a; 8j

and consequently

(7.1) Rezim, /ﬂ} fTIdz =0(1) +fra6127rh/a ReS]{(z) dz

]

1
=0(1) + ok Re(S;(sj) — S;(e;)).

Let «y be the closed contour given by v; U ag Uy, U -+ U vy U . We want to
study

1 fllz) , 1
7 @ dzfgvarargw(f).

When 7 is the oriented boundary of a bounded domain I', where f is holomorphic,
then N(f, ) is the number of zeros of f inside I'.

Along 7, we write f = eigf(z), §j(z) = Sj(z) + O(h). Then,

N(fa’y) =

L f—/dz—L :S‘v'(z)dz—L(g(e-)_:gﬁ(S‘ )
2mi Jy, f " 2mh % j - 2nh Y JRI=107s
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o)
N 1 / 1 N—1 _ N
2 5 / j;‘dz = 52 > (5i(ep) = Sjals))
j=1 Vi =
.
= m ]Z_;(Sj(e]') — Sj+1(5j)) + O(l),

and hence in view of (7.1) and the uniform boundedness of N:
N—
N(f,7) = Z(s (s) = Sjsa(s)) + O(1).
=0

Here we recall that Im(S; — Sj;1) = O(h) in D(zj, ;). It follows that V(S; — S;4,) =
O(h/r;) in D(zj,r;/2) and consequently that

Si(sj) = Sj+1(sjr1) = Sj(2) — Sj(2) + O(h),

for any other point z € D(zj, rj/2). Thus finally,
N-
N(f,7) = Z(s (wj) = Sjs1(wj) + O(1),
j=0

with w; € D(zj,rj/2) chosen arbitrarily Here we can further replace S;(w;) —
Sj1(wj) by its real part, since Im S; — S;;1 = O(h) in D(z;, r)).

8 Skeleton in the Region |u| > h.

We now return to the situation in Section 6. We are interested in the solutions . of
(6.21). In the following, we will write S; instead of S;x, so we are interested in the
zeros of the function Fy(u; h) appearing in (6.21), given by

i

i _m i i in
Fo(,u, h) = ei (S12+S3.4) 12612’3 + ehsrzaz74 _ a1,3€’133"4 —aye.

in/2

Pulling out a factor e~'"/*, we get the new equivalent function

i i I i I3
(8.1) F(u; h) = et (S‘-“S“)am + STl 4 enSatTh g,

which has the same zeros as Fy. Here we have also used the explicit formulae for a, 4,
a3 in (48)

Using the results of Section 5, we shall now look at the asymptotics of F(u;h),
when |u|/h > 1.

Case 1: Assume that

(8.2) Ch<|pl <1, |argu— 3| <7 — L.
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(Case 2, given by [argpu + 5| < 7 — ﬁ (see page 615) will be reduced to Case 1 by
a symmetry argument.) In this region, we have (5.9):
(‘—;i) (6%(7/1,1n ‘7'+/L7"Th+i%) + e%(fﬂln %+/47"Th7i3"7"))

O_
ajg =€ )

and using (8.1) and (5.6) we also get,

j i

F(‘Lt,h) — e%(51.2+53.4)ei(lt1n %—H‘*%h—’ 2 )—O—(,’*}) + 6%51.2+7T% + 6%53.4“1'%

O—(B)ti(—pln frp—+i) O (B)f(—pln btu—T—iZH)

+e u e
= % Glus h),

where
(8.3) G(ush) =a) +ay + a3 +aq, ag = ag + ay—,

a; = ei(sl,2+s3,4+mng,,l+%h)7o_(%)’

a = eyixsl.er%’

az = e£53.4+%’

Ayt = QO—(B)+i (—pln )£

We have |a;| = eih i =1,2,3,4%, where

1 h
r:= —Im5172—ImS3,4+(Imu)an —Rep argﬁ,-l—Im,u—hReO_(—)7
I 1 K
.= —Im5172+gRe,u7
T
r3:= —ImS3,4+EReu,
ry = —(Imu)lnﬁ+Re,u arg—,—Imu:I:wRe;H—hReO,(—).
I i I

Notice that a,+ is dominating over a,+= when =Rey > 0, and in each half-plane
+ Rep > 0, we may associate a4 to the dominating term, modulo an error which
is O(e=27IRel/h) times the leading term. Also notice that the last equations take the

form
1
ri = (Imp)In Tl ImS;; —ImS;4 —Y(p),
1
T
1 = —ImSlﬁz + ERe.u“’

r3 =—ImS34 + % Re u,

1
rye = —(Imp)In m +mRep+Y(p),
W

https://doi.org/10.4153/CJM-2008-028-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-028-3

Non-Selfadjoint Perturbations of Selfadjoint Operators in Two Dimensions 605

where

(8.4) Y () = (Re p) arg(%) —Imp+hRe O_(E) .

Following the general principles, as explained for example in [7] (see also [1]), we
shall now look for the curves ', j, k = 1,2, 3, 4%, where ‘aj| = |ak|, and we shall
especially be interested in those parts of I'; x where |a j| = |ax| is dominating over the
other |a, |. In doing so, let us remark first that we will not see any zeros of G generated
by the zeros of a,+a; as a dominating part of G, for when Re p > 0, then r§ dominates
overr, andr;+r; = rp+r; and clearly we cannot have r, = r3 > max(ry, r;)+Const.
Now when Re it < 0, r, dominates over rj and r, + r; — mRep = r; +r;, so that
ry + 13 < r; +r, in this case, leading to an even stronger conclusion.

We now begin look at the location of zeros of a4 and of sums of two of the a;.
Zeros of a4 are of the form p = i(k + %)h, k=0,1,2,....

Zeros of a3 + a,= are contained in the region I'; 4=:

1
|l

Similarly the zeros of a, + a,= are contained in I'; 4=:

(Im ) In — = Im S5.4(p1) + Y (1) — g Re 1 & 7 Re 1.

1
|l

The zeros of a; + az are contained in I'; 3:

(Im ) In — = Im Sy5(p) + Y (1) — gReu + 7 Re pi.

1
(Imp)In — =Im S (p) + gReu +Y(p).

|l

The zeros of a; + a, are contained in I'; :
1
|l

The zeros of a; + a4+ are contained in I} 4=:

(Im ) In =1ImS;4(p) + gReu+Y(,u).

1 1
(Imp)ln — = =(Im S;, +Im S34) + T Rep + Y (w).
lul 2 2
Put
oo oo

X = 3 Re;H—(Reu)arg(%) —Im/H-hReO,(%) =3 Re 4+ Y ().

When Re & > 0, a4+ dominates over a,— and we shall only consider I's 4+ = I'; 5,
[y 4+ =T 35, 'y 4+ given by

X ImS; 4 + X, onl'z4 =T,
(85) (Im /J/) In m = Im 51’2 +X on F234+ = 1_\1’37
%(ImSl,g +ImS34) +X onT'y 4.
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Recall now from Section 5 that O_(h/u) in (8.4) appears as a remainder in Stir-
ling’s formula, so that 9,0_(h/u) = O(h/p*), and hence X is uniformly Lipschitz
for |u| > h. Proposition B.1 can therefore be applied to get the approximate behavior
of the I x. This will be exploited later.

In the left half-plane, a,~ dominates over a4+ and we consider all the 5 curves
I34-,154-,T 4-, 12, and I'y 5, given by:

ImS;4 — 27 Repp + X onl's -

) ImS;, —2mRep+X onl’;

(8.6) (Imp)ln — = {Im S, + X onTl' 3,
g ImS;4 +X onl',,

%(Im Sip+ImSs4) —mRepu+X only,-.

Again Proposition B.1 can be applied to give the approximate shape of I'; ;. Recall
that we are in Case 1 with |u| > h, so that (8.2) holds.

8.1 Skeleton in the Region Re iz > 0

(We will implicitly use that |a,||as| = |a1||as+|.) The region |Re p| < O(h) will re-
quire a special discussion. In the region Re sz > Ch, we have |a}| = 2™ Re#/h|q, | >
lag |, so |as| ~ |af| and in this region we see from an earlier observation that the
zeros of a, + a3 will not play any essential role. In this region we shall therefore use
the I'; x appearing in (8.5) and, as pointed out earlier, we are interested here in the
part of each such I'; x, where |a;| = |ax| dominates over the other |a,|.

It follows from Proposition B.1 that the curves in (8.5) (as well as the ones in
(8.6)), are of the form Im yt = 7;x(Re p), with [y; [, [7];] < 1. Notice that every
crossing point of two of the curves I'; 4+,I'1 5, I, 4+ is also a crossing point for all
three. This follows from (8.5) or even more trivially from the observation that two
of the three equations |a;| = |ag+|, |a1| = |az|, |a2]| = |as+|, imply the third one. Also
notice that if we draw the two curves I'; , = I'3 4+, 'y 3 = "5 4+, then I'y 4+ is between
the two; see Figure 4.

For ;v > 0 we have X(uu) = hRe O,(ﬁ) = hO(e 2/l by (5.5) and hence
7jk(Re ) is described as in Proposition B.1 with
(8.7)

ImS;4(Rep), (j, k) = (3,4%), (1,2),
F =Fi(Rep) = hO(e 2™ Rer/My + L Im S, (Re ), (j, k) = (2,4%), (1,3),
%(Im 51,2 + Im 5374)(Re /,L), (], k) = (1, 4+)

In the region Im p < min(7y, 4+ (Re ), y3 4+ (Re 1)) we have
|a4+| 2 max(|al‘7 ‘a2‘7 ‘a3|7 |€l4— ‘)7

and if we restrict further to

. Ch
(8.8) Im g < min(7y, 4+ (Re 1), 34+ (Re 1)) — L Re pu > Ch,
Tul
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with C > 1, we see that a4+ is dominating in the sense that
\a4+\ > 2‘611 +a;+as+ay- ‘7

and hence G(u;h) has no zeros in that region. Similarly in the region Imy >
max(7y12,7,3)(Re 1), we have |a1| > |az], |as], |ay= |, and if

Ch
(8.9) Im g > max(7y1,71,3)(Re p) + L Rep >0,
Tul

with C >> 1, then g, is dominating in the sense that |a;| > 2|a, + a3 + a4/, and again
G(u; h) has no zeros there.

Now consider a point 1 € I'3 4+, where y3 4+ < 74,4+, so that ImS3 4 < Im S, 5,
with Re pr > h. Going down (i.e., decreasing Im p while keeping Re y4 constant) by
a distance > h/In |;_1L\’ we reach the region (8.8), where a4+ dominates.

Casea: 0<ImS;, —ImS;4 < O(h). Going up by a distance > h/In ﬁ, we Cross
I'; 4+ = I'y 3 and reach the region (8.9), where 4, is dominating.

Caseb: ImS;, —ImS;4 > Ch for C > 1. Going up by a distance ~ h/In ﬁ, we
reach the region, where a3 is dominating, |as| > 2|a; + a, + a4/, and continuing to go
up, a; remains dominating until we reach a i/ In ﬁ-neighborhood of 'y 3 = 'y 4v.

After crossing that curve and going up by another amount Ch/ In ﬁ, we reach the
region, where 4, is dominating.
Our discussion shows the following.

Proposition 8.1 We work in the region (8.2) and assume in addition that Re y > 0.
IfIm p < min(y, 4+, 73,4+)(Re p), then

(8.10) |age| > max(|ay], |az|, |as], |as-|),
IfIm p1 > max(7y;2,713)(Re p), then
(8.11) la1| > max(|a,], |as|, |as=]).
If v3.4+(Re ) (= 712(Re p)) < Impr < 1 3(Re p) (= 72,4+ (Re ), then
(8.12) las| > max(|a;], |az], |agx]).
Ifv24+(Re ) (= 11 3(Re ) <Imp < 434+ (Re ) (= 112(Re ), then
(8.13) |az| > max(|ai], |as], |ag]).
If the distance from pto (T'15 = T'34+)U (T2 = T'34+) is > Ch/In ﬁ, withC > 1,
then in the respective cases (8.11), (8.12), and (8.13) can be sharpened to the dominance

in the sense explained above. In particular, G has no zeros in this region. If, in addition,
Re pt > Ch with C > 1, then we have the same conclusion in the case of (8.10).
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Imp

. [0 =T,
a, dominates ’ >

asz dominates
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e

e
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S
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S

Figure 4: The union of the solid curves in the figure gives a schematic representation of the
skeleton S in the right half-plane intersected with the region (8.2). Proposition 8.1 shows that
the zeros of G in this region are inside the union of the thickened skeleton, obtained by placing
adisc of radius Ch/ |In ||| around each point 1 € S’, and the set of all 4 with 0 < Re u < Ch
below S’. Proposition 8.3 gives a more precise description of the location of the zeros of G with
|Re | < O(h).

In the region (8.2), intersected with the right half-plane Re ;t > 0 we define the
skeleton to be the union of the curves Im pt = max(¥12,713)(Rep) and Impp =
min(7y; 4+, 73 4+ )(Re pt). The proposition shows that the zeros of G in the region under
consideration are contained in the union of all discs D(i, Ch/ In ﬁ) with y in the
skeleton just defined, and the set of all i below the skeleton, with 0 < Re iz < Ch, for
C>1.

8.2 Skeleton in the Region Re 1 < 0.

Again the region | Re p| < O(h) will require a separate discussion so we restrict our
attention to Rey < —Ch and we will use |a,— | = e >™/*ag| > |ag|, so that
|as| ~ |as—|. We therefore concentrate our attention on the curves in (8.6). As before
we notice that every crossing point of two of the three curves I'; 5, I, 4, ' 4- is a
crossing point of all three. The same holds for I'; 3, I'; 4, I'; 4.

Now use that | Im p| is small and hence that Im S; ,, Im S; 4 and their derivatives
with respect to Re 1 are small. We can therefore consider the two curves:

A:=2rRep=ImS, —ImS34, B:—-2rRepy=ImS;, —ImS,.
They are of the form —Re u = y4(Im ) and — Re p = yp(Im 1), where 4, vp are
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small with small derivatives and satisfy

(8.14) |7a(Re )| ~ |yp(Re )|,  ~yayp < 0.

The curve I'y 4~ will play a central role. It crosses A, B at the points f14, i (unless
these points are hidden in the forbidden region), and we have

(Re pa)(Re ug) <0, [Re pa| ~ | Re pup].

We notice that p4 is the unique crossing point for I'; 3, 1’5 4, I'; 4~ while i is the
unique crossing point for I'; 5,1 4-, ' 4~. More precisely, 713(t) — 74— (£),
1.4~ (£) =34~ (t) vanish precisely for t = Re 14 and have the same sign as t — Re 4.
Similarly v1,(t) — v14-(£), V1,4~ (t) — 72,4 (t) vanish precisely for ¢ = Re pup and
have the same sign as t — Re pup. We also notice that if ;1 belongs to one of the three
curves I'y 3,I'; 4—,I'; 4, then the distance from y to any of the two other curves
among these three is > C~'|Re u — Re pia|/In ‘i—‘ The same observation holds for
I, 14—, 4— with pp instead of 4.

For 1 < 0,wehave X —m Re jt = hRe O_(g) = hO(e~271M/") by (5.5), and hence
71,4 is described as in Proposition B.1 with

F=F 4 (Rep) = 1(ImS;, +Im Ss 4)(Re 1) + hO(e 21 Rerl/hy,

To fix the ideas we now assume that Re uy < 0 (the case Re ug < 0 can be treated
similarly). Considering the three curves I'; 3,I'; 4, I'; 4, we see that for Re u < 0:

o IfImyp < min(y4-,734-)(Re ), then |ay— | > |ay], |az], [a3], |as|. (In this case,

we also have Im p1 < 7y, 4 (Re 1).)

o If Impu > max(y,4-,73)(Rep), then |a;| > [ay], |as], |asx|. (In this case, we

also have Im 1 > 71 2(Re p).)

o Ify;y-(Rep) <TImp < 71 3(Rep), then [as| > |ai], |as], [as].

This covers all possible cases with Re ¢+ < 0. Notice that the last case can appear only
when Re 1y < Rer < 0. When Re pup < 0, we get the analogous discussion after a
permutation of the indices 2 and 3.

o IfImy < min(y,4-,7%4-)(Rep), then |ay—| > |ay], |az], [a3], |as:|.

o IfImp > max(vy,4-,712)(Re p), then |a;| > |ay|, |as], [as=]|.

o Ify4-(Rep) < Imp < 5(Rep), then |ay] > |ay|, |as, [as=].

Moreover, if in addition all the inequalities for Im y are valid with an extra mar-
gin Ch/In ﬁ, C > 1, then in the various cases, we have dominance of a;, a,, d;
respectively, in the sense explained before. For the dominance of a,-, we also need
the assumption that Re p < —Ch with C > 1.

8.2.1 Exponential Localization to the Skeleton

Recall that we are still working in the region (8.2). In this region we define the skele-
ton to be S = S’ UT'y, where we define S’ to be the union of the following two sets in
the left and the right half-planes, respectively:
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Im p

.
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Wi,

/
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Figure 5: The union of the solid curves in the figure gives a schematic representation of the
skeleton S’ in the left half-plane intersected with the region (8.2). Proposition 8.2 shows that
the zeros of G are inside the union of the thickened skeleton, obtained by placing a disc of
radius Ch/ |In ||| around each point i € §’, and the set of all x with |Re 1| < Ch below S'.

¢ In the closed left half-plane (intersected with (8.2)), assume Re 4 < 0 to fix the
ideas. Then this part of " is given by all points of the form Im y1 = ; 4— (Re )
with Re 1t < Re puy, all points of the form Im pp = 73 4- (Re 1) or of the form

Imp = v 3(Re ), with Re piy < Rep <0.

* In the closed right half-plane the corresponding part of S’ is defined to be the

union of the two curves:

Im p = max(7y13,71.2)(Re 1)

Im g1 = min(y2,4+, 73,4+ )(Re ).

Iy is defined to be the part of the imaginary axis given by

Rep =0, Ch < Imp < min(vy,,4+, 73.4+)(0),

where C is the same constant as in (8.2). Notice that this part may be empty. The

earlier discussion shows that we have the following.

Proposition 8.2 The zeros of G in the domain (8.2) are contained in the set

1
, T
Hes Il
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Remark The localization result of Proposition 8.2 improves if we are far from the
branch points of the skeleton. Thus for instance, if y is below S’ and dist(u, S’) >
Ch/In -, then

[ul”

In ﬁ
—EL dist(u,S”

max |a+ | > e o )(|a1|+|a2|+\a3|),

so the zeros of G are exponentially small perturbations of those of ay = a4+ +a4-. In
this region there is a bijection b between the zeros of a4 and those of G, with
1
60 = 4l = O expl—(Ch ™" In( ) dist(u, )
Similarly let 1 be a point of S’ in the right half-plane, say 119 € 'y 3 with a;, a3
dominating above and below this point respectively. If

C*h

In L’
[12o]

dist(feo, '3 4+ =11 2) >

then in D(Mo, Ch/(ln(1/|u|0|))) , we have

Ch)~!(In Tro7) dist(p0,T1.2)

max(|ay], |as|) > ¢ max(|ay|, |a4)),

and we conclude that the zeros of G are exponentially close to those of a; + as. Essen-
tially the same statement holds when 11y belongs to the lower part of S’, but here the
size of Re i also matters, so near a point ug € I's 4+ N S’ we get a bijection b between
the zeros of as + a4+ and those of G with

h n “10 1 27| Re p1

b(u)—u:ou)(l - )(e— Bl disuls) 4 o= 2Ly
n_

[0

and we have to assume both that dist(o, "1 3) > h/1n m and that | Re u| > h.
The analogous statements hold in the left half-plane.

8.2.2 More Refined Analysis in the Region | Re s| = O(h)

The study of the upper part (I'; 3 or I'; ») of the skeleton is unchanged in this region,
while the lower part requires more attention in view of the fact that |as| may be
considerably smaller than max(|ay: |, |a,—|) when we are close to a zero of as. In
order to fix the ideas we assume that 3 4+ (0) < 7, 4+(0).

After multiplication of a4, a4+, as by the same exponential factor, we arrive at

L TR i i
as = ag +a,~ = 2cosh T G =e = enoUsh)

Y

and we shall drop the tildes in the following discussion. Here

mh

4 — M

T . h
Gz h) = S34(p) — il + 1hO_(7) +uln?
2 o 1
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with

h
—Im (s h) = —Im S5.4() + Re 1 — hRe o_(f)
2 H

1 M
+Imulnﬁ —Reuarg(—,) + Im .
I i
We have

Om y(—Im ) = In 1, 0(1),
||

Va(—Im¢) = O(|p|' 71,

Opep(—Im @) = O(1),
la] > 2.

Recall that we work in the region |z > Ch. Notice that hV, In |as| = V(- Im ¢).
Similarly, we look at

o1 sinh 7F . 1
Jdna, =7 =71/l — ————
pm cosh 7~ (cosh 7£)?’

for a suitable branch of the square root. Also hdzlna, = 0, so this relation gives a
bound for hV,, In a, and its real part hV, In |as|. We have the general estimate

1
| coshz| > c dist(z, cosh(0))el *¢?l | for | Rez| < Const,

so we get

7| Re p

hoyIna, = wsgn(Re p) + O(1)

dist( 7, cosh™'(0))
Assuming

dist(u, % coshfl(O)) >

h
=, withC > 1,
w

In

we conclude that |hV, In |as|| < h|V, In a3

, and consequently,

1 1
hOim . In 9] _ (14 oy L+ 001), hdke . In 9] _ o1y + o(1)In L,
|44 |ul |44 iz

where O(1) denotes terms that are uniformly bounded and o(1) denotes terms that
tend to 0, when
dist(u, 2 cosh™'{0})

(h/In L)

[
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For each zero j; of cosh 7, we introduce the diamond shaped neighborhood
Ch
(8.15) Djz{u,|Reu|+\Imu—Im,u]| o }

with C large enough so that the preceding estimates apply away from the union of all
the D;. Define I's 4 to be the set of points with |as|/|as| = 1 away from the union of
all the D;, with D;; added, if D;, has the property that the distance from this diamond
to the points just defined, is zero. If it exists, D, is unique since the other points of
I's 4 form a curve Im p1 = 73 4(Re p), with |73’74| < 1. From the above estimates we
get

nln
(8.16)  ysux(Rep) — g . ‘*‘ < v34(Re p1)
m
<%4i(Reu)+lo( )7 +Rep > 0.
n
]

™ ;4

(If "5 4 stays away from an h/C-neighborhood of the zeros of cosh 7, then the

agreement is better:
O(h )
73,4(Re pt) = 73 4+ (Re ) + —~ o1 +Rep >0.)
\M
In fact, we can get an even more precise estimate for the distance between I'; 4 and
I 4+. Let g € I'3 4, and put

A1) = max( %,dm(uo, a;l(O))) .
[ o]
Then
d(p1o) < |as(po)|
Ch ™ lag(po)l
away from the diamonds. We therefore get the following estimate for the vertical
distance from g to I'; 4=:

<C,

|v3.4(Re o) — (Re po)| < Ch In h
V3.4 o 734i Ho > % d( )

(assuming for simplicity that d(uy) < h/2). This is a refinement of the lower bound

in (8.16), and the argument also gives the upper bound there.
We reach the following conclusion about the location of the zeros in the region

| Re | < Ch.

Proposition 8.3 ¢ AboveS’ and at distance > Ch/ In ﬁ from S’, ay () is dominat-
ing.

* ay is dominating if 1 is below S', at distance > Ch/In ﬁ from a; ' (0) and at dis-
tance > Chl'ﬁ“ ( i ) from S’

* In between (for instance below I'y 3 but above I's 4+ ), a3 (or ay) is dominating if the
distance to the skeleton is > Ch/ In |71\

https://doi.org/10.4153/CJM-2008-028-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-028-3

614 M. Hitrik and J. Sjostrand

8.2.3 Improvement in the Region Re ;i > h

Let us recall that a;as+ = ayas. Therefore,

ap as
a1+a2+a3+a4+=a4+(1+ )(1+ )
Ay+ Ay+

The zeros of 1 + (a;/ay+) are situated on I'; 4+ and are given by the explicit quantiza-

tion condition

ulnu—u+%h+51ﬁ2+ih(9_(g) :27rh(k+%), keZ

\;14' If 1o is such a zero, then in a

The distance between successive zeros is ~ h/In

disc D(9, 1) with r < h/In ﬁ, we have

1
|#40]

1+ 2~ |
ay+ s Ho h

Away from the union of all such discs, we have
a 1

1+ > —.

’ IOIeY)

Ay+

Similarly, the zeros of 1 + (a3/ay4+) are situated on the curve I'; 4+ and given by the

quantization condition

ulnu—u+%h+s3_4+iho,(§) :27rh(k+%), keZ,

and the other statements about 1 + (a,/ay+) carry over to 1 + (a3 /ay+).

Now consider

o —se[(1+2)(1+.2) ]

Aay+

a) a _ 2
:a4+[(1+—) (1+—3) +e hﬂ}.

ay+ a4+

We get the following.
Proposition 8.4 In the region Re jv > h, there is a bijection b from the union of the
zeros of 1 + ay /ay+ and of 1 + a3 /ay: to the zeros of G with

h 7 Re pt
b

b(p) — p = O(l)ln e
[1]
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So in the region Rey > h, and modulo an exponentially small error, we can
identify the zeros of G with the union of the zeros of 1 + a,/as+ and of 1 + a3 /ay-.
This finishes the analysis of the skeleton in the first case (8.2).

Case 2: Assume that

‘ +ﬂ<
ar — T™T— =,
gH 7S C

h< || < 1.

In this case from (5.7) and (5.8), respectively, we recall that

o= 2c0n() om0 (£) i 0 ) + 2],
o= f0.() o+ ) 2]

Using (8.1), we get

(8.17) F(u;h) = e G(us h),

G(us h) = a1 + a; + a3 + ay,

where aj, j = 1,2,3,4 are the same as in Case 1, but now with a partially different

representation:
a =ap+ + a—,
i h i . wh
ap: = ei(51.2+53,4)+O+(ﬁ)+i(/Lln(llt)*lﬁ'f)i%7
a, = eﬁsl.ﬁ%,
as = eﬁsifr%’
— 0. (&)= f (uIn(ip)—pt+2)
a, = e M h 4

Again we consider h times the real parts of the different exponents of the a;, j =

1+,2,3,4:
1 ~
rt =—ImS;, —ImS;4 + (Imp)In m —Y(u) £ mRep,
rp,=—ImS§;,+ % Re 1,
T

r3 = —ImS3’4+ ERC,UJ,

uz%mmmmﬁ?w,
where

Y(u) = (Re ) arg(ip) — Im pu —
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By a symmetry argument, we shall now see that (r;+,r,,73,r4) plays the same
role in the present Case 2 as (r4+, 73,12, 71) in Case 1, provided that we perform the
following transformations on (ry+, 1, 13, 74):

e AddIm(S;, + S34) to each of the five terms.
e Replace p by .
Then we get 7j(fi1) = (Im(Sy2 + S3.4) + 1) (1):

~ 1 m h

=) = —(Imﬁ)lnﬂ + (Repz) arg(%) — Imﬁ+hReO+(;) + mRep,
~ T
() =ImSs 4 + 5 Re 7,

73(1) =Im S5 + gReﬂa

~ 1
ra() =Im Sy, +Im S54 + (Im ) In H — (Rem) arg(ﬁ,)
I i

h
+Imﬁ—hReO+(—) .
7
This is analogous with (r4+,r3,7,,71) in Case 1 except for the fact that Re O+(g)
here corresponds to Re O _ (ﬁ) in Case 1.
Remark Using (5.4), it is easy to check that

Y (1) — V() = %7 Re pu + hO (e 27 Renl/my

when
m 1
. < === > h.
(8.18) larg(Ep)| < 5 — =, ul = h
It follows that
(8.19) ri(p) = rix(p) + hO (e~ 27 Reul/hy, j=1,4,

when p satisfies (8.18), and hence if 1 belongs to the skeleton S’ defined according
to Case 1, the distance from p to the corresponding skeleton S’ defined according to

Case 2 is
O(Le—m Rem/h) .
In ﬁ

We end this section by some general considerations that will be useful in Sec-
tion 13. We see from (8.7) that the spectrum will have a genuinely 2-dimensional
structure if | Im S5 4(0) — Im S; ,(0)| > h, or if Im S54(0) and Im S; ,(0) have the
same sign and min(|Im S; 4(0), | Im S; ,(0)]) > hin % In the latter case, we even
have some eigenvalues on the imaginary u-axis, related to 1-dimensional barrier top
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resonances. It is therefore important to have a sufficiently invariant and direct de-
scription of Im §3 4(0), Im S, 5 (0).

The final definition of S; 4 in the beginning of Section 6 is simply that we start
with the null-solution f; of Q near ay and extend it along the exterior part of Ky
until we reach a neighborhood of a3, where we get exp(%SgA) f3. (Here we neglected
the real Floquet parameter 6, since we are only interested in the imaginary part of
S3,4). The definition of S, , is similar.

Now take ;4 = 0 (see (6.7) and (6.8)) and represent the operator Q as acting in
H}I‘,’C(Q), where @ is strictly plurisubharmonic, with Ag =~ a neighborhood of Ky
in T*R. From the construction of ¢;, f;, we see that f; is near «; a normalized null-
solution of Qin H}I‘D’OC(Q), where ® — @ is small and @ is defined in a sufficiently large
neighborhood of the projection of the branching point. Here if k7 is the canonical
transformation associated to some standard FBI-Bargmann transform, then Ay =
kr(R?), Ag, = krory(R?), with U asin (6.7). Since Ag, = {£ = %%} is naturally
identified with T*R, where py = x&, so (since u = 0), we know that the null set of Q
intersects Ag, along two crossing “real” curves that we can identify with “the interior
part” of K o.

Extend ® to be defined in Q with ® — @ small. If S 4 ~ S5, + hS} , + - - -, then

(8.20) —Im$, = [ (—Im(¢-dx) — ddy),
V34

where 73 4 now (see (6.14)) is a real curve from oy to as in Qo_l(z(O)) close to the
exterior part of the “left loop” of Ky . Here we let z(0) denote the z-value in (6.8)
corresponding to ;1 = 0. Let this left loop be denoted by 4! and let us consider it
(after slight deformation) as a closed curve in Q; 1(z(0)) joining the critical point of
Qo to itself staying close to the left loop of K o. Here, we may assume that the interior
part of ¥! (joining 3 to av) is contained in Ag,, so — Im( - dx) = d®, there. Hence
(8.20) becomes

(8.21) ImsgA:/(Im(g~dx)+dc1>0):/(Img~dx).
! 7!

Here Im(£ - dx) in the last integral can be replaced by Im(§ - dx) + d®, which by
Stokes’ formula can be further replaced by any other real 1-form w with dw = Imo,
w|a, = 0. This means that we can reinterpret the last integral in (8.21) as the corre-
sponding one along the corresponding closed curve in the complexification of R?.

To simplify things further, recall that €, h* /€ are small perturbative parameters for
Qo and that Qj 1(2(0)) is real when ¢ = h?/e = 0. In general, if § = g, depends
smoothly on a real parameter s, if E is not a critical value and v = (s, E) is a simple
closed curve in g, 1(E), then for E fixed,

0 B T(E,s) aq
7s /W,f de= - /0 56 0, € dr,

where [0, T(E,s)] > t — exptH, (p(0)) is a natural parametrization. This can be

https://doi.org/10.4153/CJM-2008-028-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-028-3

618 M. Hitrik and J. Sjostrand

applied to the case g, = g — E(s), so if E also depends on s, we get

o [eas= [ D) an
7

In this form, we can treat a loop like v;(s) C g, '(E(s)), starting and ending at the
critical points p.(s) of g, parametrized by ]—oo, +oo[ + exp(tH,, )(p(0)), provided
that we take E(s) equal to the critical value g;(p.(s)):

a +0o0 a
o2 5[ cas | (5@toom = (GLadan, o) ar

85 S — 00
This can be proved by a limiting procedure, approaching 7;(s) by closed curves at
non-critical levels.

Taking the imaginary parts, this means that we have a fairly simple way of comput-
ing Im S, ,, Im Ss 4 perturbatively. From this computation, we see that it is of interest
to compute the €? contribution to the averaged principal symbol. This computation
was carried out in of [15, S2] under the assumption that (q) = 0 and it works es-
sentially the same way without that assumption. We start with the principal symbol

= p +ieq + €*r + O(e®). The function

(8.23) Gy = T(E) / - — qoexp(tH )dt, onp '(E)

introduced in Proposition 2.1, satisfies H,Gy = q — (q). Put G = Gy + ieG; +
O(e?), where G; remains to be determined. As in [15] we get at a general point
exp(ieHg)(p) € A, (p € T*M):

Pej, = pelexplicHg)(p) =

0

= p+ielg) +E(r+ H,G, — Hg,(tfrac12(q + (q)))) + O,

ok
Gelo) (o)

where we used that Héop = —Hg,(q— (9))-
Letting G solve

H,G\ = Hq,(5(q+ () — (Hg,(5(q + (9)))) — (r = (r)),
we get with G = Gy + ieGy,
(8.24) pelexp(ieHg)(p)) = p +ielq) + €2(s) + O(e).

Now assume for simplicity that T(E) = T is constant. Then

T
(s) = (ry — %/ {Go,q + (9)} o exp(tH,) dt
0
1 T T T
= (- ﬁ/o /0 (5= 3) (g exp(t + 9Hy, (q + (a)) o exp(tHy)} drds

= (r) — 1 /OT(S— g) ({goexp(sHp),q+(q)}) ds.
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Here we notice that
({g o exp(sHy), (9)}) = {(q 0 exp(sHy), (9)} = {{q). (@)} = 0,
so finally:

T
629 ©=0-5 [ (s=3) o el ds

The formulas (8.24) and (8.25) will be used in Section 13 together with the fol-
lowing remark. If we put

(8.26) Cor(q1, q2;5) = ({q1 0 exp(sHp), q2}),
then a simple computation shows that
(8.27) Cor(q1, 425 5) = — Cor(qa, 415 —3).
If we put
I T
(8.28) Clq1, q2) = T (s - E) Cor(q1, q2; 5) ds,
0

then combining (8.27) and the T periodicity of Cor(q, g2; s) with the change of vari-
ables T/2 —s=5—T/2,wegetClq1,q2) = C(qa2,q1)-

9 Skeleton for || < O(h)

In this section we shall consider the case || < O(1)h. In doing so, we will use (4.8)
more directly.

Case 1: We will first work in a region

{neCslul <rmyu{peC\{0};|argu— 5| <7 —1/C},

where 0 < r < 1/2,C > 0. (The corresponding region with |argu + 7| < 7 —
1/C, can be treated with a symmetry argument as in the end of Section 8, and this
argument will be given later.) It follows from (4.8) that herea, 3 # 0 and In F(% —1i %)
is well defined, while I'(3 + £)~! may have zeros. Consequently we use the reflection
identity to get
1 [

o= V2 it = T sy o (7)),

TG+l NGY h

Now using (8.1) we get

1
TR 27 ) mnin i i i
F(/,L,h) — 6*17:11'1 poln— +3 T+ (S121554) +ei51,2+ﬂ'% +ei53_4+ﬂ'%

rg-if
+ eln Var

i L _imy T 't}
+if In 3 — T+ 30 +In2 cosh 7

= €% G(u; h),
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where

1
™=

i . I(5—i in . .
i —ilni— 2__h'yim i L i 1
(9.1)  Gush) = ehCrSITinIngmin Tt St 4 pfSutTs

1

=

T( .
b L 2 _h'_im Uy
+ e H M TR T cosh —

=ay) t+ay+as+ay, ay = Qg+ + ay—,

where the terms are the same as in (8.3), although we shall now use different asymp-
totic approximations.
Again we introduce h times the real parts of the different exponents:

1 rag—it
—ImSLz—ImS3,4+(Im,u)lnz—hReln G — %)

r = —_—
! V2T
™
1 = —Il’l’lsl’z + ERGILL,
T
r3=—ImS;4 + ERe,u,

(L —it)
Var

1
Tyt :—(Imu)lnz+hReln + 7 Re p.

As before, we have ry + 13 = 1] + 4.

Again, we define the different curves I'; by |a;| = ||, for j # k € {1,2,3,4%}
with the exception of (j,k) = (2,3) and (j, k) = (47,47). (The segment I'y is now
defined to be the segment of the positive imaginary axis joining 0 to the lower part of
S’, provided that this lower part is not hidden in the forbidden region, in which case
we let I'y be empty). More explicitly, we get:

ImS;4 =7mRep — S Rep+ Xonl's =+
. ImS;p=7mRep — FRep+Xonl', =
(9.2) (Im,u)lnﬁ =<{ImS;,+FRep+XonTy;,
ImS;4+ 5 Repp+XonTy,
%(ImSl,z + Im 53’4) + % 'f'}(7 on F174i7

with

L _u

(9.3) X—hReln(FZWh).

The function X now differs from that of Section 8 by a term —7 Re 1. The definition
of I'1 3 = I'y 4+, I'1 ; = I'3 4+ coincides with that in Section 8 in the overlap region.

We shall also define a set I'; 4 for j = 1,2, 3 as in the preceding section. To do so,
we check that

V cosh Z£ 1
h‘i" < In-,
cosh 7 nh
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if
h h
(9.4) dist(u, — cosh_l(O)) > —.
™ In i

In this region, we also have

1
O(l)ln% -

ay

(9.5) < 00(1).

ay+
In the region (9.4) we can define I'; 4 by |a;| = |as|, and see that we get a curve

Im p = v;4(Re p),

with [y7,| < 1. Using (9.5), we also see that if we represent I'; ;+ by Imp =
7j a4+ (Re p), then

(s~ ) Rep) = OR( Y (1),

Actually the upper bound can here be improved to O(h)/In ;. In analogy with Sec-
tion 8, we define a diamond shaped neighborhood of each zero p; of a4 by

Ch
(9.6) Dj:{u;\Reu|+|Imu—Imuj|§ln—l},
[

The previously defined I'; 4 can hit at most one of the D,, and if that happens, we add
that diamond to the set I'; 4.

Now define the skeleton as before: S = S’ U T'y, and as before we can describe the
regions of dominance: a4 dominates at distance > h(%)(%) below infj—1 53 7j 4+,
for & Re p > 0, intersected with the complement of the union of the diamonds.

The other a; dominate according to the earlier rules in their respective regions at
a distance > h/In ; from the skeleton.

Case 2: We now consider the case when 1 belongs to the set

s 1
argu+§’<7r——},

{neGlul <mpu{uec{o} c

where 0 < r < %, C > 0. From (4.8), we get

T T V2w h,i;ﬁ i

1
a3 = —ay4g=¢€h "2, ay4=

where a; 4 is non-vanishing, while

V 2T jU T in

M3 = 17#}1 Fezh 7%
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may have zeros, so we use the reflection identity to write

F( +1h P
—71’11 2+42C05h—
T I

We then use (8.1) to get F(u; h) = e G(us h), with G(us h) = a; + ay + a3 + ay where
ay =a+ +a;-,

P(l i) K
Var ) iy

azzexp{hslﬁ—zh] aszeXP[hS”-l_zh}

a+ = exp{%(su +S34) + 1n(

ay —exp[—ln(lj(f/;;%)) —1%111}1— %T}

Again, we introduce h times the real parts of the different exponents:

F( +1)
— ImS,; — ImSs4 + (Im o) In ~ + hReln (7)ine ,
I+ mojp2 mS; 4 + (Imp) h N o
T T
r2:—Im5172+5Reu, r3:—ImS374+5Reu,
(Im ) In + — hRel (P( +il ))
rs = —(Imp)ln - —hReln| ——
4 H h o

We shall now make the same symmetry transformations as in Section 8, to see that
the functions r,+, 1, 73, and r4 play the same role as r,+, 13, 12, and r; respectively, in
the previously considered case:

e AddIm(S;, + S34) to each of the r;.
* Consider the r; as functions of 1.

Then we get

1 @

1 + hReln(W) + mReTz,

R (1) = —(m ) In

(1) =Im Sz 4 + % Refi, 73=ImS,+ g Re 1,

1 <[
-~ v, 1 G —i%)
1y = ImSLz +ImS3A’4 + (Il’l’l‘u) In z — hReln(W) .

Thus apart from a change of sign in Im S 5, Im S5 4, we see that (r+,7;,73,74) has
the same properties as (ry+, 3, 12, r1) in the previously considered case.

Remark In the overlap region

1
C7

DO, i) U {5 ] < Ch, |arg | <

3

Q=

or |arg(—p)| < 3 —

Y
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where both cases apply, we notice that trivially r; = r;= + O(h) for = Rep > 0, j =
1,4, (and these estimates improve by (8.19) when |u|/h increases). As in the remark
at the end of Section 8,the distance between the two skeletons, defined according to
Case 1 and Case 2, is therefore O(h/ In %).

10 Eigenvalue Counting

In each of Cases 1 and 2 of Sections 8 and 9, we defined a skeleton S consisting of a
horizontal part §’, possibly with a vertical part (I'y in Case 1 and I'; in Case 2) added.
We notice that the definitions in the two sections agree for each of Cases 1 and 2 in
the overlap regions for the two sections, and we saw in the remarks at the end of the
sections, that if we compare the skeletons for the two cases in the overlap region

1
{|Rep| > E|Imm} U D(0, rh),

then the distance between the corresponding skeletons is

O(lnie—zwlReul/h), () = /I + [l

or

Now define the body by widening the skeleton:

Ch
B_< U D(u,l)) UB,UB,.
nes’ lnm

Here B,, B, may be empty and will now be defined. They are non-empty if S’ stays
entirely in the admissible regions for one of the cases, and in order to fix the ideas, we
assume that this is Case 1, and S’ does not intersect the negative imaginary half axis.
If so, we have a non-empty segment Iy in the imaginary axis, joining 0 to the closest
imaginary point of §’. Recall that we have defined the diamonds D; around the zeros
of a4 in I'y, by (8.15), and (9.6). We define B, to be the union of I'y (in Case 1, and
I'; in Case 2) and the corresponding diamonds. (In Case 2 we do the corresponding
definition with 4 replaced by 1 and I'; is then the segment in the negative imaginary
axis, joining 0 to the closest part of S’.) Thus B, is non-empty precisely when I' or
[y is. In Case 1, it is defined to be the set of points y below S’ at distance at most

()

from S’ with C > 0 sufficiently large and with | Re 4| < h. Here the upper bound
h in the last estimate may be replaced by h/C, for any fixed Cy > 0, and we could
decrease B, further by a more detailed discussion. In Case 2 we have the analogous
definition.

We next define what we mean by an admissible curve. It should be a piecewise
C'-curve v: [a,b] — C without self-intersections, parametrized by arc-length. It is
tacitly assumed that we consider a family of such curves, which is uniformly bounded
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in the sense that we have uniform bounds on the number of jump discontinuities of
7, the continuity of ¥ between the discontinuities, and on the length b — a. It is also
required that (#) may belong to B only fort € Ij, j = 1,2,...,M, where I; are
disjoint intervals of length < Ch/ ln , for some pp = ~(t) € I}, ify(I;) "B, = @
and of length < Chlnrllrl ) h) 0therw1se. We also assume that we have a uniform
bound on the number M of such intervals.

Assume for simplicity that a,b ¢ |JI; and let us partition [a, b] into intervals in
increasing order: [a,b] = JyUL U ;UL U---UIy U Jy. For each J, let a, ) be
the corresponding dominant term along y(Ji). For simplicity we shall assume that

the image of + is entirely contained in the admissible region for one of Cases 1 or 2,
so that v/(k) is either in {1,2,3,4%} (Case 1), orin {17,2, 3,4} (Case 2). Let

Hie = frr1s = V(tee1)  forsometyy € Iy, k=0,...,M — 1,

and put pos = y(a), pme = y(b). Then with a; = ¢%i/" we have the following
theorem (see (8.3), (8.17), (9.1)).

Theorem 10.1 Let vy be an admissible curve as above. Then

(10.1)

1 G’
Re — [ —du =
€ 2mi J, G H

Re N1 ( (¢V (,U/M e) + Z(Qbu(k (,U/k e) - ¢V(k+1)(/lk+1 s)) - ¢O(ﬂ0 s))

k=0

+O(1) + O(maxlnln <M;e>h) > ,

where the maximum is taken over all k with v(Ix) N B, # @, so if -y never meets B,, we
only have the remainder O(1).

Proof Notice that the first term of the right-hand side of (10.1) can also be written
LM
Re — > (Do (ke) = Soiio (p1xs)) -
k=0

Consider an interval Ji. If we first assume v(k) # 4% (if we are in Case 1), then for
t e Ji:
(10.2) G(y(1)) = by (V) auay (7 (1)), [buiy (v (1)) — 1] < 3.

Let fi s and /i . be the start and the end points of 10 S0 that

o). e so(42( )
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with the % improving to % if the corresponding neighboring interval I does not
meet B,. Using (10.2), we see that

1 G’ - -
(103) — [ S = 001) + by ike) — oG

Uk

In the case v(k) = 4%, we know that a, is dominating along Ny, and (10.3) holds

with ¢, replaced by % In a;. Now we also know that along o we have

as(y(t)) = c(y(#)ayw (v(1)),

with
1
1/(Cm W) < eyl < c,

and with arg c(y(¢)) of bounded variation. It follows that the real part of the equation
(10.3) still holds in this case.
We next estimate the integral along 7|y, and let us consider the worst case, when

~v(Ix) N B, 7£ . Let
Inln 1
= h— _—
=00 ()
be such that y(Iy) C D(ﬁk,m, %) . On this disc, we write
(10.4) G5 h) = ayk—1)(1)be(p),

where by is holomorphic, and

(10.5) C > |[be(fik—1.)| > 1/(Cln m) ’

|br(p) < expo(l){lnﬁh%(ﬁ)} = exp(‘)(lnln ﬁ) .

Using (10.5) and the elementary arguments recalled in the second part of Section 7,

we get
1 b 1
(10.6) 2—/ b—"du =01)Inln —.
1 ’y‘lk k <:u’>h
On the other hand,
wn o U g = L Gike) — Gy Ger)
. i ,ﬂ[k Avkt) n = h v(k—1) (Mk,s v(k—1)\Hk—1,e))-
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Combining the real parts of (10.3), (10.4), (10.6), and (10.7), we get

1[G _ play _ N
Re i L Edu = R€(¢V(M)(Mm,e) + kz:(; (Dot (Fkrrs) — Puter) (Fkers))
~ 1
- ¢V(O)(M0,s)) + O(l) Inln TN
<M>h
with the remainder improving to O(1) if we do not encounter B,. Now, fiye = i e»
fos = Ho,s and
Inln 1
Hke = Hk+1,s + o(hr( <N>h) ) )

with the last remainder improving to O (h /In ﬁ) , if we avoid B,, and (10.1) fol-
lows. |

We end this section by some rough estimates on the location of the skeleton and
the corresponding distribution of eigenvalues for the reduced operators constructed
in Sections 2 and 3. Our starting point is the reduced symbol in (2.5) and the corre-
sponding 1-dimensional symbol

2

h h? ~ ~
(108) Q(T,X,g,ﬁ,?;h) = <Q>(T,X,§)+O(€)+?Pz(Taxaf)+hP1+h2P2+‘" .

Here we shall take 7 real (and eventually of the form h(k - 'fl—‘)) - zs—fr). If z is the

original spectral parameter, we introduce the new spectral parameter w, by
z=g(T) + iew,

and we will work under the assumption h* < € < h'/2.
Recall the microlocal normal form for Q near the branch point, given by Proposi-
tion 6.2 and in particular (6.6):

U™'QU = K, jo/e(1,I;h) + O(e™ ), I = L(xo0hD,+hD;ox),

where the leading symbol in K 2 is ke j2/e(7,¢) with ¢« = x§, given in Proposition
6.1. Correspondingly, we replace w by the new spectral parameter y, given by

(10.9) Kepzye(T, psh) = w.
We next estimate the location of the skeleton in the i-plane, and start with the
case || > Ch. Assume for simplicity that we are in Case 1: Im u > —C| Re p|. We

will only be concerned with the horizontal part S’ of the skeleton. When Re 1 > 0, it
is given by the curves I's 4+ =T"; 5, I'; 4+ = I'1 3 in (8.5), where

h
X(u) = Y () + gReu, Y(u) = (Reu)arg(%) —Im,u+hReO_(;).
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Clearly X () is uniformly Lipschitz continuous and for 11 > 0, we get
h
X(w) = hReO_ ().
I

According to (5.5), we have Re O_ ( %) = O(e2lul/my,

When € = 0, h* /e = 0, we know that the leading part of Q in (10.8) is real-valued
(assuming that (g) is real for simplicity), so it follows in this case that when  is real,
then Im S; ; = O(h). Since S;\ depends holomorphically on i, we conclude that in
general Im S ; (1) = O(e + h?/€), u € R. Now combine this with (8.5), the estimate
X(u) = O(he=2mlul/hy and Proposition B.1 to conclude that in the region |u| > Ch,
Re i1 > 0, the horizontal part S’ of the spectrum is given by the union of two curves
of the form Im pt = f(Re p), with f’ satisfying (B.17), and further,

h? 1 1
(10.10) f@l<c(e+=) max<—1,71>,
€ In | In )

T

In the left half-plane, we recall that S’ has a more complicated structure. Assume,
to fix the ideas, that Re 14 < 0. Then S’ is the union of the curves (defined in (8.6)):

1
I's: Imp=v3[Rep) e Imp)ln— =ImS, +(X —7Rep) +mRep

|

1
I340-: Imp=v4(Rep) & (Imu)ln— =ImS;4 + (X — mReu) — mRe p,

|

in the region Re 1y < Repr < 0. Here 73 4- (Re pt) < 13(Re ) and the two curves
cross at j14. In the region Re u < Re 14 S’ is given by

1 1
— (Im Sy ,+Im S5 4) + (X —7 Re ),

Fia-: Imp=74-Rep) & (Imp)ln ] =3

and this curve also contains fi4.
When i < 0, we have

h
X — wRep = hRe o_(;) — hO(e2nlmy

so again f := 7, 4~ satisfies (10.10), while

V34— (Rep) :=Tm S5 4 + (X — mRe 1) < v34- (Rep) < v13(Repu)
<ImS;, + (X —7Rep) =71 3(Re p),
for Re p1a < Rep < 0, where f = 7, 3,73 4 satisfy (10.10).
In the region || < Ch the horizontal part of the spectrum is a union of curves

I'jx given in (9.2) and (9.3). Here the new function X is uniformly Lipschitz and
O(h), so the skeleton is here contained in a region

(e +h*/e)

[ Tm | < O(1) ;
lnﬁ
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The overall conclusion is that the skeleton is contained in a region

W? 1 1
. < -
(10.11) | Im p| < O(l)(6+ p ) max(ln 1 i )

)
(Re pyy In et+h?/e

where we recall that (Re u1), = (h? + (Re u1)?)'/2.

We end this section by establishing a simplified statement to be used in Theo-
rem 1.1. We shall simply remove a small rectangle around y = 0 where we have seen
that the description of the spectrum is more intricate.

Start by recalling the definition of p4, pp prior to (8.14). For instance (1, is the
intersection of the curves

A: —2mRep =ImS;, — Im Ssz4,
Pig— Imp =1y (Re p),

where f = v, 4- satisfies (10.10). Using that Im S, ; and Im S; 4 are O(e + h/e +
| Im p|), we get

2
Re piy = O(e+ h? +\Im/$A|)a

tm juz = 0+ =) max( — L)
= €T — X y )
H ¢ [In[Re aal] " [In(e + )]

implying,

2 Ofe + 1)
Repp = O e+ —), Impy=—" "
Ha ( 6) 127 \ln(e+h?)\

We have of course the same estimates for jip.
Choose C > 0 sufficiently large so that the “black box”

2 + 2
B =[—a.a] +il-b,b], witha=C(e+ h—), p=c )
€ |1n(6+ T)‘

)

contains 4, (1. Then we have the following.

Proposition 10.2 The number of eigenvalues in B is O(5 + §)| In(e + @)\ The
eigenvalues outside B are exponentially close to I'y 4— U T'15 U I'y 3. More precisely
introduce

Eyy- ={p €Ty \B;a+a,- =0, Rep <0},
Ep={pneTi;\Bsa +a, =0, Rep >0},
Eiz={peli3\B;a +a;=0, Rep > 0}.

Then there is a bijection b (possibly after a slight modification of B) between the set of
eigenvalues outside B and E, 4~ U Ey 5 U E, 3, such that

b(p) — p = O™ R/ n | ]).
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Proof We may first notice that we can replace the index 4~ by 4 without changing
the validity of the statement of the proposition, since a; — a,~ = O(e~27IResl/h)]
Rep < —h. In view of (10.11), we know that there are no eigenvalues outside B
with |Re | < a and the discussion in Section 8 then shows that the eigenvalues
outside B have to be exponentially close to I'; 4 U I'; , U I'; 3 and that there is a
bijection b as stated. To estimate the number of eigenvalues inside B, we simply
apply Theorem 10.1. with  a rectangular contour containing B but contained in 2B
and working directly with a4 instead of a,=. ]

Consider E; 4~ of the preceding proposition. In view of (8.3), it is given by the
quantization condition

h h 1
(10.12) Sy +Ss4 +2p(In(—p) — 1) + 22 4 2hi0) ( —) _ 27r(k+ —) h, keZ
’ ’ 2 o 2

Here we recall from the beginning of Section 5, that the term (‘),(%) is~ C 1% +
Cz(ﬁ)2 + -, as % — 0. We also know that if &« = (¢, h?/€) denote the small
additional parameters in the problem, then S;; ~ Zgo S’J{k(u, a)h”, for (j, k) =
(1,2),(3,4), where S;’k are smooth in « and analytic in 7. Hence the condition

(10.12) takes the form by 4 (p1, s h) = 2m(k + %)h, where

(10.13) bra- (1, 05 h) me (.
in the space of bounded holomorphic functions defined in the truncated sector:

1
Repu < —Ch, |Impu| < E(—Reu),

with

(10.14) 14, (p, ) = 2pIn(—p), b1 a- holomorphic
in a full neighborhood of t = 0, e = 0,

and

(10.15) by () = O(u' ™), v > 2.

Notice that the singularity structure (10.13), (10.14), and (10.15) of b; 4 is essen-
tially unchanged if we replace pu by i = a(p, s h)(u + hd(u, a; h)), where a, d are
classical symbols of order 0 in h with coefficients that are analytic near 4t = 0, @ = 0
and with a elliptic, Rea > 0, | Ima| < Rea.

On the other hand, in the region Re 4 < —1/C, C > 0, we know (and that was
done for instance in [14, §4]), that the eigenvalues sit on a curve and are given by a
Bohr-Sommerfeld condition

By, a5 h) = 2m (K + %) ho kez,
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where b is a classical analytic symbol of order 0: b~ Yoo b ( 1, @)h”, and where

P, 0) = / ¢ dx.
Vext (11,0¢)

Here 7ext (i, @) denotes a closed loop in the energy surface Q°(u, o, x, &) = w, with
w and p related by (10.9), that can be obtained from the real energy curve we get by
taking p real and putting o = 0. Clearly b= by 4~ so our discussion gives detailed
description about how one can push the standard WKB-construction to the limit
|| > hin the region Re i < 0.

The same discussion applies to E, ,, E; 3. We get the conditions

bi2(p,c5h) =2mkh and by 5(p, oz h) = 2mkh,

respectively, where b;;, (j,k) = (1,2),(1,3) are defined in the truncated sector
Rep > Ch, |[Imp| < Rep/C, and b7 have the analogous properties to those in
(10.14), (10.15), for v > 1, while the ﬁrst part of (10.14) should be replaced by the
condition that

b‘;_k(u, ) — pln p is holomorphic near = 0, a = 0.

Then bY, is the action along a closed loop inside the appropriate complex energy
curve, that can be obtained by deformation from the case yu > 0, @ = 0 where we
take the left real component, close to the left loop in the co-shaped set Ko o. For b3,
we deform from the right real component. '

11 Justification by Means of a Global Grushin Problem
11.1 One Dimensional Grushin Problems

We may assume here without loss of generality, that (g) is real-valued. Then we
know that f in (6.7) satisfies f(w;h) ~ Zgo fi(ws h), where fy is real-valued when
€,h*/e = 0, 7 € R. Recall that f and f; depend analytically on 7 and smoothly on
N

Also recall that the spectrum of Q is localized to the region (6.4):

| Imw| = O(h+ e+ h*/e)

(as follows from the more refined estimate (10.11)), and in view of (6.8): f(w;h) =
—u, it follows that p is localized to a domain of the same type.

We shall now introduce three different Grushin problems for Q — w in the spirit
of [13,31]. Let x € C§°((neigh(0,0),R?)) be equal to one near (0,0). We realize
X as an h-pseudodifferential operator, that we also denote by x, using a Gaussian
resolution of the identity (see [17, §3] and [27]), so that our calculus errors will be
exponentially small rather than just O(h*°). Assume, in order to fix the ideas, that the
support of V is a thin annulus around (0, 0), containing the points oj, j = 1,...,4
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(see Section 6). Recall the definition of g; in (6.10). Let g;-k be the corresponding
functions defined for Q* — W, depending anti-holomorphically on w. Define

Rlu= (—DW\%[Q*, X185 w;-

Here W is a small neighborhood of «; and (u|v)wj = (xjulv) where x; € C§*(W))
is equal to 1 near «j, and we also let x; denote the corresponding Gaussian quan-
tization. We may normalize the choice of g7 so that Rlg; = 1. Expanding the
commutator, we see that the definition of R]u (up to an exponentially small error)
is independent of the choice of x, provided that u is a microlocal null-solution of
Q—w.

Assume for simplicity that y is real-valued and that the corresponding quantiza-
tion is selfadjoint. Put R” u_ = (—1)/u_i/h[Q, xlgj-

Our first Grushin problem is directly adapted to the derivation of the quantization
condition (6.18) in Section 6. It is the form

(11.1) Q—wu+R_u_=v, Riu=w,,
with Ry = R{: L}, — C,R_ = R.: C — LJ,. Using Section 6 we see as in [13]

and [31, §5] that it is well posed for w in some fixed complex neighborhood of 0 with
a solution of the form

(11.2) u=Ev+Ev,, u_=E_ v+E_,v,.
Here we get
E_+V+ — ihV+(C2’3€2m(91+92)+ﬁ(53‘4+Sl'2) + c2’4627r192+3512 _ 6173627T191+;S3_4 _ Cl,4)a

where the parenthesis is the same as in the quantization condition (6.18). As usual,
we read off the approximate eigenvalues as the zeros of E_ .

The drawback with this first Grushin problem is that the solution operator (11.2)
will grow exponentially when 1 > 0. This can be seen either directly from the explicit
formulae for a; ; and the slightly less explicit expression for ¢;, or from the fact that
for ¢4 > 0, we have approximately a double well problem and with R, we prescribe the
solution u in (11.1) in one of the wells, and hence u will in general be exponentially
large in the other well. Of course, we will have to accept some exponential growth
with a rate O(] Im w| + € + h* /) but certainly would like to avoid exponential growth
with a fixed rate when p is real.

It seems impossible to cover a full neighborhood of w = 0 with a single Grushin
problem whose solution operator does not exhibit exponential growth in some re-
gion, so we shall use two Grushin problems where one will be nice roughly in the
upper half-plane and the other in the lower half-plane.

The second Grushin problem is designed to cover the region Im p > 0 with some
margin. It is of the form (11.1) with

(11.3) Riu= (RPu,Riu), R.u_ =R u' +R
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so that R, = L}, — C* R_ : C* — L,. For the corresponding model problem for
Py — 1 in Section 4, we get (cf. (4.6) and (4.8)):

(11.4) (Z;) —U (Zi) ,

1 » Shi

(11.5) U= ("2 M) F(— - iﬁ) hiiyar (6L
Usp Uy 2 h e

This is basically the approach of [13, §4] and as there, we see by direct calculation or

by a more general normalization argument that U () is unitary when p is real. We

also see that U is uniformly bounded in any disc D(0, Ch) for

Imuy > -——-

h

For 1 outside an angle around —i[0, +oo[ with || > h, we apply Stirling’s for-
mula (5.2) and get

s =enl(p= s (550 vo-(2)

with the + sign valid for u, 5, u3 4, and the — sign for u; 4, u3 ;. As in Section 8, we get

[kl :exp(—%(l+lnﬁ) Im,u+RLh'u(arg(%) :I:g) +Re(9_(%)).

We now also assume that || < C™! < 1, so that In(|u|™!) > 1. We shall estimate
the exponent from above. When Re p > 0, the worst exponent is the one with +7/2
in the middle term and we approximate

1 I Ty 1 1 (Re p)(Im p)
e (ae(4) + 2) = iRep g ~ L Reim)
which is dominated by the first term and hence
1 1
. < __ _
(11.6) lujx| < exp( p (ln ] + (‘)(1)) Imu) ,

when Re ¢z > 0. When Re ¢4 < 0, the worst case is the one with —7/2 in the middle
term and we approximate

FRep(arg(H) —T) = T r — argyy ~  LREHIRA),

2 h h oyl
leading to (11.6) also in this case. We conclude that U is bounded in a domain of the
form
Ch
(11.7) {M;ImuZ— : }
ln rlul

As a consequence, we get the following.
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Proposition 11.1 The problem (11.1) with Ry given by (11.3) is microlocally well
posed (with errors O(e=Y/ M) for |p| small with 11 in D(0, %) or away from a small
conic neighborhood of iR_. If we write the solution as in (11.2), then for v as in (11.7),
we have

C h?
(11.8) BIEN, B, [E-| = O exp 7 (|Tmp] + e+ ).

Let us also compute E_,. Near the branching point, we recall that we have the
relation (6.11) for null-solutions to P — z, equal to u;g; near «;. To determine E_,,
we consider (11.1) with v = 0, so that u; = v} for j = 2,4. We then want to express
uj, j = 1,3 in terms of u,, uy. We can do this using (11.4), (11.5) above and redo
some of the work in Section 6, but it is easier to to use the work already done and

“solve” (6.11). We get
13 c _ G304
(ul) | a3 1,4 €3 (u2>
=1 _aa .
Us €3 €3 s

Notice that u; , u; in our Grushin problem (with v = 0) are the discontinuities we
obtain at oy, a3 when trying to extend a null-solution near (0,0) with prescribed
u = vjgjnear aj, j = 2,4, to a global null-solution near Ko o. We get

— 27i0; €13 €1304
+ 2 2 peIEAC TN +
(ul > _ . <V2) _ € €3 Q3 Cl’4 <V2)
- - = + - ; c + |
Uz vy _ 1 627r161 4+ G4 v

€3 €3

where
(11.9) 27T51 =27, + %53’4, 27T52 =27, + %31’2.

It follows that

1 = = e =
(11.10) detE_, = —(ezm(e”eﬁclg + CZAezmez — 517362”’91 —C14)
€3
— 2040y | 24 ormif, _ 13 amify _ (L4

03 03 03

From the middle expression, we see that this determinant is equal to the expression
in the quantization condition (6.18) times a non-vanishing factor.

The third problem is designed to cover the region Imp < 0. It is of the form
(11.1) with
(11.11) Ryu= (Ru,R2u), R_u_ =R u* +R u*.

For the corresponding model problem for Py — 11 in Section 4 we get (cf. (4.6), (4.8)):

()= () =0 ()
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with U as in (11.4), unitary for real u, so that V() = U(@)*. Thus from (11.6) we
see that the matrix elements v; ; satisfy

1 1
il < —|In— 1)) I
visl < expy (In 7o+ 0)) mp,

and V is bounded in a domain of the form
Ch

1
ht|p

(11.12) {M;Imyg

In

Proposition 11.2 The problem (11.1) with Ry given by (11.11) is microlocally well
posed (with errors O(e="/M)) for |u| small with ju in D(0, h/4) or away from a small
conic neighborhood of iR . If we write the solution as in (11.2), then for y as in (11.12),
we have the estimate (11.8).

We now compute the corresponding E_ ., so we put v = 0 in (11.1) and repeat the
arguments above. Near the branching point u is a null-solution, and is u;g; near o,
now with v; = u;, j = 1,3. By “solving” (6.11), we express u, 4 in terms of uy, u3

and find
C24 13024
— 03— +
U\ [ s C14 12
Uy 1 _4as vy’
C14 C14
We then get
24 i 13024
. —e 27if, s — .
U\ E 141 o C1.4 C1.4 "1
Uy A\ 1 €3 2t | \v3)”
C1.4 4
and
o= 27i(01+62) o — _
(1113) detE_+ = 7(62’3627”(61-'—92) + 62’4627”62 — C1’3€2mel - 61’4)
C1.4
— 3 + €24 67271'1'51 _ €13 6727«'1'52 _ e*Z?Tl‘(gli*gz)
Cia  Ci4 Cl,4

11.2 The Global Grushin Problem

We first explain what the natural range will be for €. Our global Grushin problem
will be built from a direct sum of problems for the operators P, — z in (2.3). These
operators can be written

aiin g(n(k=2) = 2) io(n(k=2) e K.
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where Q is the operator appearing earlier in this section and in Section 6.
Clearly, we add conditions R4 only for such k for which

_z—glhk— ) - %)
- i€

Wk

is close to the spectrum of Q, i.e., for which

2
(11.15) | Im wy| go(e+ h—),
€

(cf. (6.4)), assuming for simplicity that (g) is real-valued. Then according to (11.8)
we can expect that our Grushin problem will have an inverse & with norm [|&] =
O(1)eCi+),

Now we cannot expect to have a complete decomposition into a direct sum of
operators (11.14), but Proposition 3.3 shows that it is possible up to an error

O(1) exp(—1/(C(e + h))).

Thus in order to absorb the error by a standard perturbation argument, we need

C(e+ly— L .
e 'hT )T aem < 1, which would follow from

1 e h
11.16 > - -
( ) e+h” h €

or equivalently € + i’ < ¢h. Here we already know that h* < eh, since we assume
h? /e < 1, so the new constraint is €2 < h. From now on we work in the range

W< e< b2
Since g is real-valued with g’ # 0, it follows from (6.4) (or (6.5) in the general
case, when (g) is not assumed to be real) that the operators (11.14) have disjoint
spectra. When (11.15) is never satisfied for any k, it is straightforward to see that z is
not in the spectrum of our original operator P.. Assume now that (11.15) holds for

(at most) one k = k. Let R be the corresponding operators R defined earlier in
this section. Using the notation of Proposition 2.1, we define

Riu= RErk)((eﬁ‘AUfle*ﬁGu|eLkioisio)Lz(sl)),
4 2rh
Rou_ = efSUe (e iy 5 @ RMuL),
—i
for u € L*(M), u_ € C. Here e;(t) = ¥,
Repeating the arguments from [14, §6], (see also [15]), we see that we get a well

posed problem with

(11.17) E_.(z) = E®,(2) + O(e).
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Here E(_kl is the E_, of the approximate 1-dimensional Grushin problem treated in
either Proposition 11.1 or 11.2, depending on the sign of the corresponding parame-
ter Im p.

In the expressions (11.10) and (11.13), we have the term eﬂ”i@l*%), where gj
are given by (11.9). We see that Imgj = O(%é), so eX2mi@+0) — LO0G+D) e
conclude from this and (11.16) that the remainder in (11.17) is O(e_C<++h>) times the
dominating term in the expression for E@r in (11.10), or (11.13) respectively. This

implies that if we pass to the p-variable (for k = k) and define the skeleton as in
Sections 8, 9 and the corresponding body B as in the beginning of Section 10, then the
zeros of det E_ are confined to B and Theorem 10.1 still applies to give the number
of eigenvalues (in the y-plane) inside an admissible curve.

12 Improved Parameter Range for Barrier Top Resonances in the
Resonant Case

We start the discussion in this section with the following general observation. Let P,
be a smooth family of operators, satisfying all the assumptions of the introduction,
and in particular (1.9). In Proposition 2.1 we have seen that the operator P._, can be
reduced by successive averaging procedures to

(12.1) Py = g(hD,) + hpy(hD,, x, hD,)
+ W py(hDy, X, hD,) + -+, t € S', 7,x,6 ~ 0.

Proposition 12.1 Assume that the subprincipal symbol of P—y vanishes and that the
spectrum of Pe_ clusters into bands of size < O(1)h™, for some integer Ny > 2. Then
pi(1,x,&) = p;(7) are independent of (x,§) for 1 < j < Ny — 1in (12.1).

Proof Since the subprincipal symbol vanishes, we already know that p; = 0. Sup-
pose that the conclusion of the proposition does not hold and let N; € {2,3,...,
Ny — 1} be the smallest N with pn(79, x, £) non-constant for some 7, =~ 0. Take a
family of Gaussian quasimodes e, (x), & = (ay, a¢) € neigh(0, R?) with

leall =1, p¥, (70,x, hDy)ea = pn, (10, a)(a)eq + O(h'/?) in L%,
See [5] for the standard construction of such quasimodes. Then put
ko

_ i _koy_So
fan = @m) V2 Mk="=3000e (),

with k = k(h) such that h(k(h) — ko/4) — So /27 — T, so that

Pt =s(('2) =) 1 (11 2) - 22.0) o

Hence, since we are dealing with selfadjoint operators,

dist(g (k- %) - j—;) + 1%, (k- %) - 25_:ro‘) o)) < 00,
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and varying «;, so that the values py, (h(k — ’fTO) — 25—;, «) fill up a whole interval, we
get a contradiction to the clustering assumption. ]

Remark Proposition 12.1 remains to hold in the case described in [14, §4], where the
operator P, is conjugated into a normal form in a neighborhood of a Lagrangian
torus, rather than near a closed Hj,-trajectory.

From now on we shall assume that P._, satisfies the assumptions of Proposi-
tion 12.1. Let us now switch on e. An application of Proposition 2.1 together with
Proposition 12.1 then shows that microlocally, near a closed H,,-trajectory, P, can be
reduced to the form

No

(122)  P. = g(hD,) + e( i{g) (hDy, x, D) + O(e) + O " ) +hp ).

It follows therefore that in the results of [14, Theorems 6.4, 6.7] we can replace the
exponent 2 by the exponent Nj in the parameter range for e. Thus for the study of
the spectrum of P, in a region where |[Rez| < 1/0(1) and |Imz/e — Fy| < 1/0(1),
when F, is a non-critical value or a non-degenerate maximum or minimum of Re(g)
along p~1(0), it suffices to assume that

€

(12.3) W< e < K,

for some 6 > 0. In the case when F, is a saddle point value of Re(q), from Theo-
rem 1.1 we get the condition

(12.4) W < e < W2

Indeed, in the latter case we still have Proposition 3.3 and the decoupling condition
analogous to (11.16) becomes € + hNo*! < ¢h, which is fulfilled by (12.4).

We shall now apply these observations to improve the result of [14, Proposition
7.1], giving a description of the individual barrier top resonances of the semiclassical
Schrodinger operator in the resonant case. Before doing so, and also for the future
use in Section 13, we shall first briefly recall the general setup in [14, §7], as well as
in [15, §5].

Asin [14,15], let us consider

(12.5) P=—-1NA+V(x), P(x,£) = &€ +V(x), (x,&) € T*R?,

where V satisfies the general assumptions of [14, §7], allowing us to define the reso-
nances of P in the lower half-plane inside some fixed neighborhood of E; > 0, where
V(0) = Ep, V/(0) =0,V"'(0) < 0. As in [14,15], we assume that {(0, 0)} is the only
trapped Hp-trajectory in P~!(E,). After a linear symplectic change of coordinates,
we may write

2

>\,
(126) PO —Ey=Y & =)+ ps(0) + pal) 4o, (6,9 =0,

=1
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where A\; > 0and p;(x) is ahomogeneous polynomial of degree j > 3. Recall further
from [14] that the study of resonances of P near E, can be reduced to an eigenvalue
problem for P after applying some variant of the method of complex scaling, and that
near x = 0 this simply amounts to working in the new real coordinates (x, E), given
by x = eiw/45z)€ — e‘”‘“E

Performing the scaling and dropping the tildes from the notation, we see that the
problem reduces to studying the eigenvalues close to 0 of the operator i(P — E; ), now
elliptic outside a small neighborhood of (0, 0), with symbol

(12.7) P(x,€) = p(x, &) + i€ ps(x) + i€ pa(x) +ie™ ps(x) +---
where

2 )\
(12.8) P& =D S +&).

j=1

Here we continue to write P to denote the scaled operator.
We assume that A; > 0in (12.7) are rationally dependent,

(12.9) 3K = (K0, K9) € 22\ {0}, KA + KA, =0,

which implies that the H,-flow is periodic.

As in [14, 15], we are interested in eigenvalues E of P with |E| ~ €%, 0 < € < 1.
After a rescaling x = eX and dropping the tildes over the new variables, we get an
operator P, = }ZP that we view as an z-pseudodifferential operator with the symbol

Po(x,€) = LP(e(x,8)) = p(x, &) +iee’™/* ps(x) — i€ pa(x) + O(E)).

Here h = h /€2 Now the spectrum of P._ is that of the harmonic oscillator, and
hence it clusters into sets of diameter 0 and separation of order h. An application of
Proposition 12.1 shows that all the p; in (12.1) are constant. Moreover, since in this
case all the eigenvalues depend linearly on h, we see from the proof that the p; have
to vanish. It follows from (12.3) that in the zone corresponding to non-critical values
F, or non-degenerate maxima or minima, the range of energies that we get is

}2No/(142N0) E— E| < J20/(1420),

forall Ny = 2,3,...and all § > 0. When F, corresponds to a branching level, we get
from (12.4)

hZNn/(1+2N0) < |E _ E0| < hl/Z.
We summarize the discussion above in the following proposition, which is an im-

provement of [14, Proposition 7.3]. Clearly, in a similar fashion, we also obtain an
improvement of [15, Theorem 5.1].
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Proposition 12.2 Assume that the principal symbol P(x, £) in (12.5) has an asymp-
totic expansion (12.6), and assume that (12.9) holds. Assume furthermore that the func-

tion (p3), defined as the average of ps along the Hamilton flow of p in (12.8) does not
vanish identically. Then the resonances of the operator P in the domain

(12.10) {z € GRN/I+N) |7 E | < '}

\U{z€eC;

wheren > 0,9 > 0, and Ny = 2,3, ... are arbitrary but fixed, are given by
. i (h k S hNo
. 3 —2 0
NEO—I(h(kl—a/4)+€ ZOhJE ]T’]‘(E—z(k—z)—g,ﬁw—z%)),
=

with

Rez — Ey —A|Imz|3/2‘ < 77\Irnz|3/2}7

, hNo
7'0:ie3ﬂl/4<p3>(§)+o(6+m), 7120(1)7]2 1.

We have k = (ki,ky) € Z%, S = (81,S,) with S; = 27, and o = (a1, ay) € Z? is fixed,
and we choose € > 0 with |E — Ey| ~ €*. The union in (12.10) is taken over the set of
critical values of (p3), restricted to p~'(1), with A varying over this set.

Remark 1f (p;) restricted to p~1(1) has precisely one non-degenerate saddle point
with the critical value A, then the results of the present paper apply and give a de-
scription of the individual resonances in a half-cubic neighborhood of the curve
Rez = Ey + A|Im z|3/ ?. In the following section, we shall consider explicit exam-
ples of homogeneous polynomials for which the assumptions of Theorem 1.1 are
satisfied.

13 Examples in the Barrier Top Case

This section is devoted to a study of examples of potentials of the Schrédinger oper-
ator (12.5) to which Theorem 1.1 is applicable.

Let us recall from (12.7) that we are interested in eigenvalues close to 0 of the
operator P, elliptic outside a small neighborhood of (0, 0) with symbol

(13.1) P(x, &) = p(x, &) +ieT ps(x) +ie™ pa(x) +-- -,

where the harmonic oscillator p(x, £) has been defined in (12.8). As before, we make
the resonant assumption (12.9).

Consider first a general perturbation of p of the form of a linear combination of
terms x*¢7 with |a| + | 3| = m, for some m € {3,4,5,...}. Recall from [14] how to
compute the corresponding trajectory average (x*¢”): basically we use action-angle
coordinates, but to start with, we can do things a little more easily by introducing

zj:xj+1§j€C,
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and noticing that along an H,-trajectory we get in the z;, 2z, coordinates:
zj(t) = e "'z;(0).
Then write x;(t) = Rez;(t), {;(t) = Imz;(t), so that
(13.2)

2
x()°6t) = [[(Rezj () (Imz;(£))™)

j=1

2
1 , . , .
= Sl 131181 [T(G(e ™" +Z5(0)e1) (zj(0)e ™" = Z5(0)e™*) ™).
Pl
-1

Then expand the product by means of the binomial theorem. The time average is
equal to the time-independent term and since this average is constant along each
trajectory we shall replace the symbols z;(0) simply by z;.

In this section we consider the case when A\; = A, = 1,m =4, 3 = 0. (In [14] we
noticed that in this case the average will vanish when m = 3 and in [15] we made a
more refined study of that case taking into account one more term in the perturbative
expansion.) This means that we take p;(x) = 0, and for simplicity we also assume
that p,, = 0 for all odd m in (13.1), so that we can concentrate on the perturbation
—ipy in (13.1). Performing a rescaling as described in the previous section, with ¢
replaced by €'/2, (i.e., setting x = €'/2% rather than x = €%), we get

(13.3) px, &) — iepa(x) — 2 pe(x) +i€ pg(x) + €' pro(x) + -+,

and here, as before, we choose € of the same order of magnitude as the modulus of
the eigenvalues for the operator P(x, hD) which we want to study.
Now we continue the calculations of trajectory averages using (13.2). We have

1 1

(x}) = 2—((2'1 +z))") = 2—4<Z‘1L +42Z) + 62172 + 42,75 +Z})
_ 3 3

= gl@a) =glalt (=36 +a.

In the same way, we get (x3) = 2|z, |*.
Next look at the averages of mixed terms:

1 _ _ 1 _ o _
(xix2> = 2—4<(zl +2) (2 + Z)) = 2—4<(zf + SZle + 3212% +z?)(zz +22))
3 2= 2, = 3. -
= B(|Zl| Z1z + | faz,) = §|Zl| Re(z12,),

3 _
(x15) = g\zz\zRe(Zzzl),
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1

() = 5

<(Zf + 22121 + Z%)(Z% + 222, + Z§)>

L) 2,02 4 52,2
?(le2 + 4|21 |z|” +Z125)
1 EENN SURNP T
=3 Re(z7Z5) + Z|Zl| |z2]”.
Notice that our averages are invariant under the anti-symplectic involution

j: (X, é-) = (xu _é-)

This is necessarily the case since we stay in the framework of ordinary Schrodinger
operators (without magnetic fields) whose symbols have this invariance.
Now write our results in the action angle variables (p;, 6;), given by

_ —i;
zj =+/2pje ",

1 1
so that 3|z = 3(x} + &) = pj:

3 3
<le1> = Epfv <x§> = Ep%’

3 3
(xixy) = Eﬂ?/zﬂé/z cos(by — 6), (xix3) = Epi/ng/z cos(0, — 6,),

1
(x1x3) = p1p2 + 5P1p2 cos 2(0, — 0,).

It follows from the Hamilton equations that p; and 6 := 6, — 0, are constant along
every H,-trajectory. The involution j can also be described as (z1, z,) — (Z1,2,), and
hence in action-angle variables as (p1, p2, 01, 02) — (p1, p2, —01, —62).

We shall study our averages as functions on the abstract symplectic manifold

¥ = p~'(1)/ expRH,,.

Using the (z;, z,)-coordinates, we have p~'(1) : (|z1|* + |22|*) = 1, and the equiva-
lence relation induced by the H,-flow is: (z;,2,) ~ (w, w,) if and only if

(w1, wy) = (eltzl, eltzz)

for some t € R. Thus we see that ¥ can be identified with the complex projective
space P(C?). It is well known that this space is diffeomorphic to $?. Indeed, P(C?) can
be identified with the 1-point compactification CU{co} via the map (z1,2,) — z1 /2,
and the one point compactification can be identified with the Riemann sphere.

Thus ¥ can be parametrized by (pi, p2,0) with p; > 0, py + p = 1,0 € R/27Z,
with the convention that all the (1,0,6) denote the same point and similarly for
(0,1, ). The involution j induces the anti-symplectic involution

j: =) (p1,p2,9) = (p17p27 _0)
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Notice that the set of fixed points of j is given by all points with § = 0 or § = 7. These
points form a (great) circle on 3 and can also be described as the set of trajectories
in p~!'(1) whose x-space projections hit the boundary of the potential well {x € R?;
|x| = 1}.

We consider perturbations of the form

(13.4) qlx) = %a(x‘f +x3) + bxixd + %c(x?xz +x1%5).

Then on ¥ we get with p = py,sothat p, =1 — p:

(@) = a(p} + p3) + bpipa + Ep1p2 cos(20) + c(pi p; + pi p3 ) cos O
=a(p® + (1 — p)*) + bp(1 — p)(1 + 3 cos(20))
+c(pr (1= p)* +p*(1 — p)?)cosf
=a+(b—2a)p(l — p)+ p(1 — p)cos(20) + cp' /2(1 — p)' /2 cos O

= a+(§ —2a)p(1 — p)+bp(1 —p)c0526‘+cp%(1 —p)% cosf,

where we used that p'/2(1 — p)3/2 + p*/2(1 — p)}/2 = p!/2(1 — p)/2.

We are interested in the critical points of this function on 3, and the values
p = 0,1 will have to be treated separately. In particular we are interested in the
number of saddle points. If we have only one saddle point we will be able to apply
the results of this paper. This is still the case if there are two saddle points provided
that the corresponding critical values are different. We will also encounter the case of
two saddle points S;, S, away from the equator and then necessarily with j(S;) = S,.
In that case the critical vales will be equal and the results of this paper will not apply
directly. We plan to return to that case in a future paper, where the role of symmetries
will be studied.

Putd = ¥ —2a,g = p'/2(1 — p)7, y = cosf. Then, (q) = a+dg> + bg>y* + cgy.
Notice that y = cos § is critical precisely when § = 0, 7 and that y € [—1, 1]. When
y # =£1, we may treat g as an independent variable. The same observation is valid
for g(p) €]0, %]. It is non-critical in [0, %[ i.e., for p # % (As already mentioned, the
value ¢ = 0, corresponding to p = 0, 1, will require a different treatment.)

In order to avoid various degenerations, we shall assume d # 0, When ¢ # 0, we
have b # 0,b+d # 0.

Case 1 Critical points with
(13.5) 0#0,m, p#0,3,1

Here both y and g can be treated as independent variables and the critical points are
determined by 2bg*y + cg = 0 and 2dg + 2bgy? + cy = 0. This can also be written
g(2bgy + ¢) = 0 and 2dg + y(2bgy + ¢) = 0. Under the assumption (13.5) we have
g # 0, so we get 2bgy + ¢ = 0 and 2dg = 0. This is in contradiction with the
assumption that d # 0, so we conclude that there are no critical points away from
the union of the vertical circle given by 6 € {0, 7} and the horizontal circle: p = 1/2.
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Case 2 Critical points on the horizontal circle away from the vertical one:
(13.6) 0 #0,m, p:%.

Then g = 1/2 and this is a critical value, so we only have to look for critical points
with respect to y, leading to

26(1)?y+ct =0, y=-%

Recall that |y| < 1 under the assumption (13.6), so we reach the conclusion that
if ’%| < 1, then there are two distinct critical points in the region (13.6), given by
p = %, cosf) = —;, and otherwise there are no such points. (In the remaining
degenerate case b = ¢ = 0 the whole horizontal circle is critical.)

We also study the nature of the critical points, by computing the hessian of (g)
with respect to p, y. Using that g'(3) = 0, g"’(3) = —2, we get at both points

3§<q> = 3’ 9y0,(q) = 0, 8,21<Q> = —2d.

So both critical points are of signature (b, —d) where the first component corre-
sponds to the horizontal (#) direction. (We use the convention that a signature de-
scribed by (a, ) is given by (sign(«), sign(/3)).)

Case 3 Critical points on the vertical circle away from the horizontal one and from the
poles p =0, 1:

0e{o0,7}, p&{0,35,1}.

For § = 0, we have y = 1 and we look for critical points of g — (d+b)g*+cg, leading
to g = — 5577 Hence we get two critical points in this region if —1 < 77 < 0. and
otherwise no point on this half of the vertical circle. (In the degenerate case b+d = 0,
¢ = 0 the whole vertical circle is critical.)

For § = 7, we have y = —1 and we look for critical points of g — (d + b)g* — cg,
leading to ¢ = 5777, so we get two critical points in this case if 0 < 77 < 1, and
otherwise no critical points on this half of the vertical circle. We will see shortly that
we have critical points at the poles when ¢ = 0.

In both subcases, we get by a straight forward calculation:

2
1 ¢

(@)g =2(b+d), (@g=0, (@)= Wd’

so the signature is (d + b, d) where the first component refers to the direction of the
vertical circle through the critical point.

Case 4 The two points of intersection of the two circles: Here p = § and 0 € {0, 7}.
Here both g and y are critical, so our intersection points are both critical. By straight
forward calculation, we get for C; : 0 = 0, p = %

(@op=—3b+0), (@i, =0, 3{a)y,=—c—b-d,
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andforCp:0 =m,p=3
(@og=3(=b+0), (@4,=0, 3(a),=c—b—d
In particular, the signature is

(—c—b—d,—b—c) whenf =0,
(c—b—d,c—Db) when 0 = 7.

Also notice that

d+b ¢ d+b

(13.7) <q>(Cf):a+T+z, <q>(Cb):a+T—

[NCRIR

Case 5 It remains to study the “poles’, given by p = 0, 1. Here the p, 6 coordinates
degenerate and we return to the z-coordinates. Using that Re(z3z3) = 2(Rez,z;)* —
|21 |?|z2|?, we get

(q) = §(|zl|2 + |z + (g - %) FARE R %(Rezﬁz)2 + §(|zl|2 +|z|*) Re(21Z,).
Make the change of variables (; = z;/1/2 and restrict to the energy surface p~!(1),
which now becomes |(;|* + |(3|* = 1. Then we get

(@) = a+d|G |G + b(Re(Gi(y)* + cRe(G1(y),

again with d = % — 2a.

Recall that we work on the projective space, described as the 3-sphere | |*+|(|* =
1 modulo the action of the rotations t — (e”(y,e"(;). Consider the case p = 0.
Correspondingly, we can choose the point (¢}, (Y) = (0,1). The H,-integral curve
through that point is t — (0, e~*) and locally, we can identify 3. with the transversal
hypersurface H in the 3-sphere which is given by Im {; = 0. Thus {;, = 1 — w with
w € neigh(0,R), and we get w = 1 — (1 — [(1[*)'/? = L|¢; 2 + O(|¢1[*). We can use
the real and imaginary parts of (; as local coordinates on H. Then on H, we get the
Taylor expansion (q) = a + d|(;|> + b(Re (;)* + cRe ¢ + O(|¢1 ).

We conclude that the “pole” p = 0 is a critical point if and only if c = 0 and when
this point is critical, the signature is (d+b, d), where the first component corresponds
to the direction of the (vertical) circle through the pole. By symmetry in the indices
1, 2, we have the identical conclusion for the opposite pole, given by p = 1. Notice
finally that this case together with Case 3 give a complete description of the critical
points on the vertical circle away from the crossings with the horizontal one.

We observe that the critical points away from the intersection of the two circles
are non-degenerate and keep constant signatures under small perturbations of the
parameters (except in the degenerate casesc = b = 0 and ¢ = b+ d = 0). These
critical points can only be killed or born by passing through one of the two crossing
points. This happens in the following four cases.
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Case 1 ; = —1: The critical points on the horizontal circle coalesce into the cross-

ing point§ = 0, p = 1. When ¢/b goes from —1+¢€ to —1 — ¢, the two critical points

disappear and the signatureat = 0, p = % goes from (—d, —be) to (—d, be)

Case 2§ = 1. The two critical points on the horizontal great circle coalesce into
the crossing point § = 7, p = 1. When § goes from 1 — € to 1 + ¢, the signature of
that crossing point goes from (—d, —be) to (—d, be).

Case 3 ;5 = —1: The two critical points on the vertical circle coalesce into the
crossing point = 0, p = % When ;1 goes from —1 + € to —1 — ¢, the signature of
that crossing point goes from (ce, d) to (—ce, d).

Case 4 ;5 = 1: The two critical points on the vertical circle coalesce into the
crossing point = , p = 1. When ;% goes from 1 — € to 1 +¢, the signature of that
crossing point goes from (—ce, d) to (ce, d).

In the following, we may assume in order to fix the ideas that d > 0. In the b, c-
plane, we define the following open sets, separated from each other by the 4 lines
¢ = +b, c = £(b + d), where all the critical points will be non-degenerate:

A: b>0, —-b<c<hbh

B.: max(b,—b) <c<b+d.

B_: —(b+d) < c < min(b,—b).

Cy: c>max(b+d,—D).

C_: c¢<min(b,—b—d).

D: b<0, max(b,—b—d)<c<min(—b,b+d).
E,: max(b+d,—b—d) <c< —b.

E : b<c<min(—b—d,b+4d).

F: b<—-d b+d<c<-b-—d.

Then the earlier discussion gives the location and the signature of the critical
points in each of the cases. Let Cy denote the “forward” crossing point of the two
circles, given by p = 5, 8 = 0. Similarly let C;, denote the “backward” crossing point,

1

givenby p = 3,0 =

1
2>
.
A : Signature at Cy: (—, —)

Signature at Cp: (—, —)

Away from the crossings:

On the horizontal circle: Two critical points with signature (+, —)

On the vertical circle: Two critical points with signature (+, +)

B, : Signature at Cy: (—, —)
Signature at Cy: (—, +)
Away from the crossings:
On the horizontal circle: No critical points
On the vertical circle: Two critical points with signature (+, +)
Here (g)(Cy) is smaller than (g)(C ) but larger than the two other critical
values.
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c
c=b+d
C,
B,
F Ey
D A
b
E_
B_
C_ c=-b
c=b
c=—(b+4d)

Figure 6: When the parameters are in the regions By, B—, E, and E_, we have precisely one
saddle point, and therefore the results of the present paper apply. In the cases C; and C_ there
are no saddle points at all, while in the case D there two saddle points. The corresponding
critical values of (q) are separated provided that we assume that ¢ # 0.

B_: Signature at Cs: (—, +)
Signature at Cp: (—, —)
Away from the crossings:
On the horizontal circle: No critical points
On the vertical circle: Two critical points with signature (+, +).
Here (q)(Cy) is smaller than (g)(C;) but larger than the two other critical
values.
C, : Signature at Cy: (—, —)
Signature at Cp: (+, +)
Away from the crossings:
On the horizontal circle: No critical points
On the vertical circle: No critical points
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C_: Signature at Cy: (+,+)
Signature at Cp: (—, —)
Away from the crossings:
On the horizontal circle: No critical points
On the vertical circle: No critical points

D :Signatureat Cy: (—,+)
Signature at Cp: (—, +)
Away from the crossings:
On the horizontal circle: Two critical points with signature (—, —)
On the vertical circle: Two critical points with signature (+, +)
Here (q)(Cy), (q)(Cy) are larger than the values at the critical points on
the vertical circle and smaller than the values at the critical points on the
horizontal circle. From (13.7) we also know that (g)(Cy) — (¢)(Cp) = c.

E, : Signature at Cy: (—, +)
Signature at Cy: (+,+)
Away from the crossings:
On the horizontal circle: Two critical points with signature (—, —).
On the vertical circle: No critical points.
In this case (g)(Cy) is larger than (q)(C;) but smaller than the two other
critical values.

E_ : Signature at Cy: (+, +)
Signature at Cy: (—, +)
Away from the crossings:
On the horizontal circle: Two critical points with signature (—, —).
On the vertical circle: No critical points.
In this case (g)(C) is larger than (q)(C) but smaller than the two other
critical values.
F :Signature at Cy: (+,+)
Signature at Cp: (4, +)
Away from the crossings:
On the horizontal circle: Two critical points with signature (—, —).
On the vertical circle: Two critical points with signature (—, +).

In cases By, B_, E,, E_ we have precisely one saddle point (necessarily) situated
on the vertical circle which is the fixed point set of j. In these cases, the results of this
paper apply. The results also apply in case D, provided that we assume that ¢ # 0 in
order to separate the two saddle point values. In these cases it is easy to understand
the structure and the shape of the level sets (q) = C. In particular, we see that when
we let C be a saddle point value, we get a connected “co0” shaped set (and no “circular”
components on which (g) is non-critical everywhere).

In case F, we have two saddle points situated on the vertical circle symmetrically
with respect to the horizontal circle. Since we have chosen to use perturbations which
are symmetric under permutation of x;, x,, the function (g) is invariant under the
map p — 1 — p, so the critical values are necessarily equal. Here we can break the
symmetry by adding a small multiple of, for instance, x} so that we still have precisely
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two saddle points, but with different critical values. Then the results of our paper
apply.

In case A, we have two saddle points on the horizontal circle. They are of course
exchanged by application of j and this symmetry remains under perturbations within
the class of Schrodinger operators without magnetic field. We hope to analyze this
case in a future work.

We shall next compute the €2-contribution to the averaging of the principal sym-
bol p(x, &) — ieps(x) — €2 ps(x) + O(€®) appearing in (13.3), by applying the calcula-
tions of the end of Section 8, with g = —p4(x),= —pe(x), and T = 27. Recall from
there that we have the averaged symbol

(13.8) Pelae = p +ielg) + €((r) — 1C(q,q)) + O(€),

where C(q1, q2) and Cor(q;, q2) were defined in (8.28), (8.26).
A simple calculation gives

« «@ g
161 + 202 ) 2258

2112 2]

{Zavzﬁ}, {Za’zﬁ} =0, {Za’zﬁ} = 21(
More generally,

{°7°, 2‘32“7’} = 21'(

?

o(ay, ai; 51, ) U(a2702§ﬁzaﬂz))za+gza+§
212 |2

where o denotes the symplectic form, viewed as an alternate bilinear form on T*R? x
T*R2. Hence

o(ay, a; B, 1) 0(5127042;52,52))Za+ﬁza+§eis(|a|f\a|)
)

Cor(z°Z" ‘3_5-5 :21’(
(2°z%,27Z%;s) i PAE

when |a|—|a| = || —|§\, and Cor(z“fa,zgzg; s) = 0 otherwise. Ifa = (a;,ay), b =
(b1, by) € N* with |a| = |b| = 4 we get, by multinomial expansion,

(13.9)

1
Cor(x?, K0 = % Cor((z+2)", (z+ 2)%s)

- % Z (Z) (Z) Cor(z“éa,zﬁéﬁ; s)

ata=a
B+6=b
21 a\ (b\ /o(x oz;N7 U&,a;~,
_ Z ((1715151)_'_(2 25252))X
28 o a)\B |z1[? |22|?
Q+Q:ﬂ
B+p=b _
[&|—|al=|8]—5] 700500 gis(|a]—al)

When calculating this kind of expressions, it is useful to observe that the relations
lal + |a| = [B] + 8] = 4, |a] — [af = |B] — [B] imply [8] = |al, [8] = |a.
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We have the Fourier series expansion
loar( (s —m) = Y %e”k.
kez\{0}
Combining this with (13.9) and the Parseval identity, we get
C(x*, %)

1 2T
(s — ) Cor(x", %% 5)

2 (3)(2) 0(5[17041;51,51) 0(0427042352752) atB=a+D
=5 X G-l " )77

|z ? |22[?

T oy

ata=a
B+5=b _
] —|el=[8] 18]
||~ a0

Using this formula we get after a few days of simple but tedious calculations:

(13.10) C(xl+x2,x1+x2)———(|21|6+\22\ ),
Clxt + x5, x1x3) = ——6(3|z|2(2122 +7222) + 16|z, *|z]?),
C(x} + x5, X% + X15) = (2(2122 +237) — (51(Jz1|* + |z

+36|21*|22|) (212, + 2122))

1 _
Clxlxs, xix3) = —ﬁ|z\2(9\zl\2|zz|2 +8(2B +72223)),

1
Cxs, 6% + x1%7) = ——8((17(|zl|4 +|za]*)
+90|z1 *|2[*)(Z122 + 2122) + 122155 + 2173))
1
C(x?xz +x1x;,x?x2 +x1x;) = __8(17(|Z1|6 + ‘22‘6) + 153‘Zl|2‘zz‘2|z|2

+51|z|* (2173 + 2123)) -
Now recall that g is given by (13.4), so that by (13.8), we have

(13.11)
Pej, ~p+ ie({q) +ief(r,a,b,¢c) + O(e?)) =: p +i€qe,

1/4
f(r,a,b,c) = —(r) + ) ( 9 zc(xl +x2,x1 +x2) + b2C(x1x2,x1x§)

4ab

4
§CZC(JC1X2 + X106, 6% + X1%0) + —C(xl +x5,%0%3)

8ac
+ 7C(x‘1* +x§,x?x2 +x1x§) C(xlxz,xlxg +x1x§)) +O().
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According to (12.2) our reduced 1-dimensional operator has the symbol

No

Q6=q~€+o(h+h7).

Put g, = sQ. + (1 — s)(q). If we assume that € >> h, then we get according to (8.22):
(13.12) §dx—/ Edx = —ie/ [f(r,a,b,0) 5D dt + O(® + h),
7(Qe) n(q)) n(a))

where we recall that f%(@) & dx is the (real) action along a loop in {q) = Const =
(q)(p.) starting and ending at the saddle point p,, and that L/ () & dx is the corre-

sponding perturbed action for Q.. From (13.10), we see that C(x} + x5, x} + x3) is
minimal precisely on the horizontal circle p = 1/2. In the cases By, E+, D the saddle
points belong to {Cy, Cy} situated on that circle. Since (q) is invariant under reflec-
tion in that circle, either the loop v ({(g)) is entirely in the upper or lower hemisphere
intersecting the equator only at p, (and this happens in the cases By and for one
of the saddles in case D) or 7;({(g)) intersects the equator at one more point and is
symmetric around the equator (and this happens in the cases E1 and for one of the
saddles in case D). In both cases we see that

](px(t)-ﬁ(t)) dt > 0.

/ [Cxt + x5, %] +x3)
1 ({(4q))

Taking into account the form of f in (13.11), we conclude that for every r the in-
tegral in the left-hand side of (13.12) is # 0 except for (4, b, c) in a set of measure
0. For (a, b, c) outside that exceptional set, we conclude from the discussion at the
end of Section 8 that the spectrum of the one dimensional localized operators has a
genuinely two-dimensional structure.

A Proof of Proposition 6.2

To get a complete normal form we shall do further conjugations with analytic pseu-
dodifferential operators of order 0 in such a way that the complete symbol also be-
comes a function of 7, €, h* /e and x£. Moreover, we need to do so with errors that are
O(e~ /(€M) (rather than merely O(h*°) as in [14]. Here Q is not a classical analytic
symbol but it has a holomorphic realization and becomes a classical analytic symbol,
if we allow some of the h-dependence to appear as an independent parameter in the
coefficients of the h-asymptotic expansion. Thus, our starting point will be a symbol
of the form

(A1) Q= Qo(7,xE, e, h*/€) + hQy (T, x,&, €, h* /& h),

where Q, is holomorphic and O(1) in some fixed complex neighborhood of 7 = 0,
x=&=0.

We define the p-quasi-norm as above, but now it is important that we work in the
Weyl quantization. We then associate an analytic symbol a with the infinite order
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differential operator A = Op,(x, &, Dy ¢; h) as in (3.3). From the definition, we verify
the following metaplectic invariance property. If x: C*" — C?" is an affine linear
canonical transformation and x*, k., denote the usual operations of pull-back and
push-forward of functions on C*", then ,Op,k* = Op,,- This implies that if we
define our quasi-norms with the help of a family of opens sets €2, which are invariant
under r, then [|r..al], = [lal,.

In the case of (A.1), we shall let ), be of the form |x|* + |£|? < r(t) for a suitable
r(t), and we observe that these balls are invariant under exp isH,: when s is real. After
applying the inverse function of Qo (7, -, €, h*/€) to our operator, we may assume that
the principal symbol of Q is x, so (A.1) simplifies to

(AZ) Q = X§+hQ1(T,X,§7E,h2/€; h)

with a new Q; having the same properties as the previous one.

Using the same letters for operators and their symbols, we let Qy = %(th + hDx)
be the quantization of x£. Notice that exp(27Qy/h) = —1, so exp(2madq, /h) = 1.
If B is an analytic h-pseudodifferential operator of order 0, we put

1 2T
(B) = 2—/ ! Q/hBe=tQ/h gt
™ Jo

and notice that on the symbol level,

1 2m
(By = — / Bo expitHy dt.
0

:27'('

Also notice that [Qy, (B)] = 0. Choosing the p-quasi-norms as above, we further
have that [[(B) ||, < [[B][,-
The equation, adq, A = B — (B) has the solution

A= % / k(t)e'Q/hBe™t /gy — % / k(t)e'®/"(B — (B))e™' /" dt,

where k(t) is the function with support in [—, 7] which is affine on [—, 0, ]0, 7]
with k(£7) = 0, k(+0) = F3. We have [|A]], < C||7(B — (B))]l,-
As in Section 3, we see that the map A — Ad,(Q) has the differential

(A.3) A — adsa Qo + K(A, 5A),
where
(A4) IK(A, 5A)|l, < Cp(h+ [|All| )IGA]l,,

under the assumption that [|A]||, = O(1).
Now return to (A.2). After a first conjugation, we may reduce ourselves to the case
when Q; — (Qq) is O(h), so that ||Q; — (Q1)|l|, < Ch, for some C > 0, when p <

po > 0. We look for A such that Ads Q commutes with Qp, and we try A = Zgo Aj
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with convergence in some p-quasi-norm. Start by solving [Ag, Qo] + hQ; = h(Q),
with [[[Aolll, < C[|Q1 — (Qu)|ll, £ O(h). From (A.3) and (A.4) we get Ada, Q) =
Qo + h(Q1) + hQ,,
Qalll, < h™'Cp(h+CllQr = (Qu)NIQ = (Qu)]ll,
< Cp(1+CHlQr = (Qu)ll,
< il = (Qi)ll,s

where the last estimate holds for 0 < p < pg, with pg > 0 small enough. Choose A,
with

C
[A1, Qo] + hQy = h(Q2), [IAi]l, < CllQ2 — (@), < 5|HQ1 — Q-

Then Ada,a, Q = Qo + h{(Qu) + h(Qa) + hQs, with [|Qsll, < 272(|Q1 — (Qu)l,-
Iterating the procedure, we get A; with [|A;[, < C277(|Q; — (Q1)]l|y> such that if
A =3 Aj, then

Ady Q= Qo+ Qi) + Q)+, @l < 277 [1Q1 — (Qu)ll-

The previous discussion shows how to find U so that modulo an error O (e~ 1/(Ch)y,
U~ 'QU commutes with xhD,. Moreover U 'QU is a classical analytic pseudodif-
ferential operator (after allowing / as an independent parameter in the coefficients
in the asymptotic expansions). Put x = ¢’ and work near x = r for some fixed small
r > 0. Then xhD, = hD; and since the class of analytic pseudodifferential operators
is conserved under analytic changes of variables, we know that

U_IQU = Ke,hz/e(Tv S, hDs; h)v

where K is an analytic symbol. But [K,hD;] = 0, so K = Kjz/(7,hDgh) and
returning to the x-coordinates, we get the representation (6.6). ]

B Study of I'j,

For simplicity, we restrict the attention to the right half-plane, Re 1 > 0 and pick one
of the equations in (8.5) that we write

1
(B.1) (Im p) In — = F(u),
[l
where F(p) is uniformly Lipschitz in a neighborhood of 0. As we have already ob-
served,
1 1 I 2
(B.2) &mﬂ(lm,uln—> =In— — (ﬁ) > 1,
iz iz 1z
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so (B.1) determines a curve of the form

1
In1/|(Reu, f(Re p))|

Im i = f(Rep), where f'(Repr) = O ) <1

We want to express f in terms of F(Re pt) up to small errors.
Let us first compare the solution y of (B.1) with the solution 1 of the simplified
equation

~ 1 . ~
(B.3) Im gz ln ﬁ = F(Re p), with Reji = Re pu.
1

Using that F(x) — F(Re ) = O(Im p) together with (B.2), we see that

Imp - 1 1
1 ), so Impy ~Imp,In— ~In—.
In - |l |l

(B.4) Imu—Imﬁ:O(

With this estimate in mind, we now concentrate on the simplified equation (B.3),
and we drop the tildes for simplicity.
Assume first that we are in the region

(B.5) | Tm 1| < O(Re o).

g =(2) (1+0((5) 5im)):

where we write ;1 = x + iy. Thus, if 4 = 11 solves (B.3) and (B.5) holds, then we first

Then

see that
F)
lnj—lC ’
and then that
_ F(x) F(x)\2 1
(56 r= @(”O“)(xan @))-
So, if we assume
1
(B.7) IF(x)| < O(1)xIn =
x

then we are in the region (B.5), and the solution 1 = i = x + iy of (B.3) takes the
form (B.6). Combining with (B.4), we get under the assumption (B.7),

0(1)) F(x)

Ini/ Inl
X X

f(x)=(1+
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We next consider the region x < |y| < 1 and assume for simplicity that we have

y > 0. Then
nﬁ :ln(i) (1+O(1)(§)2é),

and (B.3) takes the form

1 x\2 1
(B.8) y(ln;) (1+o<1)(;) Q) — F(x).
Consider first the simplified problem

1
(B.9) yln— =z
y

WithY =1In(1/y), Z =1In(1/z) (both > 1) we get
(B.10) Y-InY =27
Try the approximate solution Yy = Z + In Z. Then by a simple calculation,

Yo—lnY0:Z+O(ln7Z).

Since the derivative of the left-hand side in (B.10) is close to 1, we see that the solution
Y of that equation is of the form Y = Yy + O((InZ) /Z);

Y:Z+(1+O(%)) InZ.

Hence the solution of (B.9) is of the form

(B.11) y=(1+o(lsy) =

Inl Ini
z z

If we replace z by F(x), we get the order of magnitude of the solution to (B.8):

F(x)
e
and the assumption that x < y reads:
F
(B.13) U
ln W

The earlier arguments show that this condition is equivalent to

(B.14) F(x) > xIn i
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which indeed is complementary to (B.7). Using (B.12), we get

X2 1 xlnﬁ 2 xlnﬁ 2

) < <

(y) Ini _O(l)( F(x) ) In I L/F _O(l)( F(x) ) In ="

y F (x)
where we notice that
xln%
I3 < 1,
by (B.13). Hence (B.8) gives
1 xIn1/F(x)\ 2 1

(B.15) yln;f(1+(‘)(1)( o ) lnl/F(x))F(x),

and applying (B.11) with z equal to the right-hand side of (B.15), we get

1+001 xIn1/F\2 1 F
y:(1+o(1)lnln1/F)( + O (55) i) F&)

I 1/F /(1 d+ o) (2E) )
which simplifies to
Inln1/F\ F(x)
(B.16) y=(1+om In1/F )lnl/F(x)

Recall that here i = x+iy in the simplified equation. To get the corresponding result
for (B.1), we apply (B.1) and conclude that (B.16) holds for i = x + iy solving (B.1),
under the equivalent conditions (B.13), (B.14), and assuming also 0 < F(x) < 1,
0<xK1.

Summing up, we have proved the following.

Proposition B.1 Let F be a uniformly Lipschitz function with |F| < 1, defined in a
neighborhood of 0 € C. Let 1 = x + i f(x) be the solution of (B.1). Then for small x, we

have
(B.17) £/ )] < 0()/In(1/|x + i f ().
Further,
_ o(1) F(x)
flx) = (1 + 1n(1/\x\)) YL when |F(x)| < O(1)|x| In(1/|x]),

lnln(l/\F(x)|)) F(x)

f@ = (1+00) In(1/[F)) / In(L/[E@))’

when |F(x)| > |x|In(1/|x]),
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