
SOME REMARKS ON A P A P E R OF D. W. KAHN 

C . S . H o o 1 

( r ece ived October 20, 1966) 

1. Suppose X i s a s i m p l y - c o n n e c t e d CW- c o m p l e x whose 
homotopy g roups a r e f in i t e . F o r each n , let tf(X, n) be the 
c l a s s of t o r s i o n g r o u p s whose p - p r i m a r y componen t s a r e z e r o 
for a l l p r i m e s p which do not f igure in the homotopy g roups 
TT.(X) for i £ n . D . W. Kahn [3] showed that for e v e r y u n i t a r y 

bundle £ ove r X , the nth Che rn c l a s s c (£ ) i s conta ined in a 
2 

subgroup of H (X, Z) which be longs to •£ (X, 2 n - l ) . If X(n) 
deno te s the o r d e r of the group TT (X) , we sha l l show f u r t h e r tha t 

2n 
\ ( 2 n - l ) c (£) i s contained in a subgroup of H (X, Z) which b e 
longs to S (X, 2n-2) . In fact , t h e s e r e s u l t s a r e t r u e for any in
t e g r a l cohomology c l a s s of such a space X and a r e not p e c u l i a r 
to Che rn c l a s s e s , and hold for the odd d i m e n s i o n a l c l a s s e s too . 
K a h n ' s r e s u l t and our r e s u l t a r e i m m e d i a t e c o r o l l a r i e s of 

T H E O R E M . If X is a s i m p l y - c o n n e c t e d C W - c o m p l e x 

whose homotopy g r o u p s a r e f ini te , then H (X, Z) € o ( X , n - l ) and 

X(n- l ) H n (X, Z)e €(X, n -2) w h e r e X(n- l ) i s the o r d e r of TT , (X) . 
n- 1 

2 . In th is s ec t i on a l l homology and cohomology wil l be 
t aken with i n t e g e r coef f i c ien t s . We f i r s t m a k e s o m e p r e l i m i n a r y 
r e m a r k s . We o b s e r v e that the c l a s s £ (X, n) i s s t r ong ly c o m p l e t e , 
in the t e r m i n o l o g y of Hu [2l . Suppose ( X , p , TT ) i s a P o s t n i k o v 

n n n 
s y s t e m for X . Th is m e a n s tha t p :X->X i s an n - e q u i v a l e n c e , 

n n 
TT : X -> X t i s a p r i n c i p a l K(TT (X), n) f i b re s p a c e , and 

n n n - 1 n 

1 
Th i s work was done while the au thor was a F e l l o w of the S u m m e r 
R e s e a r c h Ins t i tu te of the Canadian M a t h e m a t i c a l C o n g r e s s of 1966. 
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TT p ~ p . . Since G (X, n) i s s t r ong ly c o m p l e t e , i t fol lows 
n n n- 1 

tha t H (TT (X), j )e £ ( X , n) for a l l m > 0 and for a l l j < n . 
m j 

It is then e a s y to show, by induct ion , tha t H (X.) e D(X, n) for 
m j 

al l m > 0 and a l l j < n . (Fo r e x a m p l e , s ee Chap te r 10 of [2]) . 

P roof of T h e o r e m . Suppose X J i s the t e r m in a 
n_ ^ 

P o s t n i k o v d e c o m p o s i t i o n of X in which we have added a l l the 
homotopy g r o u p s of X in d i m e n s i o n s l e s s than n . Then we 
have a m a p p :X->X which i n d u c e s i s o m o r p h i s m s in h o m o 

topy in d i m e n s i o n s l e s s than n . If we c o n v e r t th i s m a p into a 
i P 

f ib re m a p , then we have a f i b r a t i o n F - > X - * X t with F being 
n- 1 

(n-1) connec ted , and i inducing i s o m o r p h i s m s in homotopy in 
d i m e n s i o n s g r e a t e r than (n-1) . Since X , and consequen t ly 
X , i s s imp ly connec ted , th i s f i b r a t i o n p r o v i d e s an exac t 

n - 1 
s equence , p a r t of which i s the fo l lowing: 

0 -> H n (X j £ H n ( X ) i > H n ( F ) - > . . . . 
n- 1 

Since F i s (n-1) connec ted and TT (F) = TT (X) , the u n i v e r s a l 
n n 

coeff ic ient t h e o r e m gives 

H n (F) = Horn (H (F) , Z) = Horn (TT (X), Z) . 
n n 

Since TT (X) i s f in i te , it fo l lows tha t H (F) = 0 . Hence 
n 

p " : H n ( X J = H n (X) . Now 
n- 1 

H n (X ) = H o m ( H ( X J , Z) + Ex t (H (X ) , Z) 
n - 1 n n - 1 n - 1 n - 1 

by the u n i v e r s a l coeff ic ient t h e o r e m . Since H (X ) and 
n n - 1 

H J (X ) a r e e l e m e n t s of ^ ( X , n -1 ) and hence a r e f in i te , we 
n - 1 n - 1 

have H n (X J = H (X J e -£ (X, n -1) . Th i s p r o v e s the 
n - 1 n - 1 n - 1 

f i r s t p a r t of the t h e o r e m . 

The proof of the second p a r t i s along the s a m e l i n e s . Le t 
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X be the t e r m in a Pos tn ikov d e c o m p o s i t i o n of X in which 
n- 2 

we have added a l l the homotopy g r o u p s in d i m e n s i o n s l e s s than 
i P (n-1) . Then we have a f i b r a t i on F -> X -> X ^ w h e r e F is 

n -2 
obtained f r o m X by ki l l ing al l homotopy g roups in d i m e n s i o n s 
l e s s than (n-1) . Again we have an exac t s equence which ends 
as fo l lows : 

-> H " " 1 (F) 5. H n (X n _ 2 ) Z* H n ( X ) £ H " (F) , 

w h e r e T i s the t r a n s g r e s s i o n . Le t us c o n s i d e r H (F) . A 
P o s t n i k o v d e c o m p o s i t i o n of F beg ins as fo l lows: 

K(TT (X), n) -> G 

Kdr^^X),!!-!) 

with H n (F) = H n (G) . The f ib ra t ion 

K(TT ( X ) , n ) - G->K(rr , ( X ) , n - l ) 
n n - 1 

g ives an exac t s e q u e n c e : 

0 -> Hn(Tr ( X J . n - l ) -> Hn(G)-> 
n- 1 

Hn(TTn(X),n) -> Hn+1(Tr (X) ,n -1 ) -> . . . . 

But Hn(îr ( X ) , n ) = Hom(TT (X), Z) = 0 s ince TT (X) i s f in i t e , 
n n n 

Hence H n ( F ) = Hn(G) = H^TT (X) ,n -1 ) . But 
n- 1 

H V (X) ,n -1 ) = Hom(H (ir , (X) , n -1 ) , Z) + Ext(H (IT , ( X ) , n - l ) , Z) 
n - 1 n n - 1 n - 1 n - 1 

- TT X ) 
n- 1 

s ince H ( T T J ( X ) , n - l ) = 0 by [ l l , and TT fX) i s f in i t e . Thus 
n n - 1 n - 1 
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H V ) = * ,(X) . 
n- 1 

n * 
Hence X(n- l ) H (X) C k e r i w h e r e X(n- l ) i s the o r d e r 

of TT (X) . Hence X(n- l ) H n (X) C p " H n (X J . Since 
n- 1 n -2 

H n (X ) = Hom(H (X J , Z) + Ext(H . (X J , Z) 
n- Z n n- Z n- 1 n- Z 

n- 1 n - 2 

e -£ (X, n-2) , th i s c o m p l e t e s the proof of the T h e o r e m . 

R e m a r k s . The T h e o r e m g ives s o m e i n f o r m a t i o n r e g a r d i n g 
the o r d e r of s o m e C h e r n c l a s s e s . F o r e x a m p l e , suppose X is 
2k -connec t ed and h a s f ini te homotopy . Le t £ be a u n i t a r y bundle 
over X . We o b s e r v e tha t -£(X,2k) con ta ins only the g roup with 
one e l e m e n t . Hence , a c c o r d i n g to the T h e o r e m , we have 
X(2k+1) c J (£) = 0 w h e r e X(2k+1) i s the o r d e r of TT , A (X) . 

k+1 2k+l 
Thus the o r d e r of c, t (£ ) d iv ides the o r d e r of TT_ , . (X) . 

k+1 Zk+1 

S i m i l a r l y , if X i s (2k-1) connec ted , then c l e a r l y 
2k 'v, 

c (£) € H (X, Z) = Horn (IT k (X) , Z) - 0 . The o r d e r of c (£ ) 

i s a l i t t l e bi t m o r e c o m p l i c a t e d . The T h e o r e m t e l l s us tha t 

X(2k+1) c . (£ ) i s an e l e m e n t of a subgroup of H (X, Z) 

which be longs to -d (X, 2k) . Le t P be the fami ly of a l l p r i m e s p 
such tha t the p - p r i m a r y c o m p o n e n t of TT (X) i s n o n - z e r o . F o r 

ZK. 
each p e P , let r (p) be the exponent of the h ighes t power of p 

which d iv ides the o r d e r of H 2 k + 2 (X, Z) . Le t m(k) = n p1" P . 
p e P 

Then m(k) X(2k+1) c, l£ ) = 0 . Thus the o r d e r of cf (£ ) 
k+1 k+1 

d iv ides m(k) X(2k+1) . 
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