
Can. J. Math., Vol. XXIX, No. 1, 1977, pp. 65-70 

AN ADDENDUM TO IDEALS AND HIGHER 
DERIVATIONS IN COMMUTATIVE RINGS 

WEI-EIHN KUAN 

Let A = k[xi, . . . , xn] be a finitely generated ring over a field k, and let 
!Qjc(A) be the set of all ^-higher derivations of A. In [1], we obtained some 
results on prime ideals in A which are differential under !Qk(A). In this Adden
dum similar results are proved for a complete local ring k[[xi, . . . , xn]]y a 
homomorphic image of the formal power series ring over a field k\ that is, 
algebraic varieties in [1] are replaced by algebroid varieties. We start with 
some technical remarks. 

Remark 1. Let A' be a ring and A C A' be a subring. Let .4'[[£]] be the ring 
of formal power series in / over A'. Let d £ Horn (A, ^4'[[(]]) such that for 
each a £ A, d(a) = a + dx(a)t + d2(a)t2 + dz(a)tz + . . . + dn(a)tn + 
Then {df}™^, where d0 = idA, is a higher derivation in &(A, Af). Conversely 
every higher derivation {di}?=o 6 &(A, A') defines a ring homomorphism 
d G Horn {A, A'[[t]}) such that d(a) = a + di(a)t + . . . + dn(a)tn + . . . for 
each a G A. Let 21 C A, W C A' be ideals such that §L4' C 81'. Consider A, A' 
as topological rings with the 3l-adic and 2l'-adic topologies respectively. It 
follows from [3, Lemma 1, p. 334] that {d*}?=o f § ( i , A') is continuous, i.e., 
every dt is a continuous map. 

Remark 2. Let k[[xi, . . . , xn]] be a formal power series ring over a field k. 
Let {A*}?=o be a higher derivation in &k(k[[xi, . . . , xn]]). Let /(#i , . . . , xn) G 
k[[xu . . . , < ] ] ; then 

n Q 

Ai(/(Xi, . . . , Xn)) = X) Zr / (*1» • • • » ^n) ' Ai(tf f) 

and for i ^ 2, 

n 

At(f(xh . . . ,*„)) = X) ^<j(*l. • • • ,*n)Ai(tf,) 

+ 2*<(*i, . . . , « , ; Ai(xi), . . . , A<_i(xn)) 

where 4̂ tj £ £[[#i, . . • , xn]] and 

B f Ç *[[xi, . . . ,*„]][{ A,(*,)|Z = 1,2, . . . , * - l a n d j = 1, 2, . . . , n}]. 

Indeed let A : k[[x\, . . . , xn]] =» &[[#i, . . . , xn]][[/]] be the ring homomorphism 
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66 WEI-EIHN KAUN 

given rise by {A*}?=i. Then 

A^Xi*1 . . . xn
in) = coefficient of tl in 

(xi + Ax(*i)* + . . . ) * . . . ( * » + Ai(xn)t + . . . )'». 
Thus, 

*i(x1
tl...xn

u) = E o iV^A,^) 

+ X Azi(^i)A l2(^2) + . . . 

"t" 4-*i ahïi>"li-i3i-i ^h\xji) • • • Ali-iipCji-i) 

where 

ai
i)'"

in are monomials of degree (ii + . . . + in) ~ 1> 

aîiii'i2ny2 a r e monomials of degree (ii + . . . + in) — 2, and 

^hh^.u-iii-i are monomials of degree (ii + . . . + in) — (i — 1). 

Thus, if/(xi, . . . , * „ ) 6 *[[*i, . . . , x„]],/(xi, . . . , xn) = £ Û U . . . ^ ' 1 • • • *nS 
where {i\ + ii + • • • + in] is monotone increasing. 

Aif(xi, . . . , xn) = 2 ^ . . . ^ ( x i ' 1 . . . xn
in) 

tfo) 

+ 2 ^ biiii'..n.u-iji-i Aii\xji) • • • Au-i\xji-i) 
iû ité i-

l^jk^n 

= X AijAiixj) + YJ Ah31l2j2Ah(xjl)Al2(xj2) + . . . 
lûjkûn 

+ 2 ^ ^4 z i j i . . . z î - U î - i A Z l ( x : 7 - 1 ) . . . Aii_1{Xji_1)t 

l^jk^n 

where Aij} . . . , A lljl...li_lji_l G fc[[xi, . . . , xn]]. 

Remark 3. Let k[[xi, . . . , x j ] be a complete local ring over a field &. Let 
{8^=0 be a higher derivation in &k(k[[xi, . . . , x j ] ) . Then for/(xi, . . . , xn) G 
&[[xi, . . . , xn]], ôtf(xi, . . . , xn) = Z;=i^4^(xy) + 5< where 

Aij £ &[[xi, . . . ,xn]] 

and £< e k[[xu . . . ,xn]][{8l(xj)\l = 1, 2, . . . (i - 1) ; j = 1, 2, . . . , »}]. Let 
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&[[Xi, . . . , Xn]] be the formal power series ring. Let w be the canonical sur-
jection from k[[Xi, . . . , Xn]] to k[[%i, . . . , xn]] with §1 as its kernel. Then 5 
can be lifted to a higher derivation A = {A^^Lo of k[[Xi, . . . , Xn]] such that 21 
is differential under A. In fact let A* : k[X1} . . . , Xn] —> k[\Xi, • • • , Xn]] be a 
^-linear map such that A0(f(X))=f(X) for all f(X) G k[Xu . . . , Xn], 
ir^A^Xj)) = ôi(xj) for all i = 1, 2, . . . , j = 1,2, ... ,n subjected to Leib
nitz's rule. Then {A^JLo is a higher derivation: k[Xi, . . . , Xn] —> 
fe[[Xi, . . . , Xw]]. Since the (Xi, . . . , Xn)-adic completion of k[X\, . . . , Xn] is 
&[[Xi, . . . , X J ] therefore it follows from [2, Proposition 2, p. 41] that {A<}?=<) 
can be extended to &[[Xi, . . . , Xn]]. Moreover A* (21) C 21. Since 

A,(/(X l f . . . , X J ) = L1=i^^A,(X,) + Bt where 4 „ € *[[Xx, . . . , Xn]] 

and 5 , e fe[[Xi, . . . ,X n ] ] [{A,(X,) | / = 1, 2, . . . , i - l,j = 1,2, ...,n}], it 
follows that dt (f(x1,...,xn)) = T(Atf(Xu...,Xn)) = £ ir{Atj) • *-A<(X ,) + 
7r(50 = ^ ^ ( x i , . . . , xn)bi(Xj) + Bi(xu . . . , xn\ 5i(xi), . . . , ô,_i(*n)) where 
-4^(xi, . . . , xn) G &[[xi, . . . , xn]] and -B*(ffi, . . . , xn; 8i(xi), . . . , ôt-i(xn)) G 
&[[xi, . . . , xn]] [{ôi(Xj)\l = 1, 2, . . . , i - 1, j = 1, 2, . . . , «}]. 

LEMMA 2'. Le/ 3) = k[[xi, . . . , x j ] oe a complete local ring over a field k, let 
p be a prime ideal in 35, and Ze£ 5ft = {x Ç 35|xr = 0 /or some r Ç S - p). / / 
5 = {ôi} G €>A;(35P)> then for every positive integer m, there exist k\, . . . , km £ 
35/5ft — p/5ft 5WCÂ / t o {<5, feiôi, . . . , & ô̂m} w a higher derivation of rank m from 
35/5ft to itee//. 

Proof. Let 35/5ft = &[[xi, . . . , xn]] = k[[x]] where xt = xt + 5ft. By the 
definition of localization, 35/5ft is a subring of 35p. Let m be a positive integer. 
For each j = 1, 2, . . . , m, 8j(xi) Ç 35p, say o (̂#<) = Uij(x)/Vij(x). Let 
d, = IÏLi »„(*), then d, G 2)/5ft - p/5ft. Set *, = djdj . . . d^ i 'd , for 
j = 1, 2, . . . , m, we claim that, as additive group homomorphisms {̂ 0̂ )7=0 G 
Horn CD/31). Suffice to check tfi,(f) G 35/5ft. Let / € 35/5ft, and let 
/ = E ^ ^ . . . ^ i * 1 . . . xn

in, ailmmmin G *, Mi(/) = ^ (E*- i - 4 ^ , ( x 0 + Bj) where 
^ G 35/5ft and 5,- G SD/5R[{«,(*,)|* = 1, 2, . . . , n, I = 1,2, . . . ,j - 1}]. 
Thus tjAjibjixf) G 35/5ft. Since i ^ = 3)/5ft-linear combination of power 
products of ôi(ôCi) involving at most j of o*(xt-) counting repeated ones for 
i = 1,2, ... ,n;l = 1,2, ... ,j -1. Thus tjBj = dx

jd2
j . . . d^djBj e 35/5ft 

also. Hence tjôj(f) Ç SD/5ft. Now set ^, = (̂ iw . . . ^ _ i w O S {«0, W i , . . ., U J 6 
$*(SD/SR). 

THEOREM 3'. Let 35 = k[[xi, . . . , xn]] be a complete local ring over a field k, 
let p be a prime ideal in 35. If p is differential under all k-higher derivation of 
finite rank m for all m, then p35p is differential under all k-higher derivations of 
finite or infinite rank. 

Proof. Let 5ft be the kernel of the canonical surjection 3) —> 35p, and let 
35/5ft = k[[xi, . . . , xn]], 35/5ft is a subring of 35p. Let (0) = DLi q* be a pri-
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mary decomposition of the zero ideal in 35. Suppose qit C P for i — 1, 2, . . . , / 
and q* <£ p for i > L Then 91= PlLi q*. 

Suppose p®p is not differential under §fc(35p), then there exists a higher 
derivation {<5*} Ç £>*(35p) such that <5m(pï)p) (£ p3)*> for some m è 1. Suppose 
w is the least index such that <5m(p35p) (Z p3V {ôo, ôi, . . . , <5m} £ <£>*(£)*) and is 
of rank m. It follows from Lemma 2', there exists /0, h, . . . , tm £ T)/9l — p/Sft 
such that {/<«<} i=iro € ©*(35/91). For j < m, tfi^/9t) C P®P H SD/5R = p/5W 
and <5w(p£)p) <£ pSDp yields tmôm(p/9l) <Z P/9Ï. Let3D/5tt = *[[*i, . . . , *„]] and TT 
be the canonical surjection from the formal power series ring k[[Xi, . . . , Xn]] 
to T)/yt. {/050, . . . , tnfim], can be lifted to 

{Ao, Ax, . . . , Am\ e $M[Xi,...,XnX\), 
according to Remark 3. Let W be the pre-image in &[[Xi, . . . , Xn]] of 91. Then 
W is {A,}?=i - differential, i.e. A*(5ft'} C 9?'. Let p' and q/ be the pre-image 
of p and c\i in k[[Xu . . . , X J ] for i = 1, 2, . . . , 5 respectively. Then 91' = 
q/ C\ . . . n q/. Let d £ ( fl{=<+i q/) — p', {d'Af}?=o is a higher derivation 
on k[[Xu . . . , Xn]]. Let « ' = f l ï - i q/. Then SI' C SR' and ^'A,(3I') C 
d' • 91' C (q/ H . . . H q/) n (ql+1' H . . . H q/) = »'. Hence « ' is {d'A,}-
differential. Thus {d'A^'Li induces a higher derivation {d*Af}?=i on 
k[[Xu ._• • ,-ïn]]/8t' = SD. Since <U«(D/$K) (Z P/9Ï, therefore Am(p') £ p'. 
Thus dmAm(p) <X_ p, i.e. p is not {^^A^T^i-differential, a contradiction to the 
hypothesis. 

Let k be a field Xi, . . . , Xw indeterminates over &, 2 = &((Xi, . . . , Xn)) = 
quotient field of k[[Xi, . . . , X J ] . Let u = {ui3\i = 1, 2, . . . , w;j = 1, 2, . . . , oo } 
and £ be indeterminates over 2. The mapping g : k[[Xi, . . . , Xn]] —> 
&[[Xi, . . . , Xn]][w][[X|] defined by the substitution X , —> X* + XT=i *M ; i s a 

continuous &-homomorphism. Let 

a G £[[X1; . . . , X J ] , a = 2 atl inX^ . . . Xn\ 

Then 

( oo \ il / oo \ <n 

Xi + Ç «î/j ... (̂ xn + ç ^/'j 
= E a*!...*^!*1 • . .Xnu + qi(fl)t + . . . + <z,(a)/' + . . ., 

where g ;(a) G &[[Xi, . . . , Xn]][w]. Set q0 = identity map on k[[Xi, . . . , Xn]]. 
Then, by Remark 1, [q^U £ $k(k[[Xi, . . . , X J ] , k[[Xu . . . , X J ] M ) , and 
g/s are continuous for all j . By Remark 2, g;(£[[Xi, . . . , XJ ] ) C 
k[[Xu . . . , XJ] [{^ Z | / = 1, 2, . . . , j - 1, i = 1, 2, . . . , »}] . L e t S) = 
^[[xi, . . . , #n]] be a complete local domain over a field k, S = fe((^i, . . . , xn)) 
its quotient field. Let w = {û^ G S[i = 1, 2, . . . , n, j = 1, 2, . . . , oo } be a 
collection of elements in S. Let w;- = { w ^ = 1, 2, . . . ,7; i = 1, 2, . . . , n] 
and let ûj = {ùn\l = 1, 2, . . . ,7; i = 1, 2, . . . , n). Let 

*<» : ft[[JTlf . . . , Xn]][uj] -> *[[X!, . . . , *„]][«,] C S 

be the canonical ^-homomorphism such that ir(j) (Xt) = xt and TU)(UU) = 
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ûu for / = 1, 2, . . . , j , and i = 1, 2, . . . , n. Let /CX"i, . . . , Xn) 6 
fe[|"-X"i, . . . , Xn]]. We say w = {«^} is a set of solutions of <?,(/) = 0 if and 
only if 7r(;)(g ;(/)) = 0. The notations iru\ g;- are to be used in the following. 

LEMMA 3'. Let 35 = k[[xi, . . . , x j ] &e a complete local domain over a field k, 
2 its quotient field. Let H = (/i, . . . , / r ) C &[[̂ Ti, • • . , Xn]] be the kernel of the 
canonical homomorphism k[[Xi, . . . , Xn]] —> 35. 7/ ô = {ô*} G ^)*(2, S) //zen 
/&e se£ {ûtj £ S|w<y = 5y(^i), i — 1, 2, . . . , n; j = 1, 2, . . . , oo} is a se/ 0/ 
solutions of the equation 

(3') qj(fm) = 0, m = 1,2, . . . , r , j = 1,2, . . . , 0 0 . 

Conversely, if a subset {ûtj\i = 1, 2, . . . , n, j = 1, 2, . . . , 00 } 0/ S is a family 
of solutions of (3'), /Aew /Aere w a higher derivation ô — {ôf\ £ §*(2, 2) swcft 
//za£ 5 (̂x<) = ûijfor i = 1, 2, . . . , w, j = 1, 2, . . . , 00. 

Proof: fm(xu . . . , xn) = 0 for m = 1, 2, . . . , r. Since ô = {ô,} G §*(2, S), 
$j(/m) = 0- % Remark 2, 0 = ô,(/ro) = E%=i -4mj<(*i, • • • , xn)ôj(xi) + £m 
where Amji(xu • • . , xn) £ &[[xi, . . . , xn]] and 5 m G *[[^i, . . . , xn]][{ôj(x<)|/ = 
1, 2, . . . , i - 1, i = 1, 2, . . . , n}] C S. Therefore {ô,(*,)|i = 1, 2, . . . , n, 
j = 1, 2, . . . , 00 } solves the system qj(fm) = 0 in S. 

Conversely, if [ûtj\i = 1, 2, . . . , n, j = 1, 2, . . . , 00 } C S form a family 
of solutions to the system qj(fm) = 0. Then we can find a Ô = {ôj} £ § ( S , 2) 
such that ô^(xi) = w^ as follows: For g(X\, . . . , Xn) £ fe[[-X"i, . . • , Xn]], and 
for j ' M , set ô,(g(xi, . . . , * „ ) ) = 7T(;)(^(g(^i, • • • , Xn)), where TT(;'\ q5 are 
the same as defined in the preceding, ôj is well defined and {ôj} £ 
!Q/c(k[[xi, . . . , x j ] , S) and ôj(Xi) = ûtj. By [2, Lemma 2, p. 35], {ôj} can be 
extended to S. 

The following theorem shows that simple algebroid sub-varieties of an alge-
broid variety yield non-differential ideals. 

THEOREM 4'. Let 35 = k[\xi, . . . , xn]] be a complete local ring containing a 
field k. Let p C 35 be a non-minimal prime ideal such that 3)p is a regular local 
ring. Then p35p is not differential under §*(35p, 35p). 

Proof. Let 9Î be the kernel of the canonical homomorphism 35 => ©p. Let 
35p be the completion of 35p, then it is well known from [5, Corollary, p. 307] 
that 3% = K[[ti, . . . , tr]], a formal power series ring over a field K with 
K ~ 35p/p35p. Without loss of generality, we may assume K contains k. It 
follows from Lemma 3', by taking û = {ûij\ûu = 1 and Ufj = 0 for 
i = 1, 2, . . . , r and j = 2, 3, . . . , 00}, and noting that SI in the Lemma 3' is 
the zero ideal, that there exists a higher derivation {ôj}%0 £ ÊK(35P, 35p) such 
that ôj{ti) = ûtj. Let 35/9Î = &[[xi, . . . , xn]], we may assume h £ 35/5ft. Let 
31 = Cfi» • • • >fs)k[[Xi, . . . , X J ] be the kernel of the canonical homomorphism 
k[[Xu . . . , Xn]] =» &[[xi, . . . , xn]]. Then the system Eim/(x)ôi(x*) = 0, 
E /i/(x)Ô!(x,) - 1 = 0 where fm( = a/m/aX„ hi = dt1(X)/dXi with /X(X) 
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being a representative of h in k[[Xi, . . . , Xn]], and for each j = 2, 3, . . . , oo 
the linear system Y,l=i Amjidj(xi) + Bm = 0 where m = 1, 2, . . . , s, Amji £ 
k[[xi, . . . , xn]] and 

Bm £ k[[xu . . . , xn]][lBi(xt)\l = 1, 2, . . . , (j - 1), i = 1, 2, . . . , n}] 

have solution set = {5j(xi)\i = 1 , 2 , . . . , w;j = 1, 2 , . . . , oo } in 3%. Thus by [4, 
Lemma p. 39], the linear system qi(fm) = 0,m = 1,2,..., 5 and qi(h(X)) — 1 = 0, 
and for each i = 2, . . . , oo the linear system qj(fm) = 0 m = 1, 2, . . . , s 
have solutions set û = \ûi3\i = 1, 2, . . . , n; j = 1, 2, . . . , oo } C 3V Thus it 
follows from Lemma 3r that there is a higher derivation {<5/}°°=o G §A-(35/?Î, S5P), 

such that 8/(h) = 1. Extending {5'J^o to 3)p we have thus a higher 
derivation {<5'}£L0 G §*(£>*) such that o/(p35p) (£ p35p. 

I would like to thank the referee for his comments. 

Added in proof. W. C. Brown and the author have noted that Example 3 in 
[1] is incorrect. A correct example is as follows : Let k denote a field of character
istic two. Set 0 = k[[X]], the power series ring in one indeterminate X over k. 
We can define a higher derivative D = {bt} on © by setting ôt(X) = 1 for all 
i > 1. Then 52(X

2) — 1, but there exists no subring 0\ C © such that X2 is 
analytically independent over 0\ and 0 — 0i[[X2]]. 

Thus, the conjecture mentioned in [1] before Example 3 is false even for 
regular local rings. 
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