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1. Introduction

This paper is chiefly concerned with inequalities for the numbers of sub-
groups of a finite p-group. The following are typical results. Let G be a
p-group of order %, and let n(p*) denote the number of subgroups of G of
order p*.

(1.1) If A is the elementary abelian group of the same order as G, then
ne(p*) < n, (P%) (R = 1,2, - --). If equality holds for a value of k such
that 1 < k < a, then G =~ A.

(1.2) 1f G is a regular p-group, and if B is the-abelian p-group with the same
basis invariants as G, then ng(p*) < ng(p*) (k=1,2,--:). If G has
the same total number of subgroups as B, then G is lattice-isomorphic
to B.

We mention in passing that (at any rate for » = 2, 3) two p-groups may
have the same number of subgroups of each order without being lattice-iso-
morphic. See § 7, figs. 1 and 2.

Results like (1.1) and (1.2) are relevant to the problem of the “lattice
embeddings’’ of p-groups: a lattice embedding of a group G in a group H is
a meet isomorphism of the lattice of subgroups of G into that of /. Whenever
a p-group G can be lattice-embedded in a p-group H of the same order, the
series of inequalities

ne(p*) = na(p*) (k=12--")

is a necessary consequence; for such a lattice embedding maps each subgroup
of G onto a subgroup of H of the same order. Lattice embeddings of p-groups
have been recently studied by D. W. Barnes ([1]).

(1.1) immediately suggests the possibility that every p-group G can be
lattice-embedded in the elementary abelian group of the same order; but
Barnes has shown that this is false, even when G is abelian. However, the
problem for groups of exponent p, and the corresponding problem suggested
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by (1.2), remain open. With regard to the latter, Dr. Graham Higman has
pointed out that the answer is affirmative when every subgroup of G which
can be generated by 3 elements has class less than p; this is an immediate
consequence of a theorem of M. Lazard ([7]).

Our method is enumerative, and relies on the properties of the Eulerian
functions of a group (cf. P. Hall, [4]). Let G be any finite group. The #-th
Eulerian function ¢,(G) of & is defined to be the total number of sequences of
n elements of G which generate G. By counting the number of sequences of #
elements of G in two ways, we get the analogue of the Eulerian summation
formula of arithmetic:

(L.3) 2 a(H) = |G|",
H=G

where summation is over the subgroups H of G. The value of ¢,(G) is given
explicitly by the inversion formula

(1.4) 2 ne(H)H|" = $,(G),
HsG

where ug is the Mobius function of G (Hall, l.c.; L. Weisner, [9]). For tech-
nical reasons, we shall deal with the Eulerian polynomial ¢(G) of G rather
than the series of Eulerian functions ¢,(G) (n = 1, 2, ---). $(G) is a poly-

nomial, in variables z, y, - - - corresponding to the distinct prime divisors
$, 4, - - - of |G|, which reduces to ¢,(G) for the particular values x = p*,
Yy = qﬂ’ ...,

The inequality (1.1) is a fairly easy consequence of (1.3) in the case of a
p-group (§ 4). (1.2) follows similarly from a more general formula in which
¢,.(G) is replaced by another function of Eulerian type (§ 7). One by-product
of our formulae is the (known) enumeration of the subgroups of given iso-
morphism type in an abelian group.

The above results for p-groups give some information about groups of
composite order, for it is quite easy to get upper bounds (though rather crude
ones) for the numbers of subgroups of a group in terms of the numbers of
subgroups of its Sylow subgroups. E.g. if |G| = %" - -, and if P, Q, - - are
Sylow subgroups corresponding to the £ distinct prime divisors p, ¢, - +, then

(1.5) ne(p°q’ - - *) S IGI"ap(p%)ne(g?) -

Again, if G is soluble, |G|*~! can be replaced by |G| in (1.5).

The problem of finding direct generalizations of results like (1.1), (1.2) to
groups of composite order seems to be more difficult. First, our method suc-
ceeds for p-groups largely because of the simplicity of their Eulerian poly-
nomials—the complexity of ¢(G) depends on the complexity of the Frattini
factor group G/@(G), which, for a p-group, is elementary abelian. Second, it
is not easy to see which groups are to play the part of the ‘““universal” groups
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4, Bin (1.1), (1.2). E.g. the simple group of order 168 has more subgroups
of order 24 than any soluble group of order 168, though less of order 56.
Such considerations suggest that it may be more fruitful to restrict attention
to composition subgroups.

Recently, W. Gaschiitz ([3]) has proved an interesting theorem about the
Eulerian polynomial of a soluble group G, viz. that

(1.6) $(G) = plx)aly) - - -,
where the polynomials p, o, - - - depend on the chief factors of G. Gaschiitz’s
method shows, in fact, that if G is p-soluble, then

(1.7) $(G) = p(a)o(y, 2, - - ),

where p is determined just as in the soluble case. It would be very interesting
to know whether every group with Eulerian polynomial of the form (1.6) is
necessarily soluble. The concluding § 8 contains several partial results on this
problem. First, a group G has a normal subgroup of prime index # if, and only
if, (x — 1) is a divisor of ¢(G). It is easily deduced that if ¢(G) has the form
(1.6) then G is not perfect, i.e. G’ < G. Second, if ¢(G) has the form (1.6) and
te(l) # 0, then G is soluble. We remark that, for soluble groups G, ug(1) % 0
if, and only if, the Frattini subgroup of every homomorphic image of G is the
identity (this follows from Gaschiitz’s formula for ¢(G)). On the other hand,
te(l) = —60 when G is the icosahedral group and pg(1) = 0 when G is the
simple group of order 168.

We also prove in § 8, using Gaschiitz’s methods, that the number of maxi-
mal subgroups of a soluble group is less than the group order. The same
result for a general finite group would have important consequences. E.g. it
would follow that every group G which cannot be generated by 2 elements
has a proper subgroup H such that |G : H| < |H].

2. Sum Functions*

Let G be a finite group and A an additively written abelian group.
A subgroup function on G to A is a mapping of the lattice of subgroups of G
into 4. In the sequel, 4 is either the group of ordinary integers or the under-
lying group of a polynomial domain over the integers. The notations
H < G, H < G, H < G mean respectively that H is a subgroup of G, a sub-
group of G distinct from G, a normal subgroup of G.

If the subgroup functions g, 4 satisfy
(2.1) g(H) = 3 h(K) for all H <G,

E<H
‘we call g the sum function of A and write

* For further details on the (known) results of this section see Hall [4], Gaschiitz [3].
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(2.2) g=>h
For given g, the system of equations (2.1) determines % uniquely; for, if
h(K) is known for all K < H, then h(H) is given by

h(H) = g(H) —Kgah(K)-

We call 4 the summand function of G and write

(2.3) h=31g.
The equations
(2.4) ue(G) =1, > ug(K) =0 whenever H < G,
EzH

define the Mébius function ug of G; ug is a subgroup function on G to the
group of ordinary integers. It is easily verified that

(2.5) h(G) =H§Gﬂc (H)g(H)

by showing that g is the sum function of the right hand side.

An explicit formula for ug(H) can be got as follows. Let M,, - - -, M, be
the maximal subgroups of G (not including G itself). If S = [4;, -, ¢,]isa
subset of I = [1,2,---,r], we write

(___l)S = (—l)',
Mg=M, AM A" AM,;
in particular, M4 = G, and M is the Frattini subgroup ®(G) of G. Let Sy
denote the set of indices ¢ such that H < M,. Then

S (-1 =3 (=1°

MgzH SsSy
_ 1 (H =6G)
0 H<G)|’
and so
(2.6) pelH) = 3 (—1)5

It follows that ugy(H) = O unless H is an intersection of maximal subgroups
of G; in particular, ug(H) = 0 unless @(G) < H. In view of (2.6), we may
write (2.5) as

(2.7) h(G) =3 (—1)5g(Myg).
: Ss1
We remark that if N G, N < H £ G, then
(2-8) bein(HIN) = pe(H).

This is clear from the defining equations (2.4).
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3. The Eulerian Polynomial

Let G be a finite group of order p*g® - -, where $, g, - - are distinct primes.
Choose variables z, y, - - corresponding to p, ¢, - -. (When it is necessary to
indicate the precise correspondence between primes and variables, we shall
write z,, z,, - - instead of z, y, - -.) We define the order polynomial f(G) to be

(3-1) HG)=(G 2y, ) =2y,
and the Eulerian polynomial ¢(G) to be the summand function of f(G):
(3.2) $(G) = 3 ne(H)I(H).
HSG
Since ug(H) = 0 unless H contains the Frattini subgroup @(G) of G, we
have
(3.3) $(G) = $(G/P(G)){(P(G))

Thus, e.g., in order to calculate the Eulerian polynomial of a p-group it is
sufficient to know the Eulerian polynomial of an elementary abelian group.
Since ¢,(G) is the summand function of

G = HG; ™ ¢", - ),

we have
(3:4) $.(G) = ¢(G; ™, ¢, - +) (rn=01,--).
In particular,
$(G;1,1,--) =0 G >1).
Since
1 (G=1)

HEi00 ) =0 oy |

$(H; 0,0, ) = pug(H),
where ug is the ““dual” Mobius function of G (Hall, [4]). By (3.2),

(3.5) $(G; 0,0, ) = ug(G) = ug(1).
THeorReEM 1.t If N G,
(3.6) F(N)$(G/N) =H£G¢(H)-
PRoOF. fN)$(GIN) = 3 f(N)ugn(KIN){(KIN)
K/INSGIN
= 3 wue(K)/(K)
KzN
= > ue(K) 3 #(H)
KzN H=K
=3 $H) 3 pelK)
HsG K=NH
= 3 ¢(H).
NH=G Q.E.D.

t This theorem is a slight variant of theorem 1 in Gaschiitz [3].
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E.g., let G be the symmetric group S,, IV its normal subgroup of order 4;
then 224(S;) = $(Si) + 44(Ss), so that $(S,) = (af — 4)$(Sy) =
(xy — 1)(22 — 4)(x3 — 3). Thus, there are (22 — 1)(2* — 4)(32 — 3) = 216
ordered pairs of generators of S, (22 — 1)(2% — 4)(3® — 3) = 10080 ordered
triples of generators, etc.

COROLLARY. S (G/N)|$(G).

Proor. We may assume, by induction on the group order, that each term
on the right of (3.6) except ¢(G) is divisible by ¢(G/N), for
H/HAN = GIN if HN = G.
Hence, by (3.6),
$(G/N)|$(G).

4. Numbers of Subgroups of a p-Group
In the present section, G is a p-group such that
Gl =p™  |G:9(G)] =p"

The significance of the index 4 is that G can be generated by 4, but no fewer,
elemen:s. We shall therefore say that G is a d-generator group.

Let .1, denote the elementary abelian group of order p*. If 4, is any sub-
group of 4, of order p, there are p*~1 A,_,’s such that 4, 4, , = A,. There-
fore, by theorem 1,

2d(Ap-1) = $(4x) + P $(As—r),

ie.

$(di) = (& — p*7)B(dra)-
Hence

$(4z) = Xei(®),
where
k-1
(4.1)’ X@) = I1 @ — 7).
Now, G/@(G) = A,;. Therefore, by (3.3),
(4.1) $(G) = 2™ 4 X, (x).
In view of (4.1), the Euler summation formula for G can be written

(4.2) 2" = 3 N, ,(G)z" " X, (x),

where N, ,(G) is the number of r-generator subgroups of G of order $*. The
identity obtained by putting x = 0 in (4.2) is perhaps of some interest:

3 (—1)peDa,6) =0,
¥=0
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where 4, (G) is the number of elementary abelian subgroups of G of order $*.
Taking G = 4,, in (4.2), we get

(4.3) ™ = % o (m, k)X, (x),

k=0
where
Er— D=1 g — 1)
@r—-nEr—-1---—-1
is the number of subgroups of A4,, of order $*. By (2.8) and (3.5), the M6bius
function u = u,_of 4,, is given by
#(dps) = (—DHphe,

Hence the inversion formula corresponding to (4.3) is

w(m, k) = wim, m — k) =

(4.4) Xo(@) = 3 (—1)Fw(m, k)ptse-1zm-+,
k=0

THEOREM 2.

(4.5) w(m, k) = wl(s — 7,k —r)p"* BN, (G) 0=k =m).
r<k=s

Proor. Replacing x by xp—*t in (4.3) and then simplifying, we get,

(4.5)' am X () = 23 w(m, B)ptmR X, (x).
k=0

Using (4.5)’, we can write (4.2) as

8

(4.6) 2" =3I N, (G) D w(s — 7,k —7)pre0 X, (z).
7,8 k=r
Comparison of the coefficients of X,(z) in (4.3) and (4.6) now gives the
theorem.
Let #,(G) denote * the number of subgroups of G of order p*, N (G) the
number of subgroups of G which can be generated by % (or fewer) elements
and have order = p*. Since

nk(G) = Z Nr,k(G)r

rsk
N.(G) = 2 N,,(G),
rskss
we have
COROLLARY 1. N.(G) £ N,(4,) = o(m, k).
COROLLARY 2. n(G) = m(4,,) = w(m, k).

* The notation #,(G) is more convenient for our present purposes than the systematic
notation ng(p*) used in § 1.

https://doi.org/10.1017/51446788700026367 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700026367

42 G. E. Wall (8]

Since w(m, 1) = (p™ — 1)/(p — 1), it is clear that N,(G) = N,(4,,) if, and
only if, G has exponent p. On the other hand, if N, (G) = N,(4,,) and
1 <k < mthen G =~ A4,,. For, by (4.5), N, ,(G) = 0 whenever 0 <7 < %
< s. It follows that

(a) every r-generator subgroup of G (» = k) has order < p*;

(b) every subgroup of G of order p*+! is elementary abelian.

Letx,yeG. By (a), and because % = 2, |{z,y}| < p*. Therefore, by
(b), {x,y} is contained in an elementary abelian subgroup of G. Hence
x? = y? = xyx~ly ! = 1, and so G is elementary abelian.

Theorem 2 throws some light on the well known enumeration theorems of
p-group theory. E.g., let C,(G) denote the number of cyclic subgroups of G
of order p7; taking congruences (mod $2) in (4.5), we get, for 0 << k < m,

(4.7) M (G) + Coa(G)p= o(m, k) (mod %),
and so, for 0 < 2 < m,
(4.8) m(G) + Coy(G)p=1+p (mod p2).*

(4.8) is to be compared with the theorems of Kulakoff and Miller that, when
G is non-cyclic, p > 2 and 0 < k2 < m,
m(G) =1+ p (mod p*),
Cora(G) =0 (mod p).
Again, if 0 < & < d and if G is not elementary abelian, (4.5) yields the con-

gruence
N (G) = w(m, k) — Ny 13, mr42(G)P*HH2 (mod p?—*+2);
N4 4i1,mx+1(G) being the number of subgroups H of G of order p™*+! such
that @(H) = ®(G). This is a slight refinement of P. Hall’s congruence
N 3(G) = w(d, k) (mod po—*+1),
(Cf. Zassenhaus [11]).

5. The Eulerian Polynomial of a Chain

In the present section, G is once more an arbitrary finite group. The
general Eulerian polynomials considered below are, so to speak, ‘“polarized”
forms of the basic Eulerian polynomial ¢(G).

Let

(5.1) . #:1=G,=G, < =G, =G

be a chain of subgroups, of formal length 7, joining the identity to G. If
H < G, we call

* (4.7) reduces to 1 + p = w(m, k) (mod p?) when G is the cyclic group of order p™.

https://doi.org/10.1017/51446788700026367 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700026367

9 Some applications of the Eulerian functions of a finite group 43

(5.2) H:1=H,<---<H =H, (H,=G,;AH)
the subchain of ¥ corresponding to H. If H < G, we call
(63) 9#:1= (GH)y< - < (G/H),=G/H ((G/H),=G,HH)

the factor chain of 4 corresponding to G/H. We write # < ¢ when H < G,
H# <1 9 when H <1 G. Corresponding subgroups and subchains are denoted
by corresponding Italian and script capitals. The following easily proved
facts justify this convention:

(@) if H=EK =G, then # = X;

(b) if HJG and H S K < G, then X' |H# < G|#;

(c) if H<1G,K < Gand H < K < G, then the natural homomorphism
of (G/H)/(K/H) onto G/K maps (¢/#)[(X [#) onto &|X .

The subchains corresponding to the subgroups HK - - - (where H, K, - - -
are permutable), HAKA---, {H,K,---} are denoted by #X ---,
HNA AN---, {3, -} respectively.

We define now the order, and Eulerian, polynomials of the chain ¢. For
each “link” G,_, < G,, we choose variables 2,, y,, - - - corresponding to the
distinct prime divisors $, ¢, + - of |G]. Let

|G, : Goy| = Dg% - - - l=si<sy),
and let &; stand collectively for the variables z;, y;, - - -. Then we define
(5.4) HE) =% 61, &) = l'{ (@yie ),
=
(6.5) $(F) =2 H9).

The domain of summation in (5.5) is the set of subchains of ¢ or, what is
essentially the same, the set of subgroups of G. Thus,

(5.6) #(%) =H§G,“G(H)f(~9f )-

Clearly, ¢(¥) reduces to ¢(G) when r = 1.

As before, ¢(%) corresponds to a series of (generalized) Eulerian functions.
Let N= (N,, -+, N,) be a row of r integers such that Ny =N, =--- =
N, = 0. Write

n,=N; — N, l=i=r,N,,=0),
so that

r
N, =3n, 1=sis7).

i=i
By an N-sequence for ¥ we shall mean a sequence of NV, elements of G whose first
n, members belong to G,, next n, to G,, etc. By a generating N-sequence for 4
we mean an N-sequence for 4 whose members generate G. The N-th Eulerian
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Junction (%) of # is defined as the total number of generating N-sequences
for . Let # < 9. It is easy to see that the total number of N-sequences for
H is

INGE) =} PN, g™, - - oY g - ),

Also, each N-sequence for 5# is generating N-sequence for a unique " < 5#.

Hence
IN=2¢N,
and therefore
(8.7) N(G) = (& ™, ™ - PV g ).
The fundamental property of the order polynomial is that

(5.8) HE) = AN )E[N) W < 9).
In fact, since

GKN/N=GK/NK (K='L— 1, 'I,),

we have the index formula
(5.9) [Ty : T4l IN; Nyl = |Gy i Gyl (I' = GIN),

of which (5.8) is an immediate consequence.
In view of (5.8), both (3.3) and theorem 1 carry over to the present case.

(5.10) $(9) = [(2(9))$(%/2(%)),
where D(¥) is the subchain corresponding to D(G).
THEOREM 3. If &/~ < &,
(5.11) A )G AN )= 3 $(F).
HN =9
It is not in general true that ¢(%/A4")|$(%). However, the following result
does include the corollary to theorem 1 as a special case.

COROLLARY. If AV Q% and if G,y S N <G, for some «, then
$(G]AN)1$(%).
Proor. The proof of the corollary to theorem 1 shows that it is sufficient
to prove the statement:

(5.12) I XN =9, then $(H[|H AN) = $(F|N).

(6.12) is proved by showing that the natural homomorphism of K/K AN
onto KN|N = G/N maps X |X AN onto ¥[A; i.e.

(5.13) ' K,N =GN O=<i<7).

By hypothesis, G,_; SN < G,. If i < «, clearly K,N = G,N = N. If
t =k, KkN= (KAG)N = (KN)AG, = G, = G,N because G; =N and
KN = G. This proves (56.13) and the corollary.
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6. Chains in a p-Group

In this section, G is a p-group and ¥ the corresponding chain (5.1) of
formal length 7. In order to simplify the notation, we observe the following
conventions.

(a) Boldface letters (lower and upper case) stand for row vectors of
length » with non-negative integral components:

m= (my,---,m), M= M, --- M), -
where
m 20, M,=0,- 1<i<»).

(b) Corresponding lower and upper case vectors m, M are related by:
Mi=3m;, m=M,—M;, (M, =0) l=si=7).
=i

Thus, the upper case vectors M are those which satisfy:
MizMy=z---2M,2M,,,=0
(c) Inequality m = n means that m, =#, (1 <7 =7).
Writing
m=m(%) = (my, -, m),
D = D(%) = (Dy," -, D,),
where
G 1 Giy| = ™ .
A=i=7),
IF:Ty =™ (I = G[(G)) :
we call ¥ a D-generator chain of reduced order m. We first set down some
fairly obvious properties of m, D.
(6.1) If S is a subchain or factor chain of ¥,
m(¥) < m(9).
62) m(P(9)) =m(¥) — d(¥); hence, if # < 9,
0 =m(¥) —d) < m(%) — d(9).
(6.3) If D,=0, then M, (=m,+ -+ m,) = 0.
For if D, = 0, then G,_, #(G) = GandsoG,_, = G; thus p¢ = |G : G,_,|
= .
The Eulerian polynomial of ¢ is calculated in much the same way as that
of G, and we therefore omit the proof.

(6.4) If % is a D-generator chain of reduced order m, then

r D;—1
B Gz, o) =TT2p% I1 (@ — M),
=1 Ag=Dyyy

The following immediate corollary justifies the term ‘‘D-generator chain”’.
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(6.5) Let ¥ be a D-generator chain and N an upper case vector. Then
#N(%) > 0 if, and only if, N = D.

From now on we confine attention to regular chains in the sense of the
following definition.

Definition. 9 1s called regular if m(#) — D() is upper case for each
H =9 If

then the pair of vectors
o(#) = (¢(F), D(HF))
is called the signature of .
Clearly, every subchain of a regular chain is regular (though the corre-
sponding statement for factor chainsis easily seen to be false). The Eulerian
polynomial of a regular chain of signature (¢, D) can be written in the form

(66) ¢(g' Ty 0 -’ZJ,) == YI,D(lr T yr)
where
Y, = Xy, xz; A1=s7=7),
r Dy—1
(6.7) Y¢D(20, 21, 0, 2,) = H 2} II (. — p/\‘zi—l)'

We remark that m(3f) — D(5#°) is upper case if, and only if,
mi(H) — () Zm,(F) (=i=rm,(F) =0
ie.
(6.8) m(PH)) = my,(H) 1<)

Examples.

(1) If r =1, & is regular.

(2) Let G be a regular group of exponent p* (P. Hall [5]). Then the ele-
ments of G of order < $* form a subgroup 2,(G) ({ = 0, 1, - - -). Consider the
chain

G:1=202,(G) =2,6) = =02,() =G,

where » = k. It is known that m; = m,(¥) is the number of elements of
order = #*in a basis of G. If H < G, H is regular and

H:1l=QH) <---=<QH)=H
is the corresponding subchain of 4. We prove now that # is regular.
By the remarks above, it is sufficient to verify (6.8) for ¥. Let K be the
subgroup of G formed by the p-th powers of the elements of G, ) the cor-
responding subchain of . It is known that the number of elements of order

= p*in a basis of K is the number of elements of order = p**!in a basis of
G. Therefore, since K < @(G), we have
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m(D(F)) = m(H) = m;y(9),
as required.
In general, if G is a p-group in which the elements of order < #* form a
subgroup £2,(G) for ¢ =1, 2, - - -, then we shall call a chain

F1=00G) SO = =26) =6

an Q-series of G. The example of the quaternion group shows that an Q-
series need not be regular.

(3) If the regular group G in (2) is abelian then K = &(G) and so
m(D(F)) = m 4 (9) =iy,

thus the signature of ¢ (and of each subchain) has the form (0, D(¥)).
Following P. Delsarte ([2]), we shall call G the abelian group of signature
D(9).

In general, if ¢ is a regular chain in the p-group G and if # < ¥ has sig-
nature (0, D), then we shall say that the subgroup H corresponding to 5#
has zero type with respect to 4. Since the vector m(#°) — D(s#) is upper
case, H has zero type if, and only if, m,(3#) = D,(5#). Simple examples
show that a regular group may have zero type with respect to its Q2-series
and yet not be lattice-isomorphic to an abelian group.

(4) Let

G*: 1l=G = -=G/ =G

8

be any regular chain. Form a new chain
G:1=G, = =G, =G

by taking

Gi = G;I+NI+'“+N‘ (1 g i é 7),
where N = (N, - - -, N,) is upper case. It is easily verified (using (6.8)) that
% is regular.

The results which follow deal with the property of having zero type.

(6.9) Let G be a regular chain in the p-group G. Then G, contains every
element of G of order = ¢p* ¢ =1,2,--:).

Proor. Let H be a cyclic subgroup of G of order p* < p¢, 5 the cor-
responding subchain of ¢¥. Write

my = my (), D, = D,(3¢).

Then
(6.10) my, =m, =---and 3 m; = &,
whence m, , =m, , =+ =0. Thus, H < G, < G,.

(6.11) Let % be a regular chain in the p-group G. Then G is an Q-series of G
if, and only if, each cyclic subgroup of G has zero type with respect to 9.

https://doi.org/10.1017/51446788700026367 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700026367

48 G. E. Wall [14]

Proor. Suppose that the cyclic subgroup H of G has zero type. In the
notation of the previous proof,

my — D; =0, D, =1,

so that, by (6.10),
My = My =+ = my = L.

Hence H is a subgroup of G, but not of G,_,. It follows that if every cyclic

subgroup of G has zero type then G, — G,_, is the set of elements of &

of order ¢! (+ =1, 2, - - -}, i.e. ¥ is an Q-series of G. The converse is easily
proved by reversing the steps of the argument.

(6.12) Let Z be a regular chain in the p-group G and suppose that every sub-
group of G which can be generated by 2 elements has zero type with
respect to 9. Then, if p > 3, or if G is regular, G 1s lattice-isomorphic
to an abelian group and G is an Q-series of G.

ProoF. Since every regular 2-group is abelian (Kemhadze [12]), we assume
that p > 2. We first prove, by induction on the order of G, that any two
cyclic subgroups of G permute. We know already (by (6.11)) that ¢ is an
-series of G. This implies, in particular, that each G, is a normal subgroup

of G.
Suppose that the cyclic subgroups X = {#}, Y = {y} did not permute. By
induction, {X, Y} = G and so, in particular, D,(%) = 2. Since G has zero

type, m,(9) = 2 i.e.

(6.13) Gyl = 2

Write |G| = $%, |X| = p*, |Y| = p#. If A (say) were 1, we should have
XY =Y or YG,, contrary to the assumption that XY is not a subgroup;

hence 2> 1, py> 1.
It is a straightforward matter to verify that the chain

F' 1= GyfG, < GyfG, < -+ < G,JG, = G/G,

is regular and that every subgroup of G/G, which can be generated by 2
elements has zero type with respect to ¢¥’. By induction, {xG;} and {yG}
permute, so that

(6.14) XYG, =G.
Consider now the subgroups
Xr={%, Y*={, H={X*Y}, K={XY*

Since X*, Y* are subgroups of @(G), H, K are proper subgroups of G. By
induction, H = X*Y, K = XY*. If H, = G, then, by (6.14), XY =G,
contrary to the assumption that X,Y do not permute. Hence |H,| = ¢
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and similarly |K,| = p. Since H, K have zero type, they must be cyclic
groups. Thus, X* =Y* = X AY. It follows that 1 = u, |XY| = p**1,
and from (6.14) that |[XY| = $°1. Thus A=a — 2.

It is now clear that X* is a central normal subgroup of G of index $® and
order = p. The factor group G/X* is non-commutative and is generated by
the elements 2 X*, yY* of order p; it is therefore the non-commutative group
of order 3 and exponent p. Writing # = yxy—1x-1, we have:

yuylul = ¢, zuxlul=d (c, 4 € X*), [{uX*}| = p,
6.15) z*y? e {uX*} if, and only if, a= =0 (mod p).
P

Since %?, 2? are in the centre of G, c? = d? = ¢® 4? = 1. Therefore, since
v,

p>2, u? =1
It follows from the above and (6.13) that
(6.16) G, = {u, 2"}

On the other hand, a direct calculation shows that
(xy)? = uB gry? c® gd+23)

and therefore, if p > 3,
(wy)® = 27y
This also holds if p = 3, for then G is regular and so
(zy)® = PYPud*c3ddr = 2345

Hence, in all cases, for a suitable choice of the generators z, ¥, we have
zy € G,. This contradiction to (6.15) and (6.16) establishes our resuit.

It now follows that any two subgroups of G permute and thence that the
lattice of subgroups of G is modular. Since $ > 2, G is lattice-isomorphic to

an abelian group (M. Suzuki [8]). Q.E.D.
(6.12) is not true for non-regular 2- and 3-groups, as the Q2-series in the

following groups show t:
(6.17) G = {x,y, u} of order 3% 2° = u? = 2%y = [z, u] = 1,
[y’ x] =u, [y, u] = ya

(6.18) G = {x,y} of order 22 = 24; 2% = g8 = 1, [y, 2] = 92
(6.19) G = {=, y} of order 27+2 = 28; 22 = gyt = 1, ly, x] = y22¥ "
These examples are all ““‘minimal” in the sense that every proper subgroup
of G is lattice-isomorphic to an abelian group. G itself is not lattice-isomorph-
ic to an abelian group because (in each case) G/{z?} is the group of order 3
generated by 2 elements of order 2.

We end this section by deriving the analogue of (4.5)’ for the polynomials
Y. p (cf. (6.7)).

t [s, t] stands for the commutator sés—1¢-1,
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LEMMA. Let d, D, s, t be integers = 0. Then

(6.20) = ﬁl e=yp™) _m:é éo”(‘l D,s.t;1, 7)y“’+‘d+ﬁ-1(x—yp”+'+ﬁ).

where
(6.21) 6(d, D, s,t;i,1) = ofs, t)o(d, 1)w(t, )X (p*)pt—D+d+s-+D
(For the notation w(k, 1), X,(x) see (4.1)’, (4.3)".)

Proor. It is easily proved by induction that

min(d, s)

Xa(2)X,(z) = go o (d, t)as, 1) X () Xarei(2)-

¢
Combining this formula with (4.5)’, we get

min(d, s)

XX, ) = 3 old o )X,0) Zw(ty PUNEIOX L (a).
-0

4
Finally, dividing through by X,(z), then putting z = 2y—'$~P and simpli-
fying, we get (6.20).

THEOREM 4.
(6:22) Yoblan---2) = 3 (STLAG U)) 2" Yo (a0 -+ 2)
where (cf. (6.21)) v
Bell,U)=0(dy Dy 11, Usr—Disn, Tt Dyir—U i the—d i) (LS =),
and where summation is over the vectors U, 1 such that
(6.23) D<U=<T-+D,
(6.24) d.—u,<¢ <mind,U,,—D . ,,.T,+D,—U,) I=«xk=7).

(D, U, - - - are the upper case vectors corresponding to d, u,---; D,,,,
U, - - - are taken to be zero.)

Proor. Let us change the variables of summation from i, U to i and
J=u+1i—d Then (6.22) becomes the final formula P, of a series
P,,, I_’,, -+ -, P, defined as follows: P,,, is the trivial formula 1 = 1; p,
(1 = p =7) is the formula

IT Y, —22"”"""“"1'[2 1)

x=p
where
Dy—1
Yx = H (zx — 2 pk)’
A=Dyy3
Dyt I -1

Zx(i» i) = B, H (zx—zx—lpA)»

AeDy g +d i1 —Ixqy
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and where summation is over the indices 7,, §, (p = « < ) which satisfy
0<¢ =min (@, Jeps — L),
0=/ =Tc— Jen+1Ien
Now, by the lemma,

(6.25) z;p_—ll'FTp—Jp'l'Ip Yp—l — zzg'fz—l—-’p—l'f'lp—l Zp—l(i’ 1),

(p=x=7).

where summation is over the indices %,_,, j,_, such that
0=¢,,=mind,,,J,—1,),
0 éjp—l é Tp—x _Jp +Ip

Multiply both sides of P, by 7Y ,_,, and using (6.25), we get P,_,.

p—1
The theorem follows by induction.

COROLLARY. Let G be the abelian p-group of (Delsarte) signature T. Then
the number of subgroups of G of signature U (< T) is

(6.26) 2T, U) =TI o(Tx — Upss, ,u‘)p(Tx-‘Ux)U:&l.
x=1

In fact, taking D = 0 in (6.22), we get

Y, o= 2 2T, U)Y,,,
UST

which is essentially the Euler summation formula for the Q-series of G.
Formulae equivalent to (6.26) have been given by Delsarte [2], Kinosita
[6], Yeh [10].

7. Numbers of Subgroups of a p~-Group

We are now in a position to generalize the results of § 4. Throughout the
present section,

(1.1) F:1=G, <G <--<G,=G

is a regular chain, of formal length 7, in the p-group G. m = m(9) is the
reduced order of . B is the abelian group of signature m, and

(7.2) #:1=B,<B,<---<B,=B
an -series of B. Since m(¥%) = m(#), we have
(7.3) &) = [(#).

- THEOREM 5. Let Ny,a = Ny, a(%) denote the number of subchains of % of
signature (y,4). Then

(7.4) QmU)= 3  B(r.4;U)Nya (U< m),
AsUZr+a
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where Q2(m, U) is given by (6.26) and B(y, 4; U) is the coefficient of
- UiY o oy in the expansion (6.22) of Yy,a.
ProoF. Let us denote the Eulerian polynomial (6.6) by ¥, p. Then,
by the Euler summation formulae for ¢, #,

{(%) = 2 Nya¥ya,
7.4
1(B) = %Q(m: U)Yo v,

and so, by (7.3) and theorem 4,
S Qm, U)¥ou =3 Nyab(y, 4; U)Po u.
Since the Yg y are linearly independent, (7.4) follows. Q.E.D.

LeEmMaA. 8 = B(y, 4; U) is a positive integer whenever I' < U < T 4~ 4,
IfU=T+A=1IfU#T+A(@ad 'S U<T+ A),¢ither Nya =0
or $=0 (mod p).

Proor. The first two statements are seen by inspection. To prove
the third, we show that if U £ I' 4+ A4 and Ny, 4 # 0 then each term
B(i) = T1. B«(f) in the sum B = X; (i) is divisible by p (cf. (6.22)).

Suppose, contrary to our assertion, that §(i) == 0 (mod p) for some value
of i. By (6.21) and (6.22),

%ix(ix — 1) =0,
(7.4) e +4,—U—4906,+U,y—12,)=0, =Ec=7).
tedeyy =0
By assumption, Iy + 4, — U, 3 0 for some value 4. By (7.4)’, 7, = 1 or 0.
If 4, = 1, then, by (7.4), 4,,, = 0. By (6.3) and since Ny,a4 £ 0, I, +
4,4, = 0. Therefore, since U < I' + 4, U,,, = 0. This is impossible for,
by (6.24), 5, < 4,4, + U,y,. Hence s, = 0. By (7.4)’, 6, = U,,, = 0. Since
4 U, 4,,; =0 and so 4, = 6, + 4,,, = 0. Arguing as before, we get
U, =TI, 4+ 4, = 0, contrary to the assumption that I, -+ 4, — U, # 0.
This establishes the lemma.

Write Ny@) = 3 Nypa®),

AsUsr+4

ny(¥) = 3 Nya(9),
U=r+4

N,(G) = 2 Ny,a(9),
A, SREX(D+Ay)

m(G) = 2 Ny,a(9),
k=%E(I'+4)

n(G) = %n,(G).
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In words: Ny is the number of subchains which have a generating U-
sequence and reduced order = U; ny is the number of subchains of reduced
order U; N, n, are the functions already considered in § 4; #(G) is the total
number of subgroups of G. Clearly,

Ny(®B) = ny(®B) = Q(m, U).

The following two results are immediate consequences of theorem 5 and
the lemma.

(7.5) Either ny(9) <Ny(¥9) <Q(m, U) or ny(9) = Ny(9) = 2(m, U).
(7.6) ny(9)=Q(m, U) (modp).

The congruence class of 2(m, U) modulo 5 is easily determined. Suppose
that U, # 0 but U, = 0 for all 1 > s. Then, by (6.26), 2 =1 (mod p) if
my=U, for A=1,--+,5s — 1, and 2= 0 (mod p) otherwise. Hence we
have
(7.7) ny(%) = 1o0r 0 (mod p) according as U s, or is not, the signature of a

subgroup of B which lies between two consecutive members of its Q-
series.
(7.8) N,(G) < N,(B), with equality if, and only if, every subgroup of G
which has order > p* and can be generated by k elements has zevo type
with respect to G (Cf. § 6, example (3)).
Proor. By the definition of N, and theorem 5, we have

N(G) = > Ny a(9),
4, =k=5(T+- 4))
19  NB)= I QmU)
U,<k=SU,

2 B(y. 4; U)Ny,a(9).
U,Sk<ZU, ASUST+A

Now, if the vectors y, 4 satisfy 4, <k < > (I; + 4,), then the vector V

defined by

Vi=min (¢, I'; + 4;) Asisy)
is upper case and satisfies
(7.10) Vi=Sk=V,, 4A=sVvV=r+a.
In view of (7.9), N, (G) < N,(B) with equality if, and only if, the conditions
(7-11) 4, _S_k§2 (s + 4,), N)’-A(g) # 0,
imply that

(a) (7.10) has a unique solution V;
(b) B(y,4;V) =1, ie., by the lemma, V=T + A.
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We remark now that (7.11) and either of the two conditions
(7.12) S+ 4) =k, r=o,

imply (a) and (b). On the other hand, if neither of the two conditions (7.12)
holds then (7.11) does not imply (a) and (b); for it is easy to see that there
exists an upper case vector R such that

A<R<T+4, 3SR =3T,+4)—1,

and then the equations
V,=min (& R,) 17

define a solution V¥ of (7.10) distinct from I' 4 4.
It follows that N,(G) = N, (B) if, and only if, the conditions

4 Sk<Z (I +4), r o0,

imply that Ny, a(%) = 0. This is precisely the condition for equality stated
in (7.8).
(7.13) n,(G) < n,(B), with equality if, and only if, every subgroup H of G
which satisfies 3 D;(H#) < k has order < p*.
Thus, the conditions for equality in (7.8) and (7.13) are
4, k<> +4,) and T'#0=Nya=0,
SA4,<k<3 (I +4)= Nya=0,

respectively. Obviously, the equality N,(G) = N,(B) implies the equality
1,(G) = n,(B). We omit the proof of (7.13), which is similar to that of (7.8).

(7.14) The number of subgroups of G which can be generated by k elements
cannot exceed the number of subgroups of B which can be generated by
k elements. Each of the following is a necessary and sufficient condition
for equality:
(i) m(G) =m(B) A=1,---,k—1) and N,(G) = Ny(B);
(i1) every subgroup of G which can be generated by k elements has zero
type with respect to ¥.

This follows easily from the results above and the fact that the number of
subgroups of G which can be generated by % elementsis 35— #,(G) + N.(G).
The next result is an immediate consequence.

(7.15) The following conditions are equivalent:
(i) 7.(G) = n(B) for all k;
(ii) Np(G) = N (B) for all k;
(iti) n(G) = n(B);
(iv) every subgroup of G has zero type with respectto 9.
Together with (6.12), these results give
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(7.18) Suppose that p > 3 or that G is regular. Then the following conditions
are equivalent:

(i) the total number of subgroups of G equals the total number of sub-
groups of B;
(ii) the number of subgroups of G which can be generated by 2 elements

equals the number of subgroups of B which can be generated by
2 elements;

(iii) F s an Q-series of G and G is lattice-isomorphic to B.

] Fig. 1(a)

b Fig. 1(b)

The subgroup lattices in figures 1, 2 show that (7.16) (i) does not imply
(7.16) (iii) when G is a non-regular 2- or 3-group. Fig. la is the Abelian
group of type (22, 22), fig. 1b the group (6.18) of order 2¢. Fig. 2a is the
Abelian group of type (32, 32%), fig. 2b the group (6.17) of order 3%

https://doi.org/10.1017/51446788700026367 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700026367

56 G. E. Wali [221

Fig. (2a)

Fig. 2(b)

8. The Eulerian Polynomial of a Group of Composite Order

We end with some remarks on soluble and p-soluble groups. Let G be a
group of order $°g® - - -, where §, g, - - - are distinct primes, and let z, ¥, - - -
be the variables in the Eulerian polynomial corresponding to #,¢,---
respectively. Let N be a normal subgroup of G of order n. By theorem 1 and
induction on the group order

$(G) = $(G/N)x(=. 9, ),
where y involves only those variables which correspond to prime divisors of
n. Hence, if G be p-soluble,
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(8.1) $(G) = p()o(y, z, - - *),

and if G be soluble,

(8.2) $(G) = p)o(y)(2)

The last result is due to W. Gaschiitz ([3]). .

Gaschiitz’s method for determining the factors p, g, - - - when G is soluble
applies equally well to determine the factor p when G is p-soluble. Suppose
that G is p-soluble and consider the factors in a given chief series for G.
Such a factor H|K is said to be complemented when H|K is complemented in
G/K. Now, since G is p-soluble, either |H/K| is prime to p or H/K is an
elementary abelian p-group. In the latter case, H/K may be regarded, in the
usual way, as an #rreducible G-module; as such, it is a vector space over its
field, E, of endomorphisms. If |E| = $° and dimg (H/K) = f, then |H|K]|
— P’f-

Under the relation of G-module isomorphism, the complemented chief
factors of p-power order fall into a certain number of equivalence classes, say
Co, Cy, * -+, C,. Suppose that C, consists of the (complemented) factors on
which G acts trivially. Suppose also that C, has £, members and that the
values of e, f corresponding to these members are e¢,, f, (¢ = 0,1,---,7).
Suppose finally that the product of the orders of the uncomplemented chief
factors of p-power order is p*. Then

ko—1 r k1
(8.3) plx) = 2* (};Io x— P )EHO e‘f‘ o‘(r,-+/\.;)).

It is easily proved that in any finite group the index of each maximal sub-
group divides the order of at least one chief factor. Thus, in a $-soluble
group, the index of each maximal subgroup is either a power of $ or prime
to p. Let m,(G) denote the number of maximal subgroups of G of p-power
index (> 1), and write
po= (P —1)/(p—1), p,= (PR —pS)[(p—1) (GF=1,---7)
Gaschiitz’s method shows that

’
(8.4) my(6) = 3 i
and, more precisely, that the number of maximal subgroups of index p* is

Z M-

eri=k

Now, it is easily verified that

1 S P —1)/(p— 1) O=isr).

Therefore, since
r

defiki=a—s=<a,
0
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we have (for a p-soluble group G)

(8.5) my(G) = p(° — 1)/(p — 1).
Suppose now that G is soluble. It is easily proved that

P —1/p—-1)+qe@—-Dg—-1+---<g

unless g is a prime power. Therefore, if m(G) denotes the total number of
maximal subgroups of G, we have

(8.6) m(G) = m,(G) + m,(G) + -+ - <g.

It would be interesting to know whether (8.6) is valid for 4l finite groups.
((8.5) is certainly not universally true: the simple group of order 168 has
14 subgroups of index 7.)

It seems likely that every group with Eulerian polynomial of the form
(8.2) is soluble, though I have not been able to prove this. The remarks
which follow bear on this question.

(8.7) ?|1G : G’} if, and only if, (x — 1)|¢(G).

"Proor. If G has a normal subgroup of index $, then, by theorem 1,
(x — 1)|¢(G). Conversely, suppose that G has no normal subgroup of index
p. Then the number of groups in each conjugacy class of subgroups of
p-power index is divisible by p. Comparing coefficients of #*z¢- - - in the
sum formula

G Ly 2 )= 3 $(H; Ly,z--),
HsG@

we see that the coefficient of y*2°-- in ¢(G;1,y,2,--) is =1 (mod p)
and so (x — 1)1¢(G).

(8.8) CoroLLARY. If ¢(G) has the form (8.2), G' < G.

In fact, if G is not .cyclic, ¢,(G) = 0. Hence one of p(1), o(1), - - - is zero
and so one of (z — 1), (y — 1), --- divides ¢(G). By (8.7), G’ < G.
(8.9) If ¢(G) has the form (8.2) and ug(l) # 0, G is soluble.

In fact, since

#e(l) = 4(G; 0,0, ) = p(0)s(0) - - -,
the coefficients of y?2°- -, 2°2° - - -, in ¢(G) are non-zero. Hence, by (3.2),

G has subgroups of each order g/p°, g/¢®, - - - and so, by Hall’s theorem,
is soluble.
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