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The effect of gravity during the water entry of two-dimensional and axisymmetric bodies
is investigated analytically and numerically. An extension to the Wagner model of water
impact is proposed in order to take into account the effect of gravity. For this purpose,
the free-surface condition is modified. The pressure is computed using the modified
Logvinovich model of Korobkin (Eur. J. Appl. Maths, vol. 6, 2004, pp. 821-838). The
model has been implemented and validated through comparisons with fully nonlinear
potential flow simulations of different two-dimensional and axisymmetric water entry
problems. Our investigation shows that it is equally important to account for gravity when
computing the pressure distribution and to account for gravity when computing the size
of the wetted surface in order to obtain accurate force results with the Wagner model.
Simulations of wedges and cones with different values of deadrise angle (8) entering
water at constant speed (V) demonstrate the accuracy of the semi-analytical model and
show that the effect of gravity in such water impacts is governed by the effective Froude
number defined as Fr* = V/(/gh+/tan B), with g the acceleration due to gravity and &
the penetration depth. The accuracy of the semi-analytical model for decelerated water
entries is also demonstrated by investigating the water entry of a wedge and a cone with
a 15° deadrise angle with deceleration until full stop. The semi-analytical model is able
to accurately predict the effect of gravity during both two-dimensional and axisymmetric
water entry problems with deceleration.
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1. Introduction

Water impacts are responsible for extreme hydrodynamic forces on structures entering
water. The critical loads relevant to the design of these structures in order to ensure their
integrity arise at the highest water entry velocities. In these regimes, the flow is dominated
by the fluid inertia. It is therefore common practice to neglect the other parameters of
the water entry problem (e.g. surface tension, viscosity and gravity) when computing the
loads arising in such harsh conditions with numerical models (e.g. Battistin & Iafrati 2003;
Oger et al. 2006; Piro & Maki 2011) or analytical models of water impact (Wagner 1932).
In softer conditions, i.e. at lower entry velocity, but at a sufficiently small time scale such
that the effect of viscosity and surface tension is still marginal, gravity may start affecting
the results. Although not directly critical to the integrity of its structure, ‘soft’ slamming
events may affect the motion of a falling (respectively floating) body subject to full
(respectively partial) water entry. For example, floating marine structures may experience
large amplitude motions and undergo slamming events induced by the relative motion
between the body and the free surface, which in turn may affect the body motion. Kim
et al. (2015) and de Lauzon, Derbanne & Malenica (2019) have shown that the coupling
of a water impact model (a generalized Wagner model) with the rigid-body motion of
a container ship affected (limited) the pitch motion and, as a consequence, limited the
whipping vibrations of the structure. The motion of wave energy converters (WEC)
may also be affected by slamming loads. Babarit ef al. (2009) observed experimentally
slamming events on the SEAREV WEC concept as soon as the pitch motion amplitude
reached a value of 10° and reported that slamming forces limited the pitch motion of
the device. Given the primary role played by gravity in the leading-order response of
floating bodies to wave excitation loads, one may anticipate that gravity will also affect
the slamming loads in these conditions. These kind of fluid—structure interactions may be
seen as an intermediate regime between strongly nonlinear wave-structure interaction and
pure slamming (when the effect of gravity is negligible).

Another field of application where gravity plays an important role during water impact
events is the emergency landing on water of aircrafts. Indeed, despite very large horizontal
velocity magnitudes, the hydrostatic term due to gravity in Bernoulli’s equation is taken
into account in the hydrodynamic models used to predict the motion of an aircraft during
emergency landing on water, adding the term [—pg(z — z0)] when computing the pressure
acting on the body (see Bensch et al. 2001; Khabakhpasheva et al. 2016; Martin, Jacques
& Paul 2018), where p is the liquid density and z is the vertical coordinate of a point on
the body surface. Formally speaking, for a two-dimensional body impacting a flat water
surface located at z = 0 (figure 1), the reference level zg should be set to 0. Note however
that such a value leads to a suction effect (a negative contribution to the pressure) for
z > 0. Khabakhpasheva et al. (2016) obtained better force predictions for the water entry of
a wedge with constant deceleration by setting zg = n(c(?), t)/2, with z = n(x, f) defining
the free-surface elevation and c(¢) the half-width of the wetted surface within the Wagner
model (see figure 1).

In the generalized Wagner model (GWM) (see Helmers & Skeie 2015; Kim et al.
2015; de Lauzon et al. 2015), which is commonly used to perform coupled slamming and
hydroelastic sea-keeping computations, gravity is often neglected. In this context, adding
the effect of gravity into the GWM is more challenging because gravity is already at play
in the sea-keeping model and the coupling of the two models must be consistent.

Numerical approaches such as computational fluid dynamics (CFD) and fully nonlinear
potential flow (FNPF) solvers may offer a more readily usable means of simulating water
impacts affected by gravity as the introduction of gravity does not necessitate additional
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Figure 1. Water entry of a two-dimensional symmetric body.

developments. In high-fidelity CFD approaches, the effect of gravity may be easily taken
into account by adding a volumic force in the liquid domain. In FNPF solvers, taking into
account gravity reduces to a modification of the free-surface boundary condition. Fully
nonlinear potential flow solvers are less computationally demanding than CFD solvers
while remaining at a high level of accuracy as the boundary conditions on the body and
on the free surface are fully nonlinear. This approach has been used to investigate different
water entry problems affected by gravity (Sun, Sun & Wu 2015; Yu et al. 2018; Wang,
Faltinsen & Lugni 2019).

Despite the progress of high performance computing and CFD approaches, analytical
and semi-analytical models (SAMs) of water impact remain highly valuable and under
constant improvement. Indeed, they offer means of validation for numerical approaches
through reference case studies within their domain of validity (i.e. small deadrise-angle
wedge). Analytical and SAMs are used by industry not only because of their attractive
computing performance but also because of their ability to deal with practical problems.
Analytical models provide insights on complex flow physics such as the role of the
longitudinal body curvature on the suction during oblique impacts and the possible
appearance of cavitation (e.g. Bensch et al. 2001; Tassin et al. 2013; Martin et al. 2018).
In that context, developing a consistent analytical model based on the Wagner approach
but taking into account also the effect of gravity is of great interest. The difficulty resides
in the fact that gravity not only changes the equation which gives the pressure acting
on the body surface but it also changes the linearised free-surface boundary condition
satisfied by the velocity potential (¢) from ¢(|x| > c(f),z=0) =0to ¢ (|x| > c(¥),z =
0) = —gn(x, 7). So one may ask whether it is legitimate to neglect the effect of gravity in
the free-surface condition when the hydrostatic contribution to the pressure acting on the
body becomes of importance. In order to answer this question, it is necessary to retain the
gravity terms in the free-surface condition of the Wagner model and see how these terms
affect the solution in terms of wetted surface width and pressure distribution. With the
modified free-surface condition, the water entry problem becomes more difficult to solve
because function 7(x, t), which describes the shape of the free surface, appears in the
free-surface condition and becomes part of the unknowns of the problem. Moreover, with
the modified free-surface condition, the velocity potential boundary condition at the free
surface involves a time integral of function n(x, t). As a consequence, the evaluation of
the hydrodynamic load with the modified free-surface condition (with gravity) requires
the knowledge of the time history of the wetted surface width, whereas the original
Wagner model (without gravity) allows the evaluation of the wetted surface width and
hydrodynamic load at any time independently from the previous time instants. It is only
until very recently that a consistent Wagner model with gravity was proposed by Zekri,
Korobkin & Cooker (2021) (see also Zekri 2016) for the water entry of a two-dimensional
parabolic body using this modified free-surface condition and a perturbation method.

944 A9-3


https://doi.org/10.1017/jfm.2022.448

https://doi.org/10.1017/jfm.2022.448 Published online by Cambridge University Press

F. Hulin and others

In the present article we present a more general approach for the derivation of a solution
to the two-dimensional Wagner problem with gravity and we extend the theory to the
axisymmetric water entry problem with gravity. This approach is used to investigate
the water entry of wedges and cones of different deadrise angles but can be used to
study the water entry of more general body shapes. The modified free-surface condition
with gravity is taken into account when computing the contact point position, x = c(?),
and when computing the velocity potential (and its partial derivatives) on the body
surface. The so-called ‘“Wagner problem’ which consists in determining the width of
the wetted surface is rederived using the displacement potential approach with the new
free-surface condition. The resolution of the Wagner problem is simplified by introducing
an approximation of the free-surface condition which avoids the computation of the exact
shape of the free surface with gravity. The two-dimensional Wagner problem is solved
using analytical function theory and the axisymmetric Wagner problem is solved using the
boundary element method (BEM) in a similar way as in Tassin et al. (2012). The pressure
acting on the body is computed according to the modified Logvinovich model (MLM)
of Korobkin (2004). The semi-analytical approach is validated through comparisons with
numerical results obtained from the FNPF solver presented in Battistin & lafrati (2004)
and recently extended to deal with water impacts with varying speed and gravity (Del
Buono e al. 2021). For this purpose, we investigate the effect of gravity during the
water entry at constant speed of wedges and cones for different values of deadrise angle,
B, ranging from 10° to 30°. The comparisons between the two approaches are in very
good agreement, hence demonstrating the accuracy of the semi-analytical approach. Our
investigations show that accurately predicting the hydrodynamic force and the pressure
distribution on the body requires us to account for gravity both in the modification of
the wetted surface width and in the modification of the velocity potential. For the wedge
entering water at constant speed, V, we show that the contribution of gravity to the
non-dimensional force coefficient (the force multiplied by tan? 8/(p V1)) is governed by
the effective Froude number, F' = Fr//tan B, where Fr = V /\/gh(?) is the instantaneous
Froude number based on the penetration depth, A(), taken as a reference length scale. The
accuracy of the semi-analytical approach for the water entry of a body with a varying
speed is also demonstrated through the simulation of a wedge and a cone entering water
with deceleration (up to full stop). The motion imposed to the body in these simulations is
similar to the one imposed in the experiments by Breton, Tassin & Jacques (2020) which
were used in Del Buono et al. (2021) to validate the FNPF solver. The simulations are run
with and without gravity to show the capability of the SAM to accurately predict the effect
of gravity on the force and the width of the wetted surface.

The article is organized as follows. Section 2 presents the two-dimensional
semi-analytical water impact model. Section 3 describes the semi-analytical approach used
for the axisymmetric water entry problem and § 4 presents the FNPF solver. The results
obtained for the water entry at constant speed are presented in § 5 for the wedge case and in
§ 6 for the cone case. The results for a body entering water with deceleration are presented
in § 7. Conclusions are finally drawn in § 8.

2. Two-dimensional analytical water impact model

In this section we present the two-dimensional analytical model developed to account
for gravity. The original Wagner model without gravity is first recalled in §2.1. The
modified mixed boundary value problem (MBVP) satisfied by the velocity potential in
the presence of gravity is presented and solved in § 2.2. In § 2.2.2 we derive the modified
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Wagner condition governing the evolution of the wetted surface and present the numerical
approach used to solve this equation. The computation of the pressure and force acting on
the body is detailed in § 2.2.3.

2.1. Two-dimensional Wagner model for a symmetric body

Within the Wagner model, the fluid is assumed to be inviscid and incompressible. Gravity
and surface tension effects are neglected. The flow is assumed to be irrotational and
can thus be fully described through a velocity potential ¢. Let us consider the water
entry of a symmetric two-dimensional body into a semi-infinite liquid domain initially
at rest as described in figure 1. The position of the body contour is defined by the
equation z = f(x) — h(t), where f(x) is a function which describes the body shape and
h(t) corresponds to the depth of penetration after first contact with water. Variable c(r)
represents the half-width of the wetted surface, which is delimited by the turnover points
or the root of the jets. Under Wagner’s assumptions, the presence of the jet is neglected at
leading order. The width of the wetted surface is determined using the so-called Wagner
condition, which states that the displacement should be finite at |x| = ¢. Function n(x, 1)
describes the elevation of the free surface induced by the water entry and the vertical
velocity of the body is denoted v (7). In the following, the upper-script notation ) stands
for quantities derived from the original Wagner model, i.e. neglecting gravity. In the
original Wagner model, the velocity potential satisfies the following linear MBVP:

Ap™ =0, z<0, (2.1a)

™" =0, z=0,]x>c"@, 2.1b)
o) = o), z=0 | <™, 2.1¢)
e -0, x*+5— oo (2.1d)

The velocity potential solution of (2.1) is given by the following expression on the body

surface:
oM (x,z,0) = —v(O)VcW ()2 —x2,  |x] < ™), z=0. (2.2)

Note however that the half-width of the wetted surface, ¢, in (2.1) is a parameter which
must be determined using an additional condition, the so-called Wagner condition, which
can be formulated as (Korobkin 1996)

/2 T
/ f(c™ siny)dy = Eh(z). (2.3)
0

The free-surface elevation, 7 (x, ), can be obtained by integrating in time the vertical fluid
velocity, go(zw ), at the free surface, (|x| > ¢™)(r), z = 0), (Faltinsen 2005)

™ (x, t)=/t<p(w)(x, 0, r)dr:/t &—v(r) dr.  (2.4)
0o ° 0 | v/x2 —cW(1)2

For a number of body shapes (e.g. when f(x) is a polynomial function), a closed-form
expression of " can be derived using (2.3). As shown later in §5, this expression
can then be substituted into (2.4) to obtain a closed-form expression of the free-surface
elevation.
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2.2. Two-dimensional Wagner model with gravity

In the Wagner model the original nonlinear free-surface condition is first linearised
assuming that there is a small deflection of the free surface and performing a Taylor
expansion of the velocity potential in z = 0. This first step leads to the well-known
free-surface condition of linear surface gravity waves,

0i(x,z, 1) = —gnx, 1), |x|>c(@),z=0. (2.5

Neglecting gravity and assuming that the fluid is initially at rest, i.e. " (x, z,t = 0),
one obtains the original free-surface condition ¢’ =0 in (2.1). Retaining the terms
depending on gravity in the linear free-surface boundary condition, the MBVP satisfied
by the velocity potential becomes

Ap =0, z<0, (2.6a)
t

plx, 1) = —g/ nx,r)dr, z=0,|x] > (@), (2.6D)
0

@, ) =—v(), z=0,[x <c@), (2.60)

o — 0, X+ 72— . (2.6d)

2.2.1. Derivation of the velocity potential accounting for gravity
Using the theory of analytic functions as detailed in Appendix A.1, the velocity potential
solution of (2.6) on the wetted surface may be expressed as

) 2 [t To(7, 1)
px,z,0) = Cz—xz{—v—F— d‘L’}, x| <ec,z=0. (2.7)
TJe  NTEP—2(r2—x%)

Note that the potential on the wetted surface depends on the potential on the free surface,
which itself depends on the unknown free-surface elevation. The integrand in (2.7) is
(weakly) singular at T = ¢ for x < c. In order to compute the velocity potential, and more
importantly the time derivative of the velocity potential close to |x| = ¢, it is convenient
to rearrange (2.7) by performing an integration by parts, leading to

2 T Hn
o(x,7,1) = —vVc2 —x2 + — {sgn(x)M
X 2

+/+OO an YT (e )+ oz, 1) d 1x] 0
arctan ——— (¢(t, T (T, ¢, |xl<ec,z=0.
c )C\/'L’Z—C2 *

(2.8)

The time derivative of the velocity potential is obtained by differentiating (2.8) with
respect to ¢, leading to

oo 2t¢

1
9, (X, 2y t) = T {—UC& + —(GD(T’ t) + TQ, (T’ t)) d‘[}
' 2 — x? ¢ meNT? = c? ’

cp (et 2 /+°° v/ — 2
e 7 J— arctan ——— T, T 7,1))dt
P T, v r AR R

— 0V —x2, x| <c,z=0, (2.9)
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where the overdot symbol stands for the total derivative with respect to ¢. The x-derivative
of the velocity potential is obtained by solving the MBVP satisfied by the complex velocity
(¢.x — ip ;) using the theory of analytic functions as detailed in Appendix A.2. It yields

+oo [72 _ 2
o= 2 / N i@ dr, I <e  (210)
’ V2 —x2 w2 —x2 e 2 —x2 7
Equations (2.7) to (2.10) all involve the unknown free-surface elevation through the
velocity potential on the free surface. Although gravity may affect the free-surface
elevation, one may expect that the deviation of the free-surface elevation from the
free-surface elevation obtained with the original Wagner model remains small as far as
the effect of gravity remains reasonably small. As a consequence, it seems reasonable to
assume that the leading-order terms of the velocity potential on the free surface can be
computed using the free-surface elevation obtained with the original Wagner model. Note
however that, as observed in Zekri et al. (2021), gravity will tend to reduce the size of
the wetted surface; therefore, we suggest to assume that for a similar size of the wetted
surface, the free surface obtained with gravity is approximately similar to the free-surface
elevation obtained with the original Wagner model. In other words, at time ¢, the half-width
of the wetted surface with gravity, c(), is such that c(r) = ¢™ (r*), with r* < . The
free-surface elevation which must be considered is thus n(x, f) = ") (x, ). Denoting

—1 . . —1 . .
c¢™ 7" the inverse function of ¢, we have r* = ¢™ ™ (¢(¢)). The velocity potential on
the free surface thus reads as

t t
px, 1) = —g/ n(x, 7)dr ~ —g/ N, ¢ e dr, x> o, (2.11)
0 0

The formal asymptotic analysis of Zekri et al. (2021) confirms that this approximation is
reasonable. In Zekri et al. (2021) the free-surface shape is stretched to fit the new size of
the wetted surface, but the idea is rather similar as the free-surface shape is assumed to be
similar to the free-surface elevation given by the original Wagner model (in the stretched
coordinates).

2.2.2. Modification of the wetted surface due to gravity

In order to take into account the effect of gravity on the wetted surface, it is convenient to
reformulate the Wagner problem in terms of the displacement potential, ¢, defined as the
time integral of the velocity potential,

t
P(x,z,1) = / @(x, z, T)dr. (2.12)
0
The displacement potential satisfies the following MBVP:
Ap=0, z<0O, (2.13a)
t
» = / p(x,t)dr, z=0, x| = c(), (2.13b)
0
¢ =f(x)—h@®), z=0,|x <c@), (2.13¢)
¢—0, xX*+72— . (2.13d)

This MBVP, in which the displacement potential is not equal to zero on the free surface,
is solved in Moore, Ockendon & Oliver (2013). A more detailed derivation of the solution
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is presented in Appendix B. Making a slightly different change of variable, the Wagner
condition becomes

m( - ,r)
Ay g, —o. (2.14)

sin y

/2
/ Flesiny) — h(n) +
0

In the general case, c(¥) cannot be extracted from the last term in (2.14) to express ¢ as
a function of the other parameters because the term ¢  on the free surface derives from
successive integrals with respect to time. In order to solve this equation, it is convenient to
differentiate (2.14) with respect to time, which leads to the following first-order differential

equation:
/2 c
/ <—U(f) + ¢ (E’ t)/sin V) dy
= Y : . (2.15)
/ (ﬁx(csin y)siny + @ . (,—,t)/sin2 y) dy
0 sy

In the following this equation is solved numerically using the first-order explicit Euler
method. Note that the wetted surface at a time instant ¢ is fully determined by the position
of the body A(#) at this time instant through (2.3) when gravity is ignored. However, this
is no longer true when gravity is considered because the displacement potential which
appears in the second term of (2.14) is defined by a double integral over time. Similarly to
§ 2.2, we suggest using the free-surface elevation obtained from the original Wagner model
in order to simplify the computation of the displacement potential in (2.15) as follows:

t vV
dp(x, 1) = —g/ f n(x, T)dr dv
0 Jo

t vV
~ g / / 1, ¢ ey drdy, x| > c. (2.16)
0 JO

Once the wetted surface and the partial derivatives of the velocity potential with respect to
t and x are known, it is possible to compute the pressure acting on the body.

2.2.3. Computation of the pressure and force acting on the body

In the following the pressure distribution is obtained using the MLM proposed by
Korobkin (2004). This model allows us to take into account the shape of the body and
was shown to be accurate in terms of hydrodynamic force prediction (Tassin et al. 2010).
Writing the MLM under the form given in Tassin ef al. (2013) and adding the hydrostatic
component of Bernoulli’s equation, the pressure acting on the body surface, P, can be
expressed as

2 2
ST
P(x,t) = —p (‘p,t + m +(f—hv+ 3 +(f h)g) ) 2.17)

where ¢, and ¢ are given by (2.9) and (2.10), respectively. This equation presents a
non-integrable singularity at |x| = ¢(¢) . In order to compute the force acting on the body,
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we follow the procedure proposed by Tassin et al. (2013) which consists in splitting (2.17)
into two terms, P, and P,, in the integration

c*(1) c(1)

F@) = / Py(x, 1) dx —I—/ P,(x, 1) dx, (2.18)
—c*(1) —c(1)

where ¢*(¢) corresponds to the closest point x to ¢(¢) where P, (x, t) is positive and P,

comprises only terms depending on acceleration,

Po=—p(iv/c2 —x2 + (f — W) (2.19

Here P, comprises the remaining pressure terms and includes all the terms resulting from
the action of gravity.

3. Axisymmetric analytical model

In this section the approach presented in the previous section in order to take into account
the effect of gravity in the Wagner model is extended to the axisymmetric case. The
axisymmetric model follows the same assumptions as the two-dimensional model, but the
solution method differs because there is no equivalent theory to analytic function theory
in three dimensions.

3.1. Axisymmetric Wagner model without gravity

The Wagner model also applies to the case of an axisymmetric body penetrating water
where the problem is now expressed in the cylindrical coordinates (r, 8, z). In the original
axisymmetric Wagner problem, the velocity potential satisfies the following MBVP:

Ap™ =0, z<0, (3.1a)

o™ =0, z=0,r>c"@, (3.1b)
oW =—v(n), z=0,r <™, G.1¢)
o™ -0, rF+72— . (3.1d)

The velocity potential solution of (3.1) is given by the following expression on the body

surface:
) -2
(1 0.2.1) = ——\JeW? 2 =0, (3.2)
o

The radius of the wetted surface is governed by the Wagner condition which may be
expressed as (see Korobkin & Scolan 2006)

/2
/ siny -f(c™ (1) siny) dy = h(7). (3.3)
0

The vertical velocity at the free surface is given by Scolan & Korobkin (2001) and reads

as
—2v(?) ™M) M (1)
(W) — — =
@ (r,0,z,1) = - {arcsm( . ) e | z=0. (34

The free-surface elevation, n(r, t), can be obtained by integrating (3.4) with respect to
time.
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3.2. Axisymmetric Wagner model with gravity

Taking into account the effect of gravity in the axisymmetric Wagner problem, the velocity
potential satisfies the following MBVP:

Ap =0, z<0, (3.5q)
t
¢ = —g/ nr,o)ydr, z=0,r=c(), (3.5b)
0
p:=—v(@), z=0,r<c@), (3.5¢0)
=0, r’+7 - oo (3.5d)

As the Laplace equation is linear, the velocity potential, ¢, solution of (3.5) may be sought
in the form ¢ = ™ + ¢® with ¢® solution of the following MBVP:

Ap® =0, z<0, (3.6a)
t

o® — _g/ N o)dr, z=0,r > c(), (3.6b)
0

9® =0, z=0,r<c@, (3.6¢)

0® 50, P+ 0. (3.6d)

The normal derivative of the velocity potential being equal to zero over the disc r < ¢(%),
the velocity potential on the wetted surface can be computed using the following equation
given in lafrati & Korobkin (2008) and referred to as Sneddon’s formula:

+00

0@ /(2 —r)2+¢2,7=0, t)d

2] T, r<c,z=0. 3.7

2
9Oz ==
T

0

Similarly to § 2, we suggest to approximate the free-surface elevation when computing the
velocity potential over the free surface on the right-hand side of (3.7) as

t
0O (r, z,1) ~ —g/ " (r, N e@)dr, r>ez=0, (3.8)
0

where n™)(r, 1) is obtained by integrating (3.4) with respect to time.

3.3. Modification of the wetted surface due to gravity

Similarly to the two-dimensional case, it is necessary to take gravity into account when
computing the wetted surface radius (in the Wagner condition).

Moore & Oliver (2014) proposed an analytical formulation to derive the wetted surface
radius for an axisymmetric body considering a non-zero potential on the free surface.
However, this paper contains an error and, for this reason, the formulation was not applied
here. An erratum to the formulation should be published soon. Therefore, we suggest to
adapt the numerical method based on the BEM proposed in Tassin ef al. (2012) in order to
solve the modified Wagner problem with gravity.
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3.3.1. Description of the method

The method presented here allows us to obtain the evolution of the wetted radius, c(z),
during the vertical water entry of an axisymmetric body. The computation is made on a
time interval, [0, T], subdivided into N subintervals. Time ¢ = 0 corresponds to the instant
at which the body first touches the water. Similarly to the two-dimensional case, obtaining
the wetted radius at an instant #, necessitates to know the wetted radius at the previous
instants {fg, ..., t,—1}. Thus, an initialization must be made at the smallest instants of the
impact for which no history has been computed. The Froude number, Fr = /V /(gt), being
much greater than one during the very early stage of the water entry, c(#,) is set to the value
given by the Wagner theory at the first time instants (when the effect of gravity is marginal)
in order to initialize the numerical procedure. Once the Froude number exceeds a certain
threshold value, the wetted surface is determined numerically by an iterative procedure.
This procedure consists in computing the free-surface elevation along the contact line for
the successive values c(t,),, corresponding to the value of c(#,) at each iteration m and
adjusting the value of the wetted surface radius so as to minimize the difference between
the free-surface elevation and the body position along the contact line, i.e. the error on the
Wagner condition.

This algorithm necessitates the computation of the free-surface elevation for a certain
value of the wetted surface radius, c(#,),,, which is performed by a boundary element
model presented in §3.3.2 below. In this computation the effect of gravity on the
free-surface condition is taken into account and, thus, the computed free-surface elevation
depends on the values taken by c(f) at the previous instants {7, ..., f,—1}. Once the error
on the Wagner condition has been computed, the estimate of ¢(z,) is updated following the
procedure detailed in § 3.3.3. This procedure is then iterated until the error on the Wagner
condition reaches a certain acceptable value.

3.3.2. Computation of the free-surface elevation

In order to calculate the free-surface elevation for a given value of the wetted surface
radius, c(#), it is convenient to reformulate the Wagner problem in terms of the
displacement potential, ¢, defined as the time integral of the velocity potential and which
satisfies the following MBVP:

Ap=0, z<0, (3.9a)
1
¢ = / p(r.t)de, z=0,r=c(), (3.96)
0
¢.=f(r)—h@), z=0,r<c(), (3.9¢)
¢ — 0, e —|—z2 — 00. (3.9d)

Following Tassin et al. (2012), the displacement potential at a point p located at z = 0 may
be expressed as follows using Green’s third identity:

Lo(p.1) = / / 6.-(q. DG(p. g S, + / / 6-(¢.0G@. 9 dS,.  (3.10)
wSs FS

Here G(p, q) is the free-space Green function defined as G(p, q) = [4n|p —q|17\, ¢q
is a point located at z =0, WS denotes the wetted surface and FS denotes the free
surface. Similarly to Tassin et al. (2012), we use (3.10) and a collocation method to
compute numerically the free-surface elevation, n = ¢ ;. The collocation method consists
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in enforcing (3.10) in a number of points p; located on the free surface. The free surface is
discretized in N, intervals over which the free-surface elevation is assumed to be piecewise
linear,

) — n(&)

Eir1 — &k
where & = r/c(t). The free-surface elevation is assumed to be small enough beyond a
threshold value &, = 5 so that it has a marginal contribution to the second integral on
the right-hand side of (3.10). Making use of this discretization, the integral on the free
surface in (3.10) is split into N, 4 1 terms corresponding to the coefficient of influence
of each unknown, nx = n(&). The evaluation of (3.10) at N, + 1 collocation points (p;)
allows us to write the following linear system of equations:

() € =& +n), & €& &1l (3.11)

AX = B+ B@. (3.12)

Here X = (1, ..., ’7NE+I)T, A results from the integral over the free surface in (3.10)
and B results from the integration over the wetted surface. Their expression can be found
in Tassin er al. (2012). In contrast to Tassin ef al. (2012), an additional term B® =
1/2[¢(py), ...,¢>(pNe+l)]T appears because the displacement potential is not equal to
0 over the free surface when gravity is included. Similarly to (2.16), the displacement
potential on the free surface may be approximated as

t v t v
b 1) = — /0 /O gi(Ep,c(r), ) dr dv ~ — /O /0 ™ (& c(r), € (c(e)) dr do,
(3.13)

where 7™ is obtained as the time integral of the vertical velocity (3.4). With this
approximation, the ith coefficient of B® at a time instant 7, reads as

I vV
B (1) = —1 /0 fo an™ (&), ™ (c(2))) dr dv, (3.14)

where we only integrate with respect to time until #, to avoid numerical issues at the
first iteration (the free-surface elevation becomes singular when we set c(f,+1) = c(t,)).

The term B® could be evaluated using the time history of the wetted surface elevation
computed through the BEM. However, in order to obtain results valid under the same
assumptions as in the two-dimensional case, it is evaluated using the analytical expression
of the free-surface elevation, which also simplifies the computation. The resolution of the
linear system (3.12) allows us to obtain the free-surface elevation at time 7, assuming

that C(tn+1) = C(tn+1)m-

3.3.3. Enforcing the Wagner condition
Once the free-surface elevation has been computed, its value at the contact point is known
and the corresponding error on the Wagner condition can be computed as

e(c(tn+)m) = 10, tn+1m — (Ut Dm) + h(tnt1). (3.15)
For the next iteration, the value of c(t,+1),, is updated as
C(tn-l—l)m—i-l = C(tn-l-l)m + oy e(c(tn-l-l)m), (3.16)

where o, is a dynamic relaxation coefficient which is initialized and updated in a similar
way as in Tassin et al. (2012). The error resulting from the updated value c¢(#;+1),+1 can
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now be computed. This process is repeated until the error reaches an acceptable value.
In our simulations, this procedure was initialized with c¢(#,+1)0 = c(t,), c(t,) being the
converged value of ¢(?) att = t,.

4. Fully nonlinear potential flow solver

In this section we present the FNPF model used to calculate the reference results for the
validation of the two-dimensional and axisymmetric semi-analytical Wagner models with
gravity. The FNPF model has been proposed and validated in Battistin & Iafrati (2003) and
Battistin & Iafrati (2004) for the water entry case with constant velocity and extended in
Del Buono et al. (2021) to deal with the water impacts with varying speed and to include
the effect of gravity. The solver is based on a hybrid BEM approach where the BEM is
coupled with a harmonic polynomial expansion to describe the thinnest part of the jet.

4.1. Hybrid BEM approach

Similarly to the Wagner theory, the water impact problem is here faced under the
assumptions of an inviscid and incompressible fluid. The flow is assumed irrotational,
which allows us to formulate the problem in terms of the velocity potential ¢. The
governing equations, written in an earth-fixed frame of reference, with y the horizontal
axis coinciding with the still water level, and z the vertical axis oriented upwards, are

V=0, £, (4.1a)
(pal’l = —0- n7 WS9 (4.1b)
Dy Vol
20 _ — gz FS, 41
Dt 2 & (.1¢)
Dx
— =u, FS, (4.1d)
Dt

where v is the body vertical velocity (positive downwards), §2 is the fluid domain, WS and
F'S are the wetted surface and the free surface, respectively, n is the unit vector normal
to the boundary of the fluid domain oriented inwards, D/Dr is the total derivative with
respect to time ¢, x is the position of a particle lying at the free surface and u is the
fluid velocity at x. The problem is solved through a mixed Eulerian—Lagrangian approach
inspired from Longuet-Higgins & Cokelet (1976) and the velocity potential is written in
terms of a boundary integral representation. Enforcing it at the boundary of the fluid
domain, a boundary integral equation of mixed first and second kind, for the velocity
potential and its normal derivative on the free surface is obtained,

0 G (p,
( P Gip.q) - w(q)ﬂ) as,,
WS|JFS on on

where G is the free-space Green function for the Laplace operator. In two dimensions,
the Green function is defined by G(p, q) = log(|lp — ¢q|)/2=, and in three dimensions
G(p.q) = [4nt|p — q|]~". The solution is arranged in two steps. First, the boundary value
problem formed by (4.1a), (4.1b) and the current value of the velocity potential at the
free surface is solved. This provides the velocity potential on the wetted surface and its
normal derivative on the free surface, along with the tangential velocity which is obtained
through differentiation of the velocity potential along the boundary. Once the velocity field
along the free surface is completely determined, the second step of the solution scheme
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is performed: the dynamic and kinematic free-surface conditions, (4.1¢) and (4.1d), are
integrated in time to compute the new free-surface shape and the velocity potential on
it. The solution is achieved numerically through a zero-order discretization in space, thus
approximating the variables with a piecewise constant distribution on straight panels, and
a second-order Runge—Kutta scheme for the integration in time.

The hydrodynamic load acting on the impacting body is computed through the
integration of the pressure distribution over the wetted surface, which is calculated by
using the unsteady Bernoulli equation,

Vol
P —DPinf=—p o+ > +gz], (4.3)
where pjys is the pressure on the undisturbed fluid. In (4.3) the time derivative of the
velocity potential along the body, ¢, is unknown and it is evaluated by formulating a
boundary value problem similar to (4.1) which is solved numerically by the BEM (see
Battistin & Iafrati 2003).

4.2. Jet model

During the impact, the water rises along the body and a thin jet is formed due to the flow
singularity at the intersection between the free surface and the body surface (Greenhow
1987). An accurate modelling of this thin jet with the BEM approach would require a very
fine local discretization and, owing to the local high speed of the fluid, a quite small time
step would be necessary to guarantee the stability and the accuracy of the time integration
scheme. Consequently, the computational effort would increase substantially. Commonly,
for limiting the computational effort, the jet is cutoff and replaced by a panel orthogonal
to the body contour where appropriate boundary conditions are applied. This procedure
allows us to obtain, despite the approximation, an accurate estimation of the hydrodynamic
load (Zhao & Faltinsen 1993; Battistin & Iafrati 2003). However, an evident drawback is
the loss of details in the description of the fluid motion inside the thin jet, which are
important in some phenomena (e.g. flow separation). The jet model presented in Battistin
& lafrati (2004) is adopted here to preserve a detailed description of the flow in the jet.
This model is based on the discretization of a part of the jet region in control volumes,
which are bounded by the wetted surface and the free surface (see figure 2), where the
velocity potential is written in the form of a harmonic polynomial series, up to second
order, about the corresponding centroid (x*, z*),

0! (x,2) = Ai + Bi(x — x*) + Ci(z — 2) + 1Di[(x = x)% = (z — 2]
+ Ei(x —x")(z — ). 4.4)

The coefficients A;, ..., E; are additional unknowns, so five additional equations, for
each control volume, are required. As the vertices of each volume correspond to the panel
centroids (P;_;, P; on the body side, and f’i_l, ﬁ’i on the free-surface side), four of them
are derived by enforcing the boundary conditions at the body and free-surface sides,

0 \(PiiD) = 9uPic)), 9L, (P) = 0u(P),  ¢l(Pii) = i), ¢l (P) = o(Py),
(4.5a—d)

where (pl-j , 1s the normal derivative of the velocity potential provided by the harmonic
expression. The right-hand side of the first two equations of (4.5a—d) are known from
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Figure 2. Sketch of the jet region.

the body boundary condition (4.15), whereas the right-hand side of the last two equations
of (4.5a—d) are known from the time integration of the dynamic boundary condition (4.1¢),
as explained in § 4.1. The fifth condition is the following matching condition which ensures
the continuity of the normal derivative of the velocity potential (on the free-surface side)
at adjacent control volumes,

ol (Pii1) = @)y, ,(Piop). (4.6)

It is worth noting that at the first edge on the free-surface side of the first control volume,
the condition (4.6) enforces the matching of the normal derivative of the velocity potential
computed by the simplified model with that resulting from the solution of the boundary
integral problem.

By introducing the jet model, i.e. when the thin jet has already developed, the
discretizated form of the boundary integral equation (4.2), used in the remaining part of
the fluid domain, is coupled with the set of (4.5a—d) and (4.6). In this way, the unknown
coefficients of the expansions and the unknown velocity potential and its normal derivative
are computed simultaneously. This hybrid BEM approach is also adopted to compute
numerically the time derivative of the velocity potential ¢ ; which is needed to evaluate
the pressure acting on the body contour.

5. Validation of the two-dimensional analytical model with gravity for a constant
entry velocity

In this section we use the two-dimensional water impact model presented in § 2 to simulate
the water entry of a wedge at constant speed and with the inclusion of gravity. In § 5.1
the equations presented in § 2 are further developed by making use of the closed-form
solution provided by the original Wagner model in terms of wetted surface width and
free-surface elevation. The results obtained for a 15° deadrise-angle wedge are presented
and compared with the FNPF results in § 5.2. In § 5.3 a non-dimensional analysis of the
problem is proposed to illustrate how the effect of gravity is governed by the effective
Froude number defined as Fr* = Fr/+/tan §.

5.1. Expression of the problem for the case of a wedge
The body shape of an infinite wedge is defined by the function

f(x) = tan B|x|. (5.1)
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Substituting (5.1) into (2.3), the expression of the half-width of the wetted surface is
obtained as

Th(r)
2tan B’
Substituting (5.2) into (2.4) and integrating with respect to ¢, we obtain the following

expression for the free-surface elevation under the assumptions of the original Wagner
model,

") = (5.2)

w)
1" (x, 1) = 2“;“’3 |:xarcsin @ _ c(w)(t):| . (5.3)
X

Substituting (5.3) into (2.11), one obtains the following approximation for the velocity
potential on the free surface:

2¢tan B (! . c(1)
o, z,1) ~ — xarcsin —— —c¢(t) )dr, |x| > c¢,z=0. 5.4)
T 0 X

The expression of the velocity potential and its derivatives at the free surface can now be
substituted into (2.9) and (2.10) in order to compute the pressure on the wetted surface and
into (2.15) in order to compute the width of the wetted surface.

5.2. Water entry of a 15° deadrise-angle wedge at constant velocity and with gravity

In this section we investigate the water entry of a wedge with a deadrise angle of 15°.
The wedge enters water at a constant vertical velocity v = 0.5 m s~!. The evolution of
the wetted surface half-width obtained from the SAM and the FNPF solver is depicted
in figure 3(a). The results obtained from the two approaches neglecting gravity (g =
0 m s~2) are also depicted for comparison. One can see that gravity tends to reduce
the size of the wetted surface and that the results obtained from the two approaches
are in very good agreement. The latter is confirmed by the relative difference between
the two approaches shown in figure 3(b). In the first instants, the relative difference is
high because the FNPF simulation starts with a non-zero initial penetration depth which
induces a short transitory stage at the beginning of the simulation. Then, the relative
difference between the two approaches quickly decreases to 0.01 % for the case without
gravity and to 0.5 % for the case with gravity. The pressure distributions obtained for
different Froude numbers are depicted in figure 4(a). Note that the Froude number is
defined as Fr = V/\/gh(t) and, therefore, the different instantaneous Froude numbers
correspond to different time instants. Owing to the effect of gravity, the pressure is no
longer self-similar. In fact, the peak pressure decreases in time (i.e. when the Froude
number decreases) and its position changes. For small values of Fr, the maximum value
of the pressure is no longer at the jet root but at the centre of the wedge where the
hydrostatic contribution is maximum. The pressure distribution obtained by adding the
term ‘—pgz’ to the original MLM formulation, i.e. neglecting the effect of gravity on the
wetted surface width and on the velocity potential, is also depicted in figure 4(a). This
latter comparison shows how the new semi-analytical formulation improves the prediction
of the pressure distribution compared with the more simplistic approach consisting in
adding the hydrostatic contribution to the original MLM pressure model.

In order to illustrate the consequences of the wetted surface reduction under the action
of gravity on the pressure distribution, the pressure distribution obtained at the same
time instants with the SAM but neglecting the effect of gravity on the wetted surface
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Figure 3. Comparison of the wetted surface half-width predicted by the SAM and the FNPF solver for a 15°
deadrise-angle wedge entering water at constant velocity with and without gravity. (a) Evolution of the wetted
surface half-width as a function of time. (b) Evolution of the relative difference between the two approaches,
(crnPF — csaM)/CFNPF, as a function of time.

----SAM, Fr=0.2 —— FNPF, Fr=0.32
——FNPF, Fr=0.2 PpMLM) _ poz Fr=0.32 ----SAM, Fr=0.2 ——FNPF, Fr=0.32
PpMEM — poz, Fr=02  ---- SAM, Fr =00 ——FNPF, Fr=02 ----SAM, Fr=0.32
-——-SAM, Fr=0.32 —— FNPF, Fr=o00 pMLM) _ oz Fr=0.2 PMM) _ oz, Fr=0.32
(@ 60 (b)
50+
401
30
Cp
20t
10
0 L
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
x/h(t) x/h(f)

Figure 4. Comparison of the pressure coefficient, C, = 2p/ (pv?), distribution along a 15° deadrise-angle
wedge entering water at constant speed. (a) Semi-analytical results accounting for the modification of the
wetted surface due to gravity. (b) Semi-analytical results obtained using the wetted surface predicted by the
original Wagner model. For comparison purposes, a dashed-dotted line computed as the sum of the hydrostatic
term and the MLM has been added.

are plotted in figure 4(b). This comparison clearly shows that taking into account gravity
in the Wagner condition not only improves the prediction of the wetted surface width
but also improves the overall prediction of the pressure distribution, and, in particular,
the prediction of the pressure peak value. The force coefficient predictions obtained from
the two approaches are depicted in figure 5(a). The relative difference between the two
approaches is depicted in figure 5(b). A good agreement between the two models is
obtained in terms of force, the relative difference remaining under 4 %. Most importantly,
it is very interesting to note that the SAM remains very accurate in terms of force
prediction even when the gravity contribution to the total force becomes of the same
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Figure 5. Non-dimensional force acting on a wedge represented as a function of the inverse of the
Froude number squared. (a) Force coefficient. (b) Relative difference (Fsapr — Frnpr)/Frnpr between the
semi-analytical results and the numerical results.

order of magnitude as the slamming force at infinite Froude number (figure 5a). The
force prediction obtained by adding the hydrostatic force to the original MLM, which
is also depicted in figure 5(a), is less accurate than the SAM with gravity. Note that adding
the hydrostatic pressure term to the original MLM model leads to an underestimation of
the pressure in the centre of the wedge and to an overestimation of the wetted surface
(see figure 4), but by integrating the pressure over the wetted surface these two errors
of opposite sign compensate partially each other and the force prediction appears to be
reasonably good (see figure 5a).

The results presented in this section showed that the SAM proposed in § 2 gives accurate
results, both in terms of force and pressure distribution, for a wedge with a deadrise angle
of 15° penetrating water vertically with a constant velocity. It appears that it is important to
take into account the effect of gravity on the wetted surface to obtain an accurate prediction
of both the pressure distribution and the resulting force. In the next section the effect of
gravity during the water entry of wedges with different deadrise angles is investigated.

5.3. Relative influence of gravity during the water entry of a wedge at constant speed
depending on the deadrise angle

In the previous section we observed that the action of gravity on the water entry of a 15°
deadrise-angle wedge increased as the Froude number decreased. However, as shown by
Yan & Liu (2011) in the case of a cone, one may expect that the importance of gravity
at a given value of Fr will differ for wedges of different deadrise angles. Indeed, based
on the developments presented in Appendix C, we expect that the effect of gravity on
the non-dimensional force coefficient and on the non-dimensional wetted surface width is
governed by the non-dimensional parameter Fr* = Fr//tan 8, which we may refer to as
the ‘effective Froude number’. Simulations of wedges entering water at constant velocity
have been performed for deadrise-angle values ranging from 10 to 30° with the SAM in
order to confirm the primary role played by this parameter. The evolution of the force
coefficient and of the gravity contribution to the non-dimensional force coefficient as a
function of the inverse of the effective Froude number squared are depicted in figures 6(a)
and 6(b), respectively. Comparisons with numerical results obtained from the FNPF
solver for B = 10, 15, 20 and 30° are also shown. One can see that the semi-analytical
results almost overlap and that the numerical results are in very good agreement with the
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Figure 6. Evolution of the non-dimensional force coefficient during the water entry of a wedge at constant
velocity as a function of the inverse effective Froude number squared for different deadrise angles. (a) Total
force coefficient and (b) gravitational component of the force coefficient. Here F, denotes the force computed
without including gravity, which is to say that the Froude number is infinite.
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Figure 7. Evolution of the non-dimensional half-width of the wetted surface during the water entry of a
wedge at constant velocity as a function of the inverse effective Froude number squared for different deadrise
angles. (a) Non-dimensional half-width and (b) gravitational component of the half-width. Here ¢, denotes the
half-width of the wetted surface computed without including gravity, which is to say that the Froude number is
infinite. The analytical results are so close that they are indistinguishable.

semi-analytical ones, hence demonstrating that the importance of gravity during the water
entry of a wedge is governed by the effective Froude number, Fr*. The evolution of the
non-dimensional half-width of the wetted surface is depicted in figure 7 as a function of
the inverse of the effective Froude number squared. One can see that almost all the results
overlap, hence confirming that the modification of the non-dimensional wetted surface
half-width due to gravity is governed by the effective Froude number. Considering the
effective Froude number thus allows us to account for the geometry of the impactor when
estimating the relative effect of gravity.
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6. Validation of the axisymmetric model with gravity for a constant entry velocity

In this section we consider the water entry of a cone at constant velocity and with the
inclusion of gravity. The axisymmetric model presented in § 3 is applied to this case. First,
the wetted surface width is evaluated using the BEM presented in § 3. Then the potential
on the wetted surface is computed analytically. In order to do so, it is necessary to compute
the free-surface elevation obtained with the Wagner model which appears in (3.13). Within
the original Wagner model, the wetted surface radius during the water entry of a cone is
obtained by solving (3.3), which leads to

4h(1)
wtan(B)

Substituting (6.1) into (3.4) and integrating with respect to time, we obtain the free-surface
elevation corresponding to the original Wagner model (without gravity),

: t (w)
" (r, 1) = __agﬂ ™ (7) arcsin W +2 (\/ r2 —cw ()2 — r)} , r>c. (6.2
r

(1) = (6.1)

Equation (6.2) is substituted into (3.13) to compute the radius of the wetted surface and
into (3.8) to compute the velocity potential on the free surface. Within the computation
of the wetted radius, the number of segments on the free surface was set to N, = 30
and &, was set equal to 10. The evolution of the radius of the wetted surface for a 15°
deadrise-angle cone is depicted in figure 8(a). The results without gravity are also depicted
for the sake of comparison. Similarly to the two-dimensional case, the action of gravity
tends to reduce the radius of the wetted surface. Figure 8(b) shows the relative difference
between the semi-analytical results and the FNPF results. The models are in very good
agreement as the relative difference for the case with gravity is under 0.4 %. Once the
evolution of the wetted surface accounting for gravity is known, the potential on the free
surface is computed. This potential is then substituted into (3.7) to compute the velocity
potential on the wetted surface and then to compute the pressure distribution. The pressure
distributions obtained from the two approaches are depicted in figure 9(a). Figure 9(b)
presents the pressure distribution obtained without accounting for the modification of the
wetted surface in the SAM. The results obtained from the SAM are in good agreement with
those obtained from the FNPF solver. Similarly to the two-dimensional case, it appears that
not accounting for gravity in the wetted surface computation leads to an overestimation
of the pressure peak magnitude and of the wetted surface radius. The non-dimensional
force acting on the cone, which is obtained by integrating the pressure over the wetted
surface, is depicted in figure 10(a). The gravity contribution to the non-dimensional force
coefficient is depicted in figure 10(), where the results obtained from the two approaches
overlap. This indicates that the differences between the results observed in figure 10(a)
are due to the intrinsic accuracy of the MLM in the axisymmetric case without gravity
and not to the approach used to take gravity into account in the SAM. Similarly to the
two-dimensional case, it is remarkable to see that the SAM remains very accurate in
terms of force prediction even when the gravity contribution to the total force becomes
of the same order of magnitude as the slamming force at infinite Froude number. The
results obtained by adding the hydrostatic term to the MLM are closer to the SAM and
FNPF results in the axisymmetric case than in the two-dimensional case, both in terms of
pressure and force (see figures 9 and 10).

Semi-analytical and numerical simulations have been also carried out for different
values of the cone deadrise angle. Figures 11(a) and 11(b) show the evolution of the
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Figure 8. (a) Evolution of the wetted surface radius for a 15° deadrise-angle cone as a function of time
obtained from the SAM and the FNPF solver with and without gravity. (b) Relative difference between the
two approaches.
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Figure 9. Comparison of the pressure coefficients, C, = 2p/ (pv?), distribution along a 15° deadrise-angle
cone entering water at constant speed. (a) Semi-analytical results accounting for the modification of the wetted
surface due to gravity. (b) Semi-analytical results obtained using the wetted surface predicted by the original
Wagner model.

non-dimensional wetted surface radius for different values of deadrise angle. The close
agreement between the different curves shows that the wetted radius is mainly a function
of the effective Froude number. The non-dimensional force results plotted in figure 12(a)
and 12(b) confirm that the effect of gravity during the water entry of a cone is very well
predicted by the effective Froude number and that the SAM with gravity performs well on
a wide range of deadrise angles.

7. Results for a varying entry velocity

In this section we simulate the water entry of a 15° deadrise-angle wedge and a 15°
deadrise-angle cone with a varying entry velocity. The motion imposed to the body is
similar to the motion of the water entry and exit experiments performed by Breton er al.
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Figure 10. Comparison of the force coefficients for a 15° deadrise-angle cone entering water at constant
speed. (a) Total force coefficient. (b) Gravity contribution to the force coefficient.
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Figure 11. Evolution of the non-dimensional half-radius of the wetted surface during the water entry of a cone
at constant velocity as a function of the inverse effective Froude number squared for different deadrise angles.
(a) Total half-radius and (b) gravitational component of the half-radius.

(2020) with a 15° deadrise-angle cone and is defined as
h(t) = Hsin(2nt/T) — &, (7.1)

where H = 7t¢pq, tan /4 is the maximum submergence depth, T = 27H /Upayx, Cnax =
0.2 m is the maximum wetted surface half-width, Uy = 0.57 m s~! is the maximum
velocity and §; = 3 mm. Note that the body touches the water slightly after + = 0 because
of the term §, which has been introduced to reproduce the conditions of the experiments of
Breton et al. (2020). A case with a smaller entry velocity has also been investigated in the
following sections. For this case, the maximum velocity is taken as U, = 0.249 m s
In the following sections we investigate first the case of the wedge and then the case of
the cone. Note that we focus on the entry stage in our investigations because the Wagner
model is only valid as far as the wetted surface is in expansion. All the simulations have
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Figure 12. Evolution of the non-dimensional force coefficient during the water entry of a cone at constant
velocity as a function of the inverse effective Froude number squared for different deadrise angles. (a) Total
force coefficient and (b) gravitational component of the force coefficient.

been carried out with and without gravity in order to highlight the effect of gravity in the
simulations.

7.1. Decelerated water entry of a 15° deadrise-angle wedge

The evolution of the wetted surface width during the water entry of the wedge,
which is computed using (2.15), is depicted in figure 13 for the higher entry velocity
Upar = 0.57m s~ L. The results obtained from the FNPF solver are also depicted. The
results obtained from the two approaches without gravity are also plotted (blue lines) to
show the effect of gravity. The initial discontinuity in the wetted surface radius prediction
by the FNPF solver reflects the fact that the simulations start with a non-zero initial
penetration depth. After this short transitory phase, the results obtained from the SAM
and the FNPF solver without gravity are so close that it is hard to distinguish one from
another. In this case, gravity has only a rather small effect on the radius of the wetted
surface. Nevertheless, the reduction of the wetted surface radius under the action of gravity
is well captured by the SAM. In figure 13 the time instant when the wetted surface stops
expanding within the SAM is marked by a vertical dash-dotted line. In absence of gravity,
the wetted surface stops expanding when the body stops moving downward within the
Wagner model. However, both approaches (FNPF and SAM) predict that, under the action
of gravity, the wetted surface stops expanding while the body continues moving downward.
Gravity thus reduces the time during which the Wagner model can be applied. The pressure
distributions along the wedge are depicted in figure 14(a) for a water entry with gravity
and in figure 14(b) for a water entry without gravity. One can see that the semi-analytical
results are in good agreement with the numerical results and that the SAM is able to predict
the effect of gravity on the pressure distribution both when the pressure is positive (above
atmospheric pressure) all over the body surface and when the pressure is negative (under
atmospheric pressure). Note that the effect of gravity on the pressure distribution, which is
rather small at the beginning of the water entry, increases with time. The force predictions
resulting from these pressure distributions are depicted in figure 15(a). Consequently, the
effect of gravity on the force, which is negligible in the first part of the entry, increases
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Figure 13. Evolution of the wetted surface radius during the decelerated water entry of a 15° deadrise-angle

wedge (Upygy = 0.57 ms~!). The end of the wetted surface (WS) expansion corresponds to the instant at which
the wetted surface width stops increasing. The Wagner model stops being valid at this instant.

in time and affects the suction load. In order to demonstrate the ability of the SAM
to accurately predict the effect of gravity on the force, the gravity contributions to the
total force are depicted in figure 15(b), hence confirming that the differences observed
between the semi-analytical and the numerical results in figure 15(a) are mainly due to
the intrinsic accuracy of the MLLM and not to a poor prediction of the effect of gravity.
The results obtained using a lower entry velocity are depicted in figures 16 and 17 in
terms of wetted surface radius and force. The maximum entry velocity is here taken as
Upax = 0.249 m s~!. One can clearly see in figures 16 and 17 that the SAM is able to
accurately predict the reduction of the wetted surface width under the action of gravity
and the increase of the hydrodynamic force, respectively.

7.2. Decelerated water entry of a 15° deadrise-angle cone

The results obtained for the water entry of the 15° deadrise-angle cone for U,y =
0.57 m s~ ! in terms of wetted surface radius, pressure distribution and force are presented
in figures 18, 19 and 20, respectively. The results obtained using a smaller entry velocity
are depicted in figures 21 and 22 in terms of wetted surface radius and force for U, =
0.249 m s—!. The number of segments on the free surface, N,, defined in § 3.3.2, was taken
equal to 40. We here took &, = 5. Similarly to the two-dimensional case, the wetted
surface radius predicted by the SAM is in good agreement with that predicted by the
numerical model. The differences between the approaches observed in terms of pressure
distribution are a bit more pronounced in the axisymmetric case than they were in the
two-dimensional case. The force results show that the SAM underestimates the maximum
(positive) force which appears at the beginning of the water entry. This difference, which
is already visible in the constant velocity entry case (figure 10a), is amplified in the
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Figure 14. Pressure distribution along a 15° deadrise-angle wedge at different time instants
(Upax = 0.57 m s~1). (a) Decelerated water entry with gravity. (b) Decelerated water entry without gravity.
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Figure 15. Force evolution during the decelerated water entry of a 15° deadrise-angle wedge
(Upax = 0.57 m s ). (a) Force evolution as a function of time. (b) Gravity contribution to the force.

decelerated entry case. The gravity contribution to the force acting on the body predicted
by the two approaches, as depicted in figures 20(b) and 22(b), are however in very good
agreement.

8. Conclusions

We have presented an extension to the Wagner model in order to take into account the
effect of gravity during the water entry of two-dimensional and axisymmetric bodies.
For this purpose, the free-surface condition of the Wagner model has been modified
by retaining the terms due to gravity. In the model this modified condition affects both
the computation of the velocity potential (and its derivatives) and the size of the wetted
surface. In two-dimensions the problem is solved using the theory of analytic functions.
In particular, the Wagner problem is reformulated using the displacement potential. For
the axisymmetric case, we use the Sneddon formula derived by Iafrati & Korobkin (2008)
in order to solve the MBVP with non-zero potential at the free surface satisfied by the
velocity potential. The radius of the wetted surface is computed by a boundary element
model adapted from the approach presented in Tassin et al. (2012). In order to simplify
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Figure 16. Evolution of the wetted surface radius during the decelerated water entry of a 15° deadrise-angle
wedge (Upgx = 0.249 m s~1). The end of the wetted surface (WS) expansion corresponds to the instant at
which the wetted surface width stops increasing. The Wagner model stops being valid at this instant.
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Figure 17. Force evolution during the decelerated water entry of a 15° deadrise-angle wedge
(Upax = 0.249 m s~ ). (a) Force evolution as a function of time. (b) Gravity contribution to the force.

the computation of the free-surface condition, i.e. the potential at the free surface, we
have proposed an approximation of the free-surface elevation with gravity based on the
free-surface elevation derived from the original Wagner model (without gravity), which
can be computed beforehand for a certain value of the wetted surface width (or radius).
The semi-analytical approach has been implemented for a wedge and a cone, which makes
it possible to develop further the expressions of the free-surface condition. The approach
can however be generalized to arbitrary body shapes (including discretized body shapes),
for example, by computing tabulated values of the free-surface elevation by the Wagner
model for given values of the wetted surface width or radius.
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Figure 18. Evolution of the wetted surface radius during the decelerated water entry of a 15° deadrise-angle

cone (Upax = 0.57 ms™1). The end of the wetted surface (WS) expansion corresponds to the instant at which
the wetted surface radius stops increasing. The Wagner model stops being valid at this instant.
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Figure 19. Pressure distribution along a 15° deadrise-angle cone at different time instants
(Upax = 0.57 m s~ 1). (a) Decelerated water entry with gravity. (b) Decelerated water entry without gravity.

Two-dimensional and axisymmetric FNPF simulations have been carried out to validate
the SAM of water impact with gravity. All the simulations have been carried out with
and without gravity in order to highlight the effect of gravity in the simulations. These
comparisons demonstrate that the SAM performs well in terms of pressure distribution
and force predictions on a wide range of wedge and cone water entry cases at constant
velocity (8 = 10° to 30°). Our simulations show that it is both important to take gravity
into account when computing the velocity potential and the wetted surface width/radius
in order to compute accurately the pressure distribution and the force. The gravity
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Figure 20. Force evolution during the decelerated water entry of a 15° deadrise-angle cone
(Upax = 0.57 m s~ 1. (a) Force evolution as a function of time. (b) Gravity contribution to the force.
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Figure 21. Evolution of the wetted surface radius during the decelerated water entry of a 15° deadrise-angle
cone (Upay = 0.249 ms™1). The end of the wetted surface (WS) expansion corresponds to the instant at which
the wetted surface width stops increasing. The Wagner model stops being valid at this instant.

contribution to the force coefficient for wedges of different deadrise angles has been shown
to be governed by the effective Froude number defined as Fr* = Fr/4/tan 8. The results
obtained for a 15° deadrise-angle cone entering water at constant velocity are also very
satisfactory.

The SAM has been also used to investigate the decelerated water entry of a 15°
deadrise-angle wedge and a 15° deadrise-angle cone with gravity, until full stop. The
results show that the SAM is able to predict accurately the effect of gravity during a
decelerated water entry. In particular, similarly to the numerical model, the SAM predicts
that, under the action of gravity, the wetted surface stops expanding while the body is
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Figure 22. Force evolution during the decelerated water entry of a 15° deadrise-angle cone
(Upax = 0.249 m s~ 1). (a) Force evolution as a function of time. (b) Gravity contribution to the force.

still moving downward. The results obtained from the SAM are less accurate for the cone
than for the wedge. In particular, our results show that the maximum (positive) force at
the beginning of the decelerated cone water entry is underestimated by the SAM, both
with and without gravity. The gravity contribution to the force coefficient is however well
captured by the SAM, both in the two-dimensional and axisymmetric cases.
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Appendix A. Derivation of the velocity potential and of its x-derivative
A.1. Derivation of the velocity potential accounting for gravity (2.7)
In order to solve (2.6), let us introduce the complex potential @ defined as

D1(8) = p(x,2) +iY(x, 2), (A1)

where ¢ is the velocity potential solution of (2.6) and v is the streamfunction defined such
that ¢ and ¢ satisfy the Cauchy—Riemann equations. Potential @ is therefore analytic
and the results on analytic functions can be applied to @;. Let us now introduce the new
unknown analytic function H; defined as

D
Hi@) = 218 (A2)
52 CZ
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where £ = x + iz. The values of the characteristic function /€2 — ¢2 on the real axis (z =

0) are given by
VET =2 = m x<—c,z=0, (A3a)
JE2—2=V2 =2 x>cz=0, (A3b)
2
2,

—c?=—iv?2—x2, x| <c,z=0", (A3c)
VE2—c2 =iVt —x x| <c,z=0". (A3d)

The real part of H on the real axis is given by

N L —p(x,0)
e[Hi(x+107)] = S X< 6 (Ada)
Xt —c
Re[H) (x +i07)] = M, | < c, (A4b)
c*—Xx
N L 0)
e[Hi(x+107)] = e Y>c (Adc)
Xt —c

Moreover, H| = O(|& |72) as |&] — oo. Thus, H; satisfies a MBVP whose solution is given
by Hilbert’s formula as

(AS5)

i [T Re[H(t +i07)]
me =~ [ ar
o0 T—§&
By applying the Sokhotsky—Plemelj’s formula, one obtains the limit of H; atz = 0" as

400
Hy (e +07) = Re[Hy (x +107)] + ][ R0 (ag)

) o T—X

where the dashed integral sign denotes the Cauchy principal value. Using (A3) and (A2),
H/ can also be written as

Hy0m) = &0 v 0D (A7)

V2 —x2 0 2 —x2

By identifying the real and imaginary parts, one obtains

(x.07) = Ve —x ][+°° Re[H(r +i07)]
pLe T—X

2 2 —C _ c _

_ Nt —x @(7) dr + V(1) dr
T —00 VT2 = 2(t —x) —c 2 =131 —Xx)
hL(x) I(x)
+00
¢(1)
+ dr ¢, (A3)
¢ ATr—c2(t —x)
I3(x)
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where I>(x) = —mv/2. Rearranging /; and I3, one obtains the velocity potential in the
form of (2.7).

A.2. Derivation of the x-derivative of the velocity potential accounting for gravity
Let us introduce the complex velocity potential ¢, defined as

b2 = @x(x,2) =g (x, 2) (A9)

and function H» defined as

Hy(§) = ¢2(§)\/§%2 — . (A10)

The real part of H> on the real axis is

Re[Hy(x +107)] = go,x\/xz -2, x>c, (Alla)
Re[Hy(x +107)] = —p VX2 — 2, x < —c, (A11b)
Re[Hy(x +107)] = —p V2 — X2, |x| <c. (Allc)

Using Hilbert’s formula and Sokhotsky—Plemelj’s formula as in the previous section, we
obtain ¢  on the wetted surface,

+00 Re[Hy (7 4 i07)]
dr

—1
)= —
#axlx,2) v 2 — x2 /—oo T—X

—1 TV o) +][C —Ve — (1)
E— T T
ivez —x? | J-x T—X e T—X

I (x) 5 (x)

, x<c,z=0, (A12)
T—X

/+OO V12— 6290 x(T)
+ —dr
C

I3(x)

with I (x) = —mxv for a rigid body. Rearranging 7 (x) + I3(x) leads to

xV 2x Too V12 —¢2
(p’X(x’ o= «/62 —x2 B 'Jt\/cZ —x2 J; ﬂw’X(T) dr, rl <ez=0.
(A13)
944 A9-31


https://doi.org/10.1017/jfm.2022.448

https://doi.org/10.1017/jfm.2022.448 Published online by Cambridge University Press

F. Hulin and others

Appendix B. Modified Wagner condition with gravity in two dimensions

In order to derive the modified Wagner condition, let us introduce the new unknown
analytic function Hy4 defined as

Hy(§) = /&2 = A2l (&) —ig-(8)], (BI)

where ¢ is the displacement potential solution of (2.13). Using (A3), one obtains the real
part of H4 on the real axis,

Re[Ha(x +107)] = —¢pVx2 — %, x < —c, (B2a)
Re[Hy(x +107)] = —¢p v/ 2 — x2,  |x| <c, (B2b)
Re[Hs(x +107)] = ¢ ovVx2 — 2, x> c. (B2c¢)

Given that ¢ (&) = O(Ix* + 22|71, we have Hy (&) §—> 0. The imaginary part of H4 on
—00

the x-axis is given by

Im[Hs(x +i07)] = vVx2 — 2 .(x,0), x < —c, (B3a)
Im[Hs(x +i07)] = —vVx%2 — 2¢ . (x,0), x> c. (B3b)

The solution of this MBVP on the x-axis is

(B4)

1 +oo cn—
Hy(x +i07) = Re[Hs(x +107)] + i/ Re[H4T(r +1i0 )]dr.
—0o0 — X

By identifying the imaginary part of the potential on both sides of (B4), the vertical
displacement can be expressed as

1 1/+wRqH4r+mnd
_—— T, X < —c,
po= |V T e T (B5)
a +00 Re[Hy(t +i07)]
dr, x>c.

1 1/
./XZ_CZJT —c0 T—X ’

Enforcing the condition that the displacement must be finite in x = ¢~, which is equivalent
to the Wagner condition, one gets the following condition:

/+°° Re[Hs(t +107)]

—c0 T—c

dr = 0. (B6)

This integral can be rearranged in the following form:

/+°° Re[Hy(r +i07)] | /‘C —¢ (VT2 =2 dr + /C ¢ (D)Vc? — TZd‘L’

PN T—cC 0 T—cC T—cC
Jq J2
+00 [+2 2
_|_/ Mdr. (B7)
c T—cC
J3
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Rearranging the sum Jj 4 J3 into one integral from ¢ to 400 and making the substitution
T = ¢/ sin(y), one obtains

C
'JT/2 d),x (Slny)
T4+ T = 2c/ iy VA 9 (BS)
0 sy

Rearranging J> into an integral from O to ¢ and making the substitution T = siny, one
obtains

/2
Jr =2c f (f(csiny) — h(t)) dy. (B9)
0

The Wagner condition accounting for gravity (2.14) is obtained.

Appendix C. Derivation of the effective Froude number

In order to evaluate the relative importance of gravity on the force acting on a wedge
entering water with a constant velocity, it is convenient to have a closed-form expression
for the wetted surface width and the force acting on the wedge. In this appendix two
fully analytical equations are given to express these quantities. These equations rely on
the earlier assumption that the wetted surface elevation, 7, can be approximated by its
analytical expression when gravity is not considered. Moreover, a new approximation
is made regarding the time history of the wetted surface. We here compute the velocity
potential on the free surface by assuming that the wetted surface is equal to that provided

by the original Wagner model, i.e. ¢(¢) = M (7).

C.1. Non-dimensionalization of the force

Making use of these two assumptions, the velocity potential on the free surface can be
written as

2gt !
o, ~ 28208 / 1" (x, ) d
T 0

2gtanB (! () " (1)
= arcsin — dr, |x|>c¢
Bl 0

* X2 — cn?
2
2g tan ) )
= _2gtanp (x 2 cm?_E 5 + ¢™x arcsin (C— e (o)
x

tew)

The velocity potential is now rewritten as the sum of a gravitational and a non-gravitational
potential: ¢ = 9™ 4 ¢®. The gravitational part, ¢, which is given by (2.7), can be
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written on the wetted surface as

25— (T §p&. 0
pOe D = T ¢ _xZ/C [£2 — (&2 _xz)dS

e?
— 2___|_ _
4gc tanﬂ / / ( 1= ¢ arcsing 1)d§ | < e

()

Sitx/e)

(C2)
where ¢ = ¢/&€ and f] is a non-dimensional function independent of § and gravity. The
time derivative of the gravitational part of the velocity potential can thus be written as

(g)(x = 4gctan /3(
2

21 (x/e) = fix/0)). Il <. (€3)

g1(x/c)
The x-derivative of the gravitational part of the velocity potential reads as

¥ (x, 1) = 4g“a“ P ———fl(x/c), |x| <ec. (C4)

Making use of the MLM under the form given in Tassin ef al. (2013), the contribution of
gravity to the force acting on the body can be written as

" ) © (p(;cg) (p(f) <0(;V)
F®/p=-2 P+ + ——=— 4+ gz | dx
/P /0 Y T 0 t@nep)  T+mn2p  F

8gc™ tan B c
=" [ g1(x/c") dx
0
(w)
(4gc(w) tan ,3)2 ¢ 2 w)
— dx
COm2 (1 + a2 fy Jy L)
22x/c™)

8o ¢ c )
. gz anﬁg / e f1(x/c™)y dx
¢M72(1 + tan? B) / Z/C(W)

g3(x/c™)
W)
— Zg/ (xtan B — h) dx, (C5)

0

280> ! 16g*rvtan B
F®/p=— dy — ——— d
/p wnp Jy g1(y)dy B+ alp) Jy g2(y)dy

490212 1 0212 72
—— | sMWdy—g——|1——]. (C6)
(1 +tan- B) Jo tan 8 4
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Thus, the contribution of gravity to the non-dimensional force coefficient F® =
F® tan? B/(pv>1) reads as

. —2tanB [! 16 tan’ 8 !

FO - _~°F dy — —— = = d
), g1 dy—— A0+ e B) J, g2(y)dy
4 tan® 8 72 tan 8

1
A — dy— 2 20P 7
+nFr2(1+tan25)f0 B =4 7

The leading-order terms of F®, which are the first and last ones in (C7), appear to
be proportional to (Fr*)~2. The gravity contribution to the force coefficient computed
numerically and analytically is represented as a function of (Fr*)~2 in figure 6(b). The
curves are close to a straight line which is consistent with the fact that the leading-order
terms are proportional to (Fr*)~2.

C.2. Non-dimensionalization of the wetted surface

We now derive an approximate analytical expression for the wetted surface width
accounting for gravity. This allows us to obtain the non-dimensional wetted surface
half-width as a function of the effective Froude number only and to show that the wetted
surface half-width for wedges of different deadrise angles is governed by the effective
Froude number. In order to do so, we approximate the x-derivative of the displacement
potential, ¢ , which appears in the Wagner condition (2.14), by assuming that the wetted
surface elevation is not altered under the effect of gravity. Integrating the velocity potential
obtained in (C1) with respect to time, the displacement potential on the free surface is
obtained as

8¢ tan’ (w) (w)2 3
d),x(x’ s t) ~ _M (aI‘CSin (c— ¢ + —x2

302 X 2 4

5
+ZC(W)\/X2 — % _ 2c(W>x> .l >c™, z=0. (C8)

The Wagner condition leads to (2.14) which can be written as

C
72 22 P (_ t)
/O (f(csiny) — h() dy + /0 Y gy —o. (C9)

Substituting (C8) into the second term of this last equation, this term can be rewritten as

sny ). e-a
o 28gtan3/3 153(3/4+€2/2)arcsin§‘+5§m/4_gd
i \ N

1

C
—t
/T[/Z ¢’X<Sin)/ )d B 400 ¢,x(x,t) W
0

£.  (Cl0)
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—— FNLS,g=0ms>2
——— FNLS,g=9.81 ms>2
———- SAM,g=0ms?2
-~~~ SAM, g=9.81 ms?2
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351 i
3.0t ]
25¢ o J
¢ (m)
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Figure 23. Evolution of the wetted surface half-width on a wedge with a 15° deadrise angle penetrating water
at constant velocity.

The first term in (C9) is simply

/2
/ (f(csiny) — h(r))dy = ctan  — gh(t). (C11)
0

We are now able to express (C9) as an equation on the current value of ¢ solely,

8¢l tan?
— gj'[3—v213C2 —+ tan ﬂC —

nh()

> 0. (C12)

Solving this equation thus leads to an approximate expression for the half-wetted surface
accounting for gravity. The solution to this quadratic equation writes as follows:

167
===
e~ Ui il sy (C13)
16Ig tan” B

n3v2

The evolution of ¢ obtained with this equation is plotted in figure 23 for a constant entry
velocity and a deadrise angle of 15°. The accuracy of (C13) is lower than the accuracy
obtained with the numerical resolution of (2.15). However, (C13) suggests that the wetted
surface non-dimensionalized by v? /(g tan® B) should depend only on the effective Froude
number, which was verified in figure 7 (§5.3). For illustration, the half-wetted surface
obtained through (C13) is compared in figure 23 to the evolutions with and without gravity
obtained with the SAM and the FNPF solver.
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