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The subnormal structure of

metanilpotent groups

D.J. McCaughan and D. McDougall

Let G be a group with a normal nilpotent subgroup N such
that G/N is periodic and nilpotent. If G(p)/N is the Sylow
p-subgroup of G/N and @(p) is the maximal p-radicable
subgroup of N , it is shown that G has a bound on the
subnormal indices of its subnormal subgroups if and only if
there is a positive integer ¢ such that G(p)/Q(p) is
nilpotent of class at most ¢ , for all primes p . It is also
shown that if G 1is a periodic metanilpotent group and @ 1is
its maximal radicable abelian normal subgroup then & has a
bound on its subnormal indices if and only if there is a positive
integer ¢ such that for all primes p the Sylow p-subgroups

of G/Q are nilpotent of class at most ¢

1. Introduction

A subgroup H of a group G 1is subnormal in G if H can be
connected to G by a finite chain of subgroups each of which is normal in
its successor. If such chains exist then there is one of minimal length;
the number of strict inclusions in this chain is called the subnormal index
(or defect) of H in G . Groups in which every subnormal subgroup has
subnormal index at most one are precisely those groups in which normality
is transitive, and have been studied in the context of finite groups by
Best and Taussky, [2], Gaschitz, [6], and Zacher, [20]; in the case of
infinite soluble groups a similar study has been made by Robinson in [12].

Soluble groups in which every subnormal subgroup has subnormal index at
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most 7 , for an arbitrary positive integer »n , have been studied by
Robinson, with the added restriction that the groups be standard wreath
products of two nilpotent groups, in [16], and by McDougall, with a
restriction to p-groups, in [1/]. In this paper we are primarily
concerned with metanilpotent groups in which every subnormal subgroup has

subnormal index at most »n , for some positive integer = .

In common with many other investigations of this type, the basis for
our results is a lemma dealing with a much simplified situation. However
before we can discuss this we need some additional terminology. Let T be
a non-empty set of primes. A group G 1is said to be quasi-T-radicable if,
for each T-number k , G 1is generated by the k-th powers of its
elements. A group is fT-reduced if it has no non-trivial quasi-T-radicable
subgroups. If a group G is an extension of a p-reduced nilpotent group
by a cyclic p-group, and has the property that the intersection of any set
of subnormal subgroups is again subnormal, then G is nilpotent (Lemma
3.5). In §3 we use this key result to cobtain a characterization of
nilpotent-by-(periodic nilpotent) groups which have a bound for the
subnormal indices of their subnormal subgroups. By Theorem E of [16] the
standard unrestricted wreath product of an arbitrary torsion-free abelian
group with itself has the property that every subnormal subgroup has
subnormal index at most two. If we take the torsion-free group to be
infinite cyclic we see that, in contrast to Lemma 3.5, an extension of a
reduced {that is, T7-reduced where T is the set of all primes) abelian
group by a cyclic group can have a bound on its subnormal indices and yet
not be nilpotent. Thus a different approach will be needed to deal with
arbitrary metanilpotent groups which have a bound on their subnormal

indices, and any characterization is likely to be extremely complex.

Results analogous to those of §3 are sought in §4 in connection with
groups in which the subnormal subgroups form a complete lattice, since such
groups have the property that arbitrary intersections of subnormal
subgroups are subnormal and thus Lemma 3.5 is still available. Theorem k.1
gives necessary conditions for the subnormal subgroups to form a complete
lattice, but Theorem 4.3 shows that these conditions are not sufficient.
Conversely Theorem 4.4 gives sufficient conditions which, as shown in
Theorem 4.6, are not necessary. It seems likely that somewhere between

these two sets of conditions lies a set of necessary and sufficient
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conditions, but we have been unable to locate it. If G is a periodic
metanilpotent group and @ 1is its maximal radicable abelian normal
subgroup, then our characterization can be rephrased in terms of the Sylow
p-subgroups of G/@ . Thus in a group in which @ 1is trivial we have the
surprising result that a knowledge of the Sylow p-subgroups suffices for
us to decide whether the group has subnormal subgroups of arbitrary

subnormal index.

2. Preliminaries

Our aim in this section is to summarise some elementary facts about
subnormal subgroups and about quasi-Ti~radicability. Most of these facts
will be used in 83 and §4, but no explicit mention will be made in these

later sections.

2.1 Subnormal subgroups. The concept of subnormal subgroup can
be approached via the idea of the standard series of a subgroup. The

standard series of H in G 1is the series {Hi : 2 = 0} , where HO =G

and Hi is the normal closure of # in Hi—l . Then H 1is subnormal in

G 1if and only if Hn = H for some non-negative integer n . If we let
[H, kK] denote the commutator of two subgroups H and K in a group, and
define YHK{' inductively by:- YHK® = H , yaK® = [YHKi—l, K] , then the
n-th term of the standard series of H in G can be written as HYGHn .
Thus H is subnormal in ¢ if and only if YGHi is contained in H for

some non-negative integer < . If YGHP is contained in H but YGHr—l

is not contained in H then H has subnormal index r in G .

A group G has the subnormal intersection property if the
intersection of an arbitrary collection of subnormal subgroups of G is
subnormal in G . A group has the subnormal join property if the join of

an arbitrary collection of subnormal subgroups is subnormal.

Robinson has proved that every subnormal subgroup of a group G has

subnormal index at most »n if and only if Hn = Hn+l for all subgroups H

of G , and that a group has the subnormal intersection property if and

only if the standard series of every subgroup becomes stationary after
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finitely many terms (Lemma 2 of [74]). He also shows (Lemma 8.1 of [13])
that a group has the subnormal join property if and only if the join of

every ascending chain of subnormal subgroups is itself subnormal.

The subnormal join property, the subnormal intersection property, and
the property of having bounded subnormal indices, are all inherited by

subnormal subgroups and homomorphic images.

A group has the property that its subnormal subgroups form a complete
lattice if and only if it has the subnormal join property and the subnormal
intersection property. A group which has a bound on its subnormal indices
has both these properties and hence its subnormal subgroups form a complete
lattice. A fuller treatment of this material, with examples, is given in

Chapter 3 of [18].

2.2 Quasi-w-radicability. A group is said to be m-radicable (where
T 1is a non-empty set of primes) if, for every W-number k , each element
of the group can be expressed as a Kk-th power of some element of the
group. Clearly m-radicability implies quasi-T-radicability, and Cernikov,
[4], has shown that for ZA-groups the converse holds. It is easy to see
that a group generated by quasi-f-radicable subgroups is itself
quasi-T-radicable. This fact, together with Cernikov's result, shows that
every nilpotent group has a unique maximal Tm-radicable subgroup, which is
therefore characteristic. If 7 is the set of all primes we use the terms

radicable and reduced, instead of Tm-radicable and TmT-reduced.

It is easy to prove that an extension of a quasi-T-radicable group by
a quasi-T-radicable group is itself quasi-m-radicable. Therefore the
factor group of a nilpotent group by its maximal m-radicable subgroup can

have no T7-radicable non-trivial subgroups, and is therefore T=reduced.

Robinson proves in [15] (Lemma 2.2) that a subnormal periodic
radicable abelian subgroup of a group commutes with any subnormal periodic
nilpotent subgroup. Therefore in any periodic group G the join of all
the subnormal radicable abelian subgroups is the unique maximal radicable

abelian normal subgroup of G .

2.3 Notation. We will use (X) , where X is a set of elements of a

group G , to mean the subgroup of G generated by the elements in X .

For any positive integer n , the symbol Gn will denote the subgroup of
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G generated by the n-th powers of the elements of G .

3. Metanilpotent groups with bounded subnormal indices
In order to obtain the main results of this section we need a series

of preliminary lemmas.

LEMMA 3.1. Let © be an automorphism of order pr of an abelian
group A , where p 1is a prime and r is a non-negative integer. Let
r
ayp = aLab for all elements a of A . Then AY¥ < 4P .

Proof. If we denote the identity endomorphism of 4 by 1 then in

the ring of endomorphisms of A we have ¥ = 0 - 1 . Therefore

r r r r .
¥ o= (e-1)F =6 + (-1)F +pL(e) ,

where L(0) is some polynomial in © . Since 6 has order p' we have

r r
wp =1 + (-l)p + pL(8)

r
If p =2 this reduces to w2 = 2(1+L(8)) ; and if p # 2 we have
r
¥ = pr(e) .
r P
Let b be an arbitrary element of Awp . Then b = awp for some
r

element a of A . Substituting for ¥ we have

b = a2a2L(e) if p=2,

b=dPPO) i L a2
Hence by putting ¢ = aaL(e) (p=2) or e= aL(e) (p # 2) we have, for

all primes p , that b = cp . This proves the lemma.

COROLLARY 3.2. If in the gituation of Lemma 3.1 there is a subgroup
B of A with By =B, then B 18 p-radicable.

Proof. Since BY = B it follows that B® < B and hence, since ©

has finite order, that B8 = B . Therefore 6 restricted to B is an
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automorphism of order pt , Where 0 = ¢ =r . Hence by the lemma

t t
Bwp < B . However Bwp =B, and so B 1is p-radicable.

LEMMA 3.3. Let G = (x, A) , where A 1is a normal abelian subgroup

n
of G . Suppose that [xp R A] =1 for some prime p and non-negative

integer n . Let Ay =4 and define A

Aper = [}i, z] . If Ay = Ay, for some k, and A is p-reduced, then

inductively by:-

G 1is nilpotent.

Proof. Conjugation by & gives an automorphism of A4 whose order

divides pn . Putting ay = a_lax for all elements a of A we have

Akw = Ak+1 = Ak . Therefore by Corollary 3.2, Ak is p-radicable. But

A is p-reduced and so A4, is trivial. Therefore A 1lies in the k-th

k

term of the upper central series of (G , and so (G 1is nilpotent.

LEMMA 3.4. If T is a non-empty set of primes and N 1is a
nilpotent T-reduced group, then N/Z <is T-reduced, where 7 1is the

centre of N .

Proof. If N 1is abelian there is nothing to prove, so we may assume
N is not abelian. Let H/Z be the maximal T-radicable subgroup of
N/Z . Then H 1is a normal subgroup of N and is T7-reduced. We will
prove that H 1is abelian. Suppose on the contrary that H 1is not
abelian. Then there is an element y of H which is in the second term
of the upper central series of H but is not central. Let A4 be the

centre of H . We define a homomorphism 6 of H/A into H by:-
(ra)8 = [h, y] for all &~ in H .

Since A contains Z , the image of H/A under 6 is T7-radicable, and
so, since H is TW-reduced, must be trivial. Thus ¥y commutes with all
h in H and is therefore central. This is a contradiction and so H is

abelian.

Since H 1is abelian it is a proper subgroup of N . Let x be an

element of N not in H . We define amap Y of H into H by:-

W = [h, x] for all h in H .
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Since H 1is abelian and normal in N , ¥ is a homomorphism of H into
H . The kernel of y contains 2 and so HY is Tm-radicable. Since N
is m-reduced we have f[h, ] =1 for all A in H and all x in W ,
so that H 1is contained in the centre of N . Therefore H =2 and N/2Z

is TmW-reduced.
LEMMA 3.5, Let G =f{x, W0 where N is a p-reduced normal

nilpotent subgroup of G and G/N has order pn . If G has the

subnormal intersection property then G <is nilpotent.

Proof. We use induction on the nilpotent class of N . If this class
is zero, that is if & is trivial, then the result is clearly true. Let
A be the centre of N . By Lemma 3.4, N/A is p-reduced and so by the
induction hypothesis G/4 is nilpotent. Therefore (x, AY/A 1is subnormal
in G/A and hence (x, 4) has the subnormal intersection-property. Since

n n

& 1lies in N we have [xp . A] =1. Let M=<(x) nA . Then M is a
central subgroup of (z, 4> . The standard series of <(aM) in (x, A)/M

is easily seen to be {(x)Ai/M : 4 = 0} , where A; is defined as in Lemma
3.3 (Ao =4, Ai+1 = [Ai’ aﬂ) . Since <(z, A)/M has the subnormal
intersection property, (x)At/M = (x)At+l/M for some ¢ . Therefore

AtM/M is contained in (xM)At+1M/M , and since this latter group is a

split extension it follows that AtM = At+lM . Therefore

A = [y, 2] = [ap, o] = [a,, M, 2] = [A,,,x] =4, .

Thus we can apply Lemma 3.3 to deduce that (x, 4> is nilpotent. (G is
therefore the join of a normal nilpotent subgroup N and a subnormal
nilpdtent subgroup (x, A) , and hence must be nilpotent (Lemma 4.5 of

£731).

LEMMA 3.6. Let N be a nilpotent group with upper central series

{z;, :0o=is el . Let T be a non-empty set of primes. Define R,

inductively by:- Ry=1, Ri/Ri-l is the maximal T-radicable subgroup

of the centre of N/R._ Then R, i8 the maximal Tw-radicable subgroup

1

of 1z, and in particular R, = R,
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Proof. We use induction on Z . The case % =0 is trivial.

Suppose Ri— is the maximal T7-radicable subgroup of Zi—l . By

1

definition 'ERi, Aﬂ = Ri-l , and since Ri- is a subgroup of Zi it

-1

follows that Ri is a subgroup of Zi . Since Ri is TmW-radicable it

1

remains to prove that it is the maximal m-radicable subgroup of Zi . Let
R be the maximal Tm-radicable subgroup of Zi . Then the commutator of &

and N 1is contained in Zi—l .

Let us assume that R/Ri—l is abelian. For fixed g in N the

mapping Tg which sends ©rR. to [r, g]Ri—l , for all r in R , is a

=1
homomorphism of R/Ri— into Z. ./R

1 i1 But R/Ri-l is m-radicable

i-1 "

and Z. ./R

-1
of R/Ri-

i1 is T-reduced, and so the kernel of Tg must be the whole

- It follows that R/Ri-l is contained in the centre of
N/R; ) 1

centre of N/Ri-l and so R = Ri . Thus it remains to show that R/Ri-

. However Ri/Ri- is the maximal m7-radicable subgroup of the

1

is indeed abelian.

m-radicability is a tensorial property (in the sense of [17]) and so
is inherited by each factor of the lower central series of R (Theorem 1
of [17]). Since R 1is nilpotent it follows that R' , the derived group

of R , is T-radicable. But since R' is contained in Zi—l it follows

that R' is in fact contained in Ri—l . Thus R/Ri—l is abelian and the
proof of the lemma is complete.

LEMMA 3.7. Let N be a nilpotent normal subgroup of a group G ,
with GIN a T7-group for some non-empty set of primes w . Let @(m) be
the maximal T-radicable subgroup of N . If N has nilpotent class ¢
and S <is any subnormal subgroup of G then the subnormal index of S <in

sQ(m) s at most ¢ .

Proof. Let R., Ry R,y +ev>s Rc be chosen as in Lemma 3.6. Since

1> 22

each Ri is normal in G the groups SRi are subnormal in G and, since

o]

R, normalises SR. n N , it follows that GSR./SR.n¥N is a subnormal
1+l (2 7 1
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subgroup of SRi+1/SRinN .  However SRi/SRinN is a T-group and

Ri+1(SRinN)/SRinN is m-radicable and abelian. Therefore by Lemma U4 of
(163, SRi/SRinN is normal in SRi+1/SRiﬂN . Hence SRi is normal in
SRi+l for 0 £ =ec¢-1. By Lemma 3.6, Rc = @(7) and so the subnormal

index of S in 8Q(m) is at most e .

We now have enough lemmas at our disposal to make the proof of the

main theorem relatively short.

THEOREM A. Let N be a normal nilpotent subgroup of a group G
such that G/N <s periodic and nilpotent. For any prime p let Q(p) be
the maximal p-radicable subgroup of N and let G(p)/N be the Sylow
p-subgroup of G/N . Then G has a bound on the subnormal indices of its
subnormal subgroups if and only if there is a positive integer ¢ such

that G(p)/Q(p) is nilpotent of class at most c , for all primes p .

Proof. Suppose that every subnormal subgroup of G has subnormal
index at most »n . Then each group G(p)/Q@(p) has the same property.
N/Q(p) 1is p-reduced and G(p)/N is a nilpotent p-group. Therefore, if
x 1is any element of G(p) , the group <(z, N)/Q(p) has the subnormal
intersection property, and so by Lemma 3.5, (x, N)/Q(p) is nilpotent. It
follows that <(z, @(p))/Q(p) 1is subnormal in G(p)/Q(p) . This means that
every cyclic subgroup of G(p)/@(p) is subnormal. Since G(p)/q@(p) also
has the subnormal join property it follows that every subgroup of
G(p)/Q(p) 1is subnormal. Hence in G(p)/Q(p) every subgroup is subnormal
with subnormal index at most #n , and so by a result of Roseblade
(Corollary to Theorem 1 of [19]), G(p)/Q(p) is nilpotent of class at most
f(n) . Putting e = f(n) we have one half of the theorem.

Conversely, suppose that there is a positive integer ¢ such that
G(p)/€(p) 1is nilpotent of class at most ¢ for all primes p . Let the
nilpotent class of N be d . We will show that if S is subnormal in &
then the subnormal index of S in G is at most (d+l)e + % d(d+3) . Let
us denote this expression by f(d) . We will proceed by induction on d .
If d=0 then G 1is nilpotent of class at most ¢ and the result is
trivial. Let Z be the centre of N . Then &(p)Z/Z is contained in the
maximal p-radicable subgroup of WN/Z . Since G(p)/Q(p)Z is nilpotent of
class at most ¢ it follows that the hypotheses are satisfied by G/Z .
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Therefore by the induction hypothesis every subnormal subgroup of G/Z has

subnormal index at most f(d-1) . In particular if S 1is subnormal in &
then SZ/Z has subnormal index at most f(d-1) in G/Z . Thus SZ has
subnormal index at most f(d-1) in G . It remains to find a bound on the

subnormal index of S in 572 .

S5/SnN is a subnormal subgroup of SZ/SnN . Since S§/SnN 1is periodic

and nilpotent we can write S as the product of its normal subgroups Sp .
where Sp/SnN is the Sylow p-subgroup of S/SnN . Since SpN/N is
isomorphic to Sp/SpnN , which is a p-group, Sp is contained in G(p)
However G(p)/N is a p-group and @(p) is the maximal p-radicable
subgroup of N , and so by Lemma 3.7 the subnormal index of Sp in SpQ(p)

is at most d . But G(p) is normal in G and G(p)/Q(p) is nilpotent

of class at most ¢ . Therefore the subnormal index of Sp in G is at
most ¢ +d + 1 . Thus the subnormal index of Sp/SnN in SZ/SnN is at

most ¢ +d + 1 . Since SZ/SnN is the join of a nilpotent normal
subgroup Z(8nN)/SnN and a subnormal nilpotent subgroup S/SnN it must be
nilpotent (Lemma 4.5 of [73]). Hence the terms of the standard series of
S/SaW  in 8Z/S5nN all lie in the torsion-subgroup of S$Z/SnN {apart from
the O-th term, which is $§2Z/SnN itself), and so each term is the product
of the corresponding terms of the standard series of the subgroups

Sp/SnN . Therefore the subnormal index of S/SnN in SZ/5nN is at most
e+d+1.
Putting the two pieces together it follows that the subnormal index of
S in G is at most f(d-1) +e+d + 1 . But
F(d-1) = de + 3(d-1)(d+2) = de + 3(d?+d-2) .
Therefore
(d+1)e + 5(d?+d-2+2d+2)

(d+l)e + 3 d(d+3)
fld) .

fld-1) + e +d + 1

Thus the subnormal index of § in G is at most f(d)

COROLLARY. Let N be a nilpotent normal subgroup of a group G ,
with G/N periodic and nilpotent. Let Q(p) be the maximal p-radicable
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subgroup of N and let G(p)/N be the Sylow p-subgroup of G/N . If
there is a positive integer ¢ such that G(p)/Q(p) is nilpotent of class
at most ¢ , for all primes p , then the subnormal index in G of any
subnormal subgroup is at most f(d) , where d 1is the nilpotent class of
N and f(d) = (d+l)c + 3 d(d+3) .

For periodic metanilpotent groups the following characterization is

probably more useful, since it involves Sylow subgroups.

THEOREM B. Let G be a periodic metanilpotent group, and let § be
the maximal radicable abelian normal subgroup of G . Then G has a bound
on its subnormal indices if and only if there is a positive integer c
such that for all primes p the Sylow p-subgroups of G/Q are nilpotent

of class at most ¢ .

Proof. There is a normal nilpotent subgroup B of G such that G/B
is nilpotent. By Fitting's Theorem, B is nilpotent. Thus if we put
N = BQ we have that N is a normal nilpotent subgroup of G and G/N is
nilpotent. The result will follow from Theorem A if we can show that, for
any prime p , the Sylow p-subgroups of (/@ are nilpotent of class at
most ¢ if and only if G(p)/Q(p) is nilpotent of class at most ¢
(where G(p) and @(p) are as defined in Theorem A). Q(p) , since it is
periodic and nilpotent, is the direct product of a p'-group (where p'
denotes the set of primes other than p ) with a radicable .p-group P .
But by a result of Cernikov, [3], a radicable nilpotent p-group must be
abelian, and so P is contained in @ . Therefore Q(p)/Q is a
p'-group. Also, since @(p) contains all the p'-elements of ¥ ,
G(p)/Q(p) is a p-group.

Let G(p)/Q(p) %be nilpotent of class at most ¢ , and let S/Q be a
Sylow p-subgroup of G/Q . Since S5/@nQ(p)/@ = 1 we know that
Sn@Q(p) =@ . But SQ(p)/@(p) is isomorphic to S/Sn@(p) = S/Q , and
since S5@(p)/Q@(p) is a subgroup of G(p)/Q(p) it follows that S/qQ is

nilpotent of class at most ¢ .

Conversely, suppose that the Sylow p-subgroups of G/Q are nilpotent

of class at most ¢ . Let {xl, . xr} be any finite set of elements of

G(p) . Since G(p)/Q(p) 1is a p-group it follows that
(xl, cees xr)Q(r)/Q(p) is a finite p-group. Therefore
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(Xyy oeny xr)Q(p)/Q splits over Q(p)/Q , since the latter is a p'-group
(Theorem 3 of [5]). Thus we have (X5 +ens xP)Q(p) = SrQ(p) , where
Sr n Q(p) =@ . Then Sr/Q is a finite p-group and so by assumption has

nilpotent class at most ¢ . Therefore every finitely generated subgroup
of G(p)/@(p) is nilpotent of class at most ¢ , and so G(p)/Q(p) is

nilpotent of class at most ¢ . This completes the proof of the theorem.

As an easy application of Theorem B and the corollary to Theorem A we

have:-

COROLLARY. ILet G be a quasi-radicable metabelian group satisfying
the minimal condition for normal subgroups. Then every subnormal subgroup

of G has subnormal index at most four.

Proof. By a result of Baer, [1], soluble groups satisfying the
minimal condition for normal subgroups are periodic. By Corollary 3.3 of
[70] the Sylow p-subgroups of ( are abelian for all primes p . Thus we
have the situation of Theorem B with ¢ = 1 . Combining Theorem B with the
corollary to Theorem A we have that every subnormal subgroup of G has
subnormal index at most f(d) . Since d =1 and ¢ =1 we find by
substitution in the formula that f(d) is then four.

4. Groups in which the subnormal subgroups form a complete lattice

In this section we attempt to find analogues of the previous theorems
for the class of groups in which the subnormal subgroups form a complete
lattice. A group in this class will have the subnormal intersection

property and so Lemma 3.5 can be used.

THEOREM 4.1. Let N be a nilpotent normal subgroup of a group G ,
with G/N periodic and nilpotent. For each prime p let G(p)/N be the
Sylow p-subgroup of G/N and let Q(p) be the maximal p-radicable
subgroup of N . If the subnormal subgroups of G form a complete lattice
then G(p)/Q(p) has the property that every subgroup is subnormal, for all

primes p .

Proof. Since the subnormal intersection property is inherited by
subnormal subgroups and homomorphic images, G(p)}/@(p) has the subnormal

intersection property. Thus for any element x of G(p) we can apply
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Lemma 3.5 to (x, M/Q(p) . It follows that <(x, @(p)’/Q(p) is subnormal
in G(p)/Q(p) . Since G(p)/Q(p) also has the subnormal join property,
every subgroup of G(p)/@{p) , being the join of its cyclic subgroups, must

be subnormal.
As in 83 we can restate this result for periodic groups.

THEOREM 4.2. Let G be a periodic metanilpotent group and let @
be the maximal radicable abelian normal subgroup of G . If the subnormal
subgroups of G form a complete lattice then in every Sylow p-subgroup of

G/Q each subgroup is subnormal, for all primes p .

The proof is similar to the corresponding part of the proof of Theorem

B, and so will be omitted.

We now give an example to show that the converse to Theorem 4.2 is

false.

THEOREM 4.3. There is a periodic metabelian group which is locally
nilpotent but has neither the subnormal intersection property nor the
subnormal join property, although in each Sylow p-subgroup every subgroup

18 subnormal.
Proof. Let Hp denote the p-group constructed by Heineken and
Mohamed in [§]. Then Hp is a metabelian group in which every subgroup is

subnormal, and in which the set of subnormal indices is unbounded. Let H
be the direct product over all primes p of the groups Hp . Let Sp be
a subnormal subgroup of Hp of subnormal index p , and let Ib be the

direct product of Sp with all Hq , where q # p . Then Sp and T

p
are subnormal of index p in H . Let T be the join of the subgroups

Sp (actually it is just- their direct product). It is also the
intersection of the subgroups Tp . If T were subnormal of index n in
H then each Sb would be subnormal of index at most n 1in Hp , contrary

to the construction for p > n . Hence T 1is not subnormal in H , and so

H does not have either the subnormal intersection property or the

subnormal join property. !

It follows from Theorem L4.3 that the condition that every subgroup of
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G(p)/Q(p) be subnormal, for all primes p , is not sufficient to guarantee
that the subnormal subgroups of ( form a complete lattice. Thus we have
a necessary condition which is not sufficient. We next exhibit a set of

sufficient conditions which, however, are not necessary.

THEQOREM 4.4. Let N be a normal nilpotent subgroup of a group G
with G/N periodic and nilpotent. Let G(p)/N be the Sylow p-subgroup
of G/N and let Q(p) be the maximal p-radicable subgroup of N . If
there is a positive integer ¢ such that for almost all primes p ,
G(p)/Q(p) 1is nilpotent of class at most c¢ , and if for the finitely many
exceptional primes p every subgroup of G(p)/Q(p) is subnormal, then the

subnormal subgroups of G form a complete lattice.

Proof. By the remarks made in §2 it will suffice to show that if S

is the union of an ascending chain {Si 3 7 < p} , where p is a limit

ordinal, of subnormal subgroups of G , and if T is the intersection of

an arbitrary family {Ti ; 7 € I} of subnormal subgroups of G , then S
and 7T are again subnormal in G .

We proceed by induction on the class of N . If N has class zero
then N =1 and the result is trivial. Let Z be the centre of N . For
each prime p , @Q(p)Z2/Z is a p-radicable subgroup of N/Z , and it
follows easily that G/Z inherits the properties of G . Therefore by the
induction hypothesis we may assume that G/Z satisfies the conclusion of
the theorem. In particular, since SZ = igp SiZ , it follows that SZ is
subnormal in G . Thus we need only show that S 1is subnormal in S§Z or,
equivalently, that S/SNN is subnormal in SZ/SnN . Each of the groups

SiZ/SinN is nilpotent, since it is the join of a subnormal nilpotent group
Si/SinN and a normal abelian subgroup Z(SinN)/SinN (Lemma 4.5 of [7131).

Hence SZ/SnN 1is locally nilpotent, since it is the union of the subgroups
SiZ(SnN)/SnIV . Since S§/SnN 1is periodic it is contained in the
torsion-subgroup of SZ/SoW . Let S(p)/SnN be the Sylow p-subgroup of
$/Sn¥ . Then if S(p, i)/SinN is the Sylow p-subgroup of S./S5.ni it

follows easily that S(p) is the union of the S(p, ¢) . If the nilpotent
class of ¥ is d then application of Lemma 3.7 to S(p, ¢)N shows that
S(p, ©) has subnormal index at most d in S{p, 2)@(p) . Hence S(p)
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has subnormal index at most d in S(p)Q(p) . Let T be the set of
primes for which G(p)/Q(p) is nilpotent of class at most ¢ , so that '
is a finite set (7' 1is the complement of 7 in the set of all primes).
Then if p € T it follows that S(p) is subnormal in G and has
subnormal index at most e+ d + 1 . If p € 7' then every subgroup of
G(p)/Q(p) 1is subnormal and so S(p) is subnormal in G . As there are
only finitely many primes in 7' we can find an integer r such that the
subnormal index of S(p) in G 1is at most r , for all primes p . Thus
S(p)/SAN has subnormal index at most »r in SZ/SnN . Since SZ/SnN is
locally nilpotent it follows that the n-th term of the standard series of
S/SnN  in SZ/SAN is the direct product of the #n-th terms of the standard
series of the S(p)/SN , for n = 1 . Therefore &§/SnN is subnormal in

SZ2/SnN  with subnormal index at most r .

Similarly we can consider T/TnN . Let T{(p)/TnN be the Sylow
p-subgroup of T/TrW . If T(p, i)/TinN is the Sylow p-subgroup of
Ti/TinIV then T(p) =N T(p, ©) . By an argument similar to that above we

i .
can prove that each T(p) is subnormal in &G . Since T is the join of
all the groups T(p) it follows from the first part of the proof that T

is subnormal in & . Thus the proof is complete.

As before we can try to rewrite the theorem for periodic groups in
terms of Sylow p-subgroups. However we need another assumption, namely

that G/N 1is counteable.

THEOREM 4.5. Let G be a periodic group with a normal nilpotent
subgroup N such that G/N is a countable nilpotent group. Let @ be
the maximal radicable subgroup of N . Let T be a set of primes such
that its complement w' is finite. If there is a positive integer c
such that the Sylow p-subgroups of (/@ are nilpotent of class at most e
for all p in 7, and if every subgroup of each Sylow p-subgroup of G/@
18 subnormal for all p in ™' , then the subnormal subgroups of G form

a complete lattice.

Proof. It is sufficient to show that the hypotheses of the theorem
imply those of Theorem 4.4.

Let @(p) be the maximal p-radicable subgroup of N , and let
G(p)/N be the Sylow p-subgroup of G/N . Since § is contained in each
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@(p) we can assume @ = 1 . Therefore Q(p) is the p'-subgroup of W
and G(p)/@(p) is a p-group. The centraliser in G(p) of @(p)
contains the Sylow p-subgroup of N , and so the product of g(p) and its
centraliser in G(p) contains N . Therefore by Theorem 3 of [5], since
G/N is countable, G(p) = SQ(p) , wvhere S n Q(p) =1 . Thus § is a
p-group and hence is contained in a Sylow p-subgroup of ¢ . If p € T
then S is nilpotent of class at most e , so that G(p)/@(p) is
nilpotent of class at most ¢ . If p € M then every subgroup of
G(p)/¢(p) is subnormal. Hence the result.

REMARK. In the previous theorem it would suffice to have G(p)/N

countable for all p in T The cases where p 1is in 7 could be

dealt with as in the proof of Theorem B.

Theorem 4.5 gives sufficient conditions for the subnormal subgroups of
a countable periodic metanilpotent group to form a complete lattice. We

conclude with an example to show that these conditions are not necessary.

THEOREM 4.6. There is a countable periodic metabelian group which
has a Sylow p-subgroup of wilpotent class p for infinitely many primes

p » but in which the subnormal subgroups form a complete lattice.

Proof. Let p be any prime. We put p(0) = p and construct an
infinite sequence of primes as follows. Suppose p(0), p(1), ..., p(n)
are already chosen. By Dirichlet's Theorem (Theorem 15 of Hardy and
Wright, [7]) the sequence {1+mp(0)p(1) ... p(n)} where m varies over
the positive integers, contains infinitely many primes. We choose p(n+l)
to be one such prime. Then p(n+l) > p(n) and p(n+l) is congruent to 1

modulo p(m) for all m<n .

If m < n then the cyclic group of order p(n) has an automorphism
of order p(m) . This automorphism takes a generator to a power O(n, m)

of itself. Let X be the direct product of groups Xi , wWhere Xi is a

cyclic group of order p(Z) generated by an element z(Z) , for all

non-negative integers < . Let A; ©be the direct product of p(Z) copies

of the cyclic group of order p(i) . Let A be the direct product of the

groups Ai taken over all non-negative integers 7 . We show that X can

be considered as a group of automorphisms of A . We define an action of
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X on Ai as follows:-
let Xi act on Ai via the right regular representation;
let Xj act trivially on Ai for J > 1

for all a in A, and all j <7 let &) 2 g8lE,d)

It is easy to see that this makes X into a group of automorphisms of A .
Thus we can form the natural split extension G = AX , where A4 1is normal
in G and A nX =1 . Clearly (G 1is a countable periodic metabelian
group.

Each subgroup AiXi is a Sylow p(i)-subgroup of G . But AX, is
isomorphic to the standard wreath product of the cyclic group of order
p(Z) with itself, and so by a result of Liebeck (Theorem 5.1 of [9]) is
nilpotent of class p(i) . It remains to show that the subnormal subgroups
of G form a complete lattice. Let S Dbe a subnormal subgroup of G .
Suppose SA contains x(j) for some j . Then [A4, x(j)] is generated

by the elements a_lax(J) for all a in A . Taking a in Ai , Where

) 8.4) L) 8- 8(E,g)

1> g , then and so

generates the same cyclic subgroup as a . Therefore [4, x(j)] contains
Ai for all %7 > J . Thus YA(x(j))t contains Ai for all © > J and

all t > 0 . Also, since A 1is abelian, YASt = YA(SA)t . Therefore

YASt contains Ai for all < > J , and since YASt is contained in S

for some ¢t it follows that S contains Ai for all 71 > J .

Let T be the union of an ascending chain {Sk s k < p} , for some

limit ordinal p , of subnormal subgroups of G . If T is contained in
A then it is subnormal in G as required. If not, then for some k the

group SkA is strictly larger than A , and so contains some x(j) . Thus
by the above remarks Sk contains Ai for all % > j . The product of
all the Ai with © > j is a normal subgroup A(j) of G . It is easily

seen that G/A(j) satisfies the conditions of Theorem 4.5 and so has the
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subnormal join property. Since S/A{j) is the union of the SA/A(j) ,
A=k , it follows that S/A(j) is subnormal in G/A(j) , and hence that

G has the subnormal join property.
If S 1is the intersection of subnormal subgroups Sk of G (k ¢€1L)

then either S 1is contained in A and so is subnormal in G , or 4 1is a
proper subgroup of SA . If the latter is the case then SA contains

x(j) for some j . Therefore 54 contains x(j) for all k , and so as
above Sk contains Ai for all Z7 > j§ and for all k . Consequently S
contains Ai for all % > j , and as before we may pass to the factor

group G/A(j) . But G/A{j) satisfies the hypotheses of Theorem 4.5 and
so S 1is subnormal in G . Therefore (G has the subnormal intersection

property, and the proof is complete.
REMARK. If we let K be the direct product of the groups AiXi for

all non-negative % , we can show as in Theorem 4.3 that X has neither
the subnormal intersection property nor the subnormal join property. Thus
it seems likely that to get necessary and sufficient conditions for the
subnormal subgroups to form a complete lattice we need to look somewhere
other than just at the groups G(p)/@(p) . In other words a
characterization in terms of the G(p)/Q(p) alone seems unlikely in the

light of our examples.
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