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Assouad Spectrum Thresholds for Some
Random Constructions

Sascha Troscheit

Abstract. The Assouad dimension of a metric space determines its extremal scaling properties. The
derived notion of the Assouad spectrum fixes relative scales by a scaling function to obtain inter-
polation behaviour between the quasi-Assouad and the box-counting dimensions. While the quasi-
Assouad and Assouad dimensions often coincide, they generally differ in random constructions. In
this paper we consider a generalised Assouad spectrum that interpolates between the quasi-Assouad
and the Assouad dimension. For common models of random fractal sets, we obtain a dichotomy of its
behaviour by finding a threshold function where the quasi-Assouad behaviour transitions to the As-
souad dimension. This threshold can be considered a phase transition, and we compute the threshold
for the Gromov boundary of Galton-Watson trees and one-variable random self-similar and self-affine
constructions. We describe how the stochastically self-similar model can be derived from the Galton-
Watson tree result.

1 Introduction

The Assouad dimension is an important notion in embedding theory due to the fa-
mous Assouad embedding theorem [As77,As79] and its invariance under bi-Lipschitz
maps. The latter implies that a metric space X cannot be embedded by a bi-Lipschitz
map into R? for any d less than the Assouad dimension of X. The Assouad embed-
ding theorem provides a partial converse. The Assouad dimension is therefore a good
indicator of thickness in a metric space and is an upper bound to most notions of
dimension in use today [Frl4, Roll]. In particular, it is an upper bound to the Haus-
dorff, box-counting, and packing dimensions. Heuristically, the Assouad dimension
“searches” for the thickest part of a space relative to two scales 0 < r < R by finding
the minimal exponent s such that the every R-ball can be covered by at most (R/r)*
balls of diameter r.

Over the last few years much progress has been made towards our understanding
of this dimension, and it is now a crucial part of fractal geometry; see e.g., [Ch19,Frl4,
FMT18, GHMI16, KR16, Tr19] and references therein. Several other notions of dimen-
sion were derived from its definition, and this family of Assouad-type dimensions has
attracted much interest. An important notion is the 0-Assouad spectrum introduced
by Fraser and Yu [FY18], which aims to interpolate between the upper box-counting
and the Assouad dimension to give fine information on the structure of metric spaces;
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see [Fr19] for a recent survey. It analyses sets by fixing the relation r = R'/? in the def-
inition of the Assouad dimension for parameters 6 € (0,1).

It turns out that the Assouad spectrum interpolates between the upper box-
counting dimension and the quasi-Assouad dimension introduced by Lii and Xi
[LX16]. That is, for 8 — 0, the 8-Assouad spectrum tends to the upper box-counting
dimension, whereas for 8 — 1, it approaches the quasi-Assouad dimension; see
[FHH+19]. In fact, the quasi-Assouad dimension could be defined in terms of the
Assouad spectrum.

In many cases the quasi-Assouad dimension and Assouad dimension coincide, and
the Assouad spectrum gives best relative scaling information. However, in many sto-
chastic settings they differ. This can be explained by the Assouad dimension picking
up very extreme behaviour that is almost surely lost over all geometric scales [FMT18].

In their landmark paper [FY18], Fraser and Yu discuss the possibility of extending
the definition of the Assouad spectrum to analyse the case when quasi-Assouad and
Assouad dimensions differ. These general spectra, which we shall also refer to as gen-
eralised Assouad spectra, would then shed some light on the behaviour of “in-between”
scales. This is done by changing the relation r = R/? to a general dimension function
r = ¢(R). Garcia, Hare, and Mendivil studied this notion of spectrum (including
their natural dual, the lower Assouad dimension spectrum) and obtain interpolation
results similar to those for the Assouad spectra; see [GHMI19]. A common observation
is that the intermediate spectrum is constant and equal to either the quasi-Assouad
or Assouad dimension around a threshold function. That is, there exists a function
¢(x) such that dim] F = dimga F for ¢(x) = w(¢(x)) and dim} F = dim, F for
@(x) = o(¢(x)), where we have used the standard little omega- and o-notations.'
The standard examples where quasi-Assouad and Assouad dimensions differ are ran-
dom constructions, and this threshold can be considered a phase transition in the
underlying stochastic process. In this paper we will explore this threshold function
for various random models.

Garcia et al. [GHM19a] considered the following random construction. Let (1;) be
a non-increasing sequence such that ) /; = 1. For each i, let U; be an i.i.d. copy of U,
the random variable that is uniformly distributed in [0,1]. Note that, almost surely,
U; # Ujforall i # j. Therefore, almost surely, there is a total ordering of the (U;).
The complementary set of the random arrangement E is defined as the complement
of arranging open intervals of length [; in the order induced by (U;). That is,

E= U]{x: Vy={i:Ui<y}}.

l,’ :
ye[0,1 v,

Almost surely, this set is uncountable and has a Cantor-like structure. Garcia et al.
previously determined the (quasi-)Assouad dimensions of deterministic realisations
[GHM16], where the order is taken as U; < Ui, as well as the Cantor arrangement,
when U; is equal to the right-hand end point of the canonical construction inter-
vals of the Cantor middle-third set (ignoring repeats). They confirmed in [GHM19a]
that the quasi-Assouad dimension of E is almost surely equal to the quasi-Assouad

1A function satisfies f(x) = o(g(x)) if f/g = 0as x — 0. Similarly, f(x) = w(g(x)) if g(x) =
o(f(x))-
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dimension of the Cantor arrangement C, whereas the Assouad dimension takes the
value 1. They further gave the threshold function, which they computed as ¢(x) =
log|log x|/|log x|.

Theorem 1.1 (Garcia et al. [GHM19a]) Let ¢(x) = log|logx|/|log x| and let I; be a
decreasing sequence such that ), I; = 1. Assume further that there exists € > 0 such that

S jagent
Lol

e< <l-¢

for all n € N. Then, almost surely, dim ! E = dim ! C for ¢ = w(¢(x)) and dim} E =1
for ¢ = o($(x)).

In this article, we give elementary proofs of the threshold dimension functions for
several canonical random sets. Under separation conditions we obtain the threshold
for one-variable random iterated function systems with self-similar maps and self-
affine maps of Bedford-McMullen type. We also determine the threshold for the
Gromov boundary of Galton-Watson trees. While we do not state it explicitly, us-
ing the methods found in [Tr19], our result for Galton-Watson trees directly applies
to stochastically self-similar and self-conformal sets as well as fractal percolation sets.

Our proofs rely on the theory of large deviations as well as a dynamical version of
the Borel-Cantelli lemmas.

2 Definitions and Results

Let ¢: RT — R™. We say that ¢ is a dimension function if ¢(x) and ¢(x)|log x| are
monotone. Let N,(X) be the minimal number of sets of diameter at most r needed
to cover X. The generalised Assouad spectrum (or intermediate Assouad spectrum)
with respect to ¢ is given by

dimiF = inf{s :(3C>0) (V0 < r=R*P® < R<1)

S
sup N,(Fn B(x,R)) < C(B) = R_¢(R)S}.
xeF r

We will also refer to this quantity as the ¢-Assouad dimension of F. Many other vari-
ants of the Assouad dimension can now be obtained by restricting ¢ in some way.
The Assouad spectrum dim/ considered by Fraser and Yu can be obtained by set-
ting ¢(R) = 1/60 — 1. The quasi-Assouad dimension dim 44 F is given by the limit
dimga F = limg_,; dim g F, whereas the Assouad dimension is obtained by letting
$(R) = 0 and allowing r < R. We note that we define the generalised Assouad spec-
trum slightly differently than in [FY18]. Instead of requiring r = ¢(R), we consider
the dimension function ¢ setting r = R'*¢(®), Hence, ¢(R)/R = R?®). We use this
notation as it is slightly more convenient to use.

In fractal geometry, two canonical models are used to obtain random fractal sets:
stochastically self-similar sets and one-variable random sets. We first compute the
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generalised Assouad spectrum for Galton-Watson processes from which the stochas-
tically self-similar case will follow. We will then move on to one-variable random con-
structions and analyse random self-similar constructions as well as a randomisation
of Bedford—-McMullen carpets.

2.1 Galton-Watson Trees and Stochastically Self-similar Sets

Let X be a random variable that takes values in {0,1,...} and write 6; = P{X = j} for
the probability that X takes value j. The Galton-Watson process Z; is defined induc-
tively by letting Z, = 1 and Zy,, = ZJ.Z:I X, where each summand X is an i.i.d. copy
of X. The Galton-Watson tree is obtained by considering a tree with single root and
determining ancestors for every node with law X, independent of all other nodes. The
number of nodes at level k is then given by Z; and, conditioned on non-extinction,
this process generates a (random) infinite tree. We endow the set of infinite descend-
ing paths starting at the root with the standard metric d(x, y) = 27*"|, where |x A y|
is the level of the least common ancestor. This gives rise to the Gromov boundary of
the random tree that we refer to as F,.
Throughout, we assume that we are in the supercritical case, i.e.,

N
m:E(X): Zekk>l.
k=1
We will also assume that the Galton-Watson process has bounded offspring distribu-
tion, meaning that there exists N such that 8; = 0 for all kK > N.

The normalised Galton-Watson process is defined by Wy = Z/mF. It is a stan-
dard application of the martingale convergence theorem to show that Wy — W al-
most surely. Conditioned on non-extinction, we additionally have W € (0, o) almost
surely. We refer the reader to [Li00, LPP95] for some other fundamental dimension
theoretic results of Galton-Watson processes.

It was established in [FMT18] that the Gromov boundary, using the standard met-
ric, has Assouad dimension log N/log2 almost surely. In [Tr19], the quasi-Assouad
dimension was computed as

log E(X)

= dlmB FT = dlmH FT
log2

dim qA FT =
almost surely. This means, in particular, that the 8-Assouad spectrum is constant
and equal to the Hausdorff dimension.> This is in fact the typical behaviour for all
dimension functions ¢(x) < C(log|logx|/|logx|), where C > 0 is some constant.
Conversely, for ¢(x) = w(log|logx|)/|log x|) we recover the Assouad dimension; cf.
Theorem L1.

Theorem 2.1 Let F, be the Gromov boundary of a supercritical Galton-Watson tree
with bounded offspring distribution. Let

log|log x B
¢(x) > |g1|0g§||(slog m)~

2In all models considered in this paper (except the self-affine construction), the Hausdorff and box-
counting dimensions coincide almost surely, and all instances of dimp can be replaced by dimp.
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be a dimension function. Then
dim? F, < (1+ ¢) dimg F,

almost surely.

Note that we trivially have dimﬁF > dimg F, and so we have the following
corollary.

Corollary 2.2 Let ¢(x) = w(log|logx|/|logx|) be a dimension function. Then
dimﬁ F, = dimp F; = dimy F, almost surely.

For the reverse direction, we obtain the following bound.

Theorem 2.3  Let F, be the Gromov boundary of a supercritical Galton-Watson tree
with bounded offspring distribution. Let N be the maximal integer s.t. Oy > 0. Further,
let

log|log x| log(N/m)

2.1
@D #(x) < |logx| elogmlogN

be a dimension function. Then,
dimﬁ F; > min{(1+ ¢) dimp F;, dim, F,}
almost surely.

Assume that m < N and so dimp F; < dima F; almost surely. Under the hypothesis
of Theorem 2.3, for ¢ satisfying (1 + ¢) = dimy F,/dimg F, = log N/m, we obtain
dimﬁ F; > dimy F; almost surely. It follows that for

log|log x| log(N/m) _rn( 1 1 )log|10gx|

#(%) < log(1/x) (N/m)logmlogN N

logm logN/ [logx| ~

we get dimﬁ F, = dimy F;.

Corollary 2.4  There exists C > 0 such that, almost surely, dimﬁ F, = dimy F; for all
dimension functions ¢(x) < Clog|logx|/|logx|).

We will prove both theorems in Section 3. These two bounds are not optimal in
the sense that there is a slight gap between the upper and the lower bound. This gap,
after rearranging, is of order 1 —logm/log N = 1- dimg F,/ dimy F;. Let ¢, be equal
to the right-hand side of (2.1). We can combine Theorems 2.1 and 2.3 to give

dim A F‘r

1+¢&)dimgF, <dim° F, < (1+¢ dimg F;
(L+ &) dimp A ( )dimAFT—dimBFT ?

for an appropriate range of € > 0.
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2.1.1 Stochastically Self-similar Sets

Theorems 2.1 and 2.3 can also be applied in the setting of stochastically self-similar sets
that were first studied by Falconer [Fal86] and Graf [Gr87]. Since we do not exclude
the case where there is no descendant, the analysis also applies to fractal percolation
in the sense of Falconer and Jin [FJ15]. In the case of Mandelbrot percolation, where
a d-dimensional cube is split into n equal subcubes of sidelength 1/n and is kept
with probability p > 0, the number of subcubes is a Galton-Watson process, and
the surviving subcubes at level k can be modelled by a Galton-Watson tree. Since
subcubes at the same level have the same diameters, the limit set is almost surely
bi-Lipschitz to the Gromov boundary of an appropriately set up Galton-Watson tree
with the small caveat that the graph metric needs to be changed from d (x, y) = 271"/
tod'(x,y) = n Y1 This change, however, just affects the results above by a constant
and not their asymptotic behaviour. For non-homogeneous self-similar sets, where
the size may vary at a given generation, one needs to set up a Galton-Watson tree that
models the set. This is described in full detail in [Tr19], and we omit its derivation
here. Using those methods, Theorems 2.1 and 2.3 become the following corollary.

Corollary 2.5 Let F; be a stochastically self-similar set arising from finitely many self-
similar IFS that satisfy the uniform open set condition. Then if ¢(x) = w(log|logx]|/

|logx|), we obtain dimﬁ F, = dimg F; almost surely. Conversely, if $(x) = o(log|
log x|/|log x|), then dimﬁ F, = dimy F; almost surely.

2.2 One-variable Random Sets

A different popular model for random fractal sets is the one-variable model. It is
sometimes also referred to as a homogeneously random construction. We will avoid
the latter term to avoid ambiguity with homogeneous iterated function systems. Let
A c R" be a compact set. With each A € A, we associate an iterated function system
I ={f}..., fl&h }, where each f} is a strictly contracting diffeomorphism on some
non-empty open set V. Throughout this section we make the standing assumption
that sup, N, < oo, that 0 < infy ;,«[(f})'(x)| < sup, ; ,|(f})'(x)| < 1, and that there
exists a non-empty compact set A ¢ V such that f}(A) c Aforalll e Aand1< i<
N). With each w € Q = A", we associate the set F, given by

F, =N f.A"o---o ;}'(A).

Let u be a Borel probability measure supported on A and let P = 4™ be the product
measure on Q = AN, We write

E(X(w)):/QX(w)dIP’(w) and Eg(X(w)):expfﬂlogX(w)dIP’(w).

The one-variable random attractor F, is then obtained by choosing w € Q) according
to the law PP.
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2.2.1 One-variable Random Self-similar Sets

To make useful dimension estimates, we have to restrict the class of functions. The
simplest model is that of self-similar sets, where we restrict f' to similarities. That is,
IfA(x) = FA(»)| = ¢}|x - y| forall x, y € V and some ¢} > 0. It is well known that
for self-similar maps and our standing assumptions, the Hausdorff and box-counting
dimensions are bounded above by the unique s satisfying

2.2) EE( Y (e)) =1
1<i<Ny,

If one further assumes that there exists a non-empty open set U such that the union
UM fA(U) is disjoint for all A and f* (U) € U, we say that the uniform open set con-
dition holds. Under this assumption the unique s in (2.2) coincides with the Haus-
dorff, box-counting, and quasi-Assouad dimension of F,, for P-almost all w; see e.g.,
[Tr17] and references therein. Since we refer to the sum above quite frequently, we
write &} = ¥(c})". To avoid the trivial case when the Assouad dimension coincides
with the Hausdorff dimension, and there is nothing to prove as the generalised As-
souad dimension coincides with this common value, we make the assumption that
the system is not almost deterministic. That is, P(&;, =1) # 1, where s is the almost
sure Hausdorft dimension. In particular, this implies that the Assouad dimension is
strictly larger than the Hausdorff (and upper box-counting) dimension. In fact, the
Assouad dimension of F,, is, almost surely, given by

dims F, =sup{s: u({Le A: & >1})>0};

see [FMT18, Tr17]. To not obscure the result with needless technicality, we only anal-
yse the case when the iterated function systems are homogeneous, i.e., ¢} = c;‘ for all
A. We write ¢(1) for the common value; then &) = Ny c(1)*.

Theorem 2.6 Let F,, be a one-variable random self-similar set generated by homo-
geneous iterated functions systems satisfying the uniform open set condition. Then the
following dichotomy holds: Let ¢(x) be a dimension function such that

Z e_¢(5_k)k < 00,
k=1

Then dim} F,, = dimg F,, for dimension functions ¢(x) = w(¢(x)), almost surely.
Conversely, let ¢(x) be a dimension function such that

Z e_‘P(eik)k = o0.
k=1

Then dim! F,, = dimy F,, for dimension functions ¢(x) = o(¢(x)), almost surely.
Additionally, assume there exists A" ¢ A such that G = 1forall A € A, where s4 is
the almost sure Assouad dimension of F,, and u(A") > 0. Then the above result holds
forall p(x) < C(¢(x)), where C > 0 is some constant.

We prove this in Section 4. The methods we have used rely on the individual iter-
ated function systems being homogeneous, but we need not have made this argument.
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Figure I. Two Bedford—-McMullen carpets with their generating affine maps. The left example
Fihas my = 3, m =5, Cy = 3, By = 3, and N; = 5. The right example F, has m, = 2, n, = 4,
Cz :3,32 :2,andN2 =4,

One can construct random graph-directed attractors that approximate the random
set to arbitrary precision; see [Trl7, §2]. A similar argument to that of Theorem 2.6
should give an analogous result. Since this is somewhat more technical, we leave this
case open.

2.2.2 One-variable Random Bedford—-McMullen Carpets

Bedford-McMullen carpets were first studied in [Be84, Mc84] and are simple self-
affine iterated function systems that are often the easiest to give as counterexamples
to the self-similar theory. They consist of non-overlapping images of the unit square
with fixed horizontal and vertical contraction of 1/m and 1/#, respectively, that align
in an m x n grid of the unit square. See Figure 1 for two examples.

We randomise the construction in the same one-variable random fashion by choos-
ing different sub rectangles at every step from the finite collection of possible arrange-
ments. We denote these in the same way and write 2 < m) < 1) < N < oo for the
subdivisions. Then, f}(x) are of the form

Aoy o (Ym0 a}
filx) = ( 0 1/n,t)er (b%)’

where a? € {0,...,m) -1} and b} € {0,...,n) —1}. The boundedness of 1, implies
that there are only finitely many IFSs with finitely many maps. Hence, A is finite and
y is finitely supported. We write p) = u(1).

We rely heavily on results in [FT18], where the 8-Assouad spectrum of these at-
tractors are found. In fact, this part can be considered an extension of [FT18], in the
sense that the previous work gave a complete characterisation of the spectrum be-

tween the upper box-counting and the quasi-Assouad dimension, whereas we extend
this to the Assouad dimension. Let C) be the maximal number of maps that align
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in a column and let B, be the maximal number of non-empty columns. Further, let
N be the number of maps in the IFS indexed by A; see also Figure 1 for an example.
Write 71 = E¥(n; ) and m = E€(m, ). Similarly, let B, C, and N denote their respective
geometric means. The almost sure Assouad spectrum was found in [FT18] to be

1 (log(BC N~ ) 1og(N§"6“’))) 0<0< logm

dim‘,f F, = 1_07 logm >apalogny = logn’
logB , logC log
logW + ]ogﬁ’ log < 0 <1

From this we can further deduce that, almost surely,

- ——1
_logB . logN B

logB 1
dimg F, = _logB  logC

and dimga F, =

logm logn logm log n

However, the almost sure Assouad dimension is generally distinct from the quasi-

Assouad dimension and given by

log B 1
dimp F, = max 98 P + max ogCA
Xea logm,  AeA logny’

see [FMT18]. Note, in particular, that the dimension does not depend on the exact
form of y, provided it is supported on A. Our main result in this section is bridging
this gap with a similar dichotomy as for self-similar sets.

Theorem 2.7 Let F,, be a one-variable random Bedford-McMullen carpet. Then the
following dichotomy holds. Let ¢(x) < logn/logm — 1 be a dimension function such

that
k=1
Then dim} F,, = dimga F,, for dimension functions ¢(x) = w(¢(x)), almost surely.

Conversely, let ¢(x) be a dimension function such that

i«s(e _

There exists C > 0 such that dim} F,, = dimy F,, for all dimension functions ¢(x) <
C(x), almost surely.

Remark 2.8 The dichotomies, or phase transitions, observed in Theorems 2.1, 2.3,
2.6, and 2.7 can be seen as a form of random mass transference principle, as described
in [AT19, §5]. In the theorems described there, no assumptions are being made on the
overlaps, and it would be interesting to know if any separation condition assumptions
are needed in our results at all.

3 Proofs for Galton-Watson Trees

In this section we prove Theorems 2.1 and 2.3. We rely on the following lemma.
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Lemma 3.1 Let Zy be a Galton-Watson process with finitely supported offspring dis-
tribution. Then there exists T > 0 and K > 0 such that for all € > 0,

P(Zx > m9%) < Kexp(-tm**)
forall k e N.

The lemma follows easily from a standard Chernoft bound combined with a sim-
plified probability generating function due to the finitely supported offspring distribu-
tion. For a more general result with unbounded support, see Athreya [At94, Theorem
4] and [Tr19, §3].

Proof of Lemma 3.1 Note that
P(Z > mIOR) = P(Wy > m**) = P(exp(tWi) 2 exp(tm®*))
< exp(—tm**) E(exp(tWi))

by Markov’s inequality.
It remains to bound sup, E(exp(7Wj)) for some 7 > 0. Let Fx(s) = E(s*) be the
probability generating function of the random variable X. Then

Zp_1 Zr_q
Fz,(s) = E(szf:kl X) =E (E(szf:kl X | Zio1 = z))
=K (E(SX)Z"") =Fz,_, o Fx(s),
and so
Fy,(s) = Fy oo Fx(s) = F®(s).
—_———
k times
We also obtain Fy, (s) = F)((k)(sl/’”k), and bounding sup, E(exp(7Wy)) is equiv-
alent to finding s > 1 such that sup, Fy, (s) < oo. Since X is finitely supported,
Fx(s) = ¥, 0;s' is a polynomial of degree N. It is easy to check that Fx(1) = 1
and F (1) = XN, 0,i = E(X) = m. Therefore, Fx(s) is a C? diffeomorphism with
derivative bounded away from 1 and oo in B(1, ;) for some &§; > 0. Its inverse
F )((_1) (s), therefore, is a strict contraction with derivative 1/m at s = 1 with fixed point
FiV ) =1
X .
Let G(s) = s'/™. Note that G’(1) = 1/m and G(1) = 1. Further, there exists 8, > 0
such that G(s) is a C* diffeomorphism with derivative bounded away from 0 and 1.

Note that Fy, (s) = F )((k) o G (s), and, using the chain rule and smoothness, it is
easy to check that

dip)(g")(s) < CldiF)({k)(t) (Vs,t€B(1,8,), VkeN),
S S

diG“)(s)gczdiG(")(t) (Vs,teB(1,8,), VkeN),
N N

and
d _(-x d K
ZFEPm = Z6®0) =m*,
ds X W ds (1) =m
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Observe that B(1,8,/(Cim*)) c F)((_k)(B(l,él)), and set 0 < & <
min{d5, 8;/(C,C)}. It follows that diam(G*) (B(x,¢)) < 2C, ¢ /m* < & /(Cym*),
and so

G®(B(L¢)) € B(1,8,/(Cim*)) < F{ P (B(1,8)).

Therefore, Fy, (1+¢) = F)((k) 0 G®)(1+¢) <1+ 8. Letting K = 1+ &), our claim
holds. "

Note that a ball of size r in the metric on F, with centre x € F; is simply the unique
subtree containing x that starts at level k satisfying 2% < r < 27(*"1) Hence, for
two scales r < R the quantity N,(B(x, R)) is equal to the number of nodes at level
satisfying 27! < r < 27(") that share a common ancestor with x at level k satisfying
27k <R< 27 (kD) Using independence, this is an independent copy of Z;_i; and so
N, (B(x,R)) ~ Ziog, (1/r)-log, (1/R)-

Proof of Theorem 2.1 Fix ¢ > 0. By Lemma 3.1, we have
P{Z > m3*9* for some k > I} < Ky exp(—tm**) < exp(—tm®).
=1
For large enough k, there exists A (depending on the realisation) such that Z; < Am*,
almost surely. Thus, the probability Py that there is a node at generation k that exceeds
the average from generation (1 + ¢(e~))k onwards satisfies
P s m* exp(—‘rm“‘s(e_k)k) = exp ( klogm - Tm“b(e_k)k)
< exp ( k log m— Tm(lﬂ?) log k/logm)

for some 8 > 0 by assumption on ¢. Finally, as klogm — tk(*9) < —k+9/2 for large
enough k, we have

8

gk

P s Y exp(klogm — k%) g ZeXp(—rk“‘W) < oo,
1 k=1

=~
Il

1

=~
Il

An application of the Borel-Cantelli lemma shows that, almost surely, there exists a
level k¢ from which no node at level k > k, in the Galton-Watson tree will have more
than m*®)! many descendants for I > ¢(e ¥)k. Geometrically, this means that for

all r ~ 271 < RO+ Dk  5=(1+6(e™)k small enough, we obtain

>

N, (B(x, R)) ~ Zy_p < m{+e)(ogs(1/n)-log,0/R)) _ (5) (tre)logm/log?2
;

which gives the required result. [ |

Proof of Theorem 2.3 Let N = max{i : 6; > 0} and assume that N > m, as other-
wise there is nothing to prove. There exists ¢ > 0 and ko > 1such that P(Z; > m*) > ¢
for all k > k¢ by the martingale convergence theorem. Write p = 0. Fix k such that
k — Iy > ko, where I = eklogm/log(N/m). Consider the probability that the maxi-
mal branching is chosen in the first ;. levels after the root. Then, at level Iy, there are

N’ descendants. This occurs with probability p p™ p¥ o pN " Each descendant
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has m*~ descendants at level k with probability at least g and therefore the proba-
bility that Z; > m(*9* is bounded below by

(3.1) P"'PNIk_qulk > pN’k“ _ eXP(Nsklog m/[log(N/m)+1 ‘log p)
for some p > 0. Let (k;) be a sequence such that (1 + ¢ (e ))k; < k;;;. Then

(32) P;=P (EI node at level k; s.t. Z,, > m(ren
k
forn; = ¢p(e ¥ )k; > (1-(1- leki )Am )

by independence and the fact that there are at least Am* nodes at level k. Note that
by combining (2.1) with (3.1), one obtains

lek“ > exp(Nk'°logp)
for some & > 0. Since further Am* = Aexp(klogm), we obtain
explog(1- leki )Amk < exp(—Amkleki )
<exp (—Aexp(klogm - NK'=? log(1/p))) — O.
Therefore, for large enough k, the quantity in (3.2) is bounded below by 1/2 and

Y Pz 1/2= oo

The disjointness, combined with the Borel-Cantelli lemma, therefore posits the exis-
tence of infinitely many i for which such a maximal chain exists. The dimension result
directly follows by taking R; = 27 and r; = 27" to give a sequence of N, (B(x;, R;))
such that

R ) (1+¢) logm/log2

Nri(B(xi)Ri)) 2 m(lﬂ)(""*k") = (*
r

4 One-variable Proofs

4.1 Cramér’s Theorem for i.i.d. Variables

Cramér’s theorem is a fundamental result in large deviations concerning the error of
sums of i.i.d. random variables. Given a sequence of ii.d. random variables (X;);,
we write S, = 37, X;. The rate function of this process is defined by the Legendre
transform of the moment generating function of the random variable. That is, the
moment generating function is M(6) = E(exp(6X;)), and its Legendre transform is
I(x) = supyg 0x —log M(6).

Theorem 4.1 Let (X;); be a sequence of centred i.i.d. random variables with common
finite moment generating function M(0) = E(exp(0X;)). Then if M(0) is well-defined
for all 6, the following hold:

(i) for any closed set F C R,

1
limsup —logP(S, € F) < —inlgI(x);
n X€

n—oo
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(if) for any open set U C R,
1
liminf —logP(S, € U) > — inf I(x).
n—oo 1 xeU

Letting F = [a,00) and U = (a, c0) for 0 < a < esssup Xj, we have I(a) > 0, and
for all § > 0, there exists Ns € N such that

1 1
—in[f]I(x)—ég —logP{S, €U} < —P{S, € F} < —infI(x) + 4,
X€ n n

- (I@)+8)n P{ixi 5 (m} < o (I@)-0)n
i=1

for all n > Ny, since I is non-decreasing. Note that this holds for any » large enough,
and so in particular, even if n depends on the stochastic process.

4.2 A Dynamical Borel-Cantelli Lemma

To establish the strong dichotomy of the almost sure existence of extreme events, we
will need a theorem slightly stronger than the second Borel-Cantelli lemma.

Let E, be a sequence of events such that " P(E, ) = oo. If those events were inde-
pendent, the second Borel-Cantelli lemma would assert that almost every w € Q) is
contained in w € E, for infinitely many n, i.e.,

oo

P(ﬁ(xEQ:L

K=1k

Since we will be dealing with events that are not independent, we will use a stronger
version. Define the correlation by

Ry = P(Ep 0 En) — P(E,) P(En).

The following theorem can be derived from the work of Sprindzuk [Sp79]; see also
[CKO1, Theorem 1.4].

Theorem 4.2  Let E, be a sequence of events such that Y, P(E,) = co. Assume there
exists C > 0 such that

M
> Rum < CY P(E)
< i=N
foralll < N < M < oo. Then, for P-almost every w, w € E,, for infinitely many n.

Proof This is a direct application of [Sp79, §7, Lemma 10] with fi(w) = yg, (w),
fi = ¢x = P(Ek), and the conclusion that Y, yg, (w) diverges. |

4.3 Proof of Theorem 2.6: Self-similar Sets

Let X; = log&;,, = log Ny, c(w;)*. Note that E(X;) = 0 and ess sup|X;| < co. Hence,
the moment generating function of X; is well defined for all 8, and we can apply
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Cramér’s theorem. Let r < R™*#(R®) < R < Ry, and set k(R) and k(r) such that

k(R) k(r)

[T c(w;) ~R and c(w;) ~r.

i=1 i=1
Since ¢(e™*)x is non-increasing we can, without loss of generality, take R, (depend-
ing on the realisation) small enough such that Cramér’s theorem holds for k(r)-k(R).
Thus, for all € > 0,

k(r)
P{ > Xi > e(k(r) - k(R))} < e (DKW,
i=k(R)

Therefore, the probability P(R) that there exists r satisfying r < R™*¢(®) < R < R, for

a given R is bounded by
oo 1
PR)< Y IP’{ » Xize(l—k(R))}
I=k(R1+9(R)) i=k(R)

< i e~ TU=K(R)) ¢ o=r(k(R7)=k(R))
I=k(R*9(R))

where we have written 7 = I(¢) — J to ease notation. Without loss of generality, using
Cramér’s theorem we can assume that Ry is also chosen small enough such that

" k(R #00) RUFP(R)
BH ()T < (@) -
i=k(R

= RP(R)

Thus,
(R) (R)
k(R1+(p(R)) _ k(R) > —TI (P(kl_lf C(wi)) log(krlf C(wi))
1

for some 7/ > 0. Now, for any given w, the number of levels such that log(R) = n is
uniformly bounded. Further, the number of products of [T ¢(w; ) that are comparable
to e”" is uniformly bounded. Therefore, the sum over the probabilities that there
exists a ball B(x, R) at level k(R) such that X; exceeds the mean by more than ¢ is
bounded by

i P(R) < Cze—rr'(p(R)logl/R

log R=1 n=1
<C’ Z e T o i e M ¢ oo,
n=1 n=1
By the Borel-Cantelli lemma, this happens only finitely many times, almost surely.
Finally, we can conclude that almost surely for small enough R (depending on the
realisation) there are no pairs r < R*?(®) such that ¥ X, > e(k(r) - k(R)).

i=k(R)
Then
k(r)
> logNy,c(w;)* < e(k(r) —k(R)).
i=k(R)
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Observe that the number of r coverings is comparable to the number of descendants
of the B(x, R) cylinder. Therefore,
k(r) k(r) e R s+¢’
<
()

N,(B(x,R) NF,)~ TI Ny, S S
i=k(R) i=k(r) ¢(wi)*

r

for some ¢’ such that ¢ — 0 as ¢ — 0. Since ¢ was arbitrary, we have the desired
conclusion for the first part.

We now prove the second half of the theorem. Recall that the almost sure Assouad
dimension s4 of F, is given by sa = sup, ., {~log N1 /logc(1)}. Let & > 0 and
take

_ log N _
Ts—{/leA logc(/\)_SA_s} and  p, = p(Te).

Define ¢y = sup, ¢(A) and cine = infy c(A). Let y(n) = ¢((csup)”)y, where ¢ is
given as ¢(R) = o(¢(R)) and y = log cine/log ceup. Recall that y is non-increasing
and consider the events

E,={weQ:w;jeT. forn<i<n+y(n)n}.
Clearly, P(E,) = pW(n)” The event E, N E,, for n < m has probability
P(E, N Ey) = pYmmem=n
due to the overlap of [#n, w(n)n] n [m, y(m)m]. The correlation is
R = P(En 1 En) = B(Eq) P(Ep,) = p!™) 7" - ptlmevimm,

Therefore,
M m M m
mmszzjzxmwszzp%“mzpr"
N<n,mM m=N n=N m=N n=N
M M M
<2 ) plmm Zp <C. Y pf™Mm<c, Y P(E,)
m=N m=N m=N

forall1< N < M < oo. To use Theorem 4.2, it remains to check divergence the latter
sum. As we are in the diverging case, (x) — 0 as x - 0 and ¢(x) = o(¢(x)) as

x — 0. Then
Z]P)(E i y(m)n _ i o~ 9((esup)”)ynlog(1/pe)
n=1 n=1
3 - log(1/p.)
(@ = 3 exp (e o8 ) mlog(1 s )y L)
’12:1 ( ’ log(l/csup) )
(4.2) 2> exp (—(P(e*"log(l/““"))nlog(l/csup))
n=1
(4.3) ~ Zexp (—gb(e_”)n) = oo,

S
Il
—

where we have used the integration test and the substitution rule to obtain (4.3). We
have obtained (4.2) by ¢(x) = 0(¢(x)) to combat the final fraction in (4.1). However,
if p. is bounded away from 0 as ¢ — 0, we can sharpen this to ¢(x) < C¢(x) by
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taking ¢ = 0 and using the bound on p,. This can happen when there exists A’ ¢ A
with p(A") > 0 that maximises —log N, /logc(A), i.e., when &} =1forall A € A".
Application of Theorem 4.2 gives us that w € E,, for infinitely many #, almost surely.
That is, given a generic w € (), there are infinitely many # such that wy € T, for n <
k < y(n)n. Therefore, considering the ball £, (A) N F,, of diameter R ~ [T}_, c(wy),
we can use the fact that the interiors are separated and standard arguments (see e.g.,
[Tr19, Lemma 3.2]) to claim that this ball must be covered by at least C I"[,(cl:nl"("))" N,

k
many balls of radius 7 ~ HSH"(" n

o ) c(wy). Therefore, there exist x, r, R such that

(I+y(n))n (I+y(n))n (-6 R\ sa—¢
N,(B(x,R)nF,) 2 I No> T e(wr) ~(7) .
=n =n

Finally, we check that » $ R'*?(R)_ This is equivalent to verifying that r/R 5 R?(®),
which we can readily check by the estimates obtained above:

(I+y(n))n w(nyn ,
~ I e(wk) < (csup) = eXP(‘P((Csup) )nylog(l/csup))

k=n

x|~

= (Cinf)q)((cmp)n)” < R‘P(R)_

Therefore, dim{ F,, > s4 — € almost surely. Since ¢ > 0 was arbitrary (or can in cases
be chosen to be 0), we obtain the required result. ]

4.4 Proof of Theorem 2.7 Bedford-McMullen Carpets

We define the random variables k{’ (R), k5 (R) as the levels when the rectangles in the
construction have base length R and height R, respectively, that is,

k(R k@R
[T n, ~R and J] m, ~R.
i=1 i=1

It follows from the estimates in [FT18] that

k;”(R'*“’(R)) k;v(le(R))
(4.4) Npisoawy (B(x,R)nFy)~ TI Cuo II By,
I=k$(R) I=k{ (R)

Let X; = log C,, —logCand Y; = log B,,, —log B, where C = E{(C) ) and B = E(C,).
As in the self-similar case, we have E(X;) = E(Y;) = 0, and due to the finiteness
of A, the moment generating function exists for all . Hence we can apply Cramér’s
theorem. Let r < R"*?(®) < R < Ry, where Ry is chosen small enough such that
Cramér’s theorem holds for k{’ (R) — k¥ (r), (i = 1,2). Thus, for all € > 0,

k3 (r) ky' (r)
B{ > Xi+ > Yize(ki(r)-k$(R)+k(r) ki (R))} <

i=k¢ (R) i=k?(R)
k3 (r) Ky (r)

P{ Y Xize(k§(r)-kS (RN} +P{ 3 Yize(ki(r) - k'(R))}.
i=k¥(R) i=k?(R)
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Applying Cramér’s theorem to both probabilities and analogous to the self-similar
case, we obtain

k5 (r) k'(r)
YooXi+ ), Y,~<e(k;"(r)—kg’(R)+k{”(r)—k{"(R)).
i=k#(R) i=k#(R)

almost surely, for all 7 < R™*¢(R) with R small enough (and depending on the realisa-

tion). Thus, following the same argument as in [FT18], and using (4.4), gives
NR]+¢(R) (B(X, R) n Fw)

< 6(1+8')(k§”(R”¢(R))—kZ’(R)) E(lﬂ’)(k{”(R”"’(R))—k{“(R))

R (1+e")s
s(r) :
where s, = essdimgs F, and ¢’ — 0 as ¢ — 0. As ¢ > 0 was arbitrary, we conclude
that dimff F,, = dim g5 F,, almost surely. This finishes the first part.

For the second part, recall that the almost sure Assouad dimension s, of F,, is given
by
log B, -+ max log C),

sS4 = max .
dea logmy  Aea logm,

Without loss of generality, assume the first summand is maximised by 1 € A, whereas
the second is maximised by 2 € A (where we can identify 1 ~ 2 if necessary). Define
¥(j) = 9(n3yin) log 12/ 10g Mimax, Where ¢(x) < y¢(x) with

_ log 11min l0g Mmax

~ (log(1/p2) + xlog(1/p1)) log 2

Consider the events

y and « =logn,/logm;.

Ej={weQ: w;=2frl<i<y(l)landw; =1forI' <i <l +xy(l)l
where " = k{’(R) and R is the least value satisfying k3’ (R) = 1} .

Almost surely, k{’(R) — k5 (R) > w(1)! for large enough . Therefore E; consists of
two fixed strings of letters 2 and 1 of lengths y(1)! and xy(1)1, respectively, that do
not overlap. This further gives P(E;) ~ p;'(l)lp;“”(l)l. Considering an w € E; n E; for

j < I there are only two cases that appear (with large probability):
e [j,j + w(j)j] intersects [I,I + w(1)I] and [j,j + xw(j)j] intersects
(1 +xy(D)I];
o [§,j +w(j)j] intersects [1,1 + w(1)I].
In the first case, the probability is given by

(45) P(EjnEy) ~ piOppr O
Di+l-j _xy(l)l+7(1-j I-j t(1-j
p;/( )+ JP;W( Yr(l-j) P(E;)p} Jplf( D
The estimate that [ — j < I’ — j' arises from the observation that the R; associated

with [ is related to R; by R;/R; < n 1) and Ri/Rj > m;,(ag*j’). This gives 7 >

log Mmin/ 10g Mmax. Note further that the last term in (4.5) implies uniform summa-
bility over 1< j < I.
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The second case can only occur if the maximal letters are identical, that is, 1 = 2
and p; = p,. This gives

P(E;nE;) ~ pgw(l)l+w(1)l+l—j (i ]P’(El)pé_j v(J

which is also uniformly summable over 1 < j < [.
We can conclude that forany 1< J < [,

1 1 1
YR <Y P(E;jnE;) <Y P(E;nE;) SP(E),
=1 i=I j=1
andsofor1<J<L,
L 1 L
Y R <2Y Y P(EjnE) S Y P(E).
J<ils<L 1=] j=J 1=]

To use Theorem 4.2, we need to show that )" P(E;) = oo. This is similar to proving
divergence in Theorem 2.6:

STB(E) ~ 3.y v = 3 exp (~(log(1/p2) + xlog(1/p) (1))
=1 j=1 j=1

i exp (_¢((nmin)_j)jlog nmin)
j=1
~ Y exp(-¢(e)j) = oo,

j=1

Hence the conditions of Theorem 4.2 are satisfied and E; happens infinitely often.

As w € E;j for infinitely many j, almost surely, we have k' (R) = jand k{’(R) =
j' > (1+ y(j)j for arbitrarily large j. Then, by the definitions of k, and v, we have
RIFO(R) > Rn;"’(j)j and R?(®) > n;w(i);’. Similarly, RO(R) > ml—xw(m _ n;w(i)j, and
thus by the estimate (4.4),

kS (RIU0) - (RI0)

NR1+¢(R) (B(X,R) ﬁFw) ~ n Cw, H Bw
I=k3' (R) I=k{"(R)

_ ORI RO RS (R) it (RPO) ki (R)
_CZ Bl

1

- R ¢(R)(log Cy/log ny+log By /log my)

for infinitely many pairs (x;, R;) almost surely. Therefore, the almost sure generalised
Assouad spectrum with respect to ¢ is equal to the almost sure Assouad dimension. m
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