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TWO MEROMORPHIC FUNCTIONS
SHARING FIVE SMALL FUNCTIONS
IN THE SENSE OF Ey (8, f) = Ex(5,9) *

WEIHONG YAO

Abstract. In this paper, we proved a result that if two meromorphic functions
f(2) and g(z) share five small functions a;(z) (j = 1,...,5) in the sense of

Ek)(a‘jvf) = Ek)(a’j7g)v (] = la .. 35) (k Z 22)a then we have f(Z) = g(Z)

1. Introduction and main result

In this paper the term “meromorphic function” will mean a meromor-
phic function in C. We will use the standard notations of Nevanlinna theory
and we assume that the reader is familiar with the basic results in Nevan-
linna theory as found in [1,5,6]. Now we explain briefly the meaning of the
notations used in the paper. First of all, we introduce positive logarithmic
function. For x > 0, define

logz, z>1
+ = 7 <
log x_max(logﬂﬁ,o)—{ 0, 0<z<l.
It is obvious that
1
logx = 10g+ Tr — 10g+ )
T

holds for all positive number.
Let f(x) be a function which is meromorphic on the disc |z| < R (0 <
R < 00). For 0 < r < R, R. Nevanlinna [1] defined the following functions.

2 .
m(r.f) =5 [ og" 1(re)] db.

Sometimes we write m(r, f) as m(r, 0o, f) or m(r,00), which is the average
of the positive logarithm of |f(z)| on the circle |z| = r.
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N(r, f) = /0 n(t, ) ; 0. £) 4 ¢ n(0, f) logr,

where n(r, f) denotes the number of poles of f(z) on the disc |z| < ¢,
multiple poles are counted according to their multiplicities. n(0, f) denotes
the multiplicity of pole of f(z) at the origin (if f(0) # oo, then n(0, f) = 0).

N(r, f) is called the counting function of poles of f(z), which can be
written as N (r, 00, f) or N(r,c0).

T(r,f):m('r,f)—i—N(r,f).

T(r, f) is said to be the characteristic function of f(z) which is obviously a
non-negative function.

Let a be a complex number. Obviously, m is meromorphic on the
disc |z| < R. Similar to above definitions, R. Nevanlinna [1] defined the
following functions.

1 1 2m 1
m(r, —— logt ————— df
( )= 5z ) s 7

f—a om rei?) —a|

m(r, ﬁ) can also be written as m(r,a, f) or m(r,a).

1 r n(t, fia) —n(0, fia) 1
f_a) /0 ; +n(07f_a) ogr,

where n(t, ﬁ) denotes the number of zeros of f(z) — a on the disc |z| < ¢

N(r,

counting multiplicities and n(0, ﬁ) the multiplicity of zero of f(z) —a at
origin.

Sometimes we express n(t, ﬁ) as n(t,a, f) or n(t,a). The notation
n(0, ﬁ) is also denoted by n(0,a, f) or n(0,a). N(r, f—ia), sometimes
expressed as N(r,a, f) or N(r,a), is said to be the counting function of
f(2) at value a.

Let f(z) be a meromorphic function in |z] < R (< oco) and a be any
complex number. For 0 < r < R, we denote n(r, ﬁ) sometimes 7i(r, a, f)
or 7i(r,a) the number of distinct zeros of f(z) —a in |z| < r, any of it be
counted only once. Let

| 0, if £(0) #a,
0, +—) _{ 1, if f(0)=a
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and

_ 1 7ty $25) — 7(0
N“???—A ;

which is called the reduced counting function of f(z) — a and be sometimes
denoted by N(r,a, f), or N(r,a). Similarly, we have the notations 7(r, f)
(or 7(r, 0, f), (1, 00)) and Nz f) (or N(r, 0, f), N(r,0)).

) 1
a dt +ﬁ(0, m)logr,

1
T(r,ﬁ) - m(r,ﬁ) + N ).

By S(r, f) we denote any quantity satisfying S(r, f) = o(T(r, f)) as
r — +00, possibly outside a set of r of finite linear measure. We denote the
set as F. It is not necessarily the same when it appears. If two meromorphic
functions f and ¢ have same a-point with same multiplicities (ignoring
multiplicities), then we say f and g share the value a CM (IM).

Let f(z) be a non-constant meromorphic function in the complex plane
and let S(f) be the set of meromorphic functions (z) in the complex plane
which satisfy

T(r,B) = S(r, f),

Such a meromorphic function ((z) is said to be a small function of f(z).
Note that S(f) is a field.

For a non-constant meromorphic function f, a small function 5 € S(f)U
{oo} and a positive integer & (or +00), we write Ey)(/3, f) for the set of zeros
of f(z)—f with multiplicity < k (counting multiplicity); we write Ey)(3, f)
for the set of zeros of f(z) —  with multiplicity < k (each zero counted
only once).

If two non-constant meromorphic functions f and g and a small function

B e (5(f)NS(g))U{oo} satisfy
Ei00)(8,f) = E1o0)(8,9);

then we say that f and g share 8 CM. Tf f and g satisfy
E.o0)(8,f) = E4o0)(B,9)

then we say that f and g share 3 IM.
Let hi(z) and ho(z) be two non-constant meromorphic functions,
and let a(z) (or oo) be the common small function of hj(z) and ha(z).
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We denote by N(r,hi(z) = a(z) = ha(2)) (resp. Np(r,hi(z) = a(z) =
ha(2))) the counting function of those common a(z)-points of hi(z) and
ho(z), regardless of multiplicity (resp. with the same multiplicity). Each
point counted only once.

(i) 1f N, mmiem) — Nu(r () = a(2) = ha(2)) = S(hy) (G =
1,2), then we say that hy(z) and hg(z) share small function a(z) CM” ;

(i) I N (1, pimrsy) ~ N (1 B (2) = a(2) = ha2)) = S(rhy) (= 1,2),
then we say that hi(z) and hs(z) share small function a(z) IM”.

In 1929, Nevanlinna proved the following well-known result which is
the so-called Nevanlinna five-values theorem.

THEOREM A. ([1]) Let f and g be two non-constant meromorphic func-
tions. If f and g share five distinct values CM, then f = g.

In 1999, Li Yuhua and Qiao Jianyong get the following result, which
extend Theorem A to small functions.

THEOREM B. ([2]) Let f and g be two non-constant meromorphic func-
tions. If f and g share five distinct small functions IM, then f = g.

In this paper, we obtain the following result which is an improvement
of Theorem B.

THEOREM 1. Let f and g be two non-constant meromorphic functions,
and let a; (j=1,---,5) be distinct small functions of f and g. If f and g
satisfy Exy(aj, f) = Egy(aj,9), (j =1,---,5), k(> 22) is a positive integer,
then we have f(z) = g(z).

Note. Without loss of generality, we suppose that a1(z) = b(z), a2(z) =
CL(Z)7 a3(2) =1, CL4(Z) = Oa CL5(Z) = 00, (CL(Z),b(Z) ¢ O0,0, ]-)7 otherwise,
a quasi-Mobius transformation will do.

2. Some lemmas and notations

In the rest of this section, we assume that f and g are distinct non-
constant meromorphic functions sharing a1 (z) = b(2), a2(z) = a(2), as(z) =
1, as(z) = 0 and as(z) = oo in the sense of Eyy(a;, f) = Ey)(a;,g), where
k(> 22) is a positive integer.
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LEMMA 1. ([3]) Suppose that f, a(z) and b(z) are all meromorphic
functions (# 00), a(z) and b(z) are distinct small functions of f. Set

[
L(f,a,b):=|a d 1
b b 1
Then
L(f,a,b) #0,
and

L(f,a,b)f*
(f —a)(f =)
LEMMA 2. Let f and g be two non-constant meromorphic functions

sharing four distinct small functions by(z), ba(2), bs(z) and co IM". Set

1o LU 0002)(f — g)L(g b2, bs)  L(g,bi,b2)(f — g)L(f, b2, bs)
C(f=b)(f —b2)(g —b2)(g—b3) (g —b1)(g —Db2)(f —D2)(f —b3)’

Then we have T'(r,H) = S(r, f).

)=S(r,f) (k=0,1).

m(r,

Proof. From Lemma 1 we get m(r, H) = S(r, f). The zeros of f — by
and f — bg contribute to N(r, H) only S(r, f). Let zo be a pole of f with
multiplicity p, a pole of g with multiplicity ¢, and b;(200)(bj(200) — 1) # 0,
oo (j = 1,2,3). Without loss of generality, we suppose that p > ¢, then
when z — 2., we have
f'q

L(fv blvbQ)(f - g)L(gvb27b3) ~ (bg - bl)(bg _ b2)(1 _ 2)
fo*

(f =b1)(f — b2)(g — b2)(g — b3) f

L(gabth)(f_g)L(f7b27b3) g f/g,
~ (bg —b1)(bg — b2)(1 — = .
- bla — b2 —ba)(F — by 27 P == P
So we know H is analytic at zo,. Hence the poles of f contribute to N(r, H)
also S(r, f). Notice that H can be written as :
—(f-9) fr—by g — b

H = gy (00 2 = (=] b)) =

flg—1) g/_b/2 / / f/_b/2 / /
————[(by — b — (b7 — by)][(bs — b — (b — by)]}.
g(f—l)[(l 2)g—b2 (1 2)”(3 2)f—b2 (3 2)]}
From the formula above we know that the zeros of f — by contribute to
N(r,H) also S(r, f).

— (b5 —b5)]
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So we have N(r,H) = S(r, f). Hence T'(r, H) = S(r, f).

LEMMA 3. Let f and g be two non-constant meromorphic functions,
bi1(z), ba(2), bs(z) and oo be four distinct small functions of f and g. Set

i LUoub2)(f — 9)L(g,ba,bs)  L(g,01,b2)(f — g)L(f, b2, bs)
() —b2)(g—b2)(g—b3) (9 —Db1)(g —b2)(f —b2)(f —b3)’
i LU0, 00)(f — ) L(g,b1,03)  L(g,b2,01)(f — g)L(f, b1, b3)
- (f=b)(f = b1)(g —b1)(g —b3) (g —b2)(g —br)(f —bu)(f — b3)’
g LU0 05)(f — g)L(g,b3,02)  L(g,b1,5)(f — 9)L(f b3, b2)

C(f=b)(f —b3)(g—b3)(g—b2)  (g—b1)(g—b3)(f —b3)(f —b2)
Then we have H = —H* = —H**.

Proof. We only prove H = —H*. The proof of H = —H™** is similar.

Hz(f_g){ ! (L(f,bhbz) L(f,bl,bQ))

bo—b1\ f—bo f—h
> 1 (L(gab27b3) _ L(gab27b3))
b3 —by\ g —b3 g—be
o1 (L(Q, bi,b2) Ly, 51,52))
by —b1\ g—b g—"b
% 1 (L(f7b27b3) _ L(f7b27b3))}
b3 —by\ f—b3 [ —b2
E(f_g){(f/—blz B f/—bll)(g/—bé _gl—blz)
f—=by f—=b1/\g—b3 g—by

Iy Iy f/_b/ f/_b/
_(Z—bj_i;—bf)(f—b:_ f—b;)}

E(f—g){f/_ hg by g =W f by ff—big b

f—b2g—b3 g—0by f—b3 f—b g—0b3
gl—bﬁf/—bé+f/—b/19/—b/2_g/—bllf/—blz}

g—bi f—bs  f—=big—by g—b f—by)’

_l’_

By making an exchange of the positions of by, by, we have H = —H*.
Then we completes the proof of Lemma, 3.
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LEMMA 4. Let f and g be two non-constant meromorphic functions,
b1(2), ba(z), b3(z) and oo be four distinct small functions of f and g. Set

oo LU 0002)(f — g)L(g, b2, bs)  L(g,bi,b2)(f — g)L(f, b2, bs)
(f =00)(f =b2)(g —b2)(g —b3) (g —b1)(g—b2)(f —b2)(f —b3)’

then

H=0+= H=0,

where

7. L(F by, bo)(F = G)L(G, by, bs)
(F = b1)(F = b2)(G — b3)(G — bs)
L(G,b1,by)(F — G)L(F, by, bs)
(G = 01)(G = by)(F — by)(F — b3)’

1
+b, G=
f—b g— b

by = by, by=

F =

Proof. Without loss of generality, we suppose that bi(z) =0, bo(z) =
1, b3(z) =b(2), (b(z)# 00,0,1). From Lemma 3 we know that

_H=H*= L(f,l,O)(f—g)L(g,O,b) _ L(g,l,O)(f—g)L(f,O,b).

(f=1)fg(g —b) (g—1)gf(f =)
So F=4%, G=1, by =0, bp=1, by=>b"
= e~ R LO(F - G)L(G,0,b7)

(F—1)FG(G—b1)
L(G,1,0)(F — G)L(F,0,b=1)
(G—-1)GF(F —b1)
L(f~1,1,0)(f ' =g L(g™*,0,b71)
(fTL=Df g gt =b71)
L(g™5,1,0)(f~' — g HL(f* 0 b~
1 _

(g7t =g fH(ft = b71)
1 g 1 f
ffa=fl g ¢ Jda9-fl F F2
] %_" i Ji_"
_ b 2 | b 12
T 1=f11b—g 1-g11b=f
f fg bg g gf bf
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(-o| ]

bl (f—1)fg(g—b) (g—1)gf(f—b)

1 1
- CH = —_H.
b b
Noting that b(z) = 0, so we have
H=0<+<= H=0.
LEMMA 5. ([8]) Let f and g be two non-constant meromorphic func-

tions, and let a; (j = 1,---,5) be distinct small functions of f and g.
Then we have

5
T(r,h) ZN =)+ S(r, f) + S(r, 9),

where h is f org.

LEMMA 6. Let f and g be two non-constant meromorphic functions,
and let a; (j=1,---,5) be distinct small functions of f and g. If f and g

satisfy

(0) Ey(aj, f) = Eyylaj.9), (j=1,-,5)
where k(> 22) is a positive integer, then we have

(i)

(1) S(r) = S(r, f) = 5(r,g).

(i)

5
(2) (2——){T(rf +T(r,9)} Z w(ryaj, f) + Niy(r,a5,9)} + S(r).

5
(3) (1——){T( ) +T(r,9)} Z y(ryag, )+ S(r).
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Proof. (i) From Lemma 4 we know that

5
2T(r, f) < 3 N(r, ——) + 5(r, )
j=1 f=q
ko 1 5
Sk—_'_ljz:lNk)(Taf_aj) E+1 (Taf)—i_S(va)
k 1 5
<N ) T ) + 805 6)
k+5 k
< T )+ T + S0 ).
So we have
) T(r.f) < = T(r.9) + 5(r. 1)
Similarly we have
k
) T(r,g) < —=5T(rf) +S(r.g).

From (4) and (5), we can get

(ii) From Lemma 4 we know that

5
2T(r, f) + k Zﬁ(kﬂ(n aj, f)

j=1

5 5
< ZN(Tyajaf) +kZN(k+1(T7ajaf) —|—S(’f‘)
j=1

j=1
<5T(r, )+ S(r).

So we have

5
(© > el ) < 270, £)+ S(r).
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Similarly we have

M)

(7) N(k-u(?“, aj,g) < %T(’F, g) + S(r).

1

<.
Il

From Lemma 4 and (6), we know

ot

Mm

2T(r, f) < K (ryaj, f) Z (kt1(m5 a5, f) +5(r)

J=1

<.
Il
—

Niy(r a5, 1) + 2T, ) + 5(r).

IN
VMO‘

1

<
I

Thus

5
(2_k Z y(ryag, f)+S(r).

Similarly we have

5
(2__ Z Ta],g +S( )
So we get

(2——){T(T f)+T(r.g9)} w(raj, f) + Niy(r,a5,9)} + S(r).

\\Mm

Noting (0), we know that
Nk)(T,ajaf):Nk)(r,aj,g), (j:lj...75)
So we get (3).

3. Proof of Theorem 1

In order to prove Theorem 1, we need a slight generalization of Theorem
B as follows:

THEOREM B’. Theorem B remains valid if IM is replaced by IM".

https://doi.org/10.1017/50027763000025423 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025423

AN IMPROVEMENT ON MEROMORPHIC FUNCTION SHARING SMALL FUNCTION 45

In what follows we assume that f and g are distinct meromorphic func-
tions, satisfying the assumptions of Theorem 1, and the set Sy is as the
following:

So = {zla(z) =0,1,00, or b(z) =0,1,00, or a(z) — b(z) =0}

Set

Hl = L(fvovl)(f_g)l’(g)lva) o L(gvoa 1)(f _g)L(fvlva)

fF=D0-Dg-a)  glg-D(f -1)(f—a)
If H; £ 0, from Lemma 2 and (3) we have

m(r, Hl) = S(Ta f)a

and
S 1
N(r, Hy) ZNk+1 T -)

: )
5
£3 Nl ——) + 80 ) + 5(r,9)
j=2 j

e ) 4 T} — S N )

Skl R R

2 — 1
—N
ter k)(?“vf_al

)+ 5(r)

< S T 1)+ T 9)} = g (L= ST, ) + T(r0))
+ki+1m)(r, ; _1a1) + S0
< T ) + )
+k—il ot 7 e )+ 5(0)
Notice that
Nig(r. =) € Nl ) < N H) + (1)
so we have
® W) € s T ) + T} + ().
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Noting that

hence we get

(9) Nyl 5= )+ gl =) < 200

g—ay’ ~— k(k—-1)
Similarly, we set

- L(f,l,O)(f—g)L(g,O,b) _ L(g,l,O)(f—g)L(f,O,b)

{T(r, /)+T(r,9)}+5(r).

= = g - b) G- Vof(/—0)

H3 = L(fvova)(f_g)l’(g)avb) o L(gvoaa’)(f _g)L(fvavb),
f(f —a)(g—a)(g—D) gg—a)(f—a)(f—b)

H4 = L(fvlvb)(f_g)L(gvbva) _ L(galvb)(f_g)L(fvb7a)

(f=D(f=b0g—-b)(g—a) (9—1)(g=d)(f-b)(f—a)
And if H; #0 (j =2,3,4), we also have

(10) Ny(r, f_laj>+m><ng_aj>
< 2]5(2:_+1?’)) (T(r, f)+ T(r,g)} +5(r). (5 =2,3,4)
! F(z) = ) G(2)= ——, aj(s) = —— = =
BE) i Y EaE T
G(2) = —— = ——, a3(z) = —— =1, aj() = o0, a}(2) = 0.

az(z)  a(z)’ m

Clearly, a}f(z) (j =1,---,5) are all small functions of F'(z) and G(z), and
Eyy(ai(2), F) = Eyy(aj(2),G), (j=1,---,5)

where k(> 22) is a positive integer.
Furthermore, from Nevanlinna first fundamental theorem we have

T(r,F)=T(r,f)+0Q1), T(r,G)=T(r,g9)+0O(1),

S(r,F)=S8(r,f)=S(r), S(r,G)=S(r,g) =S(r).
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Set
L(F,1,b~Y)(F — G)L(G,a~!,b7})
(F—1)(F—b"1)(G —b"1)(G —a™1)
L(G,1,b~Y)(F — G)L(F,a,b7Y)
(G-1(G b )(F —=b"1)(F —al)

If H5 £ 0, from Lemma 2 and (3) we have

H5 =

m(r,Hs) = S(r,F) = S(r),

and
_ 1 — 1
N(T7H5)S;N(Hl(ﬁm)‘i';]v(kﬂ(ﬁG_a;)‘i's(?“:F)
1 1 1 1
:ZN(ml(ﬁf " )+ > Ny (r, a,)"‘S(T:f)
j=1 i j
< TN T ) - 2 N )
SRS A B IS R
2 1
+k‘—|—1Nk)(T’f—a5)+S(T)
4 2 3
< k—H{T(T‘, H+T(rg9} - k:—+1(1 - ﬁ){T(T‘, f)+T(r,g)}
2 — 1
+k—|—1Nk)(r’f— )+ S(r)
2k + 3 2 1
< k(k+1){T(T7f)+T(T79)}+k—+1Nk)(Tvf_ 5)+S(T)
Notice that
— 1 — 1 1
Nk)(ram):Nk)(T7F)+S(T)SN("}FS)SN(T7H5)+S(T)a
so we have
_ 1 2k +3
() Wyl g=g) € gy (700 + T} + ().

Noting that
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hence we get

1 — 1 2
N 2(2k + 3)

gmfﬁm03f_ag+-kﬂng_w%)§ Rk —1)

{T(r, ))+T(r,9)1+5(r).

While from (2), i.e.

5
(2——){T(7‘f —I—TTg Z Nk)TCL],f +Nk (7‘ aj,9g )}—I_S(T)a

we know that there exist at least two of the five Nk)( T, f )—I—Nk)( ) g—la]- ),
(j=1,---,5), without loss of generality, we suppose j = 2 ,3, such that

1 — 1
)+ Ny
f—@) m(g—aQ

> (10— 2) +o(HT( 1) + T(rg)}, (re 1),

(13) Nk) (7‘,

and

—_

(14) Nk)(T, ) +Nk) (7‘

f—as ’g—%)
> (3= 2) + oI /) + T(rg)} (r€ ),

where I C RT, and mes] = +o0.
If Hy # 0, then from (10) and (13) we have

1, 3. 202k+3)
U= k(k—1)

This contradicts k > 22. So we have Hy = 0. Similarly we can prove
H3 =0.
From Hs = 0 we have

(15) L(f,1,0)L(g,0,b) _ L(g,1,0)L(f,0,b)
(f =1D(g—b) rEEDE

From Hs = 0 we have

(16) L(f,0,a)L(g,a,b) _ L(g,0,a)L(f,a,b)
flg=1b) g(f—b)
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Case 1.

(i) If @’(z) # 0 suppose z; is a zero of g — b, but not a zero of f —b, and
zp & So, a'(zp) # 0 then z, is not a pole of f —b. In fact, if 2z, is a pole of
f—b, z is a pole of the right sides of (15) and (16) with multyplicity 1, while
zp is a pole of the left sides of (15) and (16) with multyplicity 2. This is
impossible. Hence the right sides of (15) and (16) are analytic at z. So we
have f(z) # 0, f(z) —1 # 0, but L(f,1,0)/.=;, =0, L(f,0,a)/.=,, = 0.
Thus f/(zp) = 0, and f(zp)a’(z5)— f'(2p)a(zp) = 0. So we get f(zp)a’(z) = 0.
This contradicts a’(zp) # 0 and f(zp) # 0. Hence f(z5) — b(zp) = 0.

Then we have

g—b=0 — f-b=0. (r¢E)
By symmetry, we have
f-b=0 = ¢g—b=0. (r¢kE
Here E C RT, and mesE < +oco. This means f, g share b IM”.

(ii) If a’(2) = 0, then a(z) = constant. From Lemma 3, we know that
(16) is equivalent to (16)" :
(16)/ L(f,a,O)L(g,O,b) = L(g,a,O)L(f,O,b)
(f —a)(g—b) (9—a)(f—b)
Since a(z) =constant, we have L(f,a,0) = kL(f,1,0), L(g,a,0) = kL(g,1,0),
where k = a # 0. Substituting them to (16)’, and combining with (15), we
have

-1

-1

S

~
S|
Q

~
NS

So we get f =g.

Case 2.
From Lemma 3, we know that (15) is equivalent to (15)":
(15) L(f,0,1)L(g,1,b) _ L(g,0,1)L(f,1,b)
flg =) glf=b) ~
(1) If (b(z) — 1)d/(z) — (a(z) — 1)b/(2) # 0, suppose z is a zero of f, but
not a zero of g, and zg € Sp, (b(z0) — 1)a’(20) — (a(z9) — 1)b/(20) # 0, then
zo is not a pole of g. In fact, if 2y is a pole of g, 2y is a pole of the right
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sides of (15)" and (16) with multyplicity 1, while zj is a pole of the left sides
of (15)" and (16) with multyplicity 2. This is impossible. Hence the right
sides of (16) and (15)" are analytic at zp. So we have g(zy) — b(z0) # 0, but
L(g,1,b)/2=2, =0, L(g,a,b)/ =2 = 0. Thus

9(20) = b(20) ¢'(20) — V' (20) | —0, ) = b(z0) g'(20) — b'(20) ‘ —0,

9(20
b(zp) — 1 b'(20) b(z0) — a(zg) b'(20) — a'(20)

(

Since g(zp) — b(z9) # 0, we have

‘ b(z0) — 1 b (20) o

b(z0) —a(zo) V(z0) — d'(20)
That is (b(z0) — 1)a’(20) — (a(z0) — 1)¥/(20) = 0, which contradicts
(b(z0) — 1)d!(z0) — (a(z0) — 1)¥ (20) £ 0. Hence g(z0) = 0.
Then we have

f=0 = g=0. (r¢kE)
By symmetry, we have
g=0 = f=0. (r¢kE

Here E C R™ and mesE < +oo. This means f, g share 0 IM”.
From (15), (16) and using Lemma 3, we have
L(f,0,1)L(g,1,a) _ L(g,0,1)L(f,1,a)

(a7) fo—a)  — 9i-a)

(ii) If (b(2) —1)d/(2) — (a(2) = 1)b'(2) =0, then a—1 = k(b—1), o’ = k¥,
where k(# 0) is a constant. So we have

/

-1
L(g71ﬂa’) k’(gb— 1) ];:gb/

= kL(g,1,b),

L =] 7 | SR,

Substituting them to (17), and combining with (15)’, we have

~

—a

f—=b g-—

@
Q

S
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So we get f =g.

Case 3.
From (15) and (16) we have

L(f,a,0)L(g,0,1) _ L(g,a,0)L(f,0,1)

(f—a)g-1) — (-a)(f-1)

(i) If a(2)b/'(z) — d’(2)b(z) # 0, suppose z; is a zero of g — 1, but not a
zero of f—1, and z1 € Sp, a(z1)b'(z1) —a’(z1)b(21) # 0, then z is not a pole
of f — 1. In fact, if z1 is a pole of f — 1, 2z; is a pole of the left side of (15)
and the right side of (18) with multyplicity 1, while z; is a pole of the right
side of (15) and the left side of (18) with multyplicity 2. This is impossible.
Hence the left side of (15) and the right side of (18) are analytic at z.
So we have f(1) — b(z1) # 0, f(21) — a(21) # 0, but L(f,a,0)/oczy = 0,
L(f,0,b)/2= =0.

Thus

(18)

That is a(z1)V/(z1) — a/(21)b(21) = 0, which contradicts
a(z1)b/'(z1) — a’(z1)b(z1) # 0. Hence f(z1) — 1 =0.
Then we have
g-1=0 — f-1=0. (r¢E)
By symmetry, we have
fo1=0 = g¢g-1=0. (r¢E
Here E C R™ and mesE < +oo. This means f, g share 1 IM”.
(i) If a(2)b'(z) — d'(2)b(z) = 0, then a = kb, a’ = kb, where k(# 0) is
a constant. So we have
/

g9 9

L(g7a70) = k‘b k,b/

= —kL(g,0,b),
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fa0=| I

kb kb = _kL(f7Oab)a

Substituting them to (18), and combining with (15), we have

S~

—a

f—-b g-

Q
S

S

So we get f=g.

Case 4.

(i) If ¥/ (z) £ 0, suppose z, is a zero of f — a, but not a zero of g — a,
and z, € Sp, V'(24) # 0, then z, is not a pole of g — a. In fact, if z, is a pole
of g — a, z, is a pole of the right sides of (16)" and (18) with multyplicity
1, while z, is a pole of the left sides of (16) and (18) with multyplicity 2.
This is impossible. Hence the right sides of (16)" and (18) are analytic at
Zq. So we have f(z,) — b(zq) # 0, f(za) —1 # 0, but L(g,0,1)/,=,, = 0,
L(gaovb)/z:za = 0. Thus gl(za) = 0, and g(za)b,(za) - gl(za)b(za) = 0.
So we get g(zq)V'(2,) = 0. Since b/(z,) # 0, we have g(z,) = 0. This
contradicts f, ¢ share 0 IM".

Then we have

f—-a=0 = g—a=0. (r¢k)
By symmetry, we have

g—a=0 = f—a=0. (r¢kFE)
Here E C R™ and mesE < +oo. This means f, g share a IM”.

(i) If ¥/ (2) = 0, then b(z) = constant. So we have L(f,0,b)=kL(f,0,1),
L(g,0,b) = kL(g,0,1), where k = b # 0. Substituting them to (16)’, and
combining with (18), we have

~=
|
<
=)
|
<

~
|
—_
NS
|
—_

So we get f =g.

Case 5.
From Lemma 4 we know that

Hy =0+« H,=0,
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and

H3=0<«<= H3=0.
Here
- L(F,1,0)(F - G)L(G,0,b7")  L(G,1,0)(F — G)L(F,0,b™")
- (F-1)FGG-b1Y)  (G-1)GFF—-b1)
A L(F,0,a Y (F - G)L(G,a=1,b71)
- F(F—aY)(G—-a1)(G-b1)

L(G,0,a ) (F — G)L(F,a=',b71)

GG -a Y F—-—aHF-b1

From I—:Tg =0 and I—:Tg = 0 we have
L(F,1,0)L(G,0,b™") _ L(G,1,0)L(F,0,b™")

19) F-DG-bD) ~ (G-DEFE-bT)
and
(20) L(F,0,a”Y)L(G,a=t,b7Y)  L(G,0,a Y )L(F,at,b71)

F(G—b0) - G(F—b71)

Similar to the Case 2, we can prove that F, G share 0 IM” or ' = G. So
we get that f, ¢ share oo IM” or f = g.

Hence we know that either f(z) = g(z), or f, g share b(z), 0, 1, a(z)
and oo IM”. From Theorem B’ we get f(z) = g(z )

This completes the proof of Theorem 1.
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