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TRACE FUNCTIONS ON INVERSE SEMIGROUP ALGEBRAS

D. EAsDOWN AND W.D. MuUNN

Let S be an inverse semigroup and let F' be a subring of the complex field contain-
ing 1 and closed under complex conjugation. This paper concerns the existence
of trace functions on F[S], the semigroup algebra of S over F. Necessary and
sufficient conditions on S are found for the existence of a trace function on F[S]
that takes positive integral values on the idempotents of S. Although F[S] does
not always admit a trace function, a weaker form of linear functional is shown to
exist for all choices of S. This is used to show that the natural involution on F[S§]
is special. It also leads to the construction of a trace function on F[S] for the case
in which F is the real or complex field and S is completely semisimple of a type
that includes countable free inverse semigroups.

The concept of a trace function on a real or complex algebra had its origin in matrix
theory and is of central importance in many algebraic and analytical contexts. In the
case of a group algebra, the trace of an element is defined simply to be the coefficient of
the identity and is easily seen to possess all the standard properties. With the growth
of interest in inverse semigroups (a class of involution semigroups with many group-like
features), it is natural to ask whether the corresponding semigroup algebras also admit
trace functions.

In this paper we consider the semigroup algebra F[S] of an inverse semigroup
S over a subring F' of C that contains 1 and is closed under complex conjugation.
In Section 1, where the basic definitions appear, two simple necessary conditions are
obtained for the existence of a trace function on F[S] and attention is drawn to those
trace functions (called ‘strong’) with the property that their values on the idempotents of
S are positive integers. The main result of Section 2 provides a necessary and sufficient
condition for F[S] to admit a strong trace function - namely that each principal ideal
of the semilattice of § be finite. Section 3 comprises two examples.

The notion of a pseudotrace function relative to a submodule is introduced in
Section 4 and it is shown that, for any nonempty finite subset T of S, F[S] admits a
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pseudotrace function relative to F[T']. This result is applied in Section 5 to show that
the natural involution on F[S] is ‘special’, in the sense of the authors’ definition in [4].

Finally, in Section 6, pseudotraces are used to construct a trace function on the real
or complex semigroup algebra of an inverse semigroup in which each D-class contains
finitely many idempotents and the set of all D-classes is countably infinite. Semigroups
of this type include free inverse semigroups of finite or countably infinite rank.

1. PRELIMINARIES

The notation and terminology for semigroups will be that of [2]. As is customary,
the cardinal of a set X will be denoted by |X]|. |

Throughout, F' denotes a subring of C that contains 1 and is closed under complex
conjugation (written o — @&). We write

Ft. ={a€e F:a=a>0}, F*0. =F+U{0}'

In particular, N(= Z*) C F+.

Let A be an F-algebra that admits an involution * (a mapping *: A — A such
that, for all a,b € A and all A € F, (a+b)" = a* + b*, (ab)* = b*a*, ¢** = a,
(Aa)* = Xa*.) By a trace function on A with respect to * we mean a mapping x: A —
F satisfying the following five conditions:

T1. x is F-linear.

T2. (Va,be A) x(ab) = x(ba).

T3. (Vac€ A) x(a*) = x(a).

T4. (Va€ A) x(aa*) € F1O.

T5. (Va€ A) x(aa*)=0=>a=0.
The set of idempotents of A is partially ordered by the relation > defined by the rule
that, for idempotents a and b,a > b if and only if ¢b = ba =b. Wecall a € 4 a
projection if and only if a? = a = a*. The following simple observation will be used
frequently.

1.1. Let x be a trace function on A and let a, b, ¢ be projections in A.
(i) If a#0 then x(a) € F*.
(i) If b> c then x(b) > x(c).
Result (i) is an immediate consequence of T4 and T5. For (ii), we note that if
b > ¢ then b — ¢ is a nonzero projection and so, by (i), x(b— ¢) € F*; that is, by T1,
x(8) — x(c) € F*.
Now let S be an inverse semigroup and let F[S] denote the semigroup algebra of
S over F' (see, for example, [6, Section 1]). A typical element a € F[S] can be written
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in the form Y a;z (a; € F) and we write supp(a) := {2 € §: a; # 0} (a finite
z€S
subset of §, which is empty if and only if a = 0). It is easily verified that the mapping

*: F[S] — F[S] defined by

(E azz)* =Y @z' (a€F)

z€ES z€ES

is an involution on F[S]. We call this the natural involution on F[S]. Let E denote
the semilattice of S, that is, the subsemigroup {e € S: e? = e}. Clearly F[E] is a
commutative subalgebra of F[S]. Note also that every element of E is a projection in
F[S].

Qur aim is to examine trace functions on F[S]. It will be assumed throughout that
these are with respect to the natural involution on F[S]. That such functions need not
always exist is clear from the proposition below. Recall that S is completely semisimple
if and only if each of its principal factors is either a Brandt semigroup [2, Section 3.3]
or (in the case of the least ideal of S, where this exists) a group.

PrROPOSITION 1.2. Let F, § and E be as above and suppose that F[S]
admits a trace function. Then
(1) S is completely semisimple,
(ii) every totally ordered subset of E has cardinal not exceeding |F*|.

PROOF: Let x be a trace function on F[S5].

(i) Suppose that S is not completely semisimple. Then S contains a subsemigroup
B isomorphic to the bicyclic semigroup {2, Theorem 2.54]. Thus there exist e, f € F
and p, ¢ € § such that pg = e > f = gp. Since e and f are projections in F|[§] it
follows from 1.1(ii) that x(e) > x(f) in F*. Hence x(pg) > x(gp), which contradicts
T2.

(ii) Let C be a totally ordered subset of E (with respect to the natural ordering)
and let e, f be distinct elements of C. Then either € > f or f > e and so, by 1.1(ii),
x(e) # x(f). Hence x|c: C — F? is injective, which shows that |C| < |F*|. 0

On the other hand, if S is a group, with identity 1, then, as is well known, the

mapping x: F[S] — F defined by x( > a,,:z:) = a; is a trace function on F[S].
zZ€S
Another case in which a trace function always exists is that in which S is finite: for in

this case it can be shown that the Vagner-Preston representation of S by partial 1 -1
transformations of S [2, Theorem 1.20] leads to a faithful matrix representation of F[S]
(see Section 2) and the usual matrix trace function on the image algebra induces a trace
function x on F[S] itself.
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In each of these cases x satisfies the further condition:
T6. (Ve€ E) x(e) € N.
(The zero of S, if such an element exists, is not identified with the zero of F[S].) A
trace function on F[S] satisfying T6 will be termed strong. Note that if F = Z then
F* =N and so, by 1.1(i), every trace function on F|[S] is strong.

An example of an inverse semigroup whose algebra over  admits a trace function
but no strong trace function is provided in Section 3.

2. STRONG TRACE FUNCTIONS

In this section we obtain necessary and sufficient conditions on an inverse semigroup
S for F[S] to admit a strong trace function.

We begin by defining a mapping ( | ): F[S] x F[S] —» F by
(Z Al ‘ Eﬂ’z) = Zaz-ﬁ: (azv ﬂ:c € F)

The following result is well known and easily verified.

LEMMA 2.1. (|) is a hermitian inner product on F[S]; that is, for all a, b, ¢ €
F[S] and all A € F,
(i) (a+ble)=(ale)+(b]¢),
(i) (Aa|b) =A(a]b),
(i) (alb)=(b]a),
(iv) (ala) e F*°,
(v) (a|le)=0=e=0.

We shall also make use of the representation (described below) of F[S] by linear
transformations of F[S] induced by the Vagner-Preston representation of § by one-to-
one partial transformations of S [2, Theorem 1.20]. This was developed by Barnes [1]
into a representation of C{S] by bounded linear operators on a Hilbert space.

For a = Y o,y € F[S] we define a linear transformation 8, of F[S] by the rule
yES
that, on the basis §, 8, is given by

2= Y. ay(zy) (z€8).

yES
zyy_l=z

We then define a mapping @ from F[S] into the F-algebra of linear transformations of
FIS] by taking af := 6, (a € F[S]). Clearly 0 is F-linear.
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LEMMA 2.2. Forall a,b,c€ F[S] andallz€ §,

(i) 0abp = bas,

(i) (aby |c)=(a]chp),

(ii) =0, ==z((z7'2)6.),

(iv) a*0,=0=a=0.
PROOF: Parts (i) and (ii), which together assert that 8 is a ‘star-representation’

of F[S], are essentially established in [1, Proposition 2.1].

(ii) Let z, y € S. Then

zy ifz7lzyy~! =z la,

-1 0 -
::((:c z:) y) { 0 otherwise.
But 2 'zyy~! = 2~ 'z if and only if zyy~ = z. Hence z((z7!z)0,) = z6,. Thus, by
linearity, z((z™'z)0,) = 26, for all z € § and all a € F[S].
(iv) Let a = Y a,z € F[S]\ {0}. Then
zES

a*f, = Za_,a,, (z7'6,) = Z aza,(z7'y).
%y

-1, -1__-1

Now, by [4, Theorem 1(i)], there exists ¢ € supp(a) such that, for all z, y € supp (a),
t=1t = 271y implies = = y. Thus the coefficient of t~1¢ in a*8, is 3 |az|?, where the
summation is over all z € § with z=1z = ¢t~1¢, and this is nonzero. Hence a*8, #0. [

REMARK. By (iv), the representation 8 of F[S] is faithful.

We now come to the main result of this section .

THEOREM 2.3. Let S be an inverse semigroup with semilattice E and let F' be
a subring of C containing 1 and closed under complex conjugation. Then F|[S] admits
a strong trace function if and only if each principal ideal of E is finite.

PROOF: Suppose that F[S] admits a strong trace function x. Let z € E be such
that x(z) is minimal in {x(e): e € E} (a subset of N). Then z is the zero of E:
for otherwise there exists f € E such that z > zf and so, by 1.1(1i), x(z) > x(zf),
contrary to the choice of z. Hence |Ez| = 1.

We proceed by induction. Let e € E, where e # z, let k = x(e) (€ N) and assume
that |Ef] < oo for all f € E such that x(f) < k. First, let e;, ez,...,em € E be
such that e > e; > e2 > ... > €. Then k 2 x(e1) > x(e2) > ... > x(em), by 1.1(ii).
Hence, since x(e;) € N (i=1, ..., m), we have that m < k. It follows that

(2.3a) (Vg€ Ewithe>g)(3f € E)e> f > g,
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where we write e > f to mean that e > f and thereisno h € E with e > h > f.
Write C := {f € E: e = f}. From 2.3a, C # 0. Suppose that fi, fo, ..., fn are
distinct elements of C. We define uq, uz, ..., u, € F[S] by

u;:=(e— fiYle—f2)...(e— f) :=12,...,n).
Then each u; is a projection in F[S] and e > uy 2 uz 2 ... 2 u, > 0. Suppose that
u; = u;4; for some 2 € {1,2,...,n —1}. Thus
ui = ui(e — fiy1) = ui —uifip
and so u;fi+1 = 0. Now u; = e — a, where
a € F[E|fi + F[E|fo + ...+ FE|f;,

and therefore 0 = efi41 —afit:1 = fit1—afiyr. But,forall y € {1,...,4}, fiy1 € Ef;
(since e > fi11) and so fiy1 # afiy1, contrary to our previous conclusion. Hence
e>u; > uz >...> u, > 0. Consequently, by 1.1(ii),

(2.3b) E=x(e) > x(u1) > x{u2) > ... > x(un) > 0.

But x(ui) € Z, since u; € Z[E] and x(g) € N foreach g€ E (i =1, ..., n). Hence,
from 2.3b, n < k. Thus |C| < k.
Now let the elements of C be fi, f2,..., fr (where r < k). Then, from 2.3a,

Ee={e}U (91 Ef,-) and so

|Be| <1+ |Efi].
i=1

But, by 1.1(i1), x(fi) < x(e) = k and so, by the inductive hypothesis, |Ef;| < oo
(:i=1,2,...,7). Thus |Ee|] < oco. It follows by induction that |Ee| < oo for all
ec E.

Conversely, suppose that |[Ef| < co for all f € E. For z € S and e € E,
(efz | €) # 0 implies e < zz~!. Hence, forall z € S, [{e€ E: (ef, | €) # 0} < oco.
With this in mind, we define x: F[S] — F by

x(a) ;=) (efa|€)  (a€ F[S)),

ecE

with the convention that we regard the sum as finite. We show that x is a strong trace
function on F[S].
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The linearity of x (T1) follows from 2.1(i), (ii) and the linearity of 8. We now
verify that T2,...,T6 hold.

First, we note that if e € E and z € § are such that ez = e then e = ex(ez) ™ =
ezz~!; hence (ef, | ) =1 if ez = e and is zero otherwise. It follows that

(2.3c) (V2€S) x(z)=I|{e€ E: ez =¢€}|.

Now let z,y € §. We show that x(zy) = x(yz). Define nonempty finite subsets A
and B of E by

A:={e€E:exzy=¢}, B:={f€E: fyz = f}.

For all e € A we have that (z7'ez)yz = z™'(ezy)z =z ez € E and so z 'ez € B.
We may therefore define ¢: A — B by ep = z ez (e € A). Suppose that e, ¢! € A
are such that ep = e'p. Then

e=ezy=zz 'ezy = z(ep)y = z(e'p)y = zz le'zy = e'zy = ¢'.

Similarly, it can be shown that |B| < |4].

Thus ¢ is injective and so |4]| <
= = x(yz). Consequently, for all a, b € F[S],

Hence, from 2.3c, x(zy) = |4|
x(ab) = x(ba); that is, T2 holds.
Next, let a € F[S]. Then, from 2.2(ii) and 2.1(1i),

X(a*) =Y (efar | &) =D (elefa) =) (eba | €) = x(a);

ecE ecE ecE

|B|.
|B|

that is, T3 holds. Also, from 2.2(i), (ii) and 2.1(iv),
x(aa*) = (efaar | €) =) (efabar | €) =) (eba | €0.) € F*°,
ecE e€E ecE

which establishes T4. Now suppose that a # 0. By 2.2(iv), ¢*8, # 0 and so there
exists ¢ € supp(a*) such that 26, # 0. Hence, by 2.2(ii), (z“lz)ﬂa # 0. Thus, by

2.1(v),
x(aa®) = Z (efa | €6s) > ((2_12)0., | (z_lz)on) >0
ecE
and so T5 holds. Finally, we note that T6 holds; for if f € E then, by 2.3c, x(f) =
|Ef] € N. Thus x is a strong trace function on F[$]. 0

REMARK. It was shown in [6, Theorem 6.5] that if every principal ideal of E is finite
then F[S] is a direct sum of ideals, indexed by the D-classes of S, each ideal being
isomorphic to a matrix ring (of possibly infinite type) over an appropriate group algebra.
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3. TWO EXAMPLES

We first give an example of an inverse semigroup algebra over Q which admits a
trace function, but no strong trace function.

ExAMPLE 3.1. Let E denote the semilattice (commutative semigroup of idempotents)
{e;: i € N}, where €; > e2 > e3> ..., let 8: E —» Q% be a strictly order-preserving
mapping and let x: Q[E] — Q be defined by extending 8 by linearity. Clearly x
satisfies T1, T2 and T3. ’

A typical element a € Q[E] may be written in the form Y a;e;, where a; € Q
i=1
(:1=1,2,...,n). Write wi:=e; —ei41 (i=1,2,...,n—1) and w, := e,. Then

a=pBiw; + Paws + ...+ frwn,

i
where 8; = Y a;. Now each w; is a nonzero projection in Q[E] and w;w; = 0 if
=1
i # j. Hence

aa* = ,Blzwl + ﬂg'wz +.o.+ ﬂiwn

and so

x(aa*) = Bix(w1) + Bix(w2) + ... + Bix(wa).

But x(wsn) € Q' and, since @ is strictly order-preserving, x(w;) € Q% for i =
1,2,...,n—1. Hence x(aa*) € Q*?; that is, T4 holds. Moreover, if x(aa*) = 0
then B = B2 =...=f,=0andso a; =az =... = a, = 0; that is, a = 0. Thus
T5 holds. Consequently, x is a trace function on Q[E]. However, since E(= Ee;) is
infinite, it follows that Q[E] does not admit a strong trace function.

In passing, we remark that the construction above shows that Q[E] admits 2%o
essentially distinct trace functions (in the sense that none is a nonzero scalar multiple
of another.)

The second example is of an inverse semigroup which satisfies the necessary con-
ditions given in 1.2 for the existence of a trace function on its semigroup algebra over
F, but which admits no such function.

ExAMPLE 3.2. Let S = (Nx N)U {¢, 2z} and define a multiplication in S by the
following rules:

i) ifj=k,
(i,j)(k,z)={i ) i

otherwise,
e(z,])=(1.,])e=(1,,]), 92:5,
z(i7j)=(i’j)223222, ez = ze = z.
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Thus § is the inverse monoid obtained by adjoining an identity to the semigroup of
N x N matrix units. The semilattice E of § is

{GG,9):ie N} U {e, 2}

It is easy to see that 5 is completely semisimple and that a totally ordered subset of
E can have at most three elements.

Suppose that F[S] admits a trace function x. Let x(e) = a and x((1, 1) — 2) = 5.
Since e and (1, 1) — z are nonzero projections in F[S] with e > (1, 1) — z, it follows
from 1.1 that a, 8 € F* and a > 8. Choose n € N such that n8 > o and write

p: =(L1D)+(2,2)+...+ (n,n) — nz.

Since p is the sum of the nonzero pairwise-orthogonal projections (i,1) — 2
(1=1,2,...,n), p is a nonzero projection in F[S]; also e > p. Hence, by 1.1,
x(p) € F* and a > x(p). But, forall i € {1, 2, ..., n},

(i 1) = 2) = x((i, DL, ) = x() = X(1, )i, 1) = x(2)
=x(LY -2 =5,

by T1 and T2. Hence x(p) = nB and so x(p) > a, contradicting our previous conclu-
sion. Thus F[S] admits no trace function.

4. PSEUDOTRACE FUNCTIONS

Let A be an F-algebra that admits an involution * and let B be a submodule of
A. By a pseudotrace function on A relative to B (and with respect to *) we mean a
mapping x: A — F satisfying the four conditions below:

T1. x is F-linear.

T3. (Ve A) x(a*) = x(a).

T4. (Va€ A) x(aa*) € F*0.

T5'. (Va€ B) x(aa*)=0= a=0.

Such functions on F[S], where § is an inverse semigroup, are assumed throughout
to be with respect to the natural involution. We show that if S is an arbitrary inverse
semigroup then, for any nonempty finite subset T of §, F[S] admits a pseudotrace
function relative to the submodule F|T]. Applications of this result are given in the
next two sections.

With the notation of Section 2, for a nonempty finite subset T of an inverse

semigroup S, we define x7: F[S] — F by
xT(a) = 3 (70, [+71) (ac FIS]).

teT
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THEOREM 4.1. Let S be an inverse semigroup, let T be a nonempty finite
subset of S and let F be a subring of C containing 1 and closed under complex
conjugation. Then xT is a pseudotrace function on F[S] relative to F[T].

PROOF: The linearity of xT follows from that of 8; thus T1 holds. Let a € F[S].

Then
XT(@) = 3 (700 [07) = 3 (¢ 14708) = 3 (726 [ 1) = X7(a)
teT teT teT
and
xT(aa®) =) (7 0aar [t71) =D (t7"00ax | t77) =D (¢70. | t716,) € F*O;
teT teT teT

that is, T3 and T4 hold. Finally, suppose that a € F[T]\{0}. Then by 2.2(iv), a*8, # 0
and so there exists u € supp(a*) such that uf, # 0. But supp(a*) C T~'. Hence

xT(aa*) =Y (t7'0a |t726a) > (uba | uba) > 0,

teT
and so T5' holds. O
NoOTE. If a = Y a,z € F[S] then
' z€S
XT(@) =YY e(t70: 1) =) Y e
teT z€S t€T _z€5
t™ Te=t"

for (t716, |t™') =1if t7'z =t~ and is zero otherwise. (Observe that if t='z = ¢!
then tt~! = tt~1z = tt~1z(tt"'z) "’ = tt~'sz1tt~! = tt"'zz~" and so we also have
that t7! =t~ 1zz71.)

5. SPECIAL INVOLUTIONS

Let * be an involution on a semigroup S. Asin [4], we call * a special involution
if and only if, for every nonempty finite subset T of S,

(FeT)Vu,veN)it* =uwv* 2> u=1.

We have already used (in the proof of 2.2(iv)) the fact that inversion is a special in-
volution on an inverse semigroup. Other examples of special involutions include word
reversal on a free semigroup and hermitian conjugation on the multiplicative semigroup
of n X n complex matrices [4].

An involution on an F-algebra A is termed special if and only if it induces a special
involution on (4, .). From 4.1 we deduce

https://doi.org/10.1017/50004972700014854 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014854

[11] Trace functions on inverse semigroup algebras 369

THEOREM 5.1. Let S be an inverse semigroup and let F be a subring of C
containing 1 and closed under complex conjugation. Then the natural involution on
F[S] is special.

PRrOOF: Let A be a nonempty finite subset of F[S]. We show that

(3a € A)(Vb, c€ A) aa* =bc* > b=c.
Choose T to be a nonempty finite subset of § such that

TD U supp (b — ¢).
b,c€A

By 4.1, there exists a pseudotrace function x7 on F[S] relative to F[T]. By T4, for
all a € F[S], xT(aa*) € F*°. Hence, since A is finite, we may choose a € A such that

xT(aa*) = max{xT (bb*): b € A}.

Now suppose that b, ¢ € A are such that aa* = bc*. Then aa* = (bc*)* = cb* and so
(b—c)(b—c)" = bb* + cc* — 2aa*. Hence, by T1, T4 and the choice of a,

0 < xT((b—c)(b—c)*) = xT(8b*) + x(cc*) — 2xT (aa*) <0,

which shows that xT((b —¢)(b— c)*) = 0. It follows from T5' that b = c. Hence * is
special. 0

6. A CLASS OF COMPLETELY SEMISIMPLE INVERSE SEMIGROUPS

In this section we use pseudotrace functions (Section 4) to construct a trace function
on the real or complex algebra of a particular type of completely semisimple inverse
semigroup. The result applies to C[S] and R[S], where S is a free inverse semigroup
of finite or countably infinite rank.

LEMMA 6.1. Let S be an inverse semigroup with semilattice E, let D be a D-
class of S containing finitely many idempotents and let F be a subring of C containing

1 and closed under complex conjugation. Then the pseudotrace function xP"F on F[S]
relative to F[D N E| satisfies T1, T2, T3, T4 and the additional condition:

T5". (Va€ F[D]) xP"E(aa*)=0=a=0.

PROOF: For simplicity write x := xP"F. By 4.1, x satisfies T1, T3 and T4. Note
also that

(6.1a) (VzeS) x(z)=|{e€ DNE:ezx=e}| € NU{0}.
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We now show that T2 holds. Let z, y € S. Write
A:={e€ DNE:ezy=c¢e}, B:={feDNE: fyz = f}.

Let e € A. Since ezy = e, we have that R.; = R, and so ez € D. Hence z 7 lex =
(ex) ez € DNE. Also, (z7*ez)yz = z7'ez and so z'ez € B. Then, as in the
proof of 2.3, the mapping ¢: A — B defined by ep := z7 ez (e € A) is injective. Thus
|A| < |B|. Similarly, we have that |B| < |A|. Hence x(zy) = |4| = |B| = x(yz). This,
together with linearity, establishes T2. ‘

Finally, we show that T5" holds. Let a € F[D]\ {0}. By 2.2(iv), a*8, # 0 and so
there exists z € supp(a*) such that z8, # 0. Hence, by 2.2(iii), (z~'z)8, # 0. But
supp(¢) C D and so z € D. Consequently, z 'z € DN E. Thus

x(aa*) = Z (eaa+ | €) = Z (efa | €6,) > ((z_lz)ﬂa | (2_12)0.;) > 0.

e€EDNE ecDNE

0

The following result concerns a class of completely semisimple inverse semigroups.
(Note that if every D-class of an inverse semigroup S contains finitely many idempotents
then S has no bicyclic subsemigroup.)

THEOREM 6.2. Let S be an inverse semigroup such that each D-class contains
finitely many idempotents and the set of all D-classes is countably infinite. Let F = C
or F =R. Then F[S] admits a trace function x such that, for z € S,

(i) x(z)eR and 0< x(z) <1,
(ii) x(z)=1 if and only if S is a monoid and z is its identity.

PROOF: Let the D-classes of S be denoted by D; (i € N) and, for each i € N,
define x;: F[S] — F by writing x; := x?"®/|D; N E|. Since, by 6.1, xPi"F satisfies
conditions T1, T2, T3, T4, T5" the same is true for y;.

Let i+ € N. Then, by 6.1a, forall z € 5,

xi(z)={e€ DiNE:ex=¢}|/|DiNE|€Q

oo . )
and 0 < xi(z) < 1. Thus 0 € Y. 27%(2) < 227 =1 (2 € S). Hence we may
=1 =1
define x: § — R by the equation x(z) := ¥, 2 *xi(z) and extend it by linearity to
=1

x: F(S] = F. Thus, for all a € F[S], x(a) := ¥ 27 xi(a). We show that x is a trace
=1

function on F[S], with the required properties.
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Since each x; satisfies T1, T2, T3, T4 so also does x. We now show that x
satisfies T5. First note that, by [2, Theorem 6.45], D = J on S. Let a € F[S]\ {0}
and let D; be maximal in the set of J-classes of § that have nonempty intersection
with supp(a). Write D := D and a := a; + a3, where @y € F[D] and a; € F[S]
with supp(az) N D = 0. Now, for all z, y € supp(a), xi(zy~') = 0 if either =z ¢ D
or y ¢ D-: forif exzy™ = e for some e € DN E then, by the maximality of D, z € D
and y € D. Hence xi(aa*) = xir(a1a}). But xi satisfies T5" and a; # 0 (by the
choice of D). Hence xi(aa*) > 0. Thus, since xi(aa*) > 0 for all i € N, we have that
x(ea*) > 0. This shows that x satisfies T5.

We have already seen that (i) holds for all z € §. Now suppose that z € § is

such that x(z) = 1. Then ¥ 27%(1 — xi(z)) = 0 and so, since 0 < xi(z) < 1 for all
i=1

1 € N, we deduce that xi(z) =1 for all 2 € N. Thus ez = ¢ for all e € E. Hence, for
all y € S, yz = y(y~'y)z = y(y~'y) = y, which shows that z is a right identity for
S. But since S has an involution z must be a two-sided identity. Conversely, if S is a
monoid with identity 1g then clearly x(1s) = 1. Hence (ii) holds for z € S. 0

To conclude, we note that a free inverse semigroup § of finite or countably
infinite rank satisfies the hypotheses of the theorem [7, Lemma 1.3; 5, Section 3].
Thus we have

COROLLARY 6.3. Let S be a free inverse semigroup of finite or countably
infinite rank. Then C[S] and R[S] admit trace functions.

In [3] a different method leads to the more general result that if F is a subfield
of C closed under complex conjugation and S is a free inverse semigroup of arbitrary
rank then F[S] admits a trace function.
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