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CONTINUOUS AND NUMERICAL ANALYSIS
OF A BOUNDARY SHOCK PROBLEM

RELJA VULANOVIC

A quasilinear singularly perturbed boundary value problem whose solution has a
shock layer is investigated. Estimates of the derivatives of the solition are derived.
Based on these estimates, a new independent variable is introduced. Then the
transformed problem is solved numerically using finite - difference schemes. The
transformation corresponds to solving the original problem on a mesh which is
dense in the layer. The linear convergence uniform in the perturbation parameter
is proved in the discrete L' norm. Numerical results show uniform pointwise
convergence too.

1. INTRODUCTION

The aim of the paper is to construct a uniform numerical method for solving
the following quasilinear boundary value problem with a small positive perturbation

parameter €:
(1) —eu" —ub(u)u' + uc(z, v) =0, u(0) =0, (1) =B > 0.

Under appropriate conditions, which we shall state in the next Section, it follows that
there exists a unique solution, u,, to the problem (1). We are interested in the boundary
shock layer behaviour of u,, in the sense of {2]. In Section 2 we derive estimates of the
derivatives of u,. They are necessary to prove that our numerical method is uniform
in €.

The numerical method is given in Section 3. Essentially, it uses finite-difference
(upwind) schemes on a special non-equidistant mesh which is dense in the layer. How-
ever, the mesh is introduced indirectly: the problem (1) is transformed by changing
the independent variable and then the resulting problem is solved numerically on an
equidistant mesh. This approach can be found in [3], as well as in some earlier papers
of these authors, and in [10]. We use here the same transformation as in [10], where
the non-turning point case of a quasilinear singularly perturbed boundary value prob-

lem was considered. Qur main result is the uniform (that is, uniform in ¢) first order
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convergence of the numerical solution towards the restriction of u. on the mesh, in the
discrete L' norm. The result follows from the principle: uniform stability + uniform
consistency = uniform convergence. Uniform stability can be proved in the discrete
L! norm (see [1, 4, 5, 6]) and this is the reason why this norm is used. But, on the
other hand, we are not able to prove uniform pointwise convergence, which is present,
as numerical examples in Section 4 show.

This paper might be regarded as a step towards uniform numerical methods
for more general problems whose solutions have interior shock layers, such as the
Lagerstrom-Cole model problem, see [2]. In these cases the problem of locating shocks
has to be resolved.

Singularly perturbed quasilinear problems have been solved numerically in (1, 7]
and [4, 5, 6] (the case € = 0), just to mention some of the papers. Note that none of
these papers deals with the proof of uniform convergence in the above sense.

2. ESTIMATES OF THE DERIVATIVES

Thus we shall consider the problem:
(2a) Tu = —eu" — ub(u)u' +uc(z,u) =0,z €I =0, 1],
(2b) Ru = (u(0), (1)) = (0, B), B > 0,
where '=d/dz, 0 <e<e* <1 (usually e* <<1).
Let - , U =0, B].

We assume

(3) be C*(U), ceC*(IxU)
(4) cz2ez,u)2ec, 20, z€l, uvel,
(5) b* 2 b(u)2b.>0, uwel.

Because of (4) 0 and B are lower and upper solutions to (2), thus the problem (2) has
a solution, u, € C*(I), and

u(z)eU,zel
Furthermore, from (4) we have u.(z) 20 for z € I.

The following inequality will be of interest:
(6) B>Q={b"c"+[b"c"(b"c" - b,c,)]l/z}/(b‘b,).

We suppose that the conditions (3-6) hold throughout the section.

In this and the next Section we shall denote by M any (in the sense of O(1))
positive constant which is independent of €. In particular, some of these constants will
be denoted by m, m', my et cetera.
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LEMMA 1. ul(0) > m,/c.

Proor: First we show that
(N ue(z) € u*(z) = (eo/0*)(z - 1)+ B,z € L.
Let z, be the solution to the following special case of the problem (2):

Tu = —eu" —b*uv' +c.u =0, Ru= (0, B).
Because of (4) and (5) we have
Tu, = (b(u.) — b*)u, + (cu ~ (2, u.))u. <0, z €1,

and since the operator (T, R) is inverse monotone, we get
(8) u(z) < 2.(z), zel
Now introduce the linear operator:

Lu = —eu”" - b*z,u'.
We have L(v* —2)=0, (u*-2z)(1)=0,
and (6) implies ©*(0) > 0.

Thus by the inverse monotonicity of (L, R) we get
ze(z) <u'(z), zel,

which together with (8) completes the proof of (7).

Now rewrite (2a) in the form:

(9a) —eu" — f(u) +uc(z, u) =0,

(sb) ) = [ sble)as,

and integrate (9a) from 0 to 1. Using u_(1) > 0 we get

1
eul(0) > 1(B) - [ ui(e)elz, ua(e))dz >
0
1
f(B) - c*/ u*(z)dz = (b./2)B%? — ¢*B + c*c, [(2b*) = m,.
0

We have m; > 0 because of (6).
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REMARK. Condition (6) implies B > ¢*/b, which by Peano’s theorem guarantees the
existence of a solution ug to the reduced problem

—ub(u)u' + uc(z,u) =0,z € I, u(l) = B.

Moreover, ug(z) > 0 for z € I, and ug(0) > 0, hence u, has a layer at z = 0.
The condition (6) is artificial to some extent. Note, however, that in the constant

coefficient case (b = b* = b,, ¢ = ¢* = ¢,) it reduces to
B > ¢/b,

which is the necessary condition for existence of a boundary layerat = = 0. If B < ¢/b,

the interior crossing phenomenon occurs, see [2].

Let F(z) = /: u.(8)b(u.(s))ds.

We have:
LEMMA 2. ul(z) < M(1+e texp(—F(z)/e)),z€I.

Proor: From (2a) it follows that

e(exp (F(z)/e)ue(2)) = ue(z)e(z, ue(z)) exp (F(z)/e).

Expressing u,(z) by integration we get

wz) = |7 [ o(OueObue) exp (F)/e)dt + uL(0) | exp (- Fla)/e)
~ [0(8)(exp (F(z)/e) — 1) +w.(0)| exp (~ F(z)/e),
where g(z) = ¢(z, u.(z))/b(u:(z)), 8 € (0, z). Thus:
(10) ul(2) = 9(8)(1 — exp (~ F(z)/e)) + ul(0) exp (~ F(z)/e).

Now integrate (10) from 0 to 1 and express u.(0). It follows:

uy(0) < M/J, J=/0 exp (—F(z)/e)dz.

1
Since J = / exp(—b*Bz/e)dz = (1 — exp (—b*B/e))/(b*B),
0
we get uy(0) < M/e,
which together with (10) gives the assertion. 0
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LeMmMa 3.
(11a) F(z) > maz?/c for z € [0, €],
(11b) F(z) > ms(z —¢€) forz € [¢, 1].

ProoF: Let z € [0, €]. Then we use
(12) u(z) = zu (o), o €(0,¢)
From (10) it follows that

u (o) > u,(0) exp (- F(o)/¢)
2 my exp(=b"B)/e = my/e,

where we have used Lemma 1. Thus from (12) we get
u.(z) 2 myzfe, z€]0,e¢l,

and (11a) follows with m, = b,mg/2.
Now let z € [e, 1]. We have

uc(2) > ue(e) = euy(v), 7 €(0,¢),

thus, using the above technique we get

(13) u.(z) = m,.
Now F(z) 2 / u.(3)b(u.(s))ds = b.my(z — €),
and (11b) is proved with mg = b,m4. g

LEMMA 4. [u!(z)| < M(1+e 3zexp(~F(z)/e)), z € 1.

PRrooF: Differentiate (2a) and use the same technique as in the proof of Lemma
2 to obtain:

ul(e) =~ exp(~F(a)/e) [ " G(t) exp (F(t)/e)dt,

(note that u[/(0) = 0) where from Lemma 2 it follows that

IG(t)l < M(1+ e exp(—F(t)/e) + e 2 exp (—2F(t)/e)).
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Thus: (ull(z)] < Me™? exp(—F(z)/e)/oz[r-:'2 + exp (F(t)/€)}dt,
and in order to prove the lemma we have to show that

(14) S=et /0 " exp ((F(1) — F(2))/e)dt < M.

Let z € [0, ¢]. Then obviously S < 1. Now let z € [, 1]. We have

(15) §<1 +/ exp((F(t) — F(z))/¢e)dt.
Since for e <t <z <1 we have
F(t) — F(z) € bomy(t — z),

where m, is the same as in (13), from (15) we get (14). 0

THEOREM 1.

Iug")(z)l < M(1+ e~*exp (-mz/e)),
zel, k=1,23.

PROOF: The proof of the cases £ = 1, 2 follows immediately from Lemmas 2,
3 and 4, with apppropriate M and m. I{ remains to prove the case k = 3. First

differentiate (2a) and use Lemma 2 to get uﬁ”(O)' € Me™3. Then diffenentiate (2a)

once more and obtain:

‘uﬁ”(z)' < M exp (—F(z)/e) {e“’ +e7? /0z [1 + e ' exp(—F(t)/e)

+ e"2exp (—2F(t)/e) + e > exp (—3F(t)/e) + e 3texp (—F(t)/e)
+e *texp (—2F(t)/e)] exp (F(t)/e)dt}

< Mexp(—F(z)/e){e™® + ¢! /:[é:_3 + e~ + exp (F(t)/e)]dt}

SM(e™® +e*z + e %2?) exp (—F(z)/e) + S,

where S is the same as in (14), and the assertion follows because of Lemma 3. 0
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3. THE NUMERICAL METHOD

We shall give here the numerical method for the problem (2). Additionally, we

have to assume
(16) (ue(z,u)), 21 >0,z€l,uel.
w(t) = ﬂet/('y - t)a te [0’ a]

Let At) = ¢ w(t) = §(t — a)® + w"()(t — a)?/2
+o'(a)(t — a) + w(a), t € [a, 1]

where a € (0, 1) is given and v = a + €!/%. Obviously, A € C*(I) and A € C*°[0, o},
A € C®[e, 1]. Coeflicient § is determined from the condition m(1) = 1, while coeflicient
8 is chosen to satisfy:

0 < Be'/* (‘y(l —a)’ +etty(1—a) + el/za) <1,

so that § > 0 and #"'(t) is non-decreasing. From this we have

'(t) > 7" (a) =w"(a) >0, t€]|e,l],
hence () 2 n'(a) =w'(a) >0, t€]a,l],
and obviously w'(t) > 0 for t € [0, .

Thus, the function A can be used to introduce a new independent variable ¢t via z =

A(t). Let y(t) = u(A(¢)). Then the transformed problem (9), (2b) reads:

(17a) Py = —e(u(t)y') - f(¥)' +a(t, y) =0,
(17b) Ry = (0, B),
where ' = d/dt,
u(t) = 1/X'/(t),
a(t, y) = ye(A(t), y)N'(2)-

The same function A was used in [10]. Its part w is a certain modification of the inverse
of the boundary layer function exp (—mz/¢), see (8, 9, 3].
Let I, be an equidistant mesh with points

t;=th,t=0,1,...,n, h=1/n, neN (n>4),
and let tipip=tith/2, i=1,2,...,n-1
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We form the discrete problem corresponding to (17):
(18) Pywy =0,
where wp = [wy, w2, ..., wa_1]T € R™! is a mesh function on I \ {0, 1} and
P,:R*! 5 R 1 s
Prw, = Eh_z[(l‘(tl/z) + p(tsy2)) w1 — p(tsy2)wa]
= BT f(w2) = F(w1)] + g(t1, wn),
Pyw; = eh™? [—I—L(ti—1/z)wi-1 + (F’(ti—l/z) + #(ti+1/2))wi
— p(tiz1y2)wit1] — B f(wig1) — F(ws)]
+q(ti, wi),i=2,3,...,n -2,
Pown_y = eh™? [~p(tn_s/2)wn2 + (#(tazss2) + p(tn-1/2))wn_1
— p(taz1/2) B] — h7HF(B) — flwn1)] + q(tn-1, wn_)-
Let [|-||, denote the usual vector (matrix) norm in R*~! (R*~1"~1). Let e =
1,1,...,1)T € R*"! and let
Un = {ws € R" ! : Bep > ws > 0},
(the inequality sign in R~ should be understood componentwise). We have:

THEOREM 2. Let (3-5) and (16) hold. Then in U}, there exists a unique solution
w, 4 to the discrete problem (18). Moreover, for any wy,, v, € Uy the following stability
inequality holds

n—1
(19) D N () lwi — vl < 7 | Pawn — Proa]); -
i=1

PROOF: Let us prove (19). For wy, vy € Uy we set z; = w;A'(t;), g = viA' (L),
ti=1,2,...,n—1, and introduce a new operator:

th,' = Ph(z;/A'(t;)), 1= 1, 2, R { Tt 1.

Then the Frechet derivative of P, satisfies:

| (Bagan)™

see [5, 6]. Indeed, P.(z4) is an L-matrix and

S 1/019
1

- T
(P,',(z;,)) €h 2 Ci€p.

It follows that lzn = gally < & | Pazn - Paga
1
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and (19) is immediate. The inequalities
P},(Beh) 202> PO,

complete the proof. 0

Let us now introduce the norm:

lwoally = 3 Fslwil,

where hi = (Zig1 — 2i-1)/2,i=1,2,...,n -1,
z;:A(t;),i:O,l, ooy M.

This is the standard L! discrete norm, see [1]. Let w,; be as in Theorem 2 and let
Ue,h = [we(®1), ve(z2), - .-, u,(z,...l)]T.

Moreover, in this section we let the constants M be independent of h as well. Then

we have:

THEOREM 4. Let (3-6) and (16) hold and let the function X be given with a = t;
for some j € (1,2, ...,n—1). Then:

(20) e, — we,nlly < Mh.

PRrROOF: From (19) we have

() SN () o)~ el < 57 Il
where - rh = Ppug, p.
The components of the consistency-error-vector rj are:

ri = Poy(t;) — (Py.)(t:), i1=1,2,...,n—1,
where y.(t) = u,.(A(t)). The following estimates are proved in [10]:

e[190)| < M,k =0,1,2,

|y§’=>(t)| <M k=1,2,3,
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where £ € (t;_1,t),1=1,2,..., n, (note that these derivatives exist in (£;_1, #;}). It
follows that

(22a) |75l K MR, i=1,2,...,n—1.

Furthermore, it is easy to prove that

(22b) |BX'(t:) —h] < MR®, i=1,2,...,n—1,

and, obviously:

(22¢) lue(z:) —weil <M, i=1,2,...,n—1.

Now multiply (21) by k and use (22) to obtain (20). 1]

4. NUMERICAL RESULTS

Let us consider the problem
—eu" —wu' +u=p(z), u0)=0, u(l)=2,
where p(z) is given in such a way that the solution is
vo(z) =2z+1—exp(—=z/e).

Although this problem is more general than the problem (2), we shall use it to compare
the numerical solution obtained by the method from this Section with the exact one.
Note that u, behaves in the way described by Theorem 1.

Let _E°° =

x| (i) = wed

and Eh = Hu,,h - w,,h”h .

In Table 1 we present the results of our method. The function A is taken with a = 0.5
and B = 1. For € = 102 this gives about 40% of the points z; in the interval [0, €]
representing the layer. The percentage changes as ¢ does: for ¢ = 1073 it is about
33%, for € =107% - about 26%, and for ¢ = 10~° - about 25%. By changing a and
B one can change the density of the points z; in the layer and a prescribed percentage
can be achieved, see [9, 10].

Table 1 confirms our theoretical results, but it shows the uniform pointwise conver-
gence as well. This is the advantage of our method in comparison with the numerical

solution obtained on equidistant meshes without transforming the original problem.
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These results are given in Table 2 and they also show the uniform convergence in the
norm ||-}|, = k|-l (and even more than that). However, the uniform pointwise con-

vergence is absent.

Table 1
n € 1.—2 1.—-3 1.—6 1.—-9
50 | Eo | 641 -2 | 744-2 | 786 -2 | 7.88—-2
E, | 330—2 | 348—-2 | 353 -2 | 3.54—2
100 | E, | 3,30—-2 | 382—-2} 403-2 | 4.03-2
E, | 169—-2 [178-2|181-2| 181 -2
200 | Eo | 1.68—-2 {1.94-2 | 2.04—-2 | 2.04 -2
E; l 8.55 — 3 I 9.02 -3 | 9.17 -3 I 9.19 — 3 |
Table 2
n € 1. -2 1.—-3
50 | Ex 0.200 4.02 -2
E, {878-3 | 3.60—-3
100 | Ey 0.106 8.97 -2
E, | 466 -3 | 238 -3
200 | Ex | 5.22 -2 0.170

l E) | 2.20-3 I 1.74—Q
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