ON THE MEASURE OF SETS OF PARALLEL
LINEAR SUBSPACES IN AFFINE SPACE

L. A. SANTALO

1. Introduction. Let E, be the n-dimensional euclidean real space and
A the group of unimodular affine transformations which operates on it. It is
known that the sets of linear k-spaces L, (0 < 2 < #) have no invariant
measure with respect to % (5). We wish now to consider sets of elements

(11) H(th) Lhzv L )th)

composed by ¢ parallel subspaces of dimensions 4y, ks, . . ., #, which trans-
form transitively by . We prove the following:

THEOREM 1. In order that sets of elements H composed by q parallel linear
subspaces of dimensions hy, hs, . .., h, which transform transitively by the
unimodular affine group A have an invariant measure with respect to N, it is
necessary and sufficient that the dimensions h; be all equal,

(1.2) hm=h=h=...=h,="h
and that
(1.3) g=n+1—h

In § 4 we find the explicit form of this measure together with its metrical
significance and in § 5 we indicate some applications to the theory of convex
bodies.

2. The Unimodular affine group. (See 2). Each unimodular affine trans-
formation in E, can be defined by the position of an n-frame composed of an
origin P and n independent vectors I, which satisfy the condition

(2.1) M, I, ..., L] =1

where the left-hand side represents the determinant formed by the components
of the vectors I; with respect to an orthogonal frame of reference.

The relative components of the unimodular affine group ¥ are the pfafhan
forms w;; defined by the relations

(2.2) dP = wol,, dly = wily

where the summation convention is used, as will be done throughout.
From (2.2) and (2.1) we deduce

(2.3) wo; — [1112 e e Ii_ldPIH_l .« In], Wri = ’Il “ e Ii—ldIkIH—l s I,,|.
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By exterior differentiation of (2.2) we obtain the equations of structure

(2.4) dwo; = Wom N\ Oms dwr; = wpm N\ Gng
and by exterior differentiation of (2.1), having into account (2.3), we get
(25) w11 + wea + ... + Wyn = 0.

3. Measure of sets of parallel linear subspaces. Let H denote a set of ¢

independent parallel linear subspaces
Ly Lngy ooy Ly

of dimensions %y, ks, . . . , b, respectively. We assume that each pair of elements
H transform transitively by 3 and that the dimensions %; are ordered in the
following way
(3.1) n>hi>he>...>h, > 1.

To each H we may associate an n-frame (P; Iy, Is, ..., 1,) such that the
following relations hold:

L,, = subspace spanned by I, I, ..., I;
L,, = subspace which passes through the endpoint of I,,;1 and is

parallel to I, I, . . ., Ljo;
(3.2) L;, = subspace which passes through the endpoint of I,;. and is

parallel to I, I, ..., I;

L,, = subspace which passes through the endpoint of 14,1 and is
parallel to I, I, .. ., I,,.
The assumed transitivity for the elements H with respect to A gives the

condition
(3.3) hi+qg—1<mn

In order to see if sets of elements H have an invariant measure with respect
to I we follow the general method (3; 5). According to (3.2) and (2.2) the
completely integrable system whose integral varieties correspond to the
elements H is the following

w031:0 (Sl=k1+1,...,n)

wilmlzo (il:1:---,h;’m«1=h1+1,...,n)

Wose + Whi4+1,50 — 0 (52 = hz + 1, ey h1>

Whi+1,s’2 = 0 (5,2 = hl + 1; sy ’I’L)

wigmzzo (i2=1,.-.,h2;’I”’L2=h2+1,...,h1)
(34:) Wosg + Wp142,s3 — O (53 = h3 + ly ] hl)

Wnt2,553 = 0 's=h+1,...,n)

wim3=0 (i3=1,...,h3;m;>,:h3+1,...,h2)

Wosq T+ Wmte—1,5 = 0 (so=he+1,..., k)

Why4g—1,8"q — 0 (S/q = hl + 1, e ooy n)

Gigmg = 0 Go=1,... hy; mg=he+1,..., ke
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Note that the number of equations is
(4 g—1
(3.5) N=nh+q) — Zl hi(hi + 1) + Zl Riltis1

and coincides with the number of parameters on which H depends, as it
should.

The exterior product IT of all the relative components (3.4) is an exterior
differential form of order V. The integral of IT will be a measure for sets of
elements H, invariant with respect to ¥, if and only if the exterior differential
dII vanishes when the equations (2.4) and (2.5) are taken into account (see
3; 5). Since the system (3.4) is completely integrable, the theorem of Fro-
benius (2, p. 193) says that in the structure equations (2.4) applied to the
forms (3.4), at least one of the differential forms of each term of the sum of
the right belongs to (3.4). Thus, up to the sign, which is immaterial for us
since we will always take the measures in absolute value, we have

(3.6) Al =TI A &

where

h1 hq

h2
(37) <I>=Zw“-|-zlw”—|—...—|—§_;1w“

i=1

—Zw”—zw”—...—ZLw”.
i=h1+1 i=ha+1 i=hgt+1

The relative components of the set (3.4) which have equal indices are

(3-8) Whyi+1,m14+1y Wni+2,h142y « « « 3 Wni4g—1,h14g—1:

Since the relative components are only related by the equation (2.5), the
condition dII = 0 can hold only if (3.7) is equivalent to the left side of (2.5),
up to a linear combination of the forms (3.8). This is possible if and only if
hy = hiand h; + ¢ — 1 = n. Taking into account (3.1) these relations prove
the stated theorem 1.

4. Metrical interpretation of the measure. If the equations (1.2) and
(1.3) are satisfied, the measure for sets of elements H composed by ¢ = n+1—4
parallel linear A-spaces is given, up to a constant factor, by the integral of the
form II obtained by exterior multiplication of all the pfaffian forms (3.4). The
form II is called the density, invariant with respect to 9, for sets of elements H.

We wish now to give a metrical interpretation of II.

Let us put
4.1) M=, AILiA... AT,
where
4.2) II; = wipt1 A @ipre A oo A 0y (z=0,1,...,n).

Let (P,-e;) be an orthogonal frame composed of # perpendicular unit
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vectors e; of origin Py, such that e, e, ..., e, lie on the subspace L, deter-
mined by P = Py, I, 1, ...,1,. We may write
(4.3) I, = Nages, Ii = Ny
where we agree to use the following ranges of indices
(4.4) B, ...=1,2,...,k Ené...=h+1L,0+2,...,n;
Lik ...=12,...,n
If we put
(4.5) de; = 0;e;
we will have
(+.6) dle = dh\ages + Nagd€s = dases + Yasey
#.7 dl; = d\ge; + Npde; = o€,
where

(4.8)  ¢ap = Ahag + Aybys, oee = dhgg + Ne )b, Yat = Nagbpe.

Let us note that, according to (4.7), the volume element at the endpoint
of I,is a1 A ay2 A ... A oy and the element of (n-k)-dimensional volume
in the (n-h)-space spanned by €41, €449, . . ., €, at the orthogonal projection
on it of the endpoint of I, is

(4.9) APy = oypy1 A Oppp2 A oo 0 A Oy
The first relation (2.2) may be written
(4.10) dP = wol, = dx.e;
and from (2.3) and (4.4) we deduce
(4.11) wor = |Lile. .. Temq(dxe ) err ... | = Agdux,
where Ag, means the algebraic complement of A, in the determinant

)\11)\12...)\1;1 0...0
Nothaa . . . Agy 0...0

(4:.12) |1112 .« .. Inl = >\h1>\h2 “ e )\hh O .« e 0 = l.
At 1,412+« Mk LNt 1AL - -+ Anln
)\nl)\n?. ... )\nh>\n,h+1 LR )\nn

Therefore, by exterior multiplication of the forms (4.11), taking into
account a well-known property on adjoint determinants (4, p. 73) we obtain

(4.13) o = |Agy|dxrrs A dxniz A ... A dx, = D dPy

where we have put
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AMidiz ... A
(4.14) D= Aaihez . .. Agp
Anidn2 o oo A

and dPy = dxps1 A ... A dx, = element of (n-h)-dimensional volume on the

(n-h)-space spanned by €1, €49, ..., €, at the point P,
From (2.3) and (4.7) we have

(4.15) PZIEE 2| ©) PR PRY/) ) PR

and therefore

(4.16) O, = |Adogprr A ... A op = DdP,.

Finally, we have,
(4.17) wan = |Iile ... L idL Iy, . . 1L
and therefore
(4.18) Mo = |Aptldaptr A v oo A dan = Ddaprr A oo o A Yone

If we introduce the density dL,_, invariant with respect to rotations about
P, (metrical density, see (6)), for the linear (n-k)-spaces through P, spanned
by €us1, ..., €, that is,

(4.19) dLys = Brar1 A O2pri A o oo A Oupr) A Bipge A oo A Opgo)
/\ e /\ (el,n /\ 02,7L L) /\ 0}1,71)1

we have, from (4.18) and (4.8)
(4.20) I, AT A ... NI = DAL, ;.
Therefore, we have,
(4.21) T = D¥ ™1 dPy A dPyy1 A dPpya A ... N APy A AL,y

Let us now observe that the volume S of the (z-k)-dimensional simplex of

vertices Py, Pri1, Pryo, - - -, Pa, taking into account (4.3), is given by
1 A1+l - - - M1
(4-22) S = @___“W )\h+2,h+1- D N
Matl -« Agm

From (4.12) and (4.22) we get

1

D=0Gwis

and (4.21) may be written in the definitive form

dPoy A dPyi A ... NdP, N dL,_,

(4.24) I = [(n — 1)lS]) 7+ .
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Let us summarize the meaning of the terms in (4.24). Given n — & + 1
parallel h-spaces, we cut them by an orthogonal (n-k)-space L, , through a
fixed origin; let Py, Pyy1, ..., P, be the intersection points. Then, S is the
volume of the simplex of vertices Py, Pyry1, ..., Pn; each dP; (1 = 0,k + 1,

., n) is the element of volume at P; of L, », and dL,_, represents the
metrical density for sets of (n-k)-spaces through the origin (6).

5. Application to convex bodies. Let K be a convex body in E,. It is
well known that the measure of sets of linear /4-spaces, invariant with respect
to the group of motions, which intersect K, gives rise up to a constant factor
to the metrical invariants W,"* (= hth mixed volume of K with the unit
sphere; h =1,2,...,n — 1; see (6)).

This result is not straightforwardly generalizable to the affine geometry,
because the linear subspaces of dimension 2 > 0 have no invariant measure
with respect to the unimodular affine group (5) .However, if we consider
sets of parallel Z-spaces in the sense of § 3, we find that the measure of sets
of elements H composed of n — & 4 1 parallel linear i-spaces whose convex
cover C(H) contains K in its interior, will give an affine invariant for K. It
has the form

(5.1) MuyK) =

op— APy N dPi N ... NdP,_y N\ dL,_
— _ 117—2n lf 0 1 A n—h nm—nh
fﬂ [(n )] ccoun AT

where the integral is extended over all L,_;, orthogonal to the parallel k-spaces
which constitute H, such that K C C(H) and dP; (1 =0,1,2,...,n — k)
are the volume elements in L, , at the intersection points of L,_, with H.

For h =1,2,...,n — 1 we get a set of » — 1 affine invariants which
may be considered as the affine generalization of the W,* of the metrical
case. It seems to be an interesting open question to investigate if the affine
invariants M," are related by inequalities of the type of those of Minkowski
for the metrical invariants W," For & = n — 1, see (7).

Let us consider the cases n = 2, n = 3.

1. Case of the plane (n = 2). According to (1.3) we have the possibility
h =1, ¢ = 2, that is, the elements H are composed of two parallel lines. Let
6 denote the angle of the direction normal to these lines and let po, p; be their
distances to a fixed origin 0. The measure of the set of parallel lines which
contain K in its interior gives the following affine invariant for K:

dpo N\ dpy N\ db 1 ("de
62) i) = RIS -5 )

where A = A(6) denotes the width of K in the direction 6.

2. Case of the space (n = 3). According to (1.3) we have two possibilities:
(@) k=2 qg=2; (b) h=1,4¢g=3.
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For the case (a) the elements H are pairs of parallel planes. If dQ denotes
the element of area on the unit sphere corresponding to the direction normal
to the planes H and p, p; are their distances to a fixed origin 0, the measure
of the set of pairs of parallel planes which contain a given convex body K
gives the following affine invariant for K

dpo A dpr A dQ _ 1 (fd2
[po — 1|’ 12J A%

where A = A(Q) denotes the width of K in the direction Q.

For the case (b) the elements H are constituted by three parallel lines. If
dQ denotes the area element on the unit sphere at the point defined by the
direction of these lines and dPy, dP1, dP5 are the elements of area of a plane
normal to the parallel lines at the corresponding intersection points, the
measure of the set of three parallel lines whose convex cover contains K,
gives the following affine invariant for K:

y 3 ]- dPo /\ dPl /\ dPg
(5.4) Mi(K) = afdﬂ 55
where S denotes the area of the triangle PoP,P,. The first integration is ex-
tended over all triangles PoP,P> which contain the projection Ko of K on
the plane normal to the direction Q. The second integration is extended over
half of the unit sphere.

A direct way of obtaining the invariants (5.2) and (5.3) together with
certain inequalities between them and the area (volume) of K has been given
in (7).

(5.3) Mi(K) =
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