ON INTEGRATION OF VECTOR-VALUED FUNCTIONS
D. 0. SNOW

1. Introduction. Among the variety of integrals which have been devised
for integrating vector-valued functions the most widely used is that of Bochner
(2), perhaps because of the simplicity of its formulation. Other approaches,
including one by Birkhoff (1), have yielded more general integrals yet none
of them seems to have supplanted the Bochner integral to a significant extent.

Another simple approach is that of Graves (4). This is an adaptation of the
Riemann definition, and the resulting integral has most of the properties of
the ordinary Riemann integral. A noteworthy exception is that there exist
functions which are everywhere discontinuous and yet are Graves integrable.
In sharp contrast to the real variable case the Bochner (Lebesgue) integral
does not include the Graves (Riemann) integral. Neither does the Graves
integral include that of Bochner.

In the present paper we show that the Graves integral can be generalized
in a simple way to produce an integral which includes the Bochner integral
as a special case, and is equivalent to the Birkhoff integral for functions defined
on a bounded Lebesgue measurable set in #-dimensional Euclidean space.
This generalization stems from the fact that the Lebesgue measurability of a
finite real-valued function f, on a measurable set E, is equivalent to the
validity of the well-known Lusin condition (9, p. 72) for f. It has been pointed
out by Hildebrandt (6) that a definition of the Lebesgue integral due to
Hahn (5) is based on the Lusin property and that this suggests an alternate
approach to the Bochner integral. Bourbaki (3, p. 180) gives a definition of
measurability for a function f, defined on a locally compact space E with values
in an arbitrary topological space F, which is also based on the Lusin condition
in that f is required to be continuous on each of a collection of compact sets
with total measure approximating that of E. It turns out that when the range
space is a Banach space this definition is equivalent to Bochner measurability
(3, Theorem 3, p. 189). We notice, however, that there exist fairly simple
functions which are Graves (Riemann) integrable but not measurable in the
Bochner or Bourbaki senses, nor in any sense that implies the Lusin property.
The classical example is that of Graves (4, p. 166) which involves the space
M of bounded real functions f(¢) on 0 < ¢ < 1, with

[If®)]] = supoce<alf ().

Let x(a) = fo(f) where fo(!) =0 on 0 <t < e, and fo(f) =1l ona<t<1.
Thus x(e) is defined on 0 < @ < 1 and is everywhere discontinuous there.
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On the other hand, this function is integrable in the sense of Birkhoff and of
Jeffery (7). These facts suggest a weakening of the Lusin condition in which
we replace the sets on which the function is required to be continuous (5; 6; 3)
by sets over which the function is integrable in the Graves sense (generalized
in a natural way so as to be defined on closed sets), and hence may in some
cases be everywhere discontinuous on these sets. A definition of measurability
is based on this weakened condition and the Hahn approach is then used in
defining our generalized integral.

2. Notation. Throughout this paper X will denote an arbitrary linear
normed complete space, or Banach space, R the space of real numbers, x(a),
y(a) functions valued in X, and f(a), g(a) real-valued functions. The symbol
[a, 5] will denote a closed interval on the real line, P, P’, F closed subsets of
la, 8], and |E| the Lebesgue measure of a measurable set E.

3. A Graves integral defined over a closed set.

Definition 3.1. Let x(a) be defined and bounded on P. Let 7 be a subdivision
of [a, b] into subintervals (a;_1, a;); let Aa; denote the closed interval [ao, o]
and Ac«;, 7> 1, denote the half-open interval (a;_1, a;]. Let N7 be the maximum
of the differences a; — a;_1, called the norm of 7. If X contains an element
L such that for every € > 0 there exists § > 0 with

for every subdivision with N7 < §, and every choice of £; in P M Aa;(z = 1,
2,...,n) then L is the Graves integral, or G-integral, of x(a) over P and we
write '

n

> x(E)|P N Aayl —LH <e

i=1

(G) Lx(a) do = L.

It is not difficult to see that when P is a closed interval the G-integral reduces
to the original Graves integral.

Because of the frequency and importance of its uses in the remainder of
this paper we state the following rssult, which has been proved in a variety of
ways by several writers including Birkhoff (1), Jeffery (7), and Macphail
(8).

THEOREM 3.1. Let e1, €2, ..., €, be any n disjoint Lebesgue measurable sets
on a measurable set E, |E| < «, &; any point on €;, and S = Y x(&,)|es| where
x is a bounded function on E with values in a space X. Let

€i1, €42y « « ., €ik;

be a subdivision of e; into disjoint measurable sets, and £, £ i; any points on
eij. Then
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1353 et — st | <sup || 55 tet60 - @l |
and
l Z::l ;iil x(Eis)lews| — S\ i < sup iX::l {x(&) —xE D} ed| |-

One consequence of this result is the following theorem.

THEOREM 3.2. Let x(a) be defined and bounded on P. A necessary and sufficient
condition for the existence of the G-integral of x(a) over P is that there exist a
sequence of subdivisions w, of [a, b] such that

lim 3 (50PN Aay

n—c0 Tn

exists, &,; any point on P M Aay,;.

Proof. The necessity is obvious in view of definition 3.1. To prove the
sufficiency choose any e > 0 and consider a sequence {m,} which yields a
limit J. Then there exists an n, such that for n > n, we have [[Z., — J||
< %e If n> nois fixed and &, &, are allowed to be any points in P N
Aay,; it follows that

Then let m be any subdivision of [a, 8], not necessarily in the sequence, with
N, sufficiently small to insure that the total length of the intervals of m;
which contain points of subdivision of =, is less than ¢/M, where M = sup
|lx(a)||, @ on P. Suitable applications of Theorem 3.1 show that ||Z., — J||
is less than a fixed multiple of e.

In the next theorem we list several properties of the G-integral which we
shall use in making our generalization. The proofs follow from the definition
and Theorem 3.1 by standard arguments and are omitted.

2 %) — x(End) P N Ayl

l<e.

TueoreM 3.3. (a) If x, v, and f are G-integrable over P, and ||x()|| < f(a)
for aon P, then

@) @) [ @+ ia= G [ zia+ ©) [ s

(ii) ‘ } (G) fpxda < (G) fpfda.

() If PN\ P' = 0 and x(a) is G-integrable over the sets P and P’ then 1t is
integrable over P\J P’ and

(G) ‘LUPI xda = (G) fpxda + (G) fplxda.
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(c) If P’ is contained in P then x(c) is G-integrable over P’ if it 1s G-integrable
over P and

©) Lxda— ©) fp;cda

d) If xu(@) (m=1,2,...) is G-integrable over P and if x,(a) converges
uniformly to x(a) on P then x(a) is G-integrable over P and

(G) fo,, (a)da — (G) fpx(a)da.

< M|P — P'|, M = supaep||x(a)]].

4. The generalized Graves integral. In this and the remaining sections
E, E; will denote bounded Lebesgue measurable sets of the real line.

Definition 4.1. A function x(a) defined on a set E with values in X is P,-
measurable on E if for every e > 0 there exists a closed set P, contained in
E, such that (i) |[E — P| < ¢ and (ii) (@) is G-integrable over P.

This is a generalization of the classical Lusin condition, to which it is
equivalent when X = R. For arbitrary X we observe that if x(a) is con-
tinuous on P contained in E, with |[E — P| < ¢, it is Graves integrable on
P and therefore P.-measurable. Conversely, if a real-valued function x(a) is
P.measurable on E and hence G-integrable on P’ D E, |[E — P'| < %¢, a
standard argument shows that the measure of the set of its discontinuities on
P’ is zero. Then there exists a set P in E, on which x(a) is continuous with
|E — P| < e

On the other hand, the function cited in the introduction is P.measurable
without satisfying the Lusin condition.

Definition 4.2. If x(a) is Pmeasurable on E and if there is an element I
in X such that given n > 0 there exists ¢ > 0 with

o fm

for every P contained in E, |[E — P| < ¢, over which x(a) is G-integrable,
then we say that I is the G*-integral of x(a) over E and denote it by (G¥*)
fEx (a)da.

THEOREM 4.1. If x(a) is Pmeasurable on E a necessary and sufficient con-
dition for

<7

(G*) fEx (a)da

to exist is that for every n > 0 there exist & > 0 such that if P and P’ are two
closed sets in E, with measures greater than |E| — &, for which

(G) fpxda, (G) J‘Plxda
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exist then

@.1) H(G) fpxda— G) fP?cda

The proof is easily obtained by a standard argument and will be omitted.

<

THEOREM 4.2. If x(a) is G*-integrable over E it is G*-integrable over every
measurable subset e contained in E.

Proof. Given e > 0, let P be a closed set with |E — P| < %e and such that
x(a) is G-integrable over P. Let e be any measurable subset of E. Then ¢P is
measurable and so it contains a closed set P’ with [eP — P’| < ie. Moreover

le — eP| < |E — P| < %e.

Then |e — P’| < e. Since x(a) is G-integrable over P’ by Theorem 3.3(c)
our conclusion follows.

We next prove the analogue of the fact, basic in real variable theory, that
every bounded Lebesgue measurable function on a set E is Lebesgue integrable.

THEOREM 4.3. If x(a) is bounded and P -~measurable on E it is G*-integrable
over E.

Proof. Let M = sup||x(e)|| for a in E. Let 7 > 0 be given and let P and
P’ be closed sets, contained in E, on which x(a) is G-integrable and such that
the measure of each set is greater than |E[— (7/2M). Then x(e) is G-integrable
over P M P’ by Theorem 3.3(c). Moreover

’r 4 _n —_ 4 _n
|P (POP)|<2M7|P (Pmp)l<2M-
Hence, by the second part of Theorem 3.3 (c),
e o]
P P’

<H(G)fxda—(G) xdaH+| (GQ) xda — (G) Plxda

Pn P’
M- L
< 2M—I—M

Pap’

o~ ™

THEOREM 4.4. If E1 M E; = 0, and if x(a) is G*-integrable over E, and E,
then 1t is G*-integrable over E,\J E; and

(4.2) (G*) xda = (G¥*) f xda +(G*) J‘ xda.

E1VE2?

Proof. Let {P,}, {P,'} be sequences of sets over each of which x(a) is G-
integrable and with P, C E., P,’ C E,, for all n. Suppose that

|Pa| = |Ed|, |Py'| — |Es| n— o,
Then |P, + P,/| — |E1 + E.|. For each n, by Theorem 3.3(b),
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(G) .Lnxda + (G) fpn'xda = (G) xda.

PpuPy’

If x(«) is G*-integrable on E; \U E; it follows that (4.2) holds.

It remains to be shown that x(a) is G*-integrable on E; \U E,. Let I denote
the right side of (4.2). Given n > 0 there exists ¢ > 0 such that if P and P’
are closed sets contained in E;, E, respectively, with |[E, — P| < ¢, |E; — P’|
< ¢ and if x(a) is G-integrable on P and P’, we have

‘ ‘ G) J‘dea — (G Elxda < 3, 1(G) ‘L’xda — (G*) mxdal ‘ < 3.

Now, suppose F is any closed set contained in E;\U E,, with [(E;\J E;)
— F| < %¢, and on which x(a) is G-integrable. It follows that

|E: — (FNE)| = |E:— F| < |[(E1U E2) — F| < e
Similarly |E; — (F M Ey)| < %e. Then let P, P’ contained in F M E,, F N E,
respectively, be such that

|Ey— P| < ¢ |Es—P|<e|F— (PUP) <§1’M,

where M = sup||x(@)|| on F. x(a) is G-integrable on the sets P and P’ by
Theorem 3.3(c). Hence

@ fstu—1]]
< ‘ }(G) Lxda - (G) xder

PuP’

+

# {](0) fata = @0 f,

) (G)f vda — (G¥) xda‘ l
P’ E2
<.
Definition 4.3. If a set function » is defined on the class of Lebesgue measur-
able subsets of E with values in X, and if for every e¢ > 0 there exists 6§ > 0

such that [[v(e)]| < e for every subset ¢ of E with |e|] < §, then we say that
v is absolutely continuous over the measurable subsets of E.

THEOREM 4.5. Suppose x (o) is G*-integrable over a set E. Then the G*-integral
is an absolutely continuous function of the measurable sets e contained in E.

Proof. Let n > 0 be given. Fix § > 0 so that condition (4.1) of Theorem
4.1 holds. Now consider any set e contained in E with |¢] < 8. Let P be any
closed set contained in e such that

(G*) fexda - (G) fpxda

Also let F be a closed set contained in E-¢, with |[E — F| < ¢, and on which
x(a) is G-integrable. Then

<n.
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‘ I(G) fpxdoz’ ‘ = ‘ 1(G) or xda — (G) foda <n

and

’(G*) J;xda \(G*) f vda — (G) fpxda

Since 7 is arbitrary our conclusion follows.

<

+ H(G)fpxda” < 2n.

THEOREM 4.6. If x(a) is G*-integrable over E, and e represents a measurable
subset of E, then

(G*) fe x(a) dox

15 a completely additive set function over E.

Proof. Let ey, €3, ... be a sequence of disjoint measurable sets on E and
lete;+ ...+ e, = E, and

@
Z €; = ¢€.
i=1

Then x () is G-integrable over e and E, by Theorem 4.2, and by Theorem 4.4
we have

3 (GY f xde = (G*) | xda

i=1

and

(G*) ijcda + (G*) xda = (G*) fexda

Now |e — E,| — 0 as n — ». Hence, by Theorem 4.5,

e—En

ZO_OI (G) f xda = lim (G*) | xda = (G¥) f xdor.

n—co

Although we have restricted ourselves to sets on the real line for the sake
of simplicity in writing, it is clear that the above definitions and theorems
can be extended to a function with its values in X and defined on any bounded
Lebesgue measurable set in an z-dimensional Euclidean space. In addition,
the usual procedure of taking limits would lead to a definition of the G*-
integral in cases where E is not bounded and |E| is not finite.

5. Sequences of P.-measurable functions. We now consider two im-
portant properties of sequences of P.-measurable functions which generalize
corresponding results in the Lebesgue theory.

Definition 5.1. A sequence of functions {x,(a)} defined on E converges to
x() in E almost uniformly if, given € > 0, there exists a set E’ contained in
E such that |[E — E’| < € and «,(a) converges uniformly to x(a) in E’.
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LeMMA 5.1. Let {x,(a)} be a sequence of P-measurable functions defined on
E with values in X. If x,(a) converges to x(a) in E almost uniformly then x(a)
is Pemeasurable on E.

Proof. Suppose € > 0 is given. Then there exists a set E’, contained in E,
on which x,(a) converges to x(«) uniformly and such that |[E — E'| < ¢/2.
Now for each # there exists a closed set P, contained in E with |[E — P,
< ¢/2"? and such that x,(a) is G-integrable over P,. Furthermore, there
exists a closed set P,’ in the measurable set E’ such that |E' — P,/| < ¢/2"+2.
Hence we may set F, = P, N P, for each n» and x,(«) will be G-integrable on
F,, by Theorem 3.3(c), with |E' — F,| < ¢/2™'. Then the intersection
of the sequence of sets {F,} is a closed set F such that [E — F| < e and each
x,(a) is G-integrable on F. Hence (G) fpx(a) da exists by Theorem 3.3(d).
Since e is arbitrary it follows that x(«) is P-measurable on E.

LeEMMA 5.2, If x(a) is G*-integrable over a set E and if f(a) is a real-valued
summable function over E, with ||x(a)|| < f(a) for every o in E, then

(& [ x(eia) | < ) [ s

Proof. This follows immediately from the second part of Theorem 3.3(a)
and the definition of the G*-integral.

THEOREM 5.1. Let {x,(a)} be a sequence of P.measurable functions defined
on E with values in X. Suppose ||x,(a)|| < f(a) for all values of n, and all «
in E, where f(a) is a real-valued summable function over E. Suppose also that
%, () converges to x(a) in E almost uniformly. Then x,(a) is G*-integrable over
E for each n, x(a) is G*-integrable over E, and

(5.1) lim (G*) Lx,,(a)da = (G*) Lx(a)da.

n—c0

Proof. x(a) is P.-measurable on E by Lemma 5.1. Furthermore, given n > 0
there exists § > 0 such that for e contained in E and |e| < §,

(6 [ flerda < 1n

Let P and P’ be any two closed sets in E, on each of which x(«) is G-integrable,
and such that [E — P| < §, |[E — P’| < 4. Then

| (G) J‘ xda — (G) xda

= | | (G*) f xda — (G¥) f xda 1
= 1] (G xde — (G*) ) xda‘

P—P’

Ly

N

+

(G*) xda) l <.

P—
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Hence x(a) is G*-integrable over E by Theorem 4.1, and the same argument
shows that for each #, x,(a) is G*-integrable over E.

Finally, let x(a) = x,(e) — y,(a). By our hypothesis there exists a set
E’ contained in E, such that |E — E’| < 4, and a fixed positive integer N
such that for » > N we have

(@) = sl < 57
on E’. Then

|(G*) fu{x@x) - xn<a)}da} l
-6 et 60 o]

< || fmiarm| | + || [ seaal,
< || [ yene] | + @) [ taria
<§[lE_|' |E'[ + 31 <.

This completes the proof.

CoROLLARY. If {x,(a)} is uniformly bounded on E, and x,(a) converges to
x(a) in E almost uniformly, then (5.1) holds.

For a sequence of real-valued Lebesgue measurable functions on a bounded
set E, convergence almost everywhere is equivalent to convergence almost
uniformly. It is clear then that Theorem 5.1 is a generalization of the well-
known dominated convergence theorem of Lebesgue. However, because of
the failure of a theorem of the Egoroff type to hold, in general, for P.-measur-
able functions the traditional hypothesis of the Lebesgue theorem cannot
be retained, and we must require specifically that the functions converge
almost uniformly.

6. The equivalence of the G*-integral and the Birkhoff integral. It
is easy to show directly that the G*-integral includes the Bochner integral.
However, the Birkhoff integral also includes that of Bochner and is more
general than the latter. For this reason we shall compare the G*-integral with
that of Birkhoff.

Macphail (8) points out that if x() is bounded on E the infinite partitions
of Birkhoff may be replaced by finite partitions. If B is a finite partition of
E into measurable subsets e;, and if we define

S(B) = Tix(Edled, D(B) = Tulw(t/) — x(E]ed,

and w(P) = sup||D(P)||, where £, £/, &,/ are arbitrary points in ¢; the diam- -
eter of the integral range which appears in Birkhoff’s definition (1, p. 367)
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is precisely (). Then a bounded function x(e) is Birkhoff integrable if and
only if there exists (1, Theorem 13) a sequence of partitions {P,} such that
w(P,) — 0. The following lemmas are consequences of the above definitions,
with the aid of Theorem 3.1.

LEmMA 6.1. If B is any finite partition of E on which a bounded function
x(a) is (Bk)-integrable then

i (B8) [ wdo - sws)i l < ().

LEMMA 6.2. If Q is a set consisting of a selection Q. of the subsets comprising
B then

l ] (B8) | e S(@)I \ < (D) < a(P).

In (1) the function x(«) is considered to be defined on an abstract domain
on which a measure is defined. However, as in the previous sections, we
restrict the present discussion to a function defined on a bounded Lebesgue
measurable linear set, observing that the same proofs hold for #-dimensional
sets. The Birkhoff integral of x(a) over E will be denoted by (Bk) fEx(a)da.

THEOREM 6.1. If x(a) 2s Birkhoff integrable over a set E then it is also G*-
integrable over E to the same value.

Proof. Suppose first that x(a) is bounded on E, and let M > 0 be such that
[lx(@)|]| < M for all  in E. Let {B,} be a sequence of finite partitions of the
set E which yield a Birkhoff integral. That is, for each #n, E = €, + €,2 +
...+ ew. Then, given € > 0 we can choose closed sets e%,; contained in the

e,; such that the measure of E¢, = €% + €% + ...+ €% differs from the
measure of E by less than /2"
Let F = ES M\ E% M .... This is a closed set and its measure differs from

that of E by less than e. We show that
kn

lim 35 20 1F Nl = (B8) [ x(@de

nso =1

First of all (1, Theorem 14), x(«) is (Bk)-integrable on F. Also, the sets
F M e%; form a partition of F which we may denote by B,m. Clearly B,m
consists of a selection of sets from PB,’, the partition of E formed by the sets

FM\ e, e%: — F, and e,; — €%, 1=1,2,..., kn

Moreover, B, is a refinement of the partition P, of E. Then, by Lemma 6.2,

@) [ ata— 3 scoirnrend||

|

|8 [ s S(Bucn)
< 6(Bum) < 0(B),
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and by Theorem 3.1, w(B,) < w(B,), where «(PB,) is associated with the
original sequence {%,} and approaches zero as # — . This leads to the
desired conclusion. Then, given n > 0 we can find and fix an m, depending on
», such that

km
Z % (&) | F N €mi] — (Bk) J‘dea

i=1

< w(%m) < 7.

Now the closed sets e°,; are disjoint and finite in number. Let d be the
minimum of the distances between any two of these closed sets. Then, taking
an interval [a, ] containing E divide it into subintervals of length less than
d, that is,

a=p<a;<...<a,=5b

Consider sets of the form F /M Aa; where the Aa; are as described in definition
3.1. We see that each set F M Aay(¢ =1,2,...,n) is equivalent to a set
F M e%,; M Aa; for some j, and the collection of such sets forms a refinement
of the partition B, x. Then it follows that

n

Z x(&)|F N Aa;| — (Bk) fo(a)da

i=1

n km

Z x(fi)lFm Aail - Z x(fi)IFﬂ ecmi]

i=1 i=1 |

|| B s n il - @0 [ s |

< 20(Pn) < 2n.

Thus x(«) is G-integrable on the closed set ¥ where |E — F| < e. Hence
x(a) is P.measurable over E and being bounded it is G*-integrable over E
by Theorem 4.3. Further, the G-integral equals the Birkhoff integral on F.
Hence, as |[E — F| — 0, we have (G) [ rxda approaching the limit (Bk)
[ zxda since the Birkhoff integral is absolutely continuous and a completely
additive set function on E. Therefore,

(G*) fExda = (Bk) fExda.

If x(a) is unbounded on E but is Birkhoff integrable there it is also Birkhoff
integrable on every measurable set ¢ contained (1) in E and it follows that
as [e] — |E],

<

(Bk) fexda — (Bk) fExda.

Now, given ¢ > 0, if E’ is a measurable subset of E over which x(«) is bounded
and such that |[E — E/| < %e then (BE) [pxda exists and hence (G*) [z, xda
exists. Then there is a closed set P contained in E’ with [E' — P| < %e and
such that (G) fp xda exists. Hence x(a) is P.-measurable on E. Then, given
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n > 0 there exists § > 0 such that for P, P’ contained in E, with |[E — P|
<8, |[E — P'| <5, and on each of which x(«) is G-integrable,

] l G) foda — (G) fpgcda
- H(Bk) fpxda — (BR) fp;cda

< ’ i(Bk) + | ‘(Bk) P,_deaH <.

xdo
P—p’

Thus x () is G*-integrable on E.
Finally, since x(«) is P.-measurable on E there is a sequence of closed sets
{P,} with |P,| — |E| and on each of which x(«) is G-integrable. Hence

(Bk)fxda= lim (Bk) | xda = lim (G) | xda = (G*) f xde.
E |Pal>|E| Py 1Pals|E| Pn E

COROLLARY. If x(a) s Bochner integrable over E then it is also G*-integrable
over E to the same value.

This follows at once from our theorem and the proof that Birkhoff’s integral
includes that of Bochner (1, p. 377).

The fact that the everywhere discontinuous function given in the introduc-
tion is G*-integrable, being P .measurable and bounded, but is not Bochner
(strongly) measurable, shows that the converse does not hold.

THEOREM 6.2. If x(a) 7s G*-integrable over E then it is also Birkhoff integrable
over E to the same value.

Proof. First suppose that x(a) is bounded on E, ||x(a)|| < M for all « in
E. Given € > 0 there exists a closed set P, with

€

4M’

on which x(a) is G-integrable. By a suitable subdivision = we can partition
this set into sets e; = P M A«a; and have

|2 e — =@l

forall ¢/, £/ in e;,. Now by taking a set J, the complement of P in E, plus the
sets e;, we have a partition P of the whole set E and can form the sum

D(P) = ; [x(&/) — x(&/)]led + {[x(E) — x(E][T], &, £2in T}

|[E — P| <

€
<2,

Then

sup

‘D(SB)H <5+ 2M=e
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By starting with a sequence {¢,} such that ¢, — 0 as # — © we can con-
struct a sequence of partitions P, such that

w(P,) = sup [[D(B,)|| — 0.

Thus the Birkhoff integral over E exists and is clearly equal to (G¥) f gxda.

Next, suppose that x(«) is unbounded on E. Then, given ¢ > 0, we have to
find a partition under which 3} x(£;)[e; is unconditionally summable and the
diameter of the integral range is less than e.

Let E,, E.,...be non-overlapping sets in E such that Y} |E,| = |E| and
x(a) is bounded on each E;. For each E, let €, be a partition into sets ey;
such that w(€,) < €;, 2. €, = %e. Let & > 0 be such that for a measurable set
e with [¢] < & we have

I l (G* f x(e)da| | < ie
Choose N such that |Ey| + |Ey+1] + ... 1is less than 8. Next, choose any
finite set of the e;;, with 7 > N, and denote it by G: (ej, €3, ..., ¢). Let
e=e+e+ ...+ 6.
Then
(@) | #(a)da
exists and hence
(Bk) f x(a)da

exists by the first part of the proof, and by Lemma 6.1 we have

‘ (Bk)fexda— 5(@)‘

<w(€) < 2 w(6) < X ¢ = }e

Also, since e is contained in Ey + Exy; + ... we have
(G*) f w(@)de| | = l (BE) f 2(@)de| | < e
Then
[1S(®)]] = | i (Bk) fexda — (Bk) J;xda + S(@)l l
< (Bk)fexda + H(Bk)fexda— 5(@)”
< je+ je=ce

Hence i, x(£;:)|e;: is unconditionally summable. Finally, the diameter of
the integral range corresponding to the set of partitions §;, which we shall
denote by 2 {3, x(£,4) less|}, satisfies the condition

DTy xE) les]} K 2w (€)) < Zey = ke
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Since these are the conditions for Birkhoff integrability (1, Theorem 13) the
proof of the theorem is complete.

6.

7.

S.

N
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