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TIME AVERAGES FOR THE LAPLACE GROUP
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Abstract  The imaginary powers of the Laplace operator over the circle give a Cp group of bounded
linear operators on LS(O,ZW) (1 < p < 00). Whereas the group is unbounded on L?, this paper shows
that the L4 long-time averages of each f in L2 are bounded. This is a Fourier restriction phenomenon.
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1. Introduction

Let {R'}icr be a Cp group of bounded linear operators, acting on L5(0,2) for some
1 < p < oo. We use 0 to indicate the space variable. Define the long-time average:

®) Lt v
AW f = Ji — R f|P,dty . 1.1
r={tmswp o [ g at) (1)

If the group is bounded with || Rf|| < M, then clearly it follows that A®) f < M||f||,.
Remarkably this inequality holds for some unbounded Cy groups. Let A be the Laplace
operator over the circle that satisfies Ae'™® = n2e'"?. Zygmund [12, Theorem 1] showed
that the periodic Schrédinger group e'*? has

/] €3 £(0)[* dt 0 < 2] L. (1.2)
[0,27] % [0,27] 0
We obtain related estimates for the Laplace group Rt = A~*/2 where
—it/2 - On__ing
(A7)~ Y e (1.3)
neZ\{0}

for f =3 a,e™ € L2. For brevity we take ag = 0 throughout. The main result is the
following theorem.

Theorem 1.1. Let f ~ Y a,e"’ € L2. Then the long-time averages of the Laplace
group satisfy
1

T
11t < Jim 5 [ 14721y at < 4151, (1.4)

143

https://doi.org/10.1017/50013091503000075 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091503000075

144 D. C. Jackson

This (quite surprising) result relies upon a smoothing effect of the time average, since
A~/2 is an unbounded group on L}, as we show in §§2 and 3, where we prove L) — L}
operator bounds for A~i/2,

The proof of Theorem 1.1 is carried out for trigonometric polynomials by a combina-
torial argument in §4, and then extended in §5 to the general L2 case. We introduce a
Banach space BL} of L}-valued Bohr almost-periodic functions in time such that A~1/2
is bounded as an operator L2 — BjL3.

The group A~'*/2 arises via the periodic Riesz potential kernel in several applica-
tions [7, §19.3]. The spectral theory of operator groups on Lj is treated in [2].

2. Upper bounds on the Laplace group

Proposition 2.1. Let p > 1 and r = max(p,q), where 1/p + 1/q = 1. Then, for
0 < e <2/(r—2), there exist constants c,(€), Cp(€) > 0 such that

(@t AT gy < Co(O A )T (teR). (@21
In particular, for p = 4 the following holds:
ca(@)t]* <NAT2| iy < Cale) 1+ [H) DT (teR). (2.2)

Proof of the upper bound. The strong form of Marcinkiewicz’s Multiplier Theorem
[5, §8], applied to ¢(y) = |y|~", gives an upper bound for the operator norm. As ¢ has
constant modulus 1, and as the variation over dyadic intervals [2¥, 28*+1] is uniformly
bounded by |t], this ¢ determines an L} multiplier a,, — ¢(n)a, for all p > 1, and we
deduce

1472 g < G+ 1H]) (2 € R). (23)

So the operators are bounded, with norms of at most linear growth in |t|. Let r >
2, suppose 0 < € < 2/(r —2), and p = 2 + (2/¢). Now we may apply Riesz—Thorin
interpolation between L2 and L}. Plugging in the exact value || A~/ *liz13 = 1 and the
bound (2.3) gives

AT iy < Cr()@ + [t) T (e R), (2.4)

where € can be made arbitrarily small, at the cost of growth in C,(¢). For 1 < g < 2,

since A~1/2 is self-adjoint, we have

AT 2] 0 s < Cole) (A + t) T FEDT (1 eR) (2.5)

by considering the dual exponent r = ¢/(¢ — 1). Thus the right-hand side of (2.1) is
proven. (Il

3. Lower bound on the Laplace group

We shall use a test function related to the imaginary part of the periodic zeta function [1]
to prove the left-hand inequality of Proposition 2.1. Let s = o + it be within strip
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2={s:0 < Res < 1}. Define

ma(0) = Y2 S0, (3.1)
n=1

If 0 < 1/p, then both m, and m,i are L} functions and the following holds:
ms(0) = (A7 2m5.)(0) (7 € R). (3.2)
The Hurwitz generalized zeta function [10, §2] is initially defined by
1
¢(s,a) = Z —F (a>0), (3.3)

(n+a)°

n=0

which is clearly analytic in the half-plane Res > 1 with pole at s = 1, and may be
continued to exponents s € {2 via the loop integral

B efi‘/rsl"(l _ 8) Zsflefaz
C(s,a) = o /C I dz (a>0), (3.4)

where the path C encircles Rt anticlockwise, including only the pole at z = 0. From the
Fourier representation of {(s,a), we derive

m0) = SO - O

Hence m4(f) may be continued to an entire function of s. Now making use of the loop
integral representation, we obtain

me(6) = SIn(375) (1 - 9), (3.6)

s ™

where
s—1 Slnh(ﬂx)

Ks(ﬂ):/o x mdx (3.7)

and, for # — 17, we deduce the asymptotic behaviour

K(8) ~ (f(ﬂ)) - r<s>(§) | (3.8)

We now consider the approximating integral for m4(#), which is a standard Mellin
transform [8, p. 521] for s € £2 with value

/OC sin(Qu) du = sin(37s)I(s) sgn(6)
0 ul—s |9|s

ks (0) =

(—m <8 <m). (3.9)

Define 2, = {s: 0 < Res < 1/p}. If s € £2,, then k, € L)(—7,m), and

|sin(3m(o +it)) I'(o +it))|
(1 —po)t/rro '

I kotitll iz = (3.10)
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Given fixed o € (0,1), as |t| — oo it is well known from Stirling’s formula [9, p. 58] that
|l(0 +it)| ~ V2me™ (/DI |4|o=(1/2), (3.11)
Thus we have the asymptotic behaviour

kol (o)) M2
[koiell iz V2r

For large |t|, this estimate allows us to obtain the lower bound

(It] — o0). (3.12)

1A= 0 > 7%“ asm), (3.13)

4. Proof of Theorem 1.1 (trigonometric polynomials)
The left-hand side of Theorem 1.1 follows from Hoélder’s inequality, as
1Fllz = 1A flliz S NAT*2flls (EE€R). (4.1)

We now prove the right-hand side for trigonometric polynomials. Let f = Z N On ein?
with ag = 0. The notation Z indicates finite sums of this form, and we sum over all

indices subject to the stated conditions. Applying the operator A~%*/2 to f gives
1n9 N . it
|A 1t/2f § Z U Gy Gy Ty ei@(n1+n2—n3—n4) n3ng
\n|‘t 1%n2%ng“ng n1no
m1,N2,13,14
(4.2)
Integrating with respect to 6, we obtain
27 de N it
—it/2 ¢4 —it/2 4 _ 374
Ja 2ty = [ 1A = Y amemanan B @)
0 0 2T nins
ni+ns=nz+ng
Now we may form the long-time average. Let
_ n3n4
S = lim — Z Ay Oy Oy Gy | —— dt. (4.4)
T—o0 2 ning
n1+n2 n3+ng
Terms with |njns| # |ngny| vanish, hence we arrive at
N
S = Z Gy Oy Qg iy - (4.5)
ni1+ns=nz+ng
|ning|=|ngn4|
Now separate the case ST : ning = ngny from S~ : niny = —nzny to give
N N
S = Z Gy Oy Oy Gy + Z Gy Oy Oy Ay - (4.6)
ni+na=ng+ng ni+na=ng+ng
nin2=nzng nin2=—ns3ng
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The circular case

The ST sum reduces to the system

n?—kn%:n%—kni (47)
Ny + no = ng + Ny, '

which corresponds to the intersections of circles and lines at lattice points Z2. This
Diophantine system is considered by Zygmund [12], and Bourgain [4, § 2], in the context
of the Schrodinger group. We may evaluate ST precisely; all off-axis points (n1,n2) on the
lattice {—N,...,N} x {=N,..., N} give contributions to the sum. Those with ny # nq
generate two solutions (ng, ny) and (n4, ng), whereas those of form (ny,n;) give just one.

Thus we obtain
N 2 N
St :2{Z|an12} _Z|an1|4 (4.8)

and deduce that
1Al < S* < 20f1%. (4.9)

The hyperbolic case
The other term S~ is a sum over intersections of hyperbolae and parallel lines

ng +ng =ny + no
nagng = —Ni1na.

(4.10)

This general Diophantine system may be solved by change of variables. Solutions are less
clear than for ST. The sum is over a more sparse set, as the only possible solutions are
given by

ns,ng = %(nl +ng £ \/(nl + 3712)2 - 8”%), (411)

where ng and ny are integers. In general, S~ is non-empty, for instance (n1,ng,ns,ng) =
(2,3,6,—1) is an element for N > 6. All solutions may be generated using forms reminis-
cent of Pythagorean triples. Setting X = nj+3ns and Y = no, we arrive at the following
case of Pell’s equation:

X2 - 8Y? = k2, (4.12)

with k integral. Here we rely on the fact that Q(v/—2) is a Euclidean domain [6]. Now
assume (X,Y, k) have no pairwise common factor. The only possible common divisor of
X +k, X —kis 2 Thus X + k = 2P?, X — k = 4Q? give the general solution of (4.12)
with (X,Y) positive:

(XaYak) = (P2+2Q27PQ7P2_2Q2)’ (413)
where P, () # 0. These give the minimal solutions of S~ via

(1m0 mg,ma) = (X = 8Y,V, 3(X =2V k), J(X =2 =), (4.14)
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Putting x = P — Q and y = Q leads to the symmetric form

nq P?+2Q?% -3PQ z(r —y)

no | PQ |y +y)

ng | P? - PQ | z(x+y) (4.15)
ny 2Q? — PQ —y(z —y)

for non-zero |z| # |y|. These are the basic solutions, which we can scale to give the general
solution in the integer lattice to (4.10). We must allow an additional factor p, where p is
odd and square-free, giving the explicit expansion

ST =8Re Z Op (22 —zy) Op(y2+ay) Op(a2+2y) Op(y2 —zy) (4.16)
0<z<y
p€EP

where P = {£1,43,45,4+7,+11,+£13,£15,... }. The summation is over the valid range
of coefficients, that is to say all subscripts must fall inside {—N,...,+N}, so that  and
y must be less than 1/ N/2p. We can now make the required estimate:

5™ < 2|1l (4.17)

Adding this bound to (4.9) gives the right-hand side of Theorem 1.1 for finite sums.

5. General [? case

We extend the previous result to the whole of L%, making use of the theory of vector-
valued Bohr almost-periodic functions, from [3] and [11].

Definition 5.1. Let X be a Banach space, and g : R — X be continuous. We say
that 7 € R is an e-almost period of g if

lg(t+7) —g(t)x <e (t€R). (5.1)

The function g is Bohr almost periodic if for each € > 0, there exists A > 0 such that each
interval (¢,t+ \) contains at least one e-almost period 7. Let B X be the completion of
the space of Bohr almost periodic X-valued functions for the norm

1
4 . 4
= lim — t dt. 5.2
HQHB?AX Tl 2T/ ||g( )HX ( )

The Mean Value Theorem for almost periodic functions shows that this limit exists; the
Uniqueness Theorem proves that this is indeed a valid norm.

Theorem 5.2. The map f — A~ "*/2f is bounded L2 — B}Lj with norm at most 4.

Proof. Given f as in Theorem 1.1, le't In T»tzlnl<N ane™. so that, fy — f in L2, as
N — oo0. Now let Fy(t,0) = EanN ane™|n|”"". These partial sums are almost periodic
in ¢, with values in L}, and give a Cauchy sequence (Fi) in B{Lj, the Banach space
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obtained by completing the space of finite sums > bne™?r it with respect to the
norm (5.2), where X = L}. Let F be the limit of this sequence in BfLj. The Fourier
coefficients depend continuously on the B Lg norm, so that we can regard F' as a function
with

F(t,0) = A7*/25(0), (5.3)

as the interpretation in L2 is unambiguous. Since
IENlgses = IFllgpy  and  [[fnllz = £l
as N — oo, we deduce the general theorem from the finite sum case:
1Flgaps < 4If1s- (5.4)
|
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