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CONSTRUCTION OF A SOLUTION OF A CERTAIN
EVOLUTION EQUATION II

AKINOBU SHIMIZU

Let D be a bounded domain in R? with smooth boundary 0D. We
denote by B,,t =0, a one-dimensional Brownian motion. We shall con-
sider the initial-boundary value problem

du(t, z, w) = {edu 4+ dbu(l — by — bud}dt + cudB, ,
(¢, 2) €[0,00) X D,
u(+0,2,0) = g(x) , zeD,
u®t,é,0) =0, (8 el0,00) xaD,

0.1)

where o and b are positive constants, b, b, and ¢ are nonnegative con-
stants, and b 4 b2 x 0. Let « be the positive root of the equation
1 —ba—ba®=0. We assume that the initial function g(x) is suffi-
ciently smooth and that 0 < g(») < a.

The central aim of this paper is to investigate the asymptotic prop-
erty of the solution as ¢ — 4+ oo, by using the result [7]. In the deter-
ministic case, that is the case ¢ = 0, the behaviour of the solution is
well-known. If the random disturbance cudB, is involved, the solution
presents somewhat complicated behaviour. Therefore, we are interested
in the contribution of the coefficient ¢ (Theorem 4.2).

The initial-boundary value problem (0.1) is a stochastic model of
population growth with dispersal in theoretical biology (W. H. Fleming
[1D. The domain D is the habitat of individuals. The stochastic proc-
ess u(t, %, ») is to be the density of individuals at time ¢ and place x in
the habitat D. The parameter o stands for fluctuation. The term adu,
a constant times the Laplace operator, describes the dispersal of indi-
viduals. The term bu(l — b,u — b,u?) means the multiplication rate of
individuals. The term cudB, describes random environmental fluctuations
of population growth.
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A stochastic model without geographical structure has been discussed
in [2]. In the paper, a generalized Volterra system, which is a model
of interacting populations of various biological species, is reduced to an
ordinary stochastic differential equation. The difference of our model
from the model in [2] is only a term adu.

For the deterministic case, it is well-known [11] that

limut,z,0) =0, if 2 <2,
a

t— oo

lim u(t, z, 0) = w(x), a positive stationary solution, if b = A
t—co a

where 2, is the smallest eigenvalue of —4 with Dirichlet boundary con-
dition. As soon as the random environmental fluctuations are involved,
the condition for survival of individuals largely changes. According to
Theorem 4.2 in this paper, we see that

limut, z,0) =0 ae, if & — Le<y,

fmoo a 2a

u(t, z, ) never tends to zero a.e., if b _ —21—02 > .
o o

Roughly speaking, this result means that the critical size of the habitat
D for survival must be larger under the random environmental fluctua-
tions than in the deterministic case.

In §1, we shall establish a comparison theorem. The existence of
a solution will be discussed in §2. We shall investigate the linear case,
b,=1>b,=0, in §3. In this case, we can get the explicit solution. The
algorithm to derive the explicit expression has been obtained by the
author [8], using the integral representation of the multiple Wiener
integral [4]. Once an explicit expression of the solution is given, it is
easy to have a conjecture on the asymptotic behaviour of the solution.
Indeed, we can give the affirmative answer to the conjecture in §4.

The one-dimensional Brownian motion B,,¢{ = 0, in the stochastic
evolution equation (0.1), which causes the random environmental fluctu-
ations, should now be replaced by a Brownian motion B,(z,») having
the parameter x e D, since geographic structure should be taken into
account. The author has made an attempt in this scheme in [9], where
one is given an explicit form of the solution of a linear stochastic evolu-
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tion equation on a Hilbert space. Although the results in this paper
are far from a systematic approach to the theory of infinite dimensional
stochastic differential equations, the property obtained in §4 is well il-
lustrating some evolutionary phenomena arising in population biology.

Before we describe our main results, we list the notations which
are used throughout this paper. Let (2,%,P) be a probability space,
endowed with a right continuous increasing family of o-fields &,. {B;}
is a one-dimensional §,-Brownian motion. Let IN=(F,D) be the family
of processes u(t, 2, w) satisfying the conditions (0.2) and (0.3);

0.2) u(t,z,w) is (t,z,w)-measurable, and it is F,-measurable for each
fixed (¢,2)e[0,T] x D.»
0.3) sup Ellu,z,0)*] < +oco for any T < +oco and any positive

(t,2)€[0,TIxD
integer k.

We denote by CXF,D) the family of processes u(t,x,w) satisfying the
conditions (0.4) ~ (0.7);

0.4) ue M@, D),
0.5) u(t,z,w) is (¢, x)-continuous in [0, ) x D with probability 1,

0.6) u(t,z,w) is twice differentiable in D as a function of x, and the
derivatives D,u, D*u are continuous in (¢, ) € [0, o0) X D.?

2

0.7 sup El|Diul] < +c for each T < + oo .
0

(t,z)e[0,TIXD i=

Finally, we will state our main results in §2 ~ §4 precisely. Here,
we omit the comparison theorem obtained in § 1, because we need more
notations to describe them.

THEOREM 2.5. The initial-boundary value problem (0.1) has a unique
nonnegative solution in the class CXF, D), if the bounded domain D in
d-dimensional Euclidean space R® is taken to be a cuboid, the function
g(x) is sufficiently smooth and supp g(x) C D.

This theorem is a corollary of Theorem 2.4, which gives a more

1) Throughout this paper, we denote by D the set D U aD.

2
2 Dp=-2,D2=_2_ and Dlu=u.
%5 02;0% ;
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general sufficient condition for the existence and uniqueness of the solu-
tion.

THEOREM 3.1. When the coefficients b, and b, are zero, the solution
w(t, x, w) of the initial-boundary value problem (0.1) can be expressed in
the form,

u(t, z, 0) = exp {¢B,(w) — %% + btlp(, ) ,
where p(t, x) is the solution of the problem,
2opt,2) = adp(t,2), (@) el0,0) X D,
p(+0,2) =9, @wxeD,
p, &) =0, (t,8) €[0,00) X 3D .
THEOREM 4.2. Let u(t,z,w) be the solution of the initial-boundary

value problem (0.1). If —al, + b — 3c* < 0, then the equality

P[lim ult,z,0) =0 for any x e D] =1,

t—oo

holds. If —ai, + b — %c* > 0, then the equality,
Plu(t, 2, w) does not converge to zero, as t — +oo, forany xeD] =1,

holds.

§1. Comparison Theorem

Let u(t, z,w) be a stochastic process belonging to the class C*§, D),
whose stochastic differential is given by

a.1n du(t, z, 0) = {adut, z,w) + fE, 2, w)}dt + ul, z, w)dB, .
Here, f(t,2,w) is (t, 2, w)-measurable, §,-measurable for each fixed ¢ and

z, and rE[lf(t, z,w)|ldt < +c0 for any & and T < +oc0. We assume
0

that v(t, z, ) € C%(§, D) be a solution to the stochastic evolution equation,
1.2) dovt,z,0) = {advE, ©,0) + g, z, 0)}dt + RE, 2, 0)dB, .
We get

THEOREM 1.1. Let o be a nonnegative constant, and z(w) be a
Markov time relative to F,. Assume that h(w) is }-Holder continuous
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on R', that g(u) can be expressed as the sum of a Lipschitz continuous
function and a non-increasing function on R, that the inequality,

1.3) [0 < 9ul,z,0), (¢z,0)el0,cw) x Dx 2,
holds for some w-set § satisfying P(f) =1, and that the conditions
1.4) Plu(0, z, 0) < v(0, 2, ) for any xeD] =1
and
1.5) Plut, & w) < v@E, & v) for any € oD and any tel0,z(w)] =1
hold. Then, the equality
(1.6) Plu(t,xz,0) < v, z,w) for any zeD and any tel0,z(w)] =1
holds.

Proof. Let us define a sequence of functions ¢,(u) as follows;

o.(u) are of C’-class, ¢,(w) = 0, ¢,(u)tmax (0,u),
0= =1, o(u) -1 (uw>0),
up)/(u) are uniformly bounded, and ¢, (%) — 0 (n — + o).

We put z,(w) = inf {t; sup,., max (u, 2z, )|, |v¢ 2,0)) > 7}, and ' =t
A 7(w) N 7,(w). By using Ité’s formula, we get

ehk"ﬁﬂn(u(t', Z, (D) - ’U(t,, Z, (l)))

= _kﬁ' e ¥, (u — v)ds
+ J : e bgl(u — V){adw — v) + F — g)ds
+ [ emsgl — i) ~ hw)aB,
+ [ ae st — i) — heyds

Hence, we have
Ele " ¢, (u(t’, z, w) — v({t’, z, »))]
< ——kEU" ek, (1 — v)ds]
0

+ ” e Mgl (u — {adu — v) + f5, 3, 0) — guls, ¢, »)

https://doi.org/10.1017/50027763000021711 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000021711

186 AKINOBU SHIMIZU

+ g(u) — g(v)}dS]
+ k’EU:’ e Bol(u — v)|lu — v| ds]
< —kE U: e ¥, (U — 'v)ds]

+ EU: kgl (u — V)ad@ — v) + K |u — vl}ds]

1t

+ WE|[ erpiw — v)u —vlds]

because of the inequality (1.3) and gw) — g@) < k" |[u — v|, (u > v).
Letting n tend to + oo, we have
Ele *" max (0, u — v)]
"

< & — k)EUO e~ max (0, % — v)ds]

§

+ EUO ey ol — v)ds] .

Let the constant k& be sufficiently large, then we have

Ele %" max (0,4 — v)]
"

= EU € 5y sy @d (U — v)ds] .
0
Hence, we have
f Efle~*" max (0, u(t’, z, 0) — v({t’, z, w))ldx
D

¢’

= ID E'UO e By s mad(u — 'v)ds]dx

= EU: e"‘-’(jp Xus>uny@d@ — v)dm)ds] .

By the next Lemma 1.2, we must have
[ zusuodn — vz <0,
therefore, we obtain
J.D Ele " max 0, u(t ANt A\ t,2,0) —vE N7 A p52,0))lde < 0.

Noting the fact that z,(w) — 40,7 — 400, we get the conclusion of
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this theorem.
To complete the proof of Theorem 1.1, we will prove
LEMMA 1.2. Assume that o function y(x) belongs to c(D) N CYD),»
82
that L) ! axgxlr(x)

£edD. Then, the inequality

dr < 400 1 =1,2,..-,d), and that (&) <0 for each

Ayp(x)de < 0

fDn{x;¢(z)>0)

holds.

Proof. We will prove the inequality under the assumption (z)

e CxD). It is sufficient to show that f o

D@ >0} 0X?

y(x)dz <0 for each

i. For fixed z, 2y « -+, %, 1, Zipqp -+ -, Lq, We put

L, ={x=(x,--,2);2eD N {y@) > 0}}.

Clearly, it is enough to see that J v(x)dx; < 0. Since the set L, is
Lg

aZ
ox?
expressed as the sum of countably many open intervals, the assertion
of Lemma 1.2 is reduced to the following statement;

J‘ﬂ aa; —(2)dz; < 0, under the conditions (@) = v(8) = 0, and y(z) > 0,

;€ (o, B). This is obvious. We omit the proof under the assumptions
of this Lemma, because it is easy to get it modifying the above proof.

When the constant a equals zero, Theorem 1.1 gives a comparison
theorem for ordinary stochastic differential equations [10]. On the other
hand, putting ¢ = 0, Theorem 1.1 turns out a comparison theorem for
partial differential equations of parabolic type, which is well-known.

Next, we will give some results, which can be immediately deduced
from Theorem 1.1. We shall use them in §2 and §4.

COROLLARY 1.3. (i) Let a be a nonnegative constant, and z(w) be
a Markov time relative to F,. Assume that h(u) is i-Holder continuous
on [0, ), that g(u) can be expressed as the sum of a Lipschitz con-

3) ¥(x) is continuously differentiable in D, and twice continuously differentiable
in D.
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tinuous function and a nonincreasing function on [0, o), that the proc-
esses u(t, z, ) and v(t, ¢, w) are nonnegative, and that the conditions (1.8)
1.4) and (1.5) are satisfied. Then, (1.6) holds.

(ii) Let o be a nonnegative constant. In addition to the assumptions
on the functions h(uw) and g(u) in the above (i), we assume that h(0)
= g(0) = 0. Let a process v(t,,w), (t,x) €[0,0) X D, be a solution of
the stochastic evolution equation (1.2) satisfying the conditions;

Plv(0,2,0) =0 for any xeD]l =1,
Plv(t,&,0) =0 for any (t,&)e[0,00) X D] =1.

Then, the equality
Plvt,z,0) =0 for any (t,%)e[0,0) X D] =1
holds.

COROLLARY 1.4. (i) In the assumptions in Corollary 1.8 (i), we
replace the conditions (1.3)(1.4) and (1.5) by the following conditions;

1.3  ft 2,0 =g@wtz,0), ¢G2,oell@)XDxd,
holds for some w-set O satisfying P(Q) =1,
1.4) Plu(0, %, v) = v(0, %, ») for any xeDl =1,
1.5) Plu(t, &, 0) = v, &,0) for any (t,&) el0,7(w)) X D] = 1.
Then, the equality

Plu(t,z,0) = v(t,z,0)  for any (t,2)€[0,7(w)) X D] =1

holds.

(i) Under the same assumptions on the functions h(u), g(u) and the
constant a as in Corollary 1.8 (ii), the uniqueness of mnonnegative solu-
tions of the stochastic evolution equation (1.2), which satisfy the initial
condition

Plv(0,z,0) = g(x) = 0 for any xeD]l =1
and the boundary condition
Plv(t,&,0) =0 for any (¢,8)€[0,00) X 0D] =1,
holds.
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§2. Existence of a solution

The aim of this section is to establish the existence of a solution
of the initial-boundary value problem (0.1). We can prove the existence,
when the domain is a cuboid. Let p(t,z,%) be the fundamental solution
of the heat equation,

]

2.1 —u = adu ,
2.1 pn U = adu

with boundary condition,

2.2) ut,&) =0, geaD .

First, we consider the following equation of integral type.
ut,z,0) = [ pit,2, 99
@.3) + [ as{ bt — 52,97, v, ody
+ [{], pt — s, v)ntuts, v, 0)dy}aB,

where the function f(#) and the derivative A’(x) are Lipschitz continu-
ous. The existence of a solution of (2.83), which belongs to the class
M=(F, D), is proved by the successive approximation. We expect that
the solution of (2.3) satisfies (0.1). If the domain D coincides with R?,
we can prove this fact by the same argument as in B. L. Rozovskii [7].
But, in this paper, we consider the initial-boundary value problem (0.1)
with bounded domain D, so we can not apply Rozovskii’s method.
We assume that the bounded domain D is given by

2.4 D={@,®y - ,2)eR*;0< 2z, < L, k=1,2,---,d}.

Then, the fundamental solution p(¢, z, y) of (2.1) with boundary condition
(2.2) is represented in the form,

2.5) Pt = (2«/ at)? i[ nj_: [‘exp {—(xk - ?/Za-lt- 2nLk)2}
— exp {_(xk + yzai- ank)z}] .

For a stochastic process u(t, z, w), x € D, we define an extension v(¢, 2, w),
x ¢ R4, of the process u(t,x,0) such that the process v(t,z,0) satisfies
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the conditions (2.6)~(2.8) with probability 1 for any (f,x) [0, ) X D;

2.6) v(t, v, 0) = ult, z,0),
@ v(t, @ 4+ 20,L0, %, + 20,10, - - -, % + 20414, 0)

' = v, L, % -+, Ty 0)  for any integer my,ng, - - -, Mg,
2.8) V(E, ey, %5 « + +5 4T, ®) = €18, + + + £qV(E, Ty, Xy - -+, Tg, ®)

for any ¢, = =1. Furthermore, we define

S, u=0

2.9 Flu) =
2.9) ) {“f(_u), nel
Then, we have

LEMmMA 2.1, If w(t,2,0) =0 almost everywhere for any (t,x)
€[0,00) X D, then the equality

jD Dt — s, 2, 9).S @, ¥, 0))dy
(2.10)

= 1 @yt
- IR" (2‘/7;a(t — 8))11 exp { 4(1/(t — S)}f('v(sy Y, a)))d?/ ’

holds, where the process v is the extension of u defined by (2.6) ~ (2.8).
Conversely, if a process v(t, z,w), x € R%, satisfies (2.7),(2.8) and v(t, x, w)
=0 a.e. for (t,x) [0, 00) X D, then the process u(t,z,w) defined by (2.6)
sotisfies (2.10).

We will omit the proof of Lemma 2.1, because it is not difficult.
Making use of Lemma 2.1, we see that the integral equation (2.3)
can be reduced to the equation,

’U(t, Z, (D) = de po(t’ Z, ?/)g(y)dy
@11) +[Las | pit — 5,2, 706, v,0)dy

+ L L_Ed ot — 8, %, Ph(v(s, ¥, w)dydB, ,

- — 2 - . .
where p,(t, z,y) = (2—«/7_1r”0?)7 exp {—%#-}, the function §(x), x € R?, is

an extention of g(x), x € D, such that §(x) has the properties correspond-
ing to (2.7),(2.8), and the function A(x) is defined by (2.9).
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Since we can apply the Rozovskii’s method to the integral equation
(2.11), we get the following lemma.

LEMMA 2.2. (i) Assume that the functions f(u) and h(w) are

Lipschitz continuous, that f(0) = h(0) = 0, and that the function ¢g(x)
is bounded measurable. Then, the integral equation (2.11) has o unique
solution in the class IM=(F, R).
(i) In addition to the assumptions in (1), we assume that f(u) and
the derivative h'(w) is Lipschitz continuous, and that g(x) is o suffi-
ciently smooth function with supp g(x) C D. Then, the solution of (2.11)
belongs to the class CHF, R and it satisfies the stochastic evolution
equation,

2.12) dv(t, 2, 0) = {adv + f(v)}dt + h(v)dB, .

(iil) In addition to the assumptions in (i), we assume that the func-
tion g(x), xe D, is nonnegative. Then, the solution v(,x,0) of (2.12)
18 nonnegative in [0, o) X D almost surely, and it satisfies (2.7)(2.8).

Proof. (i) Since the functions f(x) and i(w) are Lipschitz contin-
uous under our assumptions, we can apply the successive approximation.
Let us define an operator S as follows:

Su = LN po(ts 2, Iy
+ [[as| bt = 5,20 s, v, 0)dy

t -~
+ J‘() fRd po(t — S, Z, ?/)h(u(s, Y, a)))dyst .

We put u, :f &, 2, Fly)dy. We can easily verify that S™u, con-
R

verges in norm ||u|ly = (SUD.»ero,qxze LU, z, ®)PYDV?¥, where N is an
arbitrary integer. Hence, we get the conclusion.

(ii) Since the support of the function g(x) is contained in D, the ex-
tended function §(x) is sufficiently smooth in R?. Applying Rozovskii’s
method [7], we get the conclusion.

(iii) If a function w(x) satisfies the conditions (2.7)(2.8), it is easy to

see that the function j 0., x, Ywy)dy also satisfies (2.7)(2.8). Noting
Ré
the above fact, we see that u, satisfies (2.7)(2.8), and that S™u, satisfies
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2.7(2.8). Since the sequence S™u, converges to the solution in norm
IIlly, so the solution satisfies (2.7)(2.8). The fact that v(t,z,0) = 0 a.e.
for (¢, x)€[0,0) X D follows from Corollary 1.3 (ii).

By Lemma 2.1 and Lemma 2.2, we get

PROPOSITION 2.8. Assume that the domain D is given by (2.4), that
fuw) and the derivative h'(w) are Lipschitz continuous, that f(0) = h(0)
= 0, that the function g(x) is nonnegative and sufficiently smooth, and
that the support of g(x) is contained in D. Then, the initial-boundary
value problem

du(t, z, 0) = {adu + fw}dt + h(w)dB, ,
(2.13) (0, 2, 0) = g(x) , zxeD,
u(t,&,w):O, éeaD;

has a unique nonnegative solution in C*gF, D).

Next, we should relax the condition on the function f(u) in Proposi-
tion 2.3, because the function du(l — bu — b,u?) which appears in (0,1)
is not Lipschitz continuous.

THEOREM 2.4. Assume that the domain D is given by (2.4), that
the function f(u) is written in the form,

Sw) = fi(w) — (),

with a Lipschitz continuous function f,(w) and a nonnegative increasing
locally Lipschitz function f,(u), that the derivative h'(u) is Lipschitz
continuous, that f,(0) = f,(0) = h(0) = 0, and that the function g(x) is
nonnegative and sufficiently smooth, and that supp g(x) € D. Then, the
mitial-boundary value problem (2.13) has a unique nonnegative solution
in the class CXg, D).

Proof. We put

f(n)(u)__{fZ(u): if fz(u)<n+1
T 1 f@en1,

and
JMw) = fLlu) — W) .

We consider the stochastic evolution equation,
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(2.149) du = {adu + fw}dt + MwdB, ,
with initial condition,
uw(+0,2,0) = g@) , zeD,
and the boundary condition,
ut,&w0) =0, &geodD.

By Proposition 2.3, we see that (2.14) has a unique solution u‘™(, z, w).
We define a Markov time z,(w) by

(@) = inf {¢; L™ E, 2, w) > n for some x e D} .

From Corollaries 1.3 and 1.4, it follows that «®(¢, x, w) = 4"V, 2, @),
that z,(0) £ 7,.,(w), and that u™({, z, 0) = u"*"VF, 2, 0) if t < z,(0). We
put

2.15) ult, z,0) = u ¢, z,0) , if t<rz,(0),
and

7.(0) = lim z,(0) .

n—>c0

The stochastic process u(t,z,w) defined by (2.15) satisfies (2.13) when
t < z.(w), so that it is enough to verify r.(w) = +co to complete the
proof of the existence. Let w(t, 2, w) be the solution of the stochastic
evolution equation,

dw(t, z, 0) = {edw + fi(w)}dt + h(w)dB, ,
w(+0,z,0) =9, =zeD,
w(t, & w) =0, EeadD .
Then, by Theorem 1.1, we get that w(,z,0) = 4 (¢,2,0). Hence,
fwt, 2, w) = f(u™(E, 2, w)). Therefore, we have
(@) = inf {; fL(w(t, z, @) > n for some x ¢ D}

#(w) .

(i

It is easy to see that #,(w) — + oo, because w(t, x,w) is (¢, x)-continuous
in [0, +o0) X D with probability 1. Hence, we get z.(w) = +co. The
uniqueness of solutions follows from Corollary 1.4 (ii). The proof is
complete.

The next theorem is only a corollary of Theorem 2.4. But, it is
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sufficient for the central aim of this paper.

THEOREM 2.5. The initial-boundary value problem (0.1) has a unique
nonnegative solution in the class C¥F, D), if the bounded domain D in
d-dimensional Euclidean space R is a cuboid, the function g(x) is suffi-
ciently smooth, nonnegative and supp g(x) C D.

§3. Linear stochastic evolution equation

In this section, we consider the initial-boundary value problem of
the linear stochastic evolution equation;

3.1 du = {edu + bu}dt + cudB, ,
3B.2) w(+0,z,0) = g, zeD; g(x) is bounded nonnegative ,
(33) u(t,&,(!)) =0 ’ EeaD’

where D is a bounded domain in R¢ with smooth boundary 6D. The
initial-boundary value problem (0.1) is reduced to the problem (3.1)
~ (8.3), if the constants b, and b, in (0.1) equals zero.

THEOREM 3.1. When the constants b, and b, are zero, the solution
u(t, x,w) of the initial-boundary value problem (0.1) can be expressed in
the form,

3.4) u(t, , w) = exp {¢B,(0) — ic* + btlp¢, ) ,
where p(t,z) is the solution of the problem,

%p —adpt, ), (@) el0,00) XD,

p(+0,2) = g) , zeD,
p(t’f) =0 ’ (taé)e [0, 00) X aD .

Proof. The integral equation corresponding to (3.1) can be written
as follows;

ut, z, ) = JD p(t, 2, Y9W)dy + J: {L p(t — s, 2, y)bu(s,y,w)dy}ds
+ J: UD p(t — s, z, Y)euls, vy, w)dy}st .

By the same argument as the proof of Theorem 1 in [8], we obtain the
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formula (3.4). We can easily verify by It6’s formula that the process
u(t, z,w) given by (3.4) satisfies (8.1). Obviously, the process u(t, z, w)
satisfies (3.2) and (3.3).

Let {2,} be the eigenvalues of (2 + 4)u = 0 with boundary condi-
tion u|,p = 0, such that 2, <2, <1, < .-+, and {p,} be the eigenfunctions
corresponding to {1,}. Then, the function p({, #) in Theorem 3.1 can be
expressed in the form,

(3.5) p(t, @) = z e A L0.(3) .

The right-hand side of (8.5) converges uniformly in (¢,2)e[d,00) X D
for each 6 > 0. The conditions g(x) and g(x) == 0 imply A,p,(x) > 0,z € D.

COROLLARY 3.2. The inequality —ald, + b — %c* < 0 implies

P[lim ult,z,0) =0 for any x eD] =1,

t—oo

and —al2, + b — }c* > 0 implies

P[limu(t, %,0) = +oo  for any xeD] —1.

t-—oco

Proof. Combining the fact, P[lim % ~ 0] — 1, with Theorem 3.1,

t—c0

we get the conclusion of Corollary 3.2.

§4. Asymptotic behaviour of the solution

Let u(t,x,w) be the solution of the initial-boundary value problem
(0.1). Our concern of this section is whether u(¢, z, ) converges to zero
or not as £t — 4 oo.

First, we assume that —ax, + b — 3¢ < 0. By Corollary 1.3, the
solution u(t, #, ) of (0.1) is not greater than the solution of (3.1) ~ (3.3).
Combining this with Corollary 3.2, we get

P[lim uw(t, 2,w) =0 for any xeD] =1.

t—co

Next, we assume that —ald, + b0 — c*> 0. We can choose real
numbers «, 8 such that b = « + 8, « > a4, and p> ic®. Let us define a
function (¢, x) and a process X,(w) by (4.1),(4.2);
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a’;‘ = adift, @) + ailt, x)(l — %a(t, x)) ,

4.1 W(+0,2) = §(@) , 0= ¢@) <min (9@, k), @) =0,

at, &) =0, if £edD,
dX, = X, — X, — r.Xddt + ¢X,dB, ,
“4.2) X =1
0= ’

where £ is a positive constant, and 71> 72 are nonnegative constants. We
shall determine Z%, 7, and 7, in the next lemma.

LEMMA 4.1. There exist k> 0,7, 1, =0 such that the equality,

Plu(t, z, w) = 4, )X, (w), for any xe D, any t = 0] =1, holds.

Proof. Weput w(t, z, w) = i(t, ©)X,(0). Let uscalculate the stochastic
differential of w(t,z,w). Then, we have

dw = {adw + dbw}dt 4+ cwdB,

a . w w?
— ’w{—é—u + ,87'15 + Br. o }dt .

Since § < k, so we have 0 < @ < k£ by the comparison theorem on par-
tial differential equations, which is included in Theorem 1.1. Therefore,
we have

a 4 w w? P12 Bra,s »
—w{ =i + — + A}g—fw—ﬁ—w.
{7.: g + Preg 3 %2

Let &k be any positive number, and let y, and 7, be the constants such
that

Then, it follows from Corollary 1.3 that the equality,
Plu(t, z,0) = w(t, z, ») for any xeD and t =01 =1,
holds.
Since « > y,, we have
ut, ) > S@), and 0< S <k, xzeD [11].

4) It is enough to consider only the case %@ = 0.
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On the other hand, it is known in the theory of one-dimensional diffusion
processes that the path of X,(w) does not converge to zero with proba-
bility 1 under the condition g > {c¢®. Combining these facts with Lemma
4.1, we obtain

THEOREM 4.2. Let u(t,x,w0) be the solution of the initial-boundary
value problem (0.1). If —a, + b — 3c* <0, then the equality

P[lim w(t,z,0) =0 for any x ¢ E] =1

t— o0
holds. If —al, + b — c* > 0, then the equality

Plu(t, z,w) does not converge to zero, as t — +oco ,
for any xe D] =1

holds.

Acknowledgement: The author thanks the referee for his suggestion
on way of expressing the results of Theorem 1.1, Corollaries 1.3, and 1.4.

Addendum

After this paper was submitted for publication, the author presented
a note ‘Asymptotic property of the solution of a certain stochastic evolu-
tion equation’ to ‘Proceedings of the International Symposium on
Mathematical Topics in Biology, Kyoto, Japan 1978’, where he discussed
a stochastic evolution equation similar to Eq. (0.1) in this paper. The
evolution equation, which he discussed in the above note, seems more
natural as a stochastic population growth model in population biology.
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