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A MIXED PARSEVAL'S EQUATION AND A 
GENERALIZED HANKEL TRANSFORMATION OF 

DISTRIBUTIONS 

J. J. BETANCOR 

1. Introduction. Let an integral transform T{f} of a complex valued 
function f(x) defined over the interval (0, oo) be defined as 

ADO 

(l.a) g(y) = T{f(x)}(y) = J Q f(x)K(x, y)dx. 

One of the most usual procedures to extend the classical transform (l.a) to 
generalized functions consists in constructing a space A of testing func
tions over (0, oo) which is closed with respect to the classical transform 
(l.a) and then the corresponding transform of the generalized funct ion/ 
of the dual space of A is defined through 

(2.a) (Tf9 <#>> = </, T<j>), for every <j> e A. 

This approach has been followed by L. Schwartz [13] and A. H. Zemanian 
[20], amongst others. 

Sometimes (for example in [13] and [20] ) the above definition (2.a) ap
pears to be a generalization of a suitable Parseval's equation, but, most of 
the time (see [7] and [12] ) the needed formula does not occur. Recently, 
J. M. Mendez [11] introduced a modification in this method based on a 
mixed Parseval's equation involving two different integral transforms. 

In a previous paper [2] we introduced the integral transform depending 
on three real parameters (a0, ax, a2) defined by 

F(y) = Fao^ai{f(x) )(y) 

Too 

= ya°~ai Jo J(xy> a 2 ' a " « O ) / ( * K * 

where 

J(z; «0, «„ a2) - z ( i - « . - ^ ) / ^ _ L _ z a + *)/2) 

where 
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v = — ^ —-
2 4- £ 2 

and ^ denotes the Bessel function of the first kind and order //,. 
Note that the i^ai?a2-transform reduces to certain Hankel type trans

formations for suitable values of the parameters (for example 

^-2ji-l,2/i+l,0 = Bfi ([!])> 

^-/i-l,2jii+l,-/x = 3% ([18]), 

^-/i-(i/2),2/i+i,-/i-(i/2) = A/x ([20]) and 

^ + I , - M = A (CT)). 
In [2] the following statements concerning the Fa^ai ^-transformations 

were established. 

THEOREM 1 (Inversion formula). Iff is of bounded variation in a vicinity 
of the point x0 > 0, (<x] — l)/(2 +- k) i^ —1/2 and the integral 

/r* \Ax)\x{{'-a^ia«)n)-({i+k)/i)dx 
exists, then 

/
oo r\ 

_ 0 f ^ J 0J(UX> a 2 ' "! ' ^ 

X J(ux0; a2>
 ai> cco)ua°~a2dudx 

= ^{/(*o + 0) + /(*<, - 0) }. 

THEOREM 2 (Parseval's equation). If f(x)x~a° and G(y)y~a° are in 
L,(0, oo) û/irf, w addition, (ax - l)/(2 + Jfc) â - 1 / 2 , 

^(>0 = ^0,a„«2{/(^) }(j0 <*«</ 

g(*) = i W 2 { G ^ ) }(*), 

/

oo /*oo 

Q x a ^ a o / ( x ) g ( x ) ^ = J o ^-°oF(^)G(^)^. 
By invoking the Fubini's theorem we also can prove 
THEOREM 3. Iff(x)x~a° and G(y)y~ai are in L,(0, oo), 

F(y) = Fao^a2{f(x) }(y)9 and 

G(y) = Fa2Alfi0{g(x) }(y)9 
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then 

/

oo /*oo 

0 f(x)g(x)dx = J 0 F(y)G(y)dy 
provided that (ax - l)/(2 + k) ^ - 1 / 2 . 

According to J. M. Mendez [11] the equality (1) can be called the mixed 
Parseval equation for the i&0,ai,«2-transformations. 

In this paper we extend the i^0,a,,a2-transform to a space of generalized 
functions employing the same procedure as the one introduced by J. M. 
Mendez [11] to extend the Hankel transformation. For every a2, k £ R 
with k > — 2, we construct a space Haik of testing functions such that the 
i^0,a,,a2-transform is an automorphism on it provided that 

«o + «2 < 1» [ 2 kJ = - - and /c = - a 0 ~ «i ~ «2-

The generalized transformation FaQAx,a2f of / G //«0,£ (the dual space of 
i/a^A:) is defined on HaQ,k as the adjoint of i^2,ai,a0, so that 

(2) (F^aua2f9 <j>) = </, ^2,ai,a0, <f>), for every ^ G / /«O^. 

FaQ,ax,a2 is an automorphism onto //«0,&, if a0 + a2
 < 1> (ai ~~ 0 / 

(2 +Y) ^ -1/2. 
We prove some operational formulas concerning the i^0,a,,a2 and /20,ai,a2 

transforms, and the coincidence of both conventional and generalized 
transformations when they act on conventional functions is established. 

Our results generalize the ones obtained by A. H. Zemanian [20] 
and J. M. Mendez [11], and improve the results due to W. Y. Lee [7] and 
A. Schuitman [12], as is shown in Remark 2. 

Throughout this paper, / denotes the real interval 0 < x < oo. 
£>(/), E(I), D'(I) and E\I) denote well-known spaces of testing functions 
and distribution encountered in [13] and [21]. 

2. The space of testing functions Ha2k and its dual. Let a2, k be real 
numbers, with 2 -f k > 0. In [2] we defined the space /42,£ of functions as 
the space of all complex valued smooth functions <j>(x) on 0 < x < oo for 
which all of the following quantities y™'^(<J>), m, n e N, exist, where: 

yn::\(4>) = sup \xm(x-^kD)"(x«i<Kx))\. 
2 I E / 

H^k is a linear space over the field of complex numbers. We assigned to 
it the topology generated by using y™,n

h m, n e N9 as seminorms. Hence 
Ha2k is a Hausdorff locally convex topological linear space that satisfies 
the first countability axiom. 

We now list some properties of the space //«2,& and its dual. 
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PROPOSITION 1. A function <f> is in Ha2k if, and only if, <j> satisfies all three 
conditions'. 

(i) <j> is in C°°(/), 

(ii) <t>(x) = x'a\bQ + bxx
2+k + b2x

2{2+k) + ... 

+ z>x (2+/°+ *„(*)) 

Z>m = ^ -L- ]im+(x-]-kDr(xa^(x)), 
ml x^o+ 

for every m = 0, 1, 2, . . . , n and 

lim ( J T 1 - * / ) ) " ^ * ) = 0, 
x-*0+ 

for each n e N. 
(iii) Dm<j>(x) is of rapid descent as x —> oo, /or every m ^ N. 

PROPOSITION 2. i/<*2,& w # Frechet space. Hence the dual space Hi^k is 
complete endowed with both weak and strong topologies. 

Therefore Ha2tk is a space of testing functions and H^2k is a space of 
generalized functions. 

PROPOSITION 3. D(I) c Haik and the topology of D(I) is stronger than 
the one induced on it by Ha k- Hence, the restriction of any f e H^2,k to D(I) 
is in D'(I), and the convergence in Ha2k implies the weak convergence in 
D'(I). 

However D(I) is not dense in Ha2k. 

PROPOSITION 4. Ha k is contained in E(I) and the inclusion is 
continuous. 

Moreover Ha^k is dense in E(I) because D(I) c Ha2k and D(I) is dense 
in E(I). 

PROPOSITION 5. If p = (2 + k)n, for n e N, then 

H<x2-p,k c H<x2,k 

and the inclusion is continuous. 

Remark 1. Note that the space Ha^k of testing functions reduces to other 
spaces earlier studied related to certain variants of the Hankel transform. 
For example: ff-M-(i/2),o = ^ [20], #0,o = H [1], H-^o = JÇ [11], 
H-^i = cHp [10], //o,i = S [16], amongst others. 

PROPOSITION 6. If a0 e R, and a0 + a2 < 1 then every member 
f G Ha k gives rise to a regular generalized function f in H£2,k, through 

(f <t>) = J 0 f(x)<!>(x)dx, for every <j> e Ha^k. 
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Proof. Firstly, / is a linear operator on i/«2^. Moreover, one has 

COO 

\(f, <#>> ^ J 0 \xa^x) | \xaf(x) \x-°«-a>dx g Ay^k(4>) 

for a certain constant A, since a0 -f a2
 < 1» f(x) = ° ( x a°)> as * —> 0 , 

and / ( x ) is of rapid descent as x —» oo. Hence / is a continuous 
mapping. 

It can be also proved that two members of Ha^k which generate the same 
regular distribution of //«2,A, are identical. Therefore, HaQ,k c a n be identi
fied with a subspace of H^k and the inclusion Ha^k c Ha2,k is justified 
provided that a0 -f a2 < 1. 

We now introduce the differential operators 

AT _ /l+«2/)/2 

M«n = xaQDx~aQ 

(3) 

M*0 - - j c _ a ° D ^ 0 

a0, a j and a2 being real numbers. For the moment, we interpret the 
differentiations in the conventional sense. Next, we study these operators 
on the space Haik-

PROPOSITION 7. If k = — a0 — ax — a2, then 
(a) Na0,ai,a2 is an isomorphism between Haik and Ha2-\,k-
(b) The operator MaQ is a continuous linear mapping from Ha2-\M 

into Ha2k. 
(c) Ma0 is an isomorphism between Ha^k and #a0-i-A,£. 
(d) The operator i\££>a « is a continuous linear mapping from HaQ~\-k,k 

into Hc^k-

In the dual space we follow the notational convention. Now if A de
notes some of the operators in (3) then we define the dual operator A' 
as follows 

(A'f, </>> = (/ , A<1>) 

where / and <f> are suitable generalized and testing functions, respectively. 
According to well-known results about dual operators (see [21] ), we 
have 

PROPOSITION S.Ifk= — aQ — a] — a2, then 
(a) Na0,a],a2 is a continuous linear mapping from //«0,£ into Ha0-\-k,k-
(b) MaQ is an isomorphism of Ha0-\-k,k into Ha0,k-
(c) Ma0 is a continuous linear mapping from Ha2,k into Ha2-\,k-
(d) N^a^a2 is an isomorphism from H^ ~\^ into H^k-
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Propositions 7 and 8 imply that the Bessel type operator 

is a continuous mapping of the spaces Ha2^ and 7/«0^ into themselves. This 
operator, and some of its special cases, has been extensively studied 
because it arises in many problems of mathematical physics. Significant 
studies were made by, amongst others, I. Dimovski [3], A. McBride [8], 
A. H. Zemanian [21] and J. M. Mendez [10]. 

3. A generalized i^aha2-transformation. Throughout this section we 
restrict the parameters a0, ax and a2 to a0 4- a, < 1 and (a, — 1)/ 
(2 + k) ^ —1/2. Here, as before, k = — a0 — a} — a2 > —2. 

According to the behaviour of the function / (z ; «0, a]9 <x2)
 a t t n e origin 

and at infinity and in view of Proposition 1, we can establish, after some 
straightforward manipulations, the following operational formulas, in
volving the Fa^a^a2-transformation defined in (1). 

PROPOSITION 9. If <#> is in Haik, then 

(a) Fao-i-kAl+2+k,a2-\{Nao,a],a2<t>}(y) = -yF^a^Wiy) 

(b) Fa^a2{BaQAlA^){y) = -y2+kFao^a2{<t>}(y) 

(c) Nao^a2Fao^a2{(j)}(y) = Fao-i-k^]+2^k,a2-\{-X(j)}(y) 

(d) Bao^a2Fao^a2{4>}(y) = Fao^a2{-x2+k<t>}(y). 

If <j> is in Ha2-\£, then 

(e) Fao^a2{Mao<t>}(y) = y + V i - ^ i + 2 + M 2 - i W ( j ) 

(f) MaoFao-i-k,ai+2 + k,a2-\{<i>}(y) = ^ 0 ,a„« 2{x 1 +^}(^) . 

We now prove a fundamental theorem which describes the behaviour of 
the /&0,a„a2-transformation on the spaces Haik. 

THEOREM 4. ik0,a,,a2 w an automorphism on Haik. 

Proof Let <f> be in i/«2,& and let n and m be any pair of nonnegative 
integers. Denote 

*Ky) = Fa0,aha2{<t>}(y\ 

We must analyze the expression 

sup \ym(2+k)/2(y-l-kDny«^(y))l 

According to the operational rules (a) and (c) in Proposition 9, we get 
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(— y)mNaQ-n+\A{ + 2(n-\),a2-n+\ • • • Aa 0 , a 1 , a 2 ^ 0 , a 1 , a 2 {<>}( . } ; ) 

= FaQ-(n + m)(\+k),ax
Jr(2^k)(n + m),a2-(n + m){ ( ~ ' *) 

' Na0-m+\,ax+2(m-\),a2-m+\ • • • NaQ-\,ax + 2,a0-\Na0,aha2<l>(x) }()?)• 

Therefore 

^ - « 2 ( _ 1 ) W + y ( > ) - . -kD)n{fl^y) } 

/

oo 

0 

«o - (>! + m)(l + ^) )x n + m"a 2(x_ 1 _ / cZ))m(jca 2( |)(x))^ 

which can be written 

(-\)n + mym{2+k),\y-x-kD)\ya^(y)) 

J o J(xy\ a2 — n ~ m, a{ + (2 -f /c)(« + ra), 

<*0 - (H + m)(l + k))(xy)aQ'n(k+])~k(m/2) 

Hence, since the function 

J(z; a2 — n — ra, a! + (2 + /c)(/i + m), 

oo - (n + m)(l + ^))z«o-(l/2)(« + m) + (l/2)(2 + A, 

is bounded on 0 < z < oo, one has 

m 

O » ^ 2 <^(r)(*) 
r = 0 

provided that a0 + ax < 1 , where A is a positive real number and m(r) 
and ft(r) are suitable nonnegative integers. 

The last inequality proves that \p is also in Ha2M and that the linear 
mapping Fa^ai,a2 is also continuous from Ha2^ into themselves. 

Furthermore, the classical inversion theorem (Theorem 1) applies in this 
case; if <j> is in Haik then it satisfies the conditions in Theorem 1. Also 

F~l = F 
x a0,a^a2 ^a0,a1,a2-

Hence i^0,ai,a2 is a one to one mapping of //«2,/; onto Ha2,k and indeed an 
automorphism. 

On the other hand, proceeding as in Proposition 9, we can establish the 
following operational formulas involving the operators Na0,ahar M? and 
D * _ AT* M* 
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PROPOSITION 10. If <t> is in HaQ,k then 

(a) Fa2-1,^+2 +k,a0-\-k{M*0<l>}(y) = yl+kFa2^ao{4>}(y) 

(b) M*0Fa2^aQ{4>}(y) = Fa2-Ua]+2+k,a0-]~k{x]+k<i>}(y) 

(c) F^a^iB^atfiy) = -y2 + kFa2^ao{<}>}(y) 

(d) B*0,a],a2Fa2^{4>}(y) = Fa2^aQ{-x2+k<i>}(y). 

If $ is in i /oo- i -M, then 

(e) Fa2^ao{N*0^a2<p}(y) = -yFa2-Uai + 2+k,a0-\-k{<t>}(y) 

( 0 ^?0,a„a2i&2-l,a1 + 2 + Ar,a0-l-A:{*}(>;) = ^2 ,a„a0{ ~**}(->0-

We now define the generalized transformation Fa a^a2 on Ha0,k as the 
adjoint of the i^2,a,,a0 on //a0,£. More specifically, for arbitrary <£ e HaQ,k 
and for eve ry / G 1%^ we define F^a2f by 

(4) </2 ( ) ,«„«2/, <f>> = < / , Fa2tai9ao4>). 

Applying the theory of adjoint operators to Theorem 4 we derive 

THEOREM 5. The generalized transformation Fa a a2 is an automorphism 
on Ha0,k. 

Note that by setting \p = î 2,a|,a0<i> and by invoking the inversion 
theorem, (4) can be written as 

(5) (F^a2f Fa2,a],a0<t>) = (f *> , /€= H^k, <J> G H^k 

and in this form it appears as a generalization of Parseval's equation (1). 

The conventional i^aba2-transformation when acting on a function 
/ Œ Ha2,k (recall that Ha2,k

 c
 HCL0M) *S a special case of our generalized 

transformation. Indeed, set 

/

CO 

0 J(xy; «2, «„ a0)f(x)dx. 

Since za°J(z; a2, al9 a0) is bounded on 0 < z < oo and a0 + a2 < \, F(y) 
generates a regular generalized function in //«(),A-. Furthermore, by our 
definition (5) we have 

/

CO 

0 f(x)4>(x)dx 

for every (j> <E Ha^k- Since 

x~a2Fa2,a^ e L,(0, oo) 

when a0 4- a2
 < 1 and we may invoke Parseval's equation (1) to write 
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/

oo /*oo 

0 f(x)<}>(x)dx = J0 F(y)Fa2^ao{cl>(x)}dy. 
Therefore 

(6) (F^a2f ^ 2 , a „ao*> = {F(y)> Fa2,a{,aQ<t>). 

Thus, our generalized transformation i ^ ^ / i s the regular generalized 
function corresponding to the conventional ^0,a,,a2 transform 

F(y) = Fa^Al{f}(y). 

According to definition (3) and Proposition 10 we can prove the follow
ing operational formulas for the generalized /^«^-transformation. 

PROPOSITION 11. If § is in //«0,*, then 

(a ) F;o--\~k,a]+2 + k,a2-\{Na0,al,a2<t>}(y) = -J>i20,a,,a2{<f>}( J>) 

(b) F^a2{Bao^a2<t>}(y) = -y2+kF^a2{<t>}(y) 

(C) A ra0 ,a„a2i7a0 ,«1 ,a2{^}(j) = F^- \ - * , « , + 2 + * , a 2 - 1 { ~X<f>}(y) 

(d) Bao^a2F^a^2{4>}(y) = F^a2{-x2+k<t>}(y). 

If <j> is in H^-X-M, then 

(e) F^a2{Mao<i>}(y) = y + * ^ _ 1 _ M l + 2 + * , a 2 - i {<£}(;>) 

(f) MaoF^0-i-k,a^2-hk,a2-\{<t>}(y) = F^ax,a2{x{ + **}(.)>)• 

Since Ha^k c H^k and / /«2- \^ c Ha0- i _ ^ provided that a0 + a2 < 1, 
the results in Proposition 11 can be seen as an extension of those in 
Proposition 9. 

Remark 2. As we said above, the FaQtaha2-transformation reduces to other 
Hankel type transformations setting for the parameters a0, «j and a2 

suitable values. Our results extend those due to A. H. Zemanian [20], and 
J. M. Mendez [11], which can be obtained as special cases of ours. 
Moreover, when a0 = —ax = —Ifi— 1 and a2 = 0, the Zw0,ai,a2-transform 
reduces to the Hankel-Schwartz transform B^ introduced by A. L. 
Schwartz [14]. In this paper we improve the work of A. Schuitman [12] on 
a generalized Hankel-Schwartz transformation. This author proved that, 
for ju ^ —1/2, the J^-transform is an automorphism onto a space H of 
testing functions. He gave the following definition of the generalized 
^-transformation for eve ry / €= / / ' : 

(B^f 4>) = (f B^), V<|> e // . 

For both conventional and generalized ^-transformations the following 
equality holds: 

https://doi.org/10.4153/CJM-1989-014-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1989-014-9


A MIXED PARSEVAL'S EQUATION 283 

instead of the natural equality (6). Moreover, the operational formulas 
corresponding to the generalized Hankel-Schwartz transformation B^ [1, 
pp. 211] do not coincide with the respective classic results [1, pp. 207]. 
Also, the paper of W. Y. Lee, [7] is improved in the same sense. 

If (4) is replaced by the more usual definition 

the same problems that we have just noted in [12] and [7] arise again. 

R E F E R E N C E S 

1. G. Al tenburg, Bessel transformationen in Raumen von Grundfunktionen uber dem intervall 

fi = (0, oo) und derem dual raumen, Math. Nachr . 108 (1982), 197-218. 

2. J. J. Betancor, La transformation integral /^0,a,,a2, Doctoral Thesis, Depar t . Math . Anal. , 

Univ. of La Laguna, Tenerife, Spain (1987). 

3. I. Dimovski , Operational calculus for a class of differential operators, Compt . Rend. 
rAcadémie Bulgare Sci. 19 (1966), 1111-1114. 

4. I. M. Gelfand and G. E. Shilov, Generalized functions, I and 2 (Academic Press, New 

York, 1964, 1968). 

5. A. Gray, G. B. Mathews and T. M. McRober t , A treatise on Bessel functions and their 

applications to physics (McMillan and Co. Ltd., London, 1952). 

6. E. L. Koh and A. H. Zemanian , The complex Hankel and I-transformations of generalized 

functions. S IAM J. Appl . Math . 16 (1968), 945-957. 

7. W. Y. Lee, On Schwartz's Hankel transformation of certain spaces of distributions, SIAM 

J. Math . Anal. , 6 (2) (1975), 427-432. 

8. A. McBride, The Hankel transformation of some classes of generalized functions and 

connections with fractional integration, Proc. Roy. Soc. Edinburgh #7 A (1978), 

95-117. 

9. J. M. Mendez, La transformation integral de Hankel-Clifford, Secretariado de Publica-

ciones de la Universidad de La Laguna, Coleccion Monografias, 8 (Tenerife, Spain, 

1981). 
10. On the Bessel transform of arbitrary order, Math . Nachr . 136 (1988), 233-239. 

11. A mixed Parseval equation and the generalized Hankel transformation, Proc. Amer. 

Math. Soc. 102 (1988), 619-624. 

12. A. Schuitman, On a certain test function space for the Schwartz's Hankel transformation, 

Delft Progr. Repor t 2 (1977), 193-206. 

13. L. Schwartz, Théorie des distributions (Hermann , Paris, 1966). 

14. A. L. Schwartz, An inversion theorem for Hankel transforms, Proc. Amer. Math . Soc. 22 

(1969), 713-717. 

15. I. N . Sneddon, The use of integral transforms (McGraw Hill Book Co., New York, 

1972). 

16. M. M. Socas, La transformation integral de Hankel-Clifford en tiertos espacios de 

funciones generalizadas, Doctoral Thesis, Depart . Math . Anal. , Univ. of La Laguna, 

Tenerife, Spain, 1986. 
17. E. C. Ti tchmarsh, Introduction to the theory of Fourier integrals (Oxford University Press, 

Oxford, 1948). 

18. G. N . Watson, A treatise on the theory of Bessel functions (Cambridge University Press, 

Cambridge, 1958). 

https://doi.org/10.4153/CJM-1989-014-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1989-014-9


284 J. J. BETANCOR 

19. A. H. Zemanian, Distribution theory and transform analysis (McGraw Hill Book Co., New 
York, 1965). 

20. A distributional Hankel transformation, J. SIAM Appl. Math. 14 (1966), 
561-576. 

21. Generalized integral transformation (Interscience Publishers, New York, 1968). 

University of La Laguna, 
La Laguna, Canary Islands 

https://doi.org/10.4153/CJM-1989-014-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1989-014-9

