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Abstract

Let G be a LCA group with an algebraically ordered dual G. Suppose also that the semigroup P of
positive elements in G is not dense in G. Subspaces HjAG) (1 < s < oo) are defined analogous to the
Hardy spaces on the circle group, and the question whether every multiplier from H^G) into Hf(G)
can be extended to a multiplier from L'(G) into Lq(G) is investigated. If we suppose that s ^ oo,
then it is shown that such an extension is possible if and only if (s, a) e (1, oo) X [1, oo] u {(1, oo)}.
(The negative result for (1, 1) was obtained in a previous paper.)

1980 Mathematics subject classification (Amer. Math. Soc.): 43 A 22.

1. Introduction

Let G be a LCA group with the dual group G. For 1 < p < oo LP(G) denotes
the usual Banach space. Let M{G) be the Banach algebra consisting of all
bounded regular measures on G. For a subset E of G, LE(G) (ME(G)) denotes
the subspace of LX(G) (M(G)) consisting of functions (measures) whose Fourier
transforms vanish off E. Let C0(G) be the space of all continuous functions on
G which vanish at infinity and CC(G) the space of all continuous functions on G
which have compact supports, '*' and '"' denote the Fourier transform and the
inverse Fourier transform respectively. When G is algebraically ordered, we
define subspaces Hp(G) of L*(G) (1 < s < oo) which are analogous to the
Hardy spaces on the circle group. In a previous paper (Yamaguchi (1980)), the
author showed that there exists a multiplier on Hp(G) which can not be
represented by convolution with a measure (the compact case is due to Caudry),
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[2] Multipliers on groups 277

that is there exists a multiplier on HP\G) which can not be extended to a
multiplier on Ll(G). In Section 2, if we suppose that s ^ oo, then it is shown
that a multiplier from HS

P{G) into H$(G) can be extended to a multiplier from
LS(G) into L\G) whenever (s, q) G (1, oo) X [1, oo] u {(1, oo)}.

Next, in Section 3, we show that a linear operator on Hj?(G) which is
continuous with respect to the weak* topology and commutes with translations
is given by convolution with a bounded regular measure on G. We also
construct a multiplier on H^°(G) which is not given by convolution with a
bounded regular measure on G. Let /? be the canonical map from C0(G) onto
C0(G)/C0(G) n H£LP)(G). In Section 4, we show that there exists a multiplier S
on C0(G)/C0(G) n H™P)(G) such that /? ° S' ¥= 5 ° 0 for every multiplier 5"
on C0(G).

DEFINITION 1.1. Let F be a LCA group. F is called an algebraically ordered
group if and only if there exists a subsemigroup P of F with the (AO)-condition,
that is (i) P u (-P) = F and (ii) P n (-P) = {0} (see Doss (1968), p. 257). We
do not assume the closedness of P.

Let G be a LCA group such that G is algebraically ordered. Let P be a
subsemigroup of G with the (AO)-condition such that it is not dense in G. We
define HP(G) (1 < s < oo) and M^G) as follows:

= {/ G L'(C?);/(Y) = 0oni>c},

{/ G L°°(G); fj(x)g(x) dx = Oforg G //;

= {/ G Z/(G);/(y) = 0a.e. on (P")C} for 1 < s < 2,

where P ~ denotes the closure of P,

H?(G) = { / G L"(G); }j(x)g(x) dx = 0 for every g G tt/

for 2 < ^ < oo, where l/<? + l/q' = 1,

= { ju G M(G); ,2(Y) = Oon i>c}.

REMARK 1.1. (i) If G = T and P = Z+ (the semigroup of nonnegative
integers), ^ ( T ) is the usual H\T) and H^T) = /^(TO (= {/ 6

H°°(T);f(0) = 0}). If G = R and P = R+ (the semigroup of nonnegative real
numbers), #,!(/?) and HfiR) are // '(/?) and i/°°(/?) respectively.

(ii) Let G be a compact connected abelian group. Then there exists a
subsemigroup P of G with the (AO)-condition. Let H\G) (1 < J < oo) be the
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Hardy spaces defined in (Rudin (1962), 8.1.8, p. 197). Then the following
relations are satisfied:

HS
P(G) = HS(G) for 1 < 5 < 2,

H?(G) = Hg(G) ( = {/ G H"(G)J(0) = 0}) for 2 < q < oo.

DEFINITION 1.2. Let A and B be subspaces of Z/(G) and Lq(G) respectively.
Let T be a continuous linear operator from A into B. T is called a multiplier if T
commutes with Ta (a G G), where TJ(X) = f(x — a).

Doss proved in (Doss (1970), Theorem 2, p. 64) that there exists an analytic
projection U from LS(G) onto HS

P{G) for 1 < s < 2. Let [/* be the adjoint of {/.
Then, since U is a translation invariant projection, I — U* is also. Hence, for
1 <s < oo, every multiplier from #/ (G) into #«(G) (1 < q < oo) can be
extended to a multiplier from LS(G) into Lq(G).

DEFINITION 1.3. For a LCA group T, the coset ring of Td is the smallest ring of
sets consisting of cosets of arbitrary subgroups of T.

PROPOSITION 1.4. Let P be a subsemigroup of G with the (AO)-condition such
that it is not dense in G. Then (Pc)~ does not belong to the coset ring of Gd {the
discrete dual of G).

PROOF. By the structure theorem of LCA groups, G ss R" 0 F, where n is a
nonnegative integer and F is a LCA group which contains a compact open
subgroup Fo.

Case 1. Suppose n = 0.
Since FQ is compact, P is dense in Fo (see Otaki (1977), Lemma 1, p. 307).

Since P is not dense in G and G = U {y + F0;y G G}, there exists y o £ C
such that P is not dense in y0 + Fo. By [y0 + Fo], we denote the open subgroup
of G generated by y0 and Fo. Then [y0 + Fo] is isomorphic to Z © FQ, and by
(Yamaguchi (1980), Lemma 7), we have P n [y0 + ^0] - {("./) G Z © /"0;n
> 0, or n = 0 and / >/> 0} (because P is not dense in [y0 + FJ and P is dense in
Fo), where ' < p' denotes the order on Fo induced by P. Hence we have
(Pc)~ n [y0 + Fo] = {(«,/) G Z © FQ;n < 0}. Suppose that (Pc)~ belongs to
the coset ring of Gd. Then {ny0; n < 0} also belongs to the coset ring of Gd. This
is a contradiction.

Case 2. Suppose n > 1.
First we consider the case that P is dense in R" © Fo. Then, since P is not

dense in G, there exists y0 G G such that P is not dense in [y0 + R" © Fo] as Z
© /?" © Fo (see Yamaguchi (1980), Lemma 9). Hence we can prove that (Pc)~
does not belong to the coset ring of Gd by the same method in Case 1.
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Next we consider the case that P is not dense in R " © Fo. Then P is not dense
in R" (because P is dense in FQ). From (Yamaguchi (1980), Lemma 5 and
Lemma 10), we may assume that (Pcy n R" © Fo = {(*„ x^ . . . , xn,f) e R"
© Fo; xx > 0) . Hence ( i ^ ) " does not belong to the coset ring of Gd.

Therefore, in each case, (Pc)~ does not belong to the coset ring of Gd, and the
proof is completed.

By Proposition 1.4 and (Birtel (1966), Theorem 3, p. 268), there is no analytic
projection from L\G) onto HP\G). However the following proposition is
satisfied.

PROPOSITION 1.5. Let G be a nondiscrete LCA group whose dual G is algebrai-
cally ordered. Let P be a subsemigroup of G with the (AO)-condition such that it is
not dense in G. Then a multiplier from HP\G) into //^°(G) can be extended to a
multiplier from L\G) into LIX(G).

PROOF. Let T be a multiplier from H±(G) into Hp{G). For / e HP\G), we

have

\\rxTf- 7 ) T | L < | | r | | | | T j - / | | 1 .

Hence we have ]imx_#\\TxTf - Tf\\x = 0. Therefore, Tf belongs to CU(G) (the
space of all bounded uniformly continuous functions on G). We define a
bounded linear functional A on HP(G) as follows;

A(f) = 7/(0) for/ e HX
P{G).

By Hahn-Banach's extension theorem, there exists g e L°°(G) such that

Af) = (f(-y)g(y) dy for/ e HP{G).
JG

Since T commutes with translations, we have

Tftx) = / * g(x) for/ e H^G) and x e G.

Therefore T can be extended to a multiplier from L\G) into L°°(G).

2. Multipliers from H^G) into

From (Yamaguchi (1980), Theorem 11), there exists a multiplier on HP(G)
which cannot be extended to a multiplier on L1(G). In this section, we prove
that there exists a multiplier from HP(G) into Hp'(G) (1 < q < oo) such that it
cannot be extended to a multiplier from L\G) into Lq(G).
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280 Hiroshi Yamaguchi (s]

THEOREM 2.1. Let G be a nondiscrete LCA group whose dual G is algebraically
ordered. Let P be a subsemigroup of G with the (AO)-condition such that it is not
dense in G. Let q be in [1, oo). Then there exists a multiplier from Hp(G) into

such that it can not be extended to a multiplier from LX(G) into L9(G).

PROOF. Let 7^ be the multiplier on Hp(G) constructed in (Yamaguchi (to
appear), Theorem 11). We note that $ is constructed as follows:

(1) CPP(*)(G) C D (Z/(G); 1 < p < oo},
(2) p ~ n (-supp($)) = 0 ,
(3) there exist an open set (0 G ) U in G with the compact closure, a sequence

{ym} in G and a nonzero function A in A(G) (= Ll(G)~) which satisfy the
following properties:

(3)i UT(ym+ U) c P° and (Ym + U) n (yn + U) = 0ifm*n,
(3),, A > 0 and supp(f/) c U,
(3)m ®(y + yn) = A(y) on U (n = 1, 2, 3, . . . ).

First we prove that T^H^G)) c O 1 < i < o 0 Hp(G). It is easy to check that
T9(HXG)) C n 1 < i < 2 //£(G). Let J be in (2, oo). Let/be a function in ^
Then there exists a sequence {/im} in Hp(G) such that

(4) supp(/in) has a compact support (n = 1,2, . . . ) ,
(5) supp(/O c supp(<*>),

Hence, by (1) and (6), we have limn_x\\T^f - hn\\s = 0. For each g G H$(G)
(\/s + \/q = 1), we have

f TQAXMX) dx = lim [ hn(x)g(x) dx
JG n-»oo JG

= 0 (by (2)).

Thus T^f belongs to HS
P(G).

If 7^ can be extended to a multiplier from Ll(G) into Lq(G) (\ <q < oo),
there exists a function g in L?(G) such that T9f = f* g for/ e HP\G). But this
is impossible by (3), — (3)ni. Hence T9 can not be extended to a multiplier from
L\G) into Lq{G). This completes the proof.

3. Multipliers on H?(G)

If G is a compact abelian group whose dual is ordered, each multiplier on
HX(G) is given by convolution with a bounded regular measure on G (Larsen
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[61 Multipliers on groups 281

(1971), Theorem 7.3.1, p. 222). In this section we prove that a linear operator on
Hj?(G) which is continuous with respect to the weak* topology and commutes
with translations is given by convolution with a bounded regular measure on G.
Moreover we construct a multipher on Hj?(G) which is not given by convolu-
tion with a measure.

LEMMA 3.1. Let G be a nondiscrete, noncompact LCA group whose dual G is
algebraically ordered. Let P be a subsemigroup of G with the (AO)-condition such
that it is not dense in G. Then, for each neighborhood VofOinG,P~C\ Vhas a
nonempty interior. Moreover there exists a function hy in L\G) n Hj?(G) such
that hv > 0, supp(AK) <z P~ n V and f$ hy(y) dy = 1.

PROOF. By the structure theorem of LCA groups, G = R" © Fd, where n is a
nonnegative integer and F is a LCA group which contains a compact open
subgroup FQ. If n = 0, Fo is a nontrivial compact open subgroup of G. Hence, in
this case, P ~ contains Fo (see Yamaguchi (1980), Lemma 4). Therefore we may
assume that n > 1.

Case 1. Suppose P n R" is dense in R".
Since P is dense in Fo, we have P~ D R" © Fo. Hence P ~ n V has a

nonempty interior. It is easy to construct such a function hv G L\G) n

Case 2. Suppose P n R" is not dense in R".
By (Yamaguchi (to appear), Lemma 5), we may assume that (P n R")° D {*

= (JC,, x2, • • . , xn) e R"; xx > 0} without loss of generality. Since P ~ D {x =
(*„ x2, • . ., xn) G R";x1 > 0} X Fo, P~ n V has a nonempty interior. In this
case, we can construct such a function hv e L\G) n H™(G). This completes
the proof of Lemma 3.1.

LEMMA 3.2. Let G be a nondiscrete LCA group whose dual G is algebraically
ordered. Let P be a subsemigroup of G with the (AO)-condition such that it is not
dense in G. Then (Q(G) n H^(G))~ = Hf(G), where 'bar' denotes weak*
closure.

PROOF. If G is compact, we can prove this lemma easily. Hence we may
assume that G is not compact. Let y0 be in P \ {0}. For each compact
neighborhood V of 0 in G, by Lemma 3.1, there exists a function hv G Ll(G) n
Hf(G) such that hv > 0, supp(V) c F n ^ ' a n d / g tiv(y) dy = 1. We note
that hv G C0(G) and H?(G) is a subalgebra of Lm(G).

Claim, limy yjiy = y0 (weak*).

https://doi.org/10.1017/S144678870001942X Published online by Cambridge University Press

https://doi.org/10.1017/S144678870001942X


282 Hiroshi Yamaguchi

Indeed, for/ G Ll(G), we have

- <Yo/> = f (*> 7o)V(*)/(-*) «** - f (
JG JG

) <& - f,hy(y)J (x, yJK-x) dx dy

= jMy)(f(y + Y0) - /(Y)) ^Y-

Since/(y) is uniformly continuous, we have limK<y0/iK,/> = <Yo>/)- Hence we
have (a) P \ {0} c (C0(G) n H?(G))-. We note that (L\G)/H{_P)(G))* *
i/;°(G). Suppose that (C0(G) n HP(G))~ ^ / / A G ) - Then there exists [/] e
L\G)/Hl_P){G) and g G H^G) \ ( Q ( 6 ) n ^ " ( G ) ) " such that (b) <[/], g>
= 1 and (c) [f]±(C0(G) n H^G))'. From (a) and (c), we have [/] = 0. This
contradicts (b). Hence the proof is complete.

We can prove the following proposition by using Lemma 3.2 and the ideas in
the proof of (Glicksberg and Wik (1971), Theorem 1.1, p. 620).

PROPOSITION 3.3. Let G be a nondiscrete LCA group whose dual G is algebrai-
cally ordered. Let P be a subsemigroup of G with the (AO)-condition such that it is
not dense in G. Let T be a linear operator on ///°(G) such that it is continuous
with respet to the weak* topology and commutes with translations. Then there exists
a bounded regular measure p on G such that Tg = g * nfor g G

PROOF. Since (L\G)/H(
l_n(G))* ss ///°(G) and T is continuous with respect

to the weak* topology, there exists a multiplier S on L\G)/H*__P)(G) such that
S* = T. For g G C0(G) n ^°°(G) and * G G, we have ||7g - TxTg\\x <
\\T\\ ||g — Tx8\\x- Hence Tg is a bounded uniformly continuous function for
each g G C0(G) n H^^G). We define a bounded linear functional .4 on C^G)
n //;°(G) as follows:

A(g)= Tg(0).

Then, by the Hahn-Banach and the Riesz theorem, there exists a measure /n in
M{G) such that

Tg(x) = g * ft(x) for g G Q(G) n H?(G) and x G G.

Hence we have

= 0 for [/] G L\G)/H\_P){G) a ndg G C0(G) n ^
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Hence, by Lemma 3.2, we have

[/] * M for [/] e

Therefore Tg = g * ju, for g e Hj?(G). This completes the proof.

We denote by AP(G) the space of all almost periodic functions on G. We can
identify AP(G) with C(G), where G denotes the Bohr compactification of G.
Since AP(G) is a translation invariant closed subspace of L°°(G) containing
constant functions, we can prove the following lemma by the same method in
(Power (1977), Theorem 4, p. 74).

LEMMA 3.4. Let m be the invariant mean on AP(G) defined by fcf(x) dx for
f E AP(G). Then there exists an invariant mean M on L°°(G) which is an
extension of m.

PROPOSITION 3.5. Let G be a nondiscrete, noncompact LCA group whose dual G
is algebraically ordered. Let P be a subsemigroup of G with the (AO)-condition
such that it is not dense in G. Then there exists a multiplier T on H™(G) such that
it is not given by convolution with a bounded regular measure on G.

PROOF. Let M be the invariant mean on L°°(G) in Lemma 3.4. We define an

operator on H™(G) as follows:

Tf(x) = M(f) for/ e H?(G) and x e G.

Then T is a multiplier on H™{G). Suppose Tf = f * ju. for some ju e M(G). Let

y be in P \ {0}. Then T(y)(x) = A/(y) = m(y) = 0. On the other hand, y * n(x)
= JG(X ~ y> y) d\>.(y) = (x, y)ju(y). Hence we have /i(y) = 0 on P \ {0}. Since

G is not discrete, 0 is an accumulation point of P \ {0}. Hence we have

jx(O) = 0. On the other hand, since G is not discrete, constant functions belong

to Hf(G). Hence we have T(l)(x) = A/(l) = 1. This is a contradiction.

4. Some multiplier on C0(G)/C0(G) n H^L

Let fi be the canonical map from C0(G) onto C0(G)/C0(G) n H£1P)(G). It is

well known that a multiplier on C0(G) is given by convolution with a bounded

regular measure on G (Larsen (1971), Theorem 3.3.2, p. 74). Hence, for each

multiplier S' on C0(G), there exists a multiplier S on C 0 (G : ) /C 0 (G) n H™_P)(G)

such that p ° S' = S ° /?. In this section, we prove that there exists a multiplier

S on C0(G)C0(G) n H(_P)(G) such that S ° P ¥= (3 ° S' for every multiplier S'

on CfjiG) (see diagram).
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C0(G) -» C0(G)/C0{G) n HfL
is- is

C0(G) •£ C0(G)/C0(G) n //(" ,)(G)

DEFINITION 4.1. A bounded linear operator Ton C0(G)/C^G) n H£LP)(G) is
called a multiplier if it commutes with translations.

PROPOSITION 4.2. Let G be a LCA group such that G is algebraically ordered.
Let P be a subsemigroup of G with the (AO)-condition such that it is not dense in
G. Then we have M°(G) = (C0(G)/C0(G) n H£P)(G))*.

PROOF. Let/be a function in C0(G) n H(_P)(G) and jn a measure in MP(G).
For each neighborhood V of 0 in G with the compact closure, we choose a
nonnegative continuous function gv such that supp( gv) c V and fc gv(x) dx =
1. Then we have limK gv * \i = ju. in the weak* topology. Therefore, since
gy * n E HP\G) and/(-x) G / /^(G), we have

'G

= lim f f(-x)gv * n(x) dx
v JG

= 0.

Thus A/^(G) is included in (C^G) n H£P)(G))±.
Conversely, let /u be a measure in A/(G) such that ju-LC0(G) n H£_P)(G). By

Lemma 3.2, for each y0 G (-/*) \ {0}, there exists a net {ka} in CQ(G) n
//("/.)(G) such that lima /ca = y0 in the weak* topology. Let g be a function in
L'(G) such that g(y0)

 = 1- F° r £ > 0, since g * /x G L'(G), there exists A:̂  G
{ka} such that

I < V « *^> - <Yo> g*M>l <«•

On the other hand, since kp * g G C0(G) n H(_P)(G), we have

(/c^, g * fi) = (kp * g, n) = 0.

Hence we have

Since e (> 0) is arbitrary, ju, belongs to MP(G). Therefore we have

(C0(G) n //r_/»)(G))± c M°P{G).

This completes the proof.
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THEOREM 4.3. Let G be a nondiscrete LCA group such that G is algebraically
ordered. Let P be a subsemigroup of G with the (AO)-condition such that it is not
dense in G. Then there exists a linear operator T on M£(G) as follows:

(i) T is continuous with respect to the weak* topology,
(ii) T commutes with translations,
(iii) T is not given by convolution with a bounded regular measure on G.

PROOF. From (Yamaguchi (1980), Theorem 11), there exists a multiplier T^ on
Hp(G) with the following properties:

(a) T9(f)'= * / fo r / £ HXG),
(b) 7^ is not given by convolution with a bounded regular measure on G,

where <P is a bounded continuous function on P°. We define a bounded Borel
measurable function $' on G as follows:

$ ( Y ) _ ( ) forYG/>°,
10 otherwise.

For ju G M£(G), $'/i belongs to M/(G)\ Indeed, let y, be in G and c, G C
(complex numbers) (/ = 1,2, ... ,n). For e > 0, we choose a function / in
L\G) such that ||/||, < 1 + e and /(?,) = 1 (i = 1, 2, . . . , n). Put q(x) =
2fa(x, Y,). Then, since/ * /x G H^G), we have

Since e ( > 0) is arbitrary, we haves

Hence, by Bochner-Eberlein's theorem, $'/! belongs to Mp(G)~.
Let T be a linear operator on M£(G) such that T{[if= <&ji. Then, by the

closed graph theorem, T is continuous with respect to the norm topology. Since
TQ is not given by convolution with a bounded regular measure on G, (iii) is
satisfied. It is trivial that T commutes with translations.

Next we prove that T is continuous with respect to the weak* topology. Let [i
be a measure in M£(G) and {/x«}aeA a n e t m Mp*(G) such that || na\\ < C and
fia converges weak* to /i, where C is a positive constant such that || /u|| < C. Let/
be a function in C0(G) and e > 0. Since Ll(G)~ is dense in C^G), there exists a
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function g in CC(G) such that \\f - g\\x < e/4(l + C| | r | | ) . Put F(y) =
<&'(y)g(y). Then F belongs to LX(G). Hence there exists a0 G A such that

- ( F{x -= f or a >

Therefore, if a > a0, we have

(x) - ff
JG

If aw -
\JG

*w

"I/-
C\\T\\) X e/4(l

+1 f g(
KG

| +1 f
1 \JG

f +1 J

- f
•'G

- f
JG

That is, T(fi^) converges to T(n) in the weak* topology. Hence, by (Larsen
(1971), Appendix D.4.2 Theorem), T is continuous with respect to the weak*
topology. This completes the proof of Theorem 4.3.

REMARK 4.4. By (Koshi and Yamaguchi (1979), Theorem 1 and Theorem 2,
pp. 295, 296), M^G) = H*(G) if and only if G is one of the following:

(i) G = r e D , (2) G = R®D,
where D is a discrete abelian group whose dual is torsion-free or D = {0}.

Suppose Mp(G) = HP\G), then for each multiplier S on Mp(G), there exists a
bounded continuous function \p on P° such that S(f)~= \pf. Hence, in this case,
we can verify that every multiplier on Mp(G) is continuous with respect to the
weak* topology by the same method used in the proof of Theorem 4.3.
However, if Hp*(G) £ M£(G), there exists a multiplier on M£(G) such that it is
not continuous with respect to the weak* topology. Indeed, we define a linear
operator S from Mp(G) into M(G) as follows:

S( JU) = ns, where JA, is the singular part of ju.
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Then, by (Doss (1968), Lemma 1, p. 258), ^ belongs to M£(G) if ju e
Hence 5 is a multiplier on MP(G). Since Hp £ Mp{G), there exists a nonzero
measure /% in Mp{G) which is singular with respect to the Haar measure on G.
Let V be the net consisting of all neighborhoods of 0 in G. For each V G V, let
fv be a nonnegative continuous function on G with the compact support such
that supp(/K) c V and fcfy(x) dx = \. Then /K * /1Q converges to ^ in the
weak* topology. But, since fv * /XQ e Hp(G), S(/K*/io) (= 0) does not converge
to fa in the weak* topology.

COROLLARY 4.5. Let G be a nondiscrete LCA group such that G is algebraically
ordered. Let P be a subsemigroup of G with the (AO)-condition such that it is not
dense in G. Then there exists a multiplier S on C0(G)/C^G) n H£1P)(G) such
that it is not given by convolution with a bounded regular measure on G.

PROOF. Let T be the multiplier on MP(G) obtained in Theorem 4.3, and put
S = T*. Then, since T is continuous with respect to the weak* topology, S is a
multiplier on C0(G)/C0(G) n H£ZP)(G). Suppose there exists a measure ^ G
M(G) such that S([/]) = [/] • /x for [/] G C0(G)/C0(G) n H"P)(G). Then we
have T(v) = v * \i for v G Mp(G). This is a contradiction.

COROLLARY 4.6. Let G and P be as in Corollary 4.5. Let /? be the canonical map
from C0(G) onto C0(G)/C0(G) n H^P)(G). Then there exists a multiplier S on
C0(G)/C0(G) n H(™P)(G) such that S ° 0 ¥= P ° S" for every multiplier S' on
CQ(G).

PROOF. Let S be the multiplier on C0(G)/C^G) n H£1P)(G) obtained in
Corollary 4.5. Suppose there exists a multiplier S" on C0(G) such that S ° f3 =
/8 ° S'. Then there exists a measure n G M(G) such that S'(f) = / * ju. for
/ G C0(G). Hence, since g * n G C0(G) n H^P)(G) for g G C0(G) n
# » , / £ ) , S is given by <>([/]) = [/] * f* for [/] G C0(G)/C0(G) n #£„(<?).
This contradicts the fact that S is not given by convolution with a measure.

Finally I wish to express my thanks to the referee for his valuable advice.
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