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Abstract. We define canonical and n-canonical modules of a module-finite
algebra over a Noether commutative ring and study their basic properties.
Using n-canonical modules, we generalize a theorem on (n, C)-syzygy by Araya
and lima which generalize a well-known theorem on syzygies by Evans and
Griffith. Among others, we prove a noncommutative version of Aoyama’s
theorem which states that a canonical module descends with respect to a flat
local homomorphism.
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§1. Introduction

(1.1) In [EvG], Evans and Griffith proved a criterion of a finite module
over a Noetherian commutative ring R to be an nth syzygy. This was
generalized to a theorem on (n, C)-syzygy for a semidualizing module C
over R by Araya and Iima [Arl]. The main purpose of this paper is to prove
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a generalization of these results in the following settings: the ring R is now a
finite R-algebra A, which need not be commutative; and C' is an n-canonical
module.

(1.2)  The notion of n-canonical module was introduced in [Has] in an
algebro-geometric situation for commutative rings. The criterion for a mod-
ule to be an nth syzygy for n =1, 2 by Evans—Griffith was generalized using
n-canonical modules there, and the standard ‘codimension-two argument’
(see e.g., [Hart2, (1.12)]) was also generalized to a theorem on schemes with
2-canonical modules [Has, (7.34)].

(1.3) Let (R,m) be a complete semilocal Noetherian ring, and A # 0
a module-finite R-algebra. Let I be a dualizing complex of R. Then
RHompg(A, 1) is a dualizing complex of A. Its lowest nonvanishing cohomol-
ogy is denoted by Kp, and is called the canonical module of A. If (R, m) is
semilocal but not complete, then a A-bimodule is called a canonical module
if it is the canonical module after completion. An n-canonical module is
defined using the canonical module. A finite right (resp. left, bi-)module C
of A is said to be n-canonical over R if (1) C satisfies Serre’s (S},) condition
as an R-module, that is, for any P € Spec R, depthp, Cp > min(n, dim Rp).
(2) If P € Suppp C with dim Rp < n, then Cp is isomorphic to Kg as a

right (left, bi-) module of /G, where /{1\3 is the PRp-adic completion of Ap.

(1.4) In order to study noncommutative n-canonical modules, we study a
noncommutative analogue of the theory of canonical modules developed by
Aoyama [Aoy], Aoyama-Goto [AoyG]|, and Ogoma [Ogo] in commutative
algebra. Among them, we prove an analogue of Aoyama’s theorem [Aoy]
which states that the canonical module descends with respect to flat
homomorphisms (Theorem 7.5).

(1.5)  Our main theorem is the following.

THEOREM 1.6. (Theorem 8.4, cf. [EvG, (3.8)], [Ar], (3.1)]) Let R be a
Noetherian commutative ring, and A a module-finite R-algebra, which need
not be commutative. Let n > 1, and C be a right n-canonical A-module. Set
I'=Endper C. Let M € mod C. Then the following are equivalent.

(1) M is (n,C)-TF.
(2) M has an (n, C)-universal pushforward.
(3) M is an (n, C)-syzygy.
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(4) M satisfies the (S.) condition as an R-module, and Suppp M C
Suppp C.

Here we say that M has an (n, C)-universal pushforward if there is an
exact sequence
0-M—-C"=Ccl—... 5ot

such that C? lies in add C' and the sequence is still exact after applying
(7)T = Hom,,, (?, C).

(1.7)  The (n,C)-TF condition is a modified version of Takahashi’s
n-C-torsion freeness [Tak]. Under the assumptions of the theorem, let
() =Hom,,, (?,C), T =End,,, C, and (?)* = Homr(?, C). We say that M
is (1, C)-TF (resp. M is (2, C)-TF) if the canonical map \ys: M — M is
injective (resp. bijective). If n > 3, we say that M is (n, C)-TF if M is (2, C)-
TF and Exth(MT,C) =0 for 1 <i <n — 2, see Definition 4.5. Even if A is
a commutative ring, a noncommutative ring I appears in a natural way, so
even in this case, the definition is slightly different from Takahashi’s original
one. We prove that TF(n, C), the class of modules which satisfy (n, C)-
TF property, and UP(n, C), the class of modules having (n, C')-universal
pushforwards are equal in general (Lemma 4.7). This is a modified version
of Takahashi’s result [Tak, (3.2)].

(1.8)  As an application of the main theorem, we formulate and prove a
different form of the existence of n-C-spherical approximations by Takahashi
[Tak], using n-canonical modules; see Corollary 8.5 and Corollary 8.6. Our
results are not strong enough to deduce [Tak, Corollary 5.8] in commutative
case. For related categorical results, see below.

(1.9)  Section 2 is preliminaries on the depth and Serre’s conditions on
modules. In Section 3, we discuss X, ,,-approximation, which is a categorical
abstraction of approximations of modules appeared in [Tak]. Everything is
done categorically here, and Theorem 3.16 is an abstraction of [Tak, (3.5)],
in view of the fact that TF(n, C) = UP(n,C) in general (Lemma 4.7). In
Section 4, we discuss (n, C)-TF property, and prove Lemma 4.7 and related
lemmas. In Section 5, we define the canonical module of a module-finite
algebra A over a Noetherian commutative ring R, and prove some basic
properties. In Section 6, we define the n-canonical module of A, and prove
some basic properties, generalizing some constructions and results in [Has,
Section 7]. In Section 7, we prove a noncommutative version of Aoyama’s
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theorem which says that the canonical module descends with respect to flat
local homomorphisms (Theorem 7.5). As a corollary, as in the commutative
case, we immediately have that a localization of a canonical module is
again a canonical module. This is important in Section 8. In Section 8, we
prove Theorem 8.4, and the related results on n-C-spherical approximations
(Corollary 8.5, Corollary 8.6) as its corollaries. Before these, we prove
noncommutative analogues of the theorems of Schenzel and Aoyama—Goto
[AoyG, (2.2), (2.3)] on the Cohen-Macaulayness of the canonical module
(Proposition 8.2 and Corollary 8.3).

§2. Preliminaries

(2.1)  Unless otherwise specified, a module means a left module. Let B be
aring. Homp or Extp mean the Hom or Ext for left B-modules. B°P denotes
the opposite ring of B, so a B°P-module is nothing but a right B-module.
Let B Mod denote the category of B-modules. B°? Mod is also denoted by
Mod B. For a left (resp. right) Noetherian ring B, B mod (resp. mod B)
denotes the full subcategory of B Mod (resp. Mod B) consisting of finitely
generated left (resp. right) B-modules.

(2.2)  For derived categories, we employ standard notation found in
[Hart].

For an abelian category A, D(.A) denotes the unbounded derived category
of A. For a plump subcategory (that is, a full subcategory which is
closed under kernels, cokernels, and extensions) B of A, Dp(A) denotes
the triangulated subcategory of D(.A) consisting of objects F such that
H'(F) € B for any i. For a ring B, we denote D(B Mod) by D(B), and
DB mod(B Mod) by D¢ (B) (if B is left Noetherian).

(2.3)  Throughout the paper, let R denote a commutative Noetherian
ring. If R is semilocal (resp. local) and m its Jacobson radical, then we
say that (R, m) is semilocal (resp. local). We say that (R, m, k) is semilocal
(resp. local) if (R, m) is semilocal (resp. local) and k= R/m.

(2.4) We set R:=R U {00, —co} and consider that —oco <R < co. As a
convention, for a subset I' of R, infI' means inf(I' U {co}), which exists
uniquely as an element of R. Similarly for sup.

(2.5) For an ideal I of R and M € mod R, we define

depthp(I, M) :=inf{i € Z | Ext',(R/I, M) # 0},
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and call it the I-depth of M [Mat, Section 16]. It is also called the M-grade
of I [BS, (6.2.4)]. When (R, m) is semilocal, we denote depth(m, M) by
depthp M or depth M, and call it the depth of M.

(2.6) For a subset F' of X =Spec R, we define codim F' = codimx F,
the codimension of F' in X, by inf{ht P | P € F'}. So ht I = codim V(1) for
an ideal I of R. For M € mod R, we define codim M := codim Suppp M =
ht ann M, where ann denotes the annihilator. For n > 0, we denote the set
ht~1(n) = {P € Spec R | ht P =n} by R™. For a subset I of Z, R{') means
ht ™1 (T) = U, er R Moreover, we use notation such as R{<%) which stands
for RUNEZINS3}) the set of primes of height at most 3. For M € mod R, the
set of minimal primes of M is denoted by Min M.

We define M := {P € Spec R | depth Mp = n}. Similarly, we use nota-
tion such as MI<"(= {P € Spec R | depth Mp < n}).

(2.7) Let M, N € mod R. We say that M satisfies the (SY)f-condition
or (SN)-condition if for any P € Spec R, depthp, Mp > min(n, dimg, Np).
The (SF)E-condition or (SF)-condition is simply denoted by (S%)% or (S,).
We say that M satisfies the (S, )f-condition or (S, )-condition if M satisfies
the (SM)-condition. (S,) (resp. (S/)) is equivalent to say that for any
Pe MM Mp is a Cohen-Macaulay (resp. maximal Cohen—Macaulay)
Rp-module. That is, depth Mp = dim Mp (resp. depth Mp =dim Rp). We
consider that (SY)f is a class of modules, and also write M € (S2)% (or
Me (SY)).

LEMMA 2.8. Let0— L — M — N — 0 be an exact sequence in mod R,
andn>1.

(1) If L and N satisfy (S),), then M satisfies (S),).
(2) If N satisfies (S],_,) and M satisfies (S),), then L satisfies (S},).

Proof. (1) follows from the depth lemma:
VP depthg, Mp > min(depthg, Lp,depthg, Np),

and the fact that maximal Cohen—Macaulay modules are closed under
extensions. (2) is similar. [

COROLLARY 2.9. Let

O0—-M—>L,—---—1L
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be an exact sequence in mod R, and assume that L; satisfies (S]) for 1<
i <n. Then M satisfies (S),).

Proof. This is proved using Lemma 2.8(2) repeatedly. [
LEMMA 2.10. (cf. [IW, (3.4)]) Let

0, Da_ o
L:0— L¢= Ly ——---— Ly 5 Lo

be a complex in mod R such that

(1) For eachi€Z with1<i<s, L; € (S]).
(2) For each i € Z with 1 <1i < s, codim H;(L) > s —i+ 1.
Then L is acyclic.

Proof. Using induction on s, we may assume that H;(IL) =0 for i >
1. Assume that L is not acyclic. Then H;(L) #0, and we can take P €
Assr Hi(L). By assumption, ht P > s. Now localize at P and considering
the complex Lp over Rp, we get a contradiction by Acyclicity Lemma [PS,

(1.8)]. [
ExampLE 2.11. Let f: M — N be a map in mod R.
(1) If M €(S7) and fp is injective for P € Min R, then f is injective. To
prove this, consider the complex

0 ML N=I,

and apply Lemma 2.10.
(2) [LeW, (5.11)] If M € (S%), N € (S}), and fp is bijective for primes P
of R of height at most one, then f is bijective. Consider the complex

0 M NS0=1I,

this time.

LEMMA 2.12. Let (R, m) be a Noetherian local ring, and N € mod R.
Assume that N satisfies the (Sy) condition. If P € Min N with dim R/P <
n, then we have

dim R/P =depth N =dim N < n.

If, moreover, N satisfies (S),), then depth N = dim R.
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Proof.  Ischebeck proved that if M, N € mod R and i< depth N —
dim M, then Exti(M, N) =0 [Mat, (17.1)]. As Ext%(R/P, N) # 0, we have
that depthp N < dim R/P < n. The rest is easy. [

COROLLARY 2.13. Let n>1, and M and N be finite R-modules.
Assume that M satisfies the (Sy) condition and N satisfies the (S))
condition. If Min M C Min N, then M satisfies the (S),) condition.

Proof. Let Pe M. As M satisfies (S,), depth Mp =dim Mp.
Take @ € Min M such that Q@ C P and dim Rp/QRp =dim Mp <n. As
Min M C Min N, we have that QRp € Min Np. By Lemma 2.12, dim Rp =
dim Rp/QRp = depth Mp, and hence M satisfies (.5),). [

COROLLARY 2.14. Let n>1, and assume that R satisfies the (Sy)
condition. Then for any finite R-module M, M satisfies the (S],) condition
if and only if M satisfies both (Sy) and (S7).

Proof. Obviously, if M satisfies the (S),) condition, then it satisfies both
(Sp) and (S7). For the converse, apply Corollary 2.13 for N = R. 0

(2.15) Let M, N € mod R. We say that M satisfies the (S/,) y-condition,
or M € (S))n = (S)%, if M € (S!,) and Suppr M C Suppy N.

LEMMA 2.16. Let n>1, and M and N be finite R-modules. Assume
that N satisfies (S},). Then the following are equivalent.

(1) M satisfies (Sh)n-
(2) M satisfies (Sp) and Min M C Min N.

Proof. (1) = (2). As (S],) implies (S,,), we have that M satisfies (.S,,). As
M satisfies (S],) with n > 1, we have that Min M C Min R. By assumption,
Min M C Supp N. So Min M C Min RN Supp N C Min N.

(2) = (1). M satisfies (S],) by Corollary 2.13. Supp M C Supp N follows
from Min M C Min N. [

(2.17)  There is another case that (S,,) implies (S},). An R-module N is
said to be full if Suppp N = Spec R. A finitely generated faithful R-module
is full.

LEMMA 2.18. Let M, N emod R. If N is a full R-module, then M
satisfies the (S%) condition if and only if M satisfies the (SN) condition. If
anng N C anng M, then M satisfies the (SN)E condition if and only if M
satisfies the (S,)® =N condition.
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Proof. Left to the reader. 0

LEMMA 2.19. Let I be an ideal of R, and S a module-finite commu-
tative R-algebra. For a finite S-module M, we have that depthp(I, M) =
depthg(IS, M). In particular, if R is semilocal, then depthp M =

depthg M.
Proof. Note that H}(M) = H} (M) by [BS, (4.2.1)]. By [BS, (6.2.7)], we
get the lemma immediately. 0

LEMMA 2.20. Let ¢: R— S be a finite homomorphism of rings, M a
finite S-module, and n > 0.

(1) If M satisfies (S)) as an R-module, then it satisfies (S)) as an S-
module.

(2) Assume that for any Q € Min S, ¢~ 1(Q) € Min R (e.g., S satisfies (S])
as an R-module). If M satisfies (S],) as an S-module and Rp is quasi-
unmized for any prime P of R with depth Rp <n, then M satisfies
(S5) as an R-module.

Proof. 'We only prove (2). Let P € Spec R, and depthp, Mp <n. Then
by Lemma 2.19 and [BS, (6.2.7)], there exists some @ € Spec S such that

» (@) =P and

depthg, Mg = Wl%gf)zp depthSQ, Mg = depthg, Mp = depthg, Mp <n.

Then ht @ = depthp, Mp. So it suffices to show ht P =ht Q. By assump-
tion, Rp is quasi-unmixed. So Rp is equidimensional and universally
catenary [Mat, (31.6)]. By [Gro, (13.3.6)], ht P = ht @, as desired. [

(2.21) We say that R satisfies (R,) (resp. (T3,)) if Rp is regular
(resp. Gorenstein) for any prime P of R with ht P < n.

83. X, m,-approximation

(3.1) Let A be an abelian category, and C its additive subcategory closed
under direct summands. Let n > 0. We define

Lng = {ae A] Extf4(a, c)=0,1<i<n}.
Let a € A. A sequence

(1) C:0=sa—=c—=ct—.. ot
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is said to be an (n, C)-pushforward if it is exact with ¢! € C. If in addition,
CH0+al () (N - (Y

is exact for any ¢ € C, where (?)7 = Hom4(?, ¢), we say that C is a universal
(n, C)-pushforward.

If a € A has an (n, C)-pushforward, we say that a is an (n, C)-syzygy, and
we write a € Syz(n, C). If a € A has a universal (n, C)-pushforward, we say
that a € UP 4(n,C) = UP(n, C). Obviously, UP 4(n,C) C Syz4(n, C).

(3.2)  We write &, ,,(C) = Xy := T7C N UP(m, C) for n, m > 0. Also, for
a # 0, we define

Cdim @ = inf {m € Z>o | there is a resolution
0—>cm—>cm_1—>~-—>co—>a—>0}.

We define Cdim 0 = —oo. We define Y, (C) =V, :={a € A|Cdima <n}. A
sequence E is said to be C-exact if it is exact, and A(E, ¢) is also exact for
each c € C. Letting a C-exact sequence an exact sequence, 4 is an exact
category, which we denote by A¢ in order to distinguish it from the abelian
category A (with the usual exact sequences).

(3.3) Let Cy C A be a subset. Then +2Cy, UP(n, Cp), Xnm(Co), Codim,
and Y, (Co) = Y, mean +nC, UP(n, C), X, m(C), Cdim, and Y,(C), respec-
tively, where C = add Cy, the smallest additive subcategory containing Cgy
and closed under direct summands. A Cyp-exact sequence means a C-exact
sequence. A sequence E in A is Cp-exact if and only if it is exact, and for any
c€Cy, A(E, c) is exact. If c€ A, *n¢, UP(n, ¢) and so on mean +» add c,
UP(n, add ¢) and so on.

(3.4) By definition, any object of C is an injective object in Agc.

(3.5) Let £ be an exact category, and Z an additive subcategory of €.
Then for e € £, we define

Pushg(n, Z) := {e € £ | There exists an exact sequence

0

0—se—sc et = st WithCiEI}.

Note that Pushg (0, Z) is the whole £. Thus Push 4, (n,C) = UP 4(n, C).

If a € £ is a direct summand of an object of Z, then a admits an exact

sequence

0

0—sa—-c—=ct—. ..

with ¢’ € Z, and hence a € (1,5 Pushg(n, Z).
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LEMMA 3.6. Let & be an exact category. Let T be an additive subcategory
of € consisting of injective objects. Let

O—>ai>a'i>a”%0
be an ezxact sequence in £ and m = 0. Then

(1) If a € Push(m,Z) and a” € Push(m,I), then o’ € Push(m,T).
(2) Ifa’ € Push(m +1,Z) and o’ € Push(m,Z), then a € Push(m + 1,7).
(3) If a€Push(m+1,7), o' € Push(m, ), then o’ € Push(m,Z).

Proof. Let i:& < A be the Gabriel-Quillen embedding [TT]. We
consider that &£ is a full subcategory of A closed under extensions, and
a sequence in & is exact if and only if it is so in A.

We prove (1). We use induction on m. The case that m = 0 is trivial, and
so we assume that m > 0. Let

0—a—c—b—0
be an exact sequence such that ¢ € Z and b € Push(m — 1,7). Let
0—a" =" =b"—0

be an exact sequence such that ¢’€Z and b” € Push(m—1,7). As
C(d',¢) = C(a,c) is surjective, we can form a commutative diagram with
exact rows and columns
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in A. As £ is closed under extensions in A, this diagram is a diagram in &.
By induction hypothesis, b’ € Push(m — 1, Z). Hence a’ € Push(m, 7).

We prove (2). Let 0 —a’ — ¢ — b — 0 be an exact sequence in £ such
that ¢ € Z and & € Push(m, Z). Then we have a commutative diagram in &£
with exact rows and columns

0 0
f
0 a a’ g a” 0
1c
0 c c 0
0 a’ b b 0
0 0

Applying (1), which we have already proved, b € Push(m, Z), since a” and
b lie in Push(m,Z). So a € Push(m + 1,7), as desired.

We prove (3). Let 0 — a — ¢ — b — 0 be an exact sequence in € such that
c €Z and b € Push(m, T). Take the push-out diagram

0 0
f
0 a a’ i a” 0
l 1[1”
0 c U a” 0
1p
b——=1b>
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Then u € Push(m, Z) by (1), which we have already proved. Since ¢ € Z, the
middle row splits. Then by the exact sequence 0 — a” — u — ¢ — 0 and (2),
we have that a” € Push(m, Z), as desired. [

COROLLARY 3.7. Let € and Z be as in Lemma 3.6. Let m >0, and
a,a’ € E. Then a® a' € Push(m, Z) if and only if a,a’ € Push(m, 7).

Proof. The ‘if’ part is obvious by Lemma 3.6(1), considering the exact
sequence

(2) 0—sa—a®dad —d—0.

We prove the ‘only if’ part by induction on m. If m =0, then there is
nothing to prove. Let m > 0. Then by induction hypothesis, a’ € Push(m —
1,7). Then applying Lemma 3.6(2) to the exact sequence (2), we have that
a € Push(m,Z). a’ € Push(m, Z) is proved similarly. [

COROLLARY 3.8. Let

O—>ai>a'i>a”%0

be a C-exact sequence in A and m > 0. Then

(1) If a€ UP(m,C) and a” € UP(m,C), then a’ € UP(m,C).
(2) Ifd’ € UP(m+1,C) and a” € UP(m,C), then a € UP(m + 1,C).
(3) IfaeUP(m+1,C), o’ € UP(m,C), then a” € UP(m,C).

(3.9)  We define +C = 1=C:= Nizo +iC and UP(c0,C) := Nj=0 UP(, C).
Obviously, C C UP(o0, C).

LEMMA 3.10. We have

UP(o0,C) = {a € A| There exists some C-ezact sequence

0—=a—c

s o wz’thciECfori>0}.
Proof. Let a € UP(c0,C), and take any C-exact sequence
0—=a—c—a =0

with ¢ € C. Then a' € UP(o0,C) by Corollary 3.8, and we can continue
infinitely. [

(3.11)  We define Voo := ;50 Vi- So a € Ve if and only if Cdim a < oo.
We also define A; j :=+C N UP(j,C) for 0 <4, j < oo.
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(3.12) Let 0<1,j <oo. We say that a € A lies in Z; ; if there is a short
exact sequence
O—=y—2z—>a—0

in A such that z € &; ; and y € );.

(3.13)  We define co + 1 = oo for r € R.

LEMMA 3.14. Let 0<1,j < oo with j > 1. Assume that C C “i+1C (that
is, Extly(c,d) =0 for 1<1<i+1 and ¢, €C). Let 0s2La% 250
be a short exact sequence in A with z € Z;; and x € X;y1j-1. Then 2’ €
Zit1-1-

Proof. By assumption, there is an exact sequence
00—y LS5 250
such that Cdimy <4 and 2’ € &; ;. As j > 1, there is an C-exact sequence
02 Besa” =0

such that ¢ € C. Then we have a commutative diagram with exact rows and
columns

he

(%)

)

00— 2 —schzr —= 2" —= 0
® (01)
f g
0 z x 2 0
0 0 0

As the top row is exact, y €);, and c€C, vy € V;i+1. By assumption, c €
Xi+1,oo and z € Xi«#l,jfl- Sochzxe XiJrl,j,l. As the middle row is C-exact
and 2’ € &; j, we have that 2/ € X1 ;1 by Corollary 3.8. The right column
shows that 2’ € Z;1; ;j_1, as desired. 0
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LEMMA 3.15. Let 0<1i,j <oo, and assume that i>1 and C C +iC.
Let

(3) 0s2La% 2 50

be a short ewact sequence in A with z' € Z;; and v € X;j11. Then z €

Zi 1j+1-

Proof. Take an exact sequence 0 — ¢ — By 2/ = 0 such that 2 € Xi j
and 3’ € ;. Taking the pull-back of (3) by h, we get a commutative diagram
with exact rows and columns

0 0
1,/
0 Y ’ Y 0
0 z ’ a " 0
1, h
f g ,
0 z T z 0
0 0 0

By induction, we can prove easily that ¢C C Li+1-1);. In particular,

Lic c 1)y, and ExtYy(z,y’) =0. Hence the middle column splits, and we

can replace a by x @ y'. By the definition of ), there is an exact sequence
0—sy—c—y =0

of A such that y € Y;_1 and ¢ € C. Then adding 1, to this sequence, we get

O—=y—axdc—axdy —0

is exact. Pulling back this exact sequence with j:z —a=2x ® 1/, we get a
commutative diagram with exact rows and columns
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0 0 0
0 y x’ z 0
1y J
0 —y——>a2Pc——>a2dy —0
1.m
O (E// x// 0

As 2" € 11C, the middle column is C-exact. As 2” € X; j and * @ ¢ € Xj j41,
we have that 2’ € Xj_;j11. As the top row shows, z€ Z;_1;41, as
desired. []

THEOREM 3.16. Let 0 <n, m < oo, and assume that C C *»C (that is,
Extl(c,d) =0 for 1<I<n and ¢, €C). For z€ A, the following are
equivalent.

(1) z€Z,m.
(2) There is an exact sequence

dn dn—
(4) 0= ap I 2n 1 —S 20220
such that x; € Xy mi-

If, moreover, for each a € A, there is a surjection x — a with x € Xy, yym,
then these conditions are equivalent to the following.

(3) For each exact sequence (4) with x; € Xy myit1 for 0<i<n —1, we
have that x, € Xo pnim.

Proof. (1) = (2). There is an exact sequence 0 — y — g — 2z — 0 with
xo € Xpm and y € V,,. So there is an exact sequence

dn dnfl d2
0=z, —2p-1—>  —x1—=>y—0

with z; € C for 1 <i<n. As C C X, , we are done.
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(2) = (1). Let z; =Imd; fori =1, ..., n,and zy := z. Then by descending
induction on 7, we can prove z; € Z,_;m4i for i=n,n—1,...,0, using
Lemma 3.14 easily.

(1) = (3) is also proved easily, using Lemma 3.15.

(3) = (2) is trivial. 0

§4. (n,C)-TF property

(4.1) In the rest of this paper, let A be a module-finite R-algebra, which
need not be commutative. A A-bimodule means a A ® g A°P-module. Let C' €
mod A be fixed. Set I := Endpor C. Note that I' is also a module-finite R-
algebra. We denote (?)" := Hompop(?, C) : mod A — (I' mod)°P, and (?)* :=
Homr(?, C) : T’ mod — (mod A)°P.

(4.2) We denote Syz,,.q(n, C), UPnoaa(n,C), and Cdimpeqa M
respectively by Syzpoep(n, C), UPpop(n, C'), and C'dimper M.

(4.3) Note that for M € mod A and N €I'mod, we have standard
isomorphisms

(5)  Homper (M, N¥) 2 Hompg ,po0 (N @p M, C) = Homp (N, MT).

The first isomorphism sends f: M — N* to the map (n ® m+— f(m)(n)).
Its inverse is given by ¢: N ®r M — C to (m— (n+— g(n ®m))). This
shows that (?)" has ((?)¥)°P : (I' mod)°® — mod A as a right adjoint. Hence
((M)F)°P is right adjoint to (?)}. We denote the unit of adjunction Id —
(D) = (1)) by \. Note that for M € mod A, the map Ay : M — M is
given by Ays(m)(1p) = (m) for m € M and ¢ € MT = Hompe» (M, C). We
denote the unit of adjunction N — N by pu= puy for N € T ' mod. When
we view p as a morphism N* — N (in the opposite category (I' mod)°P),
then it is the counit of adjunction.

LEMMA 4.4. (D) and (?)* give a contravariant equivalence between
add C C mod A and add I' C I"'mod.

Proof. Tt suffices to show that \:M — M™ is an isomorphism for
M caddC, and p: N — N¥ is an isomorphism for N € addT'. To verify
this, we may assume that M = C and N =1T. This case is trivial. 0

DEFINITION 4.5. (cf. [Tak, (2.2)]) Let M € mod A. We say that M is
(1,C)-TF or M € TFpop (1, O) if Apy : M — M is injective. We say that M
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is (2, C)-TF or M € TFop(2, C) if Apr: M — M is bijective. Let n > 3.
We say that M is (n, C’) TF or M € TFpop(n,C) if M is (2,C)-TF and
Exth(MT,C)=0 for 1<i<n—2. As a convention, we define that any
M €mod A is (0,C)-T

LEMMA 4.6. Let ©:0—>M — L — N —0 be a C-exact sequence in
mod A. Then for n >0, we have the following.

(1) If M € TF(n,C) and N € TF(n, C), then L € TF(n,C).
(2) If Le TF(n+1,C) and N € TF(n,C), then M € TF(n+1,C).
(3) If M eTF(n+1,C) and L € TF(n, C), then N € TF(n, C).

Proof. We have a commutative diagram

h

0 M L N 0
>\]M )\L l )\N
hit
0 Mt Lt Nt Exth(MT, C) — Exth (LT, C) ——

with exact rows.

We only prove (3). We may assume that n > 1. So Ay is an isomorphism
and A7 is injective. By the five lemma, Ay is injective, and the case
that n =1 has been done. If n > 2, then A\; is also an isomorphism and
ExtF(MT, C) =0, and so Ay is an isomorphism. Moreover, for 1 <i<n — 2,
Exth (LY, ©) and Exti(MT, C) vanish. so Exth(NT,C)=0 for 1<i<
n — 2, and hence N € TF(n, C).

(1) and (2) are also proved similarly. [

LEMMA 4.7. (cf. [Tak, Proposition 3.2])

(1) Forn=0,1, Syzyop(n, C) =UPpop(n, C).
(2) Forn >0, TFpop(n, C) =UPpor(n, C).

Proof. If mn=0, then Syzjop(n,C)=TFpro(0,C)=TUPpop(0,C)=
mod A. So we may assume that n > 1.

Let M € Syzpop(1,C). Then there is an injection ¢ : M — N with N €
add C. Then
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\L M = \L)\N
50”

Mo NTE

is a commutative diagram. So A/ is injective, and M € TFop(1, C'). This
shows UPpop (1, C) C Syzpoep (1, C) C TFpop(1, C). So (2) = (1).

We prove (2). First, we prove UPpop(n, C') C TFpop(n, C) for n > 1. We
use induction on n. The case n =1 is already done above.

Let n>2 and M € UPpop(n, C). Then by the definition of UP pop(n, C),
there is a C-exact sequence

0O—-—M—L—-N-=0

such that L € add C and N € UPpop(n — 1, C). By induction hypothesis,
N € TFpop(n — 1, C). Hence M € TFpop(n,C) by Lemma 4.6. We have
proved that UPpep(n, C') C TFpop(n, C).

Next we show that TF pop(n, C') C UPpop(n, C) for n > 1. We use induc-
tion on n.

Let n=1.Let p: F — M be any surjective I-linear map with F € add .
Then the map p’ : M — F* which corresponds to p by the adjunction (5) is

o M 2 it 2 pt
which is injective by assumption. Then p is the composite
"t
p: F L pif ﬂ) M,

which is a surjective map by assumption. So (p/)! is also surjective, and
hence p' : M — F* gives a (1, C')-universal pushforward.

Now let n>2. By what we have proved, M has a (1,(C)-universal
pushforward h: M — L. Let N = Coker h. Then we have a C-exact sequence

O—-M—-L—-N-—=0

with LeaddC. As M € TF(n,C), N € TF(n—1,C) by Lemma 4.6. By
induction hypothesis, N € UP(n — 1, C'). So by the definition of UP(n, C),
we have that M € UP(n, C), as desired. [

LEMMA 4.8. For any N € I'mod, we have that N* € Syz(2, C).
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Proof. Let
RS F N0

be an exact sequence in I' mod such that F; € add I'. Then
i AN
0— N*— Fj — F}
is exact, and Fii € add C. This shows that N* € Syz(2, C). 0

(4.9) We denote by (S))c = (S{I)éop’R the class of M € mod A such that
M viewed as an R-module lies in (S})E; see (2.15).

LEMMA 4.10. Assume that C satisfies (S) as an R-module. Then
Syz(r, C) C (S,’,)é "R ofor1<r<n,

Proof. This follows easily from Corollary 2.9. 0

(4.11)  For an additive category C and its additive subcategory X, we
denote by C/X the quotient of C divided by the ideal consisting of morphisms
which factor through objects of X.

(4.12)  For each M € mod A, take a presentation
(6) F(M): Fy(M) 2 Fo(M) S M —0
with F; € add Ay. We denote

Coker(A") = Coker(1¢ ® ') = C @, Tr M

by Trc M, where (?)! = Hompop(?, A) and Tr is the transpose (see [ASS,
(V.2)]), and we call it the C-transpose of M. Tr¢ is an additive functor
from mod A :=mod A/ add A to I'c mod :=T"mod / add C.

PROPOSITION 4.13. Let n >0, and assume that Ay is (n+2,C)-TF.
Then for M € mod A, we have the following.

(0) For 1<i<n, BExth(Trc?,C) is a well-defined additive functor
mod A — mod A.
(1) If n=1, there is an exact sequence

0 — Bxt!(Tre M, C) — M 225 Mt — Ext2(Tre M, C).

If n=0, then there is an injective homomorphism Ker Ay —
Extl(Tre M, C).
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(2) If n>2, then

(i) There is an exact sequence

0 — Extl(Tre M, C) — M 225 M1 — Ext2(Tre M, C) — 0.

(ii) There are isomorphisms Ext"™ I'(Tr¢ M, C) = Exth(MT, C) for
1<i<n—2.
(iii) There is an injective map Extl 1 (MT, C) — Ext:™ (Tre M, C).
Proof. (0) is obvious by assumption.
We consider that F(M ) is a complex with M at degree zero. Then consider

QM) :=F()12): B (M) Ryt £ Mt o

where Fy(M)T is at degree zero. As this complex is quasi-isomorphic to
Tro (M), there is a spectral sequence

EPY = Extl(Q(M)?, C) = Extt™(Tre M, C).

In general, Ker \y; = E21’0 ~pOcEL If n> 1, then E?’l =0, and
ECIX’JO = E'. Moreover, as E(l)’1 =0, Coker \j; = E22’0 &~ EE;P c E%. So (1)
follows.

If n > 2, then E02 = E1 ' = 0 by assumption, so E2’ = E2, and (i) of (2)
follows. Note that E"? =0 for p > 3. Moreover, E¥"? =0 for p=0,1 and
1<g<n. Sofor1<i<n—1, we have

E}' = B2 s B2
and the inclusion is an isomorphism if 1 <7< n — 2. So (ii) and (iii) of (2)
follow. il

COROLLARY 4.14. Letn>1. If Ay is (n + 2, C)-TF, then M is (n,C)-
TF if and only if Exth(Tre M, C) =0 for 1 <i<n. If Ay is (n+1,C)-TF
and Extp(Tre M, C) =0 for 1 <i<n, then M is (n,C)-TF.

§5. Canonical module

(5.1) Let R= (R, m) be semilocal, where m is the Jacobson radical of R.

(5.2)  We say that a dualizing complex I over R is normalized if for any
maximal ideal n of R, Ext%(R/n, ) # 0. We follow the definition of [Hart].
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(5.3)  For a left or right A-module M, dim M or dimp M denotes the
dimension dimg M of M, which is independent of the choice of R. We call
depthp(m, M), which is also independent of R, the global depth, A-depth,
or depth of M, and denote it by depth, M or depth M. M is called globally
Cohen—Macaulay or GCM for short, if dim M = depth M. M is GCM if and
only if it is Cohen—Macaulay as an R-module, and all the maximal ideals
of R/ anng M have the same height. This notion is independent of R, and
depends only on A and M. M is called a globally maximal Cohen—Macaulay
(GMCM for short) if dim A = depth M. We say that the algebra A is GCM
if the A-module A is GCM. However, in what follows, if R happens to be
local, then GCM and Cohen—Macaulay (resp. GMSM and maximal Cohen—
Macaulay) (over R) are the same thing, and used interchangeably.

(5.4)  Assume that (R, m) is complete semilocal, and A #0. Let I be
a normalized dualizing complex of R. The lowest nonvanishing cohomology
group Ext*(A, I) (Ext’ (A, I) = 0 for i < —s) is denoted by K, and is called
the canonical module of A. Note that K is a A-bimodule. Hence it is also
a A°P-bimodule. In this sense, K = Kpop. If A =0, then we define Ky = 0.

(5.5) Let S be the center of A. Then S is module-finite over R, and
Is = RHomp(S,I) is a normalized dualizing complex of S. This shows
that RHomp(A, I) 2 RHomg(A, Ig), and hence the definition of K, is also
independent of R.

LEMMA 5.6. The number s in (5.4) is nothing but d := dim A. Moreover,
Assp K) = Asshp A :={P € Ming A | dim R/P = dim A}.

Proof. We may replace R by R/anng A, and may assume that A
is a faithful module. We may assume that 1 is a fundamental dualizing
complex of R. That is, for each P € Spec R, E(R/P), the injective hull of
R/ P, appears exactly once (at dimension — dim R/P). If Ext]}i(A, I) #0,

then there exists some P € Spec R such that Extp’ (Ap,Ip)#0. Then
P € Suppp A and dim R/P >i. On the other hand, Ext]_%i (Ap,Ip) has
length I[(Ap) and is nonzero for P € Asshr A. So s =d.

The argument above shows that each P € Asshr A = Assh R supports
Kp. So Asshp A C Ming Kj. On the other hand, as the complex I starts at
degree —d, Ky C I7% and Ass Kn C Ass ™% C Assh R = Asshp A. 0

LEMMA 5.7. Let (R, m) be complete semilocal. Then K satisfies the
(SN E-condition.
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Proof. Tt is easy to see that (K\), is either zero or Kj, for each
maximal ideal n of R. Hence we may assume that R is local. Replacing
R by R/anng A, we may assume that A is a faithful R-module, and we
are to prove that K, satisfies (S5)f by Lemma 2.18. Replacing R by
a Noether normalization, we may further assume that R is regular by
Lemma 2.20(1). Then K, = Homp(A, R). So K, € Syz(2, R) C (Sh)f by
Lemma 4.8 (consider that A there is R here, and C there is also R here). []

(5.8)  Assume that (R, m) is semilocal which need not be complete. We
say that a finitely generated A-bimodule K is a canonical module of A if K
is isomorphic to the canonical module K as a A—bimodule, where ? denotes
the m-adic completion. It is unique up to isomorphisms, and denoted by K.
We say that K € mod A is a right canonical module of A if K is isomorphic
to K in mod A. If K exists, then K is a right canonical module if and
only if K =2 K in mod A.

These definitions are independent of R, in the sense that the (right)
canonical module over R and that over the center of A are the same thing.
The right canonical module of A°P is called the left canonical module. A A-
bimodule w is said to be a weakly canonical bimodule if pw is left canonical,
and wy is right canonical. The canonical module Kop of A°P is canonically
identified with Kjy.

(5.9) If R has a normalized dualizing complex I, then I is a normalized
dualizing complex of R, and so it is easy to see that K exists and agrees
with Ext~%(A,T), where d = dim A(:= dimg A). In this case, for any P €
Spec R, Ip is a dualizing complex of Rp. So if R has a dualizing complex and
(KA)p #0, then (K )p, which is the lowest nonzero cohomology group of
RHomp, (Ap,Ip), is the Rp-canonical module of Ap. See also Theorem 7.5
below.

LEMMA 5.10. Let (R, m) be local, and assume that K exists. Then we
have the following.

(1) Assp Kp = Asshgr A.
(2) Ka e (SHR.
(3) R/ ann Ky is quasi-unmized, and hence is universally catenary.

Proof.  All the assertions are proved easily using the case that R is
complete. 0

(5.11) A A-module M is said to be A-full over R if Suppr M = Suppp A.
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LEMMA 5.12. Let (R, m) be local. If Kx exists and A satisfies the (Sz)®-
condition, then R/ anng A is equidimensional, and Ky is A-full over R.

Proof. The same as the proof of [Ogo, Lemma 4.1] (use Lemma 5.10(3)).
i

(5.13) Let (R, m) be local, and I be a normalized dualizing complex. By
the local duality,
Ky =Ext™¥(A, )V = H(A)

(as A-bimodules), where Er(R/m) is the injective hull of the R-module
R/m, and (7)Y is the Matlis dual Hompg(?, Eg(R/m)).

(5.14) Let (R, m) be semilocal, and I be a normalized dualizing com-
plex. Note that RHompg(?,I) induces a contravariant equivalence between
ng(AOp) and ng(A). Let J € ng(A KSR AOp) be RHomR(A, ]I).

RHompz(?, I) : Dy (A%) — Dg(A)
is identified with
RHOonp(?, RHOHIR(AAR, ]I)) = RHoonp (?, J)

and similarly,
RHOIHR(?, H) : ng(A) — ng(AOP)

is identified with RHomy (7, J). Note that a left or right A-module M is
GMCM if and only if RHomp(M, 1) is concentrated in degree —d, where
d=dim A.

(5.15)  J above is a dualizing complex of A in the sense of Yekutieli [Yek,
(3.3)].

(5.16) A is GCM if and only if Kx[d] —J is an isomorphism. If so,
M € mod A is GMCM if and only if RHomp (M, I) is concentrated in degree
—d if and only if Extio,(M, Kp) =0 for i > 0. Also, in this case, as K[d]
is a dualizing complex, it is of finite injective dimension both as a left and
a right A-module. To prove these, we may take the completion, and may
assume that R is complete. All the assertions are independent of R, so taking
the Noether normalization, we may assume that R is local. By (5.14), the
assertions follow.
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(5.17)  For any M € mod A which is GMCM,
M = RHompg(RHompg(M, 1), 1) = RHomR(ExtXffp(M, Ka[d)), )[—d].
Hence MT := Hompop (M, K) is also a GMCM A-module, and hence
Homy (M, Kp) — RHoma (M, J) = RHompg (M, T)

is an isomorphism (in other words, Ext’ (MT, K3) =0 for i >0). So the
canonical map

(7) M — Homy (Hompop (M, Ky), Kp) = Homp (M7, Ky)

m— (p— ¢m) is an isomorphism. This isomorphism is true without

assuming that R has a dualizing complex (but assuming the existence of

a canonical module), passing to the completion. Note that if A= R, Kp

exists, and R is Cohen—Macaulay, then Kp is a dualizing complex of R.
Similarly, for N € A mod which is GMCM,

N — Hompop (Homp (N, Kp), Kp)

n+ (@~ ¢n) is an isomorphism.

(5.18)  In particular, letting M =A, if A is GCM, we have that
K =Hompop (A, Kp) is GMCM. Moreover,

A— EndAop KA

is an R-algebra isomorphism, where a € A goes to the left multiplication by
a. Similarly,
A— (EndA KA)OP

is an isomorphism of R-algebras.

(5.19) Let (R, m) be a d-dimensional complete local ring, and dim A = d.
Then by the local duality,

HA(Kp)Y 2 Ext(Ka, 1) 2 Ext 4 (K, J) = Endper K,

where J = Hompg(A, I) and (?)¥ = Hompg(?, Eg(R/m)).
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86. n-canonical module

(6.1) We say that w is an R-semicanonical right A-module (resp. R-
semicanonical left A-module, weakly R-semicanonical A-bimodule, R-
semicanonical A-bimodule) if for any P € Spec R, Rp ®p w is the right
canonical module (resp. left canonical module, weakly canonical module,
canonical module) of Rp ®r A for any P € Suppp w. If we do not men-
tion what R is, then one may take R to be the center of A. An R-
semicanonical right A°P-module (resp. R-semicanonical left A°P-module,
weakly R-semicanonical A°P-bimodule, R-semicanonical A°P-bimodule) is
nothing but an R-semicanonical left A-module (resp. R-semicanonical
right A-module, weakly R-semicanonical A-bimodule, R-semicanonical A-
bimodule).

(6.2) Let C €modA (resp. Amod, (A ®g A°?) mod, (A ®g A°P) mod).
We say that C' is an n-canonical right A-module (resp. n-canonical left
A-module, weakly n-canonical A-bimodule, n-canonical A-bimodule) over
R if C e (S)f, and for each P& R<™, we have that Cp is an Rp-
semicanonical right Ap-module (resp. Rp-semicanonical left Ap-module,
weakly Rp-semicanonical Ap-bimodule, Rp-semicanonical Ap-bimodule).
If we do not mention what R is, it may mean R is the center of A.

EXAMPLE 6.3.

(0) The zero module 0 is an R-semicanonical A-bimodule.

(1) If R has a dualizing complex I, then the lowest nonvanishing cohomology
group K := Ext;*(A,I) is an R-semicanonical A-bimodule.

(2) By Lemma 5.10, any left or right R-semicanonical module K of A
satisfies the (S2)f-condition. Thus a (right) semicanonical module is
2-canonical over R/ anng A.

(3) If K is (right) semicanonical (resp. n-canonical) and L is a projective
R-module such that Lp is rank at most one, then K ®p L is again
(right) semicanonical (resp. n-canonical).

(4) If R is a normal domain and C' its rank-one reflexive module of R, then
C' is a 2-canonical R-module (here A = R).

(5) The R-module R is n-canonical if and only if for any prime ideal P of
R with depth Rp < n, Rp is Gorenstein. This is equivalent to say that
R satisfies (T},—1) + (Sn).
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(6.4)  As in section 4, let C €mod A, and set T'=Ender C, (?)7 =
Homop (?, C), and (?)* = Homr(?, C). Moreover, we set A1 := (Endr C)°P.
The R-algebra map Wy : A — Ay is induced by the right action of A on C.

LEMMA 6.5. Let C €¢ mod A be a 1-canonical A°P-module over R. Let
M €mod A. Then the following are equivalent.

(1) M eTF(,C)
(2) M e UP(1,C)
(3) M eSyz(1,C)
(4) Me(S)E.

Proof. (1) < (2) is Lemma 4.7. (2) = (3) is trivial. (3) = (4) follows
from Lemma 4.10 immediately.

We prove (4) = (1). We want to prove that A\y;: M — Mt is injective.
By Example 2.11, localizing at each P € R{9, we may assume that (R, m) is
zero-dimensional local. We may assume that M is nonzero. By assumption,
C is nonzero, and hence C'= K by assumption. As R is zero-dimensional,
A is GCM, and hence A — I' = Endpop K is an isomorphism by (5.18). As
A is GCM and M is GMCM, (7) is an isomorphism. As A =T, the result
follows. 0

LEMMA 6.6. Let C be a 1-canonical right A-module over R, and
N €T'mod. Then N*te TFper (2, C). Similarly, for M € mod A, we have
that MT € TFp(2, C).

Proof. Note that Ayt : N I N¥t is a split monomorphism. Indeed,
(un)*: N#F — Nt s the left inverse. Assume that N* ¢ TF(2,C), then
W := Coker Ay is nonzero. Let P € Assg W. As W is a submodule of Nt
P e Assg Nt € Assp C c Min R. So Cp is the right canonical module
Kp,.SoT'p =Ap, and (Ayt)p is an isomorphism. This shows that Wp =0,
and this is a contradiction. The second assertion is proved similarly. 0

LEMMA 6.7. Let (R,m) be local, and assume that Kp exists. Let
C:=Kp. If A is GCM, ¥y : A — Ay is an isomorphism.

Proof. As C possesses a bimodule structure, we have a canonical map
A —T'=Endper C, which is an isomorphism as A is GCM by (5.18). So
A; is identified with A = (Enda C)°P. Then ¥;:A — (Endy C)°P is an
isomorphism again by (5.18). [

https://doi.org/10.1017/nmj.2016.44 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.44

CANONICAL AND N-CANONICAL MODULES OF A NOETHERIAN ALGEBRA 191

LEMMA 6.8. If C satisfies the (S7)E condition, then T € (S))E and
A1 € (S)E. Moreover, Assp T' = Assg Ay = Assp C = Ming C.

Proof. The first assertion is by I' =Homypoer(C, C) € Syzp(2, C), and
Ay = Homr(C, C) = Syz,, (2, C). We prove the second assertion. Assp I' C
Assp Endp C' = Assp C. Assp A1 C Assp Endgr C = Assg C =Ming C. It
remains to show that Suppp C = Suppr I = Suppgr A;. Let P € Spec R. If
Cp =0, then I'p =0 and (A1)p = 0. On the other hand, if Cp # 0, then the
identity map Cp — Cp is not zero, and hence I'p # 0 and (A1) p # 0. 0

(6.9) Let C be a l-canonical right A-module over R. Define Q:=
HPeMinRC Rp. If P € Ming C, then Cp = Kp,. Hence ®p: Ap — (A1)p
is an isomorphism by Lemma 6.7. So 1o ® ¥1:Q ®r A — Q ®r Ay is also
an isomorphism. As Assg A1 = Ming C, we have that A1 C Q Qg Aq.

LEMMA 6.10. Let C be a 1-canonical right A-module over R. If A is
commutative, then so are Ay and I.

Proof. As A1 CQ®r A1 =Q ®pr A and Q ®g A is commutative, A; is a
commutative ring. We prove that I' is commutative. As Assp I' C Ming C,
I' is a subring of @ ®I'. As

Q@orT= [] Endy, Cp=][[Enda,(Ka,)
PeMing C P
and Ap — Endp,(Kj,) is an isomorphism (as Ap is zero-dimensional),

Q ®gr I is, and hence I is also, commutative. [

LEMMA 6.11. Let C be a 1-canonical right A-module over R. Let M and
N be left (resp. right, bi-) modules of A1, and assume that N € (S7) R, Let
¢ : M — N be a A-homomorphism of left (resp. right, bi-) modules. Then ¢
is a Ai-homomorphism of left (resp. right, bi-) modules.

Proof. Let Q=1]] PeMing ¢ Fp. Then we have a commutative diagram

©
QOrM — Q®r N

where iy (m) =1® m and in(n) =1 ® n. Clearly, ip; and iy are Aj-linear.
As ¢ is A-linear, 1 ® ¢ is Q@ ® A-linear. Since A1 CQ A =Q A, 1 Q¢
is Aq-linear. As iy is injective, it is easy to see that ¢ is Aj-linear. N
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LEMMA 6.12. Let C be a 1-canonical right A-module over R. Then the
restriction M v+ M is a full and faithful functor from (S;)MF to (S{)é’R.
Similarly, it gives a full and faithful functors (Si)Atl)p’R—> (S{)éOP’R and
(SpyM@rA™ Ry (gr)aErAT R,

Proof. We only consider the case of left modules. If M € A; mod, then
it is a homomorphic image of A; ®r M. Hence Suppr M C Suppp A1 C
Suppr C. So the functor is well defined and obviously faithful. By
Lemma 6.11, it is also full, and we are done. [

(6.13) Let C be a l-canonical A-bimodule over R. Then the left
action of A on C induces an R-algebra map ®: A — I'=Endpe C. Let
Q= Ipeming ¢ Bp- Then I' CQ ®r I'= Q ®g A. From this we get

LEMMA 6.14. Let C be a 1-canonical A-bimodule over R. Let M and
N be left (resp. right, bi-) modules of T', and assume that N € (S})VE. Let
@ : M — N be a A-homomorphism of left (resp. right, bi-) modules. Then ¢
is a I'-homomorphism of left (resp. right, bi-) modules.

Proof. Similar to Lemma 6.11, and left to the reader. 0
)

COROLLARY 6.15. Let C be as above. (7)™ = Homp(Homper(?, C), C
is canonically isomorphic to (7)™ = Homa (Hompes (?, C), C), where (?)* =
Homy (7, C).

Proof. This is immediate by Lemma 6.14. [

LEMMA 6.16. Let C be a 1-canonical A-bimodule over R. Then ®
induci;s a full and faithful functor (S{)F’}:p% (Si)g’R. Similarly, (S))T""F —
(Si)é B and (8))FORTVR (Si)é(@RA B are also induced.

Proof. Similar to Lemma 6.12, and left to the reader. U

COROLLARY 6.17. Let C be a 1-canonical A-bimodule. Set A :=
(Endp C)°P. Then the canonical map A — T induces an equality

A1 = (Endr O)Op = (EndA C)Op =A.
Similarly, we have
AQ = EndAop C= EDdAop C=T.

Proof. As C € (S))1"F the first assertion follows from Lemma 6.16. The
second assertion is proved by left—right symmetry. 0
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LEMMA 6.18. Let C be a 1-canonical right A-module over R. Set
A1 := (Endrp C)°P. Let ¥y : A — Ay be the canonical map induced by the right
action of A on C. Then Wy is injective if and only if A satisfies the (S])®
condition and C is A-full over R.

Proof. Wy :A— Ay is nothing but A : A — Af, and the result follows
from Lemma 6.5 immediately. [

LEMMA 6.19. Let C be a l-canonical A-bimodule over R. Then the
following are equivalent.

(1) The canonical map ¥ : A — A is injective, where A = (Endy C)°P, and
the map is induced by the right action of A on C.

(2) A satisfies the (S})® condition, and C is A-full over R.

(3) The canonical map ® : A — T is injective, where the map is induced by
the left action of A on C.

Proof. By Corollary 6.17, we have that A; = (Endr C)°* =A. So
(1)<(2) is a consequence of Lemma 6.18.
Reversing the roles of the left and the right, we get (2)<(3) immediately.

i

LEMMA 6.20. Let C be a 1-canonical right A-module over R. Then the
canonical map

(8) HOHIAOp (Al, C) — HOHlep (A, C) =
induced by the canonical map ¥y : A — Ay is an isomorphism of I @ AJP-
modules.

Proof. The composite map
c= HOmAcip (Al, C) == HOonp (Al, C) — HOonp (A, C) =

is the identity. The map is a I' ® g A°’-homomorphism. It is also AJ’-linear
by Lemma 6.12. 0

(6.21) When (R, m) is local and C' = Kj, then A; = A, and the map
(8) is an isomorphism of I' ®pr A°P-modules from Ka and Ky, where
A = (Endp K)°P. Indeed, to verify this, we may assume that R is complete
regular local with anng A =0, and hence C' = Hompg(A, R), and C' is a 2-
canonical A-bimodule over R; see (6.3). So (6.17) and Lemma 6.20 apply.
Hence we have
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COROLLARY 6.22. Let (R, m) be a local ring with a canonical module
Kp of A. Then Ka = Hompop (A, Ky) is isomorphic to Ky as a T’ ® g A°P-
module, where A = (Endp K )°P. [

LEMMA 6.23. Let n>1. If C is an n-canonical right A-module over R,
then

(1) C is an n-canonical right A1-module over R.
(2) C is an n-canonical left I'-module over R.

Proof. (1) As the (S])-condition holds, it suffices to prove that for
P e R<™ with Cp #0, we have Cp = (Ky,)p as a right (A;)p-module.
After localization, replacing R by Rp, we may assume that R is local and
C = Kj). Then C = K = Ky, as right A-modules. Both C' and Kj, are in
(Si)Acl)p’R, and isomorphic in mod A. So they are isomorphic in mod A; by
Lemma 6.12.

(2) Similarly, assuming that R is local and C' = K, it suffices to show
that C & Kt as left I'-modules. Identifying I' = Endaor C' = Ay and using
the left—right symmetry, this is the same as the proof of (1). 0

LEMMA 6.24. Let C € mod A be a 2-canonical right A-module over R.
Let M € mod A. Then the following are equivalent.

(1) M eTF(2,0).
(2) M eUP(2,0).
(3) M eSyz(2,C)
(4) M€ (8¢

Proof. We may assume that A is a faithful R-module. (1)<(2) = (3)
= (4) is easy. We show (4) = (1). By Example 2.11, localizing at each
P e RSV, we may assume that R is a Noetherian local ring of dimension
at most one. So the formal fibers of R are zero-dimensional, and hence
M e (Sé)g, where ? denotes the completion. So we may further assume that
R = (R, m) is complete local. We may assume that M # 0 so that C' # 0 and
hence C = K. The case dim R = 0 is similar to the proof of Lemma 6.5, so
we prove the case that dim R = 1. Note that I = H)(A) is a two-sided ideal
of A, and any module in (S})**"# is annihilated by I. Replacing A by A/I,
we may assume that A is a maximal Cohen—Macaulay R-module. Then (7)
is an isomorphism. As C'= K and

A— EIldAop KA == EndAop Cc=T
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is an R-algebra isomorphism, we have that Ay : M — M1 is identified with
the isomorphism (7), as desired. [

COROLLARY 6.25. Let C be a 2-canonical right A-module over R. Then
the canonical map ® : A — Ay is an isomorphism if and only if A satisfies

(SH)E and C is full.
Proof. Follows immediately by Lemma 6.24 applied to M = A. 0

(6.26)  Let C be a 2-canonical A-bimodule. Let I' = Endpop C and A =
(Endp C)°P. Then by the left multiplication, an R-algebra map A — T is
induced, while by the right multiplication, an R-algebra map A — A is
induced. Let Q = HPEMinR cBRp. Then as 'CQOrT'=Q®rA=Q ®r
ADA, both ' and A are identified with @Q-subalgebras of Q ®pr A. As
A=A, =A™, we have a commutative diagram

AN At ~A

o |

A
r 5 it

AsT =Hom,,, (C,C) = CT, T € Syz, (2, C) by Lemma 4.8. By Lemma 6.24,
we have that T' € (S})c. Hence by Lemma 6.24 again, Ar:T' — T'ff is an
isomorphism. Hence A CT'. By symmetry A DT. So A=T. With this
identification, I' acts on C not only from left, but also from right. As the
actions of I' extend those of A, C is a I'-bimodule. Indeed, for a € A, the
left multiplication A, :C — C (A(¢) =ac) is right I-linear. So for be T,
pp: C — C (pp(c) = cb) is left A-linear, and hence is left T-linear.

THEOREM 6.27. Let the notation be as in (4.1), (6.4), and (4.9). Let
C be a 2-canonical right A-module. Then the restriction M — M gives an
equivalence p : (Sh)M°F — (Sé)é "R

Proof. The functor is obviously well defined, and is full and faithful
by Lemma 6.12. On the other hand, given M € (Sé)éop’R, we have that
Ay i M — M™is an isomorphism. As M has a A{P-module structure which
extends the A°P-module structure of M = M, we have that p is also dense,
and hence is an equivalence. 0
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COROLLARY 6.28. Let C be a 2-canonical A-bimodule. Then the restric-
tion M — M gives an equivalence

I®pI°P R A®RAP.R
p: (SpEERIPR _y (gp)ASRATR,

Proof. p is well defined, and is obviously faithful. If h: M — N is a
morphism of (Sé)é@)RAop’R between objects of (Sé)ggRrop’R, then h is I'-
linear T'°P-linear by Theorem 6.27 (note that A; = A =T here). Hence p is
full.

Let M € (Sé)é@)RAOP’R, the left (resp. right) A-module structure of M
is extendable to that of a left (resp. right) I'-module structure by Theo-
rem 6.27. It remains to show that these structures make M a I'-bimodule.
Let a € A. Then A, : M — M given by Ag(m) = am is a right A-linear, and
hence is right I-linear. So for b € T, p, : M — M given by pp(m) = mb is left
A-linear, and hence is left I'-linear, as desired. []

PROPOSITION 6.29. Let C be a 2-canonical right A-module. Then
(DT (Sé)é SR (8)TR and () (ST — (Sé)é "R give a contravariant
equivalence.

Proof. As we know that (?)' and (?)! are contravariant adjoint each
other, it suffices to show that the unit Ap;: M — M and the (co-)unit
pn : N — N are isomorphisms. Ay is an isomorphism by Lemma 6.24.
Note that C' is a 2-canonical left I'-module by Lemma 6.23. So uy is an
isomorphism by Lemma 6.24 applied to the right I'°P-module C. 0

COROLLARY 6.30. Let C be a 2-canonical A-bimodule. Then (?)f =
Hompop (7, C') and Homp(?,C) give a contravariant equivalence between
(Sé)é "R and (Sé)g’R. They also give a duality of (Sé)Ié@A "R

Proof. The first assertion is immediate by Proposition 6.29 and The-
orem 6.27. The second assertion follows easily from the first and Corol-
lary 6.28. [

87. Noncommutative Aoyama’s theorem

LEMMA 7.1. Let (R,m, k) — (R',m' k") be a flat local homomorphism
between Noetherian local rings.

(1) Let M be a A-bimodule such that M' := R' @ g M is isomorphic to N’ :=
R ' @r A as a N'-bimodule. Then M = A as a A-bimodule.

(2) Let M be a right A module such that M':= R' @r M is isomorphic to
N =R ®r A as a right N'-module. Then M = A as a right A-module.

https://doi.org/10.1017/nmj.2016.44 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.44

CANONICAL AND N-CANONICAL MODULES OF A NOETHERIAN ALGEBRA 197

Proof. Taking the completion, we may assume that both R and R’ are
complete. Let 1 =e; + - - - + e, be the decomposition of 1 into the mutually
orthogonal primitive idempotents of the center S of A. Then replacing R
by Se;, A by Ae;, and R’ by the local ring of R’ ®g Se; at any maximal
ideal, we may further assume that S = R. This is equivalent to say that
R — Endpgpaer A is isomorphic. So R’ — Endprg , (aner A is also isomor-
phic, and hence the center of A’ is R'.

(1) Let ¢ : M’ — A’ be an isomorphism. Then we can write ¢ =" | w1
with u; € " and ; € Hompgpaer (M, A). Also, we can write wi_l =
> j=1 vip; with v; € R and ¢; € Hompgpaee (A, M). As 37, uvjiip; =
Y l=1¢ Endprg,, (aner A'= R' and R’ is local, there exists some i, j
such that u;vj1;p; is an automorphism of A’. Then ¢, : M" — A’ is also
an isomorphism. By faithful flatness, v; : M — A is an isomorphism.

(2) It is easy to see that M € mod A is projective. So replacing A by A/J,
where J is the radical of A, and changing R and R’ as above, we may assume
that R is a field and A is central simple. Then there is only one simple right
A-module, and M and A are direct sums of copies of it. As M’ = A’, by
dimension counting, the number of copies are equal, and hence M and A
are isomorphic. 0

LEMMA 7.2. Let (R,m, k) — (R',m' k") be a flat local homomorphism
between Noetherian local rings.

(1) Let C be a 2-canonical bimodule of A over R. Let M be a A-bimodule
such that M':= R ®@gr M is isomorphic to C':=R ®@rC as a N-
bimodule. Then M = C as a A-bimodule.

(2) Let C be a 2-canonical right A-module over R. Let M be a right A-
module such that M':= R' @z M is isomorphic to C' := R' ®@r C as a
right A'-module. Then M = C' as a right A-module.

Proof. (1) As M"= (" and C € (S3)c, it is easy to see that M € (S3)c-
Hence M is a I'-bimodule, where I' =Endper C'=Endp C; see (6.26)
and Corollary 6.28. Note that (M) = (Ct) =T’ as I'-bimodules. By
Lemma 7.1(1), we have that Mt =T as a I-bimodule. Hence M =2 M1+ =

rieC.
(2) As (MT)Y =(CTY =T’ as I"-modules, MT=T as I'-modules by
Lemma 7.1(2). Hence M = M =T+, [

PROPOSITION 7.3. Let (R,m, k) — (R',m', k) be a flat local homomor-
phism between Noetherian local rings. Let M be a right A-module. Assume
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that R'/mR’ is zero-dimensional, and M' := R' @ g M is the right canonical
module of N := R' @r A. If A#0, then R'/mR’ is Gorenstein.

Proof. We may assume that both R and R’ are complete. Replacing R by
R/ anngp A and R’ by R’ ®g R/ anng A, we may assume that A is a faithful
R-module. Let d = dim R = dim R’. Note that M is a finite R-module.

Then

R @ HE(M) = H (R ©r M) = HE (Ky) = Homp (T, E'),

where A’ = R' @ A, E' = Er/(R'/w’) is the injective hull of the residue field,
I'=Endper M, IV =R ®@r T =Endy K/, and the isomorphisms are those
of I"-modules. The last isomorphism is by (5.19). So R’ ® g H%(M) € Mod I
is injective. Considering the spectral sequence

EpT = Extl, (W, Ext?, (R ®r (T @r k), R’ @ HL(M)))

(T'®rk)
= Ext? (W, R @p HL(M))

for W € Mod(R' ®g (T ®g k), E3° = EX’ C Extl (W, R ©g HL(M)) =0
by the injectivity of R’ ®r HL(M). It follows that

Homp/ (R ®r (T ®g k), R ©@p HE(M)) = (R /mR’) @4 Homp(k, He(M))

is an injective (R'/mR’') @ (I' ®p k)-module. However, as an R'/mR/'-
module, this is a free module. Also, this module must be an injective R’ /mR/-
module, and hence R'/mR’ must be Gorenstein. [

LEMMA 7.4. Let (R,m, k) — (R',m', k') be a flat local homomorphism
between Noetherian local rings such that R'/mR’ is Gorenstein. Assume

that the canonical module Kp of A exists. Then R' @ Ky is the canonical
module of R’ Qg A.

Proof. We may assume that both R and R’ are complete and dim A =
dim R. Let I be the normalized dualizing complex of R. Then R’ @ I[d’ — d]
is a normalized dualizing complex of R/, where d’ = dim R’ and d = dim R,
since R— R’ is a flat local homomorphism with the d’ — d-dimensional
Gorenstein closed fiber; see [AvF, (5.1)] (the definition of a normalized
dualizing complex in [AvF] is different from ours. We follow the one in
[Hart, Chapter V]). So

R @p Ky = R ©p Extz4(A, 1) 2 Ext;? (R @g A, R ©@pl[d — d)) = K.
il
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THEOREM 7.5. ((Noncommutative Aoyama’s theorem) cf. [Aoy , The-
orem 4.2]) Let (R,m)— (R',w) be a flat local homomorphism between
Noetherian local rings, and A a module-finite R-algebra.

(1) If M is a A-bimodule and M' =R’ ®g M is the canonical module of
N =R ®gr A, then M is the canonical module of A.

(2) If M is a right A-module such that M’ is the right canonical module of
N, then M is the right canonical module of A.

Proof. We may assume that both R and R’ are complete. Then the
canonical module exists, and the localization of a canonical module is a
canonical module, and hence we may localize R’ by a minimal element of
{P € Spec R'| PN R=m}, and take the completion again, we may further
assume that the fiber ring R'/mR’ is zero-dimensional. Then R'/mR’ is
Gorenstein by Proposition 7.3. Then by Lemma 7.4, M’ = Ky =2 R' @r Ky.
By Lemma 7.2, M = K. In (1), the isomorphisms are those of bimodules,
while in (2), they are of right modules. The proofs of (1) and (2) are
complete. [

COROLLARY 7.6. Let (R, m) be a Noetherian local ring, and assume that
K is the canonical (resp. right canonical) module of A. If P € Suppp K, then
the localization Kp is the canonical (resp. right canonical) module of Ap. In
particular, K is a semicanonical bimodule (resp. right module), and hence
is 2-canonical over R/ annpg A.

Proof. Let Q be a prime ideal of R lying over P. Then (f()Q = RQ ®Rp
Kp is nonzero by assumption, and hence is the canonical (resp. right
canonical) module of RQ ®pgr A. Using Theorem 7.5, Kp is the canonical
(resp. right canonical) module of Ap. The last assertion follows. [

(7.7)  Let (R,m) be local, and assume that K exists. Assume that
A is a faithful R-module. Then it is a 2-canonical A-bimodule over R
by Corollary 7.6. Letting I' = Endpor Kp, Kr = K5 as A-bimodules by
Corollary 6.22. So by Corollary 6.28, there exists some I'-bimodule structure
of K such that Kt = K as I-bimodules. As the left I'-module structure
of K which extends the original left A-module structure is unique, and it
is the obvious action of I' = Endper K. Similarly the right action of I' is
the obvious action of I' = A = (Endp K, )°P; see (6.26).
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88. Evans—Griffith’s theorem for n-canonical modules

LEMMA 8.1. (cf. [Aoy, Proposition 2], [Ogo, Proposition 4.2], [AoyG,
Proposition 1.2]) Let (R, m) be local and assume that A has a canonical
module Ky. Then we have

(1) Ar:A — Endper Ky is injective if and only if A satisfies the (S))f
condition and Suppgp A is equidimensional.

(2) Ag:A— Endper Ky is bijective if and only if A satisfies the (S5)%
condition.

Proof. Replacing R by R/ anng A, we may assume that A is a faithful
R-module. Then K, is a 2-canonical A-bimodule over R by Corollary 7.6.
K is full if and only if Suppy A is equidimensional by Lemma 5.10(1).

Now (1) is a consequence of Lemma 6.19. (2) follows from Corollary 6.25
and Lemma 5.12. [

PROPOSITION 8.2. (cf. [AoyG, (2.3)]) Let (R,m) be a local ring, and
assume that there is an R-canonical module Kp of A. Assume that
A€ (S2)®, and Ky is a Cohen-Macaulay R-module. Then A is Cohen—
Macaulay. If, moreover, K is maximal Cohen—Macaulay, then so is A.

Proof. The second assertion follows from the first. We prove the first
assertion. Replacing R by R/ anng A, we may assume that A is faithful.
Let d =dim R. So A satisfies (S55), and K, is maximal Cohen-Macaulay.
As K, is the lowest nonvanishing cohomology of J:= RHompg(A, I), there
is a natural map o : Kj[d] — J which induces an isomorphism on the —dth
cohomology groups. Then the diagram

A

A Hompop (Kp [dL KA[d])

) la*

RHompes (J, J) ——~ RHomper (KA [d], )

[

is commutative. The top horizontal arrow A is an isomorphism by
Lemma 8.1. Note that

RHomyor (J, J) = RHompg(J, I) = RHomgz(RHomp (A, I),I) = A,

and the left vertical arrow is an isomorphism. As K is maximal Cohen—
Macaulay, RHompop (K5 [d], J) is concentrated in degree zero. As H*(J) =0
for ¢ < —d, we have that the right vertical arrow o, is an isomorphism. Thus
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the bottom horizontal arrow ¢* is an isomorphism. Applying RHomy (?, J)
to this map, we have that Kx[d] — J is an isomorphism. So A is Cohen—
Macaulay, as desired. 0

COROLLARY 8.3. (cf. [AoyG, (2.2)]) Let (R,m) be a local ring, and
assume that there is an R-canonical module Kpn of A. Then Ky is a

Cohen—Macaulay (resp. mazimal Cohen—Macaulay) R-module if and only
if I' = Endpor Kp is so.

Proof. As K, and I' have the same support, if both of them are Cohen—
Macaulay and one of them are maximal Cohen—Macaulay, then the other is
also. So it suffices to prove the assertion on the Cohen—Macaulay property.
To verify this, we may assume that A is a faithful R-module. Note that T'
satisfies (S%). By Corollary 6.22, K is Cohen-Macaulay if and only if Kp is.
If T' is Cohen—Macaulay, then K is Cohen—Macaulay by (5.18). Conversely,
if Kt is Cohen—Macaulay, then I' is Cohen—Macaulay by Proposition 8.2. []

THEOREM 8.4. (cf. [EvG, (3.8)], [Ar], (3.1)]) Let R be a Noetherian
commutative ring, and A a module-finite R-algebra, which need mnot be
commutative. Let n>1, and C be a right n-canonical A-module. Set I' =
Endper C. Let M € mod C'. Then the following are equivalent.

(1) M e€TF(n,C). That is, M is (n,C)-TF.

(2) M e€UP(n,C). That is, M has an (n, C)-universal pushforward.

(3) M € Syz(n,C). That is, M is an (n, C)-syzygy.

(4) M € (S))c. That is, M satisfies the (S),) condition as an R-module,
and Supp M C Supp C.

Proof. (1) = (2) = (3) = (4) is easy. We prove (4) = (1). By Lemma 6.5,
we may assume that n > 2. By Lemma 6.24, M € TF(2, C). Let

F:O%MT%FQFFi(—'-'%Fn_l

be a resolution of M T in T mod with each F; € add I. It suffices to prove its
dual
FH0 M= Ff > Ff = s F

is acyclic. By Lemma 2.10, we may localize at P € R\<"), and may assume
that dim R <n. If M =0, then F is split exact, and so F} is also exact.
So we may assume that M # 0. Then by assumption, C' = K, in mod A,
and C' is a maximal Cohen—Macaulay R-module. Hence I' is Cohen—
Macaulay by Corollary 8.3. So by (5.16) and Lemma 6.22, RHomp (M, C) =
RHomp (M, Kr) = M, and we are done. [
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COROLLARY 8.5. Let the assumptions and motation be as in Theo-
rem 8.4. Let n > 0. Assume further that

(1) Exthop(C,C)=0 for 1 <i<n;
(2) C is A-full.
(3) A satisfies the (S5)F condition.

Then for 0 <r <n, *C is contravariantly finite in mod A.

Proof. For any M € mod A, the nth syzygy module Q"M satisfies the
(S7)E-condition by (2) and (3). By Theorem 8.4, Q"M € TF on(n, C). By
Theorem 3.16, M € Z, ¢, and there is a short exact sequence

0=Y XL M0

with X € X, = LrC and Y € Y,. As Ext! A°P(X,.0,Y) =0, we have that g
is a right - C-approximation, and hence +~C' is contravariantly finite.  []

COROLLARY 8.6. Let the assumptions and motation be as in Theo-
rem 8.4. Let n >0, and C a A-full (n + 2)-canonical A-bimodule over R.
Assume that A satisfies the (Sl )" condition. Then *nC is contravariantly
finite in mod A.

Proof. By Corollary 8.5, it suffices to show that Ext}.,(C,C)=0 for
1<i<n. Let A= (Endp C)°®. Then the canonical map A — A is an
isomorphism by Lemma, 6.25, since C' is a A-full 2-canonical A-bimodule over
R.As A€ (S),.,)® and C is a A-full (n + 2)-canonical left A-module over R,
applying Theorem 8.4 to A°P, we have that Exti\op(C,C) =0 for 1 <i< n.
As we have A°P — A°P is an isomorphism, we have that Ext’.,(C, C) =0,
as desired. [
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