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POLYNOMIALS ON B A N A C H SPACES W H O S E DUALS A R E
I S O M O R P H I C T O *i(r)

RAFFAELLA CILIA, MARIA D ' A N N A AND JOAQUI'N M. GUTIERREZ

We prove that the dual of a Banach space E is isomorphic to an t\ (F) space if and
only if, for a fixed integer m, every m-homogeneous 1-dominated polynomial on E
is nuclear. This extends a result for linear operators due to Lewis and Stegall. The
same techniques used for this result allow us to prove that, if every m-homogeneous
integral polynomial between two Banach spaces is nuclear, then every integral (linear)
operator between the same spaces is nuclear.

The following result is proved in [8], for (a) «• (b), and in [14], for (a) & (c):

THEOREM 1 . Given a Banach space E, the following assertions are equivalent:

(a) the dual of E is isomorphic to £i (F) for some set T;

(b) every absolutely summing operator on E is nuclear;

(c) every absolutely summing and compact operator on E is nuclear.

In this paper we extend it to the polynomial case, proving that the dual of a Banach
space E is an i\ (T) space if and only if, for a fixed integer m, every m-homogeneous 1-
dominated polynomial on E is nuclear, if and only if every m-homogeneous 1-dominated
and compact polynomial on E is nuclear.

The same techniques allow us to prove that, for a fixed integer m and Banach spaces
E, F, if every m-homogeneous integral polynomial from E into F is nuclear, then every
integral operator from E into F is nuclear.

Throughout, E and F denote Banach spaces, E* is the dual of E, and BE stands
for its closed unit ball. By N we represent the set of all natural numbers and by K
the scalar field (real or complex). By an operator we always mean a linear bounded
mapping between Banach spaces. Given m 6 N, we denote by V(mE, F) the space of
all m-homogeneous (continuous) polynomials from E into F, and by £(mE, F) the space
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of all m-linear (continuous) mappings from Ex {"}} xE into F . Recall that to each
P € V(mE, F) we can associate a unique symmetric P € L(mE, F) so that

P(x) = P(z,W.,x) (x<EE).

For the general theory of polynomials on Banach spaces, we refer to [5] and [11].

Given 1 ^ r < oo, a polynomial P € V(mE, F) is r-dominated (see, for example,
[9, 10]) if there exists a constant k > 0 such that, for all n € N and (zi)"=1 c E, we have

{y^\\P(xi)\\r/m) ^k sup
\«_i / x*€BE» \ ._

t—i i—

For m — 1, we obtain the absolutely r-summing operators. We denote by Vas(mE, F) the

space of all 1-dominated polynomials from E into F .

A polynomial P € V(mE, F) is nuclear [5, Definition 2.9] if it can be written in the

form

where (zj) C .E1* and (y*) C F are sequences such that

We denote by PN(mE,F) the space of all nuclear m-homogeneous polynomials from E

into F.

The following definition of integral polynomial was given in [2] and extends the one

given in [12] for multilinear functionals.

We say that a polynomial P € V{mE, F) is integral if there exists a constant C ^ 0

such that, for every n 6 N and all families (zi)?=i c E anc^ (fi)?=i C F*, we have

; O sup

By Vi(mE, F) we denote the space of all m-homogeneous integral polynomials from E
into F . Easily, for m = 1, we obtain the (Grothendieck) integral operators [4, page 232].
A definition of integral polynomial, using an integral expression, has been given in [15].
This definition is equivalent to ours (see [2, Proposition 2.2] and [15, Proposition 2.6]).

We say that P € V{mE, F) is compact if P(BE) is relatively compact in F . We
denote by VK(mE, F) the space of all compact polynomials from E into F .

m

We use the notation ® F :— E® (?! <8>E for the m-fold tensor product of E,
m TTl

{"?} ® E for the m-fold injective tensor product of E, and <3> E for the
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m-fold projective tensor product of E (see [4] for the theory of tensor products). By
m

0 E :— E 0 {™) 0 E we denote the m-fold symmetric tensor product of E, that is, the
5 S S

m
set of all elements u G 0 E of the form

n

lit *«V • • • miw

By 0 E1 we denote the closure of 0 E in 0 E. Analogously, 0 E is the closure of
e,s 3 e n,s

m m

0 F in 0 F / . For symmetric tensor products, we refer to [6]. For simplicity, we write

We use the following notation for spaces of operators from E into F: AS[E, F)
for the space of all absolutely summing operators, T(E, F) for the space of all integral
operators, M(E, F) for the space of all nuclear operators, and fC(E, F) for the space of
all compact operators. The definitions may be seen in [3, 4].

We shall use the fact [4, page 232] that an operator T : E —)• F is integral if and
only if the functional f : E®F* -> K, given by f (x <g> /*) = (T(x),f) for x G E,

£

/* G F*, is well-defined and continuous.

For PeP(mE,F), let

P:(g)F^F
s

be the linearisation of P, given by

- = E vo^)
for all Xj G K, i j 6 £ (1 ^ j ^ n).

m

It is shown in [2] that P is integral if and only if P : 0 E -> F is well-defined and

integral.
PROPOSITION 2 . Fixm e N and Banach spaces E,F. Suppose that V^E^)

C PN(mF, F). Then, ^5(F-, F) = Af(E, F).
PROOF: We only have to prove that AS(E, F) C M{E, F) since the other inclusion

is always true.
Let T € AS(E, F). For every index t = 1,..., m — 1, there are operators

i i+l t+l i

and ^
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i
such that TTJ o j{ is the identity map on $$E [1, p. 168].

TT,S

m m

Let <5m : £ —> ® i? be the polynomial given by 5m(x) = 0 i (i 6 £). Consider the

polynomial
P : = T O 7Ti O 7T2 O . . . O 7Tm_! O Sm \ E > F

Using that T is absolutely summing, it is shown in [2, Proposition 3.1] that P is 1-
dominated so, by our hypothesis, it is nuclear. It follows that there exist sequences
(z*) C E' and (yn) C F such that

P(x) = E K(x)]mVn t € E)
n=l

with

EiKiniv»ii<oo.
n=l

Now, for every n, we consider the m-homogeneous polynomial of finite type Pn — (x*)m.

( m \ « , m

(g)EJ , we associate to Pn a functional $ n e (<8)
such that

$n ( £ A,- ((£)*,) ) = Y, Ai$« ( 0 x>) = E W*i)
vi=i y j=i j=\

for every 13 Aj I <8> x j ) ^ ® ^- So we have

(T o Tn o . . . o jrm_O ( 5 3 A, ( ( g ) ^ ) ) = ^ Aj o TT! o . . . o 7rm_i o

j=l n=l

n=l j=l

n=l

It follows that
oo

(T O 7Ti O . . . O 7Tm_!)(u) = 5 3 *n(w)3/n ^ all U G
n = l TT,S
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Moreover, there is k > 0 such that

E n*»u w i < E k np»n \\y»u =k E iKin M I < oo.
n=l n=l n=l

So T o 7Ti o . . . o 7rm_i is nuclear and this implies that

T = T O 7Tx O . . . O 7Tm_! O j m _ x O . . . O j t

is nuclear. D

Obvious modifications in the proof of Proposition 2 yield:

PROPOSITI ON 3 . Fix m € N and Banach spaces E, F. Suppose that V^ (mE, F)
n VK(mE, F) C PN(mE, F). Then AS{E, F) n K{E, F) = Af(E, F).

Easily, P G V{mE, F) is nuclear if and only if there are (Aj) G tx and bounded
sequences [x\) C E*, (jji) C F such that

Ji[x;(x)]myi (x€E).

The following simple result will be needed:

P R O P O S I T I O N 4 . Let T G Af(E,F) and Q G P(mF,G). Then P : = QoT

G V(mE, G) is nuclear.

P R O O F : There are (Aj) G t\ and bounded sequences (a;*) C E*, (yi) C F such that

Hence, by the polarisation formula [11, Theorem 1.10],

u,...,tm=l

1 °°
= ^T^T E A i ' ' ' ' A i - E £ l • ••em[{eix\1 +••• + e m i - , ) ( i ) ]

^ m-i, im=i tj=±i

from which the result follows. D

It is proved in [9, Proposition 3.1] that a polynomial P G V(mE, F) is r-dominated
if and only if there are a constant C ^ 0 and a regular Borel probability measure fi on
BE- (endowed with the weak-star topology) such that

(1) | | P ( i ) | | ^ c [ ^ |v»(i)|Pd/x(V)J (xeE).
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The next result is stated in [12, Theorem 14] for the multilinear, scalar-valued case,
and in [13, Proposition 3.6] for the vector-valued case. It will be needed in Theorem 6.
Following the referee's suggestion, for the sake of completeness, we include the proof
which is an easy modification of [7, 3.2.4].

THEOREM 5 . A polynomial P G V{mE, F) is r-dominated if and only if there are
a Banach space G, an absolutely r-summing operator T G C(E, G) and a polynomial
Q G V(mG,F) such that P = QoT.

PROOF: Let P G V(mE, F) be r-dominated. Then there is a regular Borel proba-
bility measure /x on BE* such that the inequality (1) holds. Let To : E —>• Lr (£?£.,/i) be
given by T0(x)((p) := tp(x) for all x G E and <p G BE-- Clearly, To is linear. Moreover,

\\To(x)\\=\f \<p(x)\rdrt<p)] \\\x\\.
UBE. J

Let G be the closure of T0(E) in Lr (BE.,/i). Let T : E -> G be given by T(x)

:— T0(x). Then T is linear and, by [3, Theorem 2.12], absolutely r-summing. Define
Qo : T0(E) -> F by Q0(T0(x)) := P(x). Using the inequality (1), we have:

||P(*)||
I.J Bg*

so Qo is a continuous m-homogeneous polynomial. Let Q : G -> F be its extension to G.

Then, P = Q o T.

The converse is shown in [10, Theorem 10]. D

We can now give the polynomial characterisation of Banach spaces whose duals are
isomorphic to £i(F).

THEOREM 6 . Given a Banach space E, the following assertions are equivalent:

(a) E* is isomorphic to £\ (F) for some set F;

(b) for allmeN and every Banach space F, we have V^E, F) C Vv{
mE, F);

(c) there is m G N such that for every Banach space F we have Pns{mE, F)

(d) tiere is m G N such that for every Banach space F we have

"Pas(m£, F) n TK{mE, F) C VN(mE, F).

P R O O F : (a) => (b). Suppose E* ~ ^(F). Let P G Vw{mE,F). By Theorem 5, there

are a Banach space G, an operator T G AS(E, G), and a polynomial Q G V{mG, F) such

that P — Q o T. By Theorem 1, T is nuclear. By Proposition 4, P is nuclear.

(b) => (c) => (d) are obvious.

(d) => (a). It is enough to apply Proposition 3 and Theorem 1. D

The same techniques used above allow us to prove the following result:
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PROPOSITION 7 . Let E and F be Banach spaces and let m 6 N. Suppose that

Vx{
mE, F) C PN(mE, F). Then 1{E, F) = Af(E, F).

PROOF: Let T 6 I(E, F). With the operators

i+1 i

used in the proof of Proposition 2, we construct the polynomial

P := T o 7rx o . . . o 7rm_! o 6m : £ —>• F,

m
where 6m : E —> (g) E is the canonical polynomial. We shall prove that P is integral,

7T,S

m
equivalently, that P : (̂ > 2? —> F is well-defined and integral. Easily, the operators TTJ are

also continuous when the spaces are endowed with the e-norm. Since P — TOT^O. . .O7rm_i,
m

we have that P is well-defined on (££) E. Since T is integral, P is integral as well.

By our hypothesis, P is nuclear and then, as in the last part of the proof of Propo-

sition 2, T is nuclear too. So we are done. D
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