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Abstract. We investigate the boundedness of solutions of a second order non-
linear di�erential system.
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We consider the nonlinear system

x0 � 1
a�x� �c�y� ÿ b�x��;

y0 � ÿa�x��h�x� ÿ e�t��;
�

�1�

where a : R! �0;1�, b; c; h : R! R and e : R� ! R are continuous.
As particular cases of the system (1) we have the unforced LieÂ nard equation

x00 � f�x�x0 � h�x� � 0 �2�

for a�x� � 1; b�x� � R x0 f�s�ds; c�x� � x; x 2 R; e�t� � 0; t 2 R�; and the second
order nonlinear di�erential equation

x00 �
�
f�x� � g�x�x0

�
x0 � h�x� � e�t� �3�

for a�x� � exp�R x0 g�s�ds�; b�x� � R x0 a�s�f�s�ds; c�x� � x; x 2 R.
Arising from problems in applied sciences (theory of feedback electronic cir-

cuits, motion of a mass-spring system, cf. [2]), equations (2) and (3) have been
investigated extensively. See [1], [3], [10], and the citations therein. Generalizations
of these two equations were considered in recent years: in [6] and [11] vector-valued
functions are considered whereas in [7] the system (1) is analysed in an attempt to
unify the methods known for particular cases in a general result on an important
qualitative aspectÐthe boundedness of solutions.

We are concerned with the problem of boundedness of solutions for the system
(1). Our results encompass earlier works if restricted to the equations (2) and (3),
viewed as particular cases of system (1). We extend the results from [7] for the sys-
tem (1) so that we can deal with cases where the methods from [7] fail to work.

Let us set

C�y� �
Z y

0

c�s�ds; E�t� �
Z t

0

je�s�jds; H�x� �
Z x

0

a2�s�h�s�ds;

and denote by < the class of nondecreasing functions w 2 C�R�; �0;1�� satisfyingR1
1

1
w�s� ds � 1.
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Theorem 1. Assume that
(i) there exists w 2 < such that a�x�jc�y�j � C�y� � w�H�x��; �x; y 2 R�;
(ii) b�x�h�x� � 0 for all x 2 R;
(iii) C�y� > 0 for y 6� 0 and lim supjyj!1 C�y� � 1;
(iv) E�1� <1;
(v) H�x� > 0 for x 6� 0.
Then every solution of �1� is bounded if
(vi) lim supjxj!1 H�x� � sign�x�b�x�� � � 1:

Proof. Set V�t; x; y� � C�y� �H�x�; t 2 R�; x; y 2 R. We have (along solutions)

dV

dt
� a�x�c�y�e�t� ÿ a�x�b�x�h�x� � a�x�jc�y�jje�t�j �

� je�t�j
�
V�t; x; y� � w�V�t; x; y��

�
:

Let �x�t�; y�t�� be a solution of �1�. By Conti's comparison method [5], in view of
(iv) and since Z 1

1

1

w�s� � s
ds � 1

for w 2 <, (cf. [4]), we have that there exists an M > 0 such that

V�t; x�t�; y�t�� � C�y�t�� �H�x�t�� �M; t 2 R�:

By (iii) we obtain the existence of an K > 0 such that jy�t�j � K; t 2 R�.
If lim supr!1H�r� � 1 or lim supr!ÿ1H�r� � 1 we conclude that x�t� is

bounded above (respectively below) since

0 � H�x�t�� �M; t 2 R�:

If lim supr!1H�r� <1 we have that lim supr!1 b�r� � 1. Set

W�t; x; y� � x; t 2 R�; x; y 2 R;

so that (along solutions) we have

dW

dt
� 1

a�x� �c�y� ÿ b�x��:

If lim supt!1 x�t� � 1 we would deduce that there exist x1 and x2 such that
x�0� � x0 < x1 < x2 and

dW

dt
< 0 for x1 � x � x2; ÿK � y � K:

If 0 < t1 < t2 are such that x�t1� � x1 and x�t2� � x2, we have

W�t1; x�t1�; y�t1�� � x1 < x2 �W�t2; x�t2�; y�t2��;

which is in contradiction with the previous relation. Hence x�t� is bounded above.
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The case lim supr!ÿ1H�r� <1 can be handled similarly by choosing
W�t; x; y� � ÿx, t 2 R�, x; y 2 R, proving that x�t� is bounded below. &

Corollary 1 [7]. Assume that
(i) there exists a positive constant m such that a�x�jc�y�j � C�y� �m; �x; y 2 R�;
(ii) b�x�h�x� � 0 for all x 2 R;
(iii) C�y� > 0 for y 6� 0 and lim supjyj!1 C�y� � 1;
(iv) E�1� <1;
(v) H�x� > 0 for x 6� 0.
Then every solution of �1� is bounded if
(vi) lim supjxj!1 H�x� � sign�x�b�x�� � � 1:

As a particular case of Corollary 1 we have a boundedness result of Antosiewicz
[1]. The relation of Theorem 1 with the boundedness theorem of Qian [7] is given in
the following example.

Example. Consider the second order nonlinear system

x0 � 1
a�x� �yÿ b�x��;

y0 � ÿa�x��b�x� ÿ e�t��;
�

�4�

where a�x� � maxf1; xg, x 2 R, and b�x� � 2; x � 1, b�x� � 2
x ; x > 1. IfR1

0 je�s�jds <1 we have that every solution of �4� is bounded since

a�x�jyj � y2

2
�H�x� � 1; x; y 2 R:

Since a�x� is not bounded we cannot apply the result from [7]. &

As a particular case of the nonlinear system (1) we have

x0 � 1
a�x� �yÿ b�x��;

y0 � ÿa�x��h�x� ÿ e�t��:
�

�5�

Theorem 2. Assume that
(i) a�x� is bounded on R and lim inf jxj!1 a�x� > 0;
(ii) b�x�h�x� � 0 for all x 2 R;
(iii) E�1� <1;
(iv) xh�x� > 0 for x 6� 0.
Then every solution of �5� is bounded if and only if
(v) lim supjxj!1 H�x� � sign�x�b�x�� � � 1:

Proof. Since a�x� is bounded and C�y� � y2

2 we have that (v) implies that every
solution of (5) is bounded in view of Corollary 1.

In order to prove the necessity of condition (v) we will exhibit an unbounded
solution of (5) if (v) does not hold.

Suppose for instance that (the other case being similar)

lim sup
x!1

H�x� � b�x�� � <1:
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Let k;K;M > 0 be such that

a�x� � b�x� � K; x 2 R�;

0 < k � a�x�; x 2 R;

H�x� � E�1� <M; x 2 R:

Let �x�t�; y�t�� be a solution of (5) with initial conditions x�0� � 1,
y�0� � K� KM� M

k . We have

y�t� � K� KM�M

k
ÿ
Z t

0

a�x�s��h�x�s��ds�
Z t

0

a�x�s��e�s�ds:

As long as y�t� � K we have that dx�t�
dt � 1 (from the ®rst equation of the system (5))

and Z t

0

a�x�s��h�x�s��ds � 1

k

Z t

0

a2�x�s��h�x�s��ds �

� 1

k

Z t

0

a2�x�s��h�x�s��x0�s�ds � 1

k

Z x�t�

x�0�
a2�s�h�s�ds:

With x�0� � 1, y�0� � K� KM� M
k , we have

y�t� � K� KM�M

k
ÿ 1

k

Z x�t�

x�0�
a2�s�h�s�dsÿ KM � K; t 2 R�;

thus x�t� � t� 1; t 2 R�; i.e. �x�t�; y�t�� is an unbounded solution of (5). &

Corollary 2 [3]. Suppose that f; h : R! R are continuous functions such that
f�x� � 0, xh�x� � 0 for x 2 R. Then every solution of the unforced LieÂnard equation

x00 � f�x�x0 � h�x� � 0 �2�

is bounded if and only if

lim sup
jxj!1

�
j
Z x

0

f�s�dsj �
Z x

0

h�s�ds
�
� 1:

We consider now equation (3) which is equivalent to the system

x0 � 1
a�x� �yÿ b�x��;

y0 � ÿa�x��h�x� ÿ e�t�
�

�3�

with a�x� � exp�R x0 g�s�ds�; b�x� � R x0 a�s�f�s�ds; x 2 R.
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Corollary 3. Assume that
(i) g�x� is bounded on R;
(ii) b�x�h�x� � 0 for all x 2 R;
(iii) E�1� <1;
(iv) xh�x� > 0 for x 6� 0.
Then for every solution x�t� of �3� there exists K > 0 such that

jx�t�j � jx0�t�j � K; t 2 R�;

if and only if
(v) lim supjxj!1 H�x� � sign�x�b�x�� � � 1:
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