
23

γ γ scatterings and the ‘spin’ of the photon

γ γ collisions in e+e− process are known to be an important source of hadrons as the
cross-section e+e− → e+e−+ hadrons increases logarithmically with the energy while the
annihilation process e+e− → hadrons decreases like 1/s. The dominant contribution comes
from two on-shell photons emitted at small angles using the so-called equivalent photon
approximation [280].

23.1 OPE and moment sum rules

The subprocess:

γ + γ → hadrons , (23.1)

depicted in Fig. 23.1, where one photon is far off-shell (large Q2) and the other almost on
shell (small k2), can be considered as a deep-inelastic scattering on a photon target with the
kinematic variables:

ν ≡ p2 · q , ν̃ = k · q , Q2 ≡ −q2 , x = Q2/2ν , y = Q2/2ν̃ , (23.2)

and the DIS limit:

Q2 , ν , ν̃ → ∞ , −k2/Q2 � 1 . (23.3)

One can also express these variables in terms of the energy E ′
1 and scattering angle θ1 of

the hard scattered electron, the energy E of the incident electron, the scattered angle θ2 of
the target electron and the invariant hadronic mass W . In this way, one has:

Q2 = 4E E ′
1 sin2 θ1

2
, −k2 � E E ′

2θ
2
2 , (23.4)

and:

x = E ′
1 sin2(θ1/2)

E − E ′
1 cos2(θ1/2)

, y = Q2

Q2 + W 2
. (23.5)

The formalism is very similar to the case of ep scattering discussed previously where the
gluon is now replaced by a photon. The derivation of the moment sum rules is based on the
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γ

γ

q

k

p1 p'1

p2 p'2

e+ e+

e– e–

Fig. 23.1. e+e− → e+e−+ hadrons process.

OPE of the T-product of two electromagnetic currents (−q2 → ∞):

iJµ(q)Jν(−q) ∼
∑

n=2,even

∑
h

Oh,n
µ1...µn

(0)
2n

(−q2)n+1

× [
Ch,n

1 (−q2)qµ1 . . . qµn (gµνq2 − qµqν)

+ Ch,n
2 (−q2)qµ3 . . . qµn (gµµ1 q2 − qµqµ1 )(gνµ2 q2 − qνqµ2 )

]
+

∑
n=1,odd

∑
h

Oh,n
3,µ1...µn

(0)
2n

(−q2)n
Ch,n

3 (−q2)qµ2 . . . qµn iεµναµ1 qα . (23.6)

where Oh,n
µ1...µn

and Oh,n
3,µ1...µn

are set of even and odd parity, twist-2 operators (including
photons) listed in Eqs. (15.60), (16.3) and (16.4). The sum h runs over non-singlet, sin-
glet, gluon and photon operators. Introducing this expression into the four-point function
Jµ Jν Aλ Aρ , one obtains:

〈0|Oh,n
µ1...µn

Aλ(k)Aρ(−k)|0〉

= 1

k4
Ôh,n(k2)kµ3 · · · kµn (k2gλµ1 gρµ2 − kλkµ1 gµ2ρ − kρkµ2 gµ1λ + kµ2 kµ1 gλρ)

(n ≥ 2, even) ,

and

〈0|Oh,n
3,µ1...µn

Aλ(k)Aρ(−k)|0〉 = 1

k4
Ôh,n

3 (k2)kµ2 · · · kµn iελρµ1αkα (n ≥ 2, odd) (23.7)

Therefore, the moments of the photon structure functions read:

M(n)
L ≡

∫ 1

0
dy yn−1 Fγ

L (y, Q2, k2) =
∑

h

Ch,n+1
L (Q2)Ôh,n+1(k2) ,

M(n)
2 ≡

∫ 1

0
dy yn−1 Fγ

2 (y, Q2, k2) =
∑

h

Ch,n+1
2 (Q2)Ôh,n+1(k2) ,

M(n)
1 ≡

∫ 1

0
dy yn−1gγ

1 (y, Q2, k2) =
∑

h

Ch,n
3 (Q2)Ôh,n

3 (k2) , (23.8)
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234 V Hard processes in e+e− collisions

where CL ≡ C2 − C1 and C3 are Wilson coefficients and Ô are reduced operators or form
factors.

23.2 Unpolarized photon structure functions

One can introduce the ‘electron’ structure function Fe
2 similarly to the case of the proton

structure function in ep scattering given in Eq. (15.50) (the other structure functions Fe
1

and Fe
L are defined in a similar way). In terms of which, the unpolarized cross-section reads

[267]:

σ = 2πα2 1

s

∫ ∞

0

d Q2

Q2

∫ 1

0

dx

x2

[ (
xs

Q2
− 1 + Q2

2xs

)
Fe

2 − Q2

2xs
Fe

L

]
. (23.9)

The ‘electron’ structure function can be related to the conventional photon structure
function Fγ

i using the Altarelli–Parisi evolution equation [281]:

Fe
i (x, Q2) = α

2π

∫ ∞

0

dk2

k2

∫ 1

x

dy

y

x

y
Pγ e

(
x

y

)
Fγ

i (y, Q2, k2) , (23.10)

where i ≡ 2, L and:

Pγ e = 1

z
(1 − (1 − z)2) , (23.11)

is the splitting function. Using the previous evolution equation into the expression of the
cross-section, one can derive the x-moments of the cross-section:∫ 1

0
dx xn d3σ

d Q2dxdk2
= α3

Q4k2

∫ 1

0
zn Pγ e(z)

∫ 1

0
yn−1 Fγ

i (y, Q2, k2) . (23.12)

For n = 1,3, . . . , the z integral is finite, to which corresponds the moment sum rules of
the structure functions:

M(n)
i =

∫ 1

0
yn−1 Fγ

i (y, Q2, k2) =
∑

h

Ch,n+1
i (Q2)Ôh,n+1(k2) . (23.13)

One can notice that for n = 0 (total cross-section), the z integration is logarithmically
divergent. More explicitly, one can express the cross-section as:

d2σ

d Q2dy
(ee → eeX ) � d2σ

d Q2dy
(eγ → eeX )
(E) . (23.14)

where the photon flux factor is:


(E) ≡ α

2π

∫ 1

0
zn Pγ e(z)

∫ ∞

0

dk2

k2
≈ 2

α

π
ln

E

Emin
ln

Eθ2 max

me
(23.15)

after taking the cuts:

−k2
max = E2θ2

2 max , −k2
min = m2

e , Eγ ≥ Emin , zmin = Emin/E . (23.16)
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23 γ γ scatterings and the ‘spin’ of the photon 235

Assuming that the photon structure function is crudely approximately constant, and using
the differential cross-section:

d2σ

d Q2dy
(eγ → eX ) = 2πα2 1

Q4

(
1 − t + t2

2

)
1

y
Fγ

2 (y, Q2) , (23.17)

where t = Q2/ys, one can deduce for Q2/xs � 1:

σ = α3 4

Q2
min

ln
E

Emin
ln

Eθ2 max

me
ln

2E2

ν̃min
Fγ

2 , (23.18)

where further cuts ν̃max = s/2 and ν̃min have been taken for ν̃ ≡ k · q. One recovers the
result of [280] obtained using the equivalent photon approximation.

The parton model contribution to Fγ

2 comes from the box diagram and dominates over
the vector meson contribution. For large Q2, the parton model expression reads:

Fγ

2 (x, Q2) =
(

Nc

∑
i

Q4
i

)
8α2x Pqγ (x) ln Q2 (23.19)

where Pqγ (x) is the splitting function encountered previously in the case of ep scattering but
the gluon is now replaced by a photon. Witten [282] pointed out that QCD corrections affect
the parton model expression in Eq. (23.19), and his result has been extended to next order
in [283]. The moments of the photon structure functions can be expressed in a similar way
as in the case of gluons, where there is a mixing between the quark and photon operators.
It reads [282]:

∫ 1

0
dx xn−2 Fγ

2 (x, Q2) ∼ α

[
an ln

Q2

�2
+ ãn ln ln

Q2

�2
+ bn + O

(
1

ln Q2

�2

) ]
, (23.20)

where the VDM contributions are included in the 1/ ln Q2 term. an, ãn and bn have been
calculated in perturbation theory by the previous authors: an depends on the one-loop anoma-
lous dimension and one-loop β-function; ãn depends in addition on the two-loop β func-
tion. In addition to the previous dependences, bn depends also on the two-loop anomalous
dimensions and one-loop contribution to the Wilson coefficients, and is renormalization-
scheme dependent. Extensive phenomenology of this process exists in the literature (see for
example [49]).

23.3 Polarized process: the ‘spin’ of the photon

23.3.1 Moments and cross-section

We will be interested here in the polarized γ γ process, in which one can test the idea of
the universality of the topological charge screening discussed in the previous chapter. An
approach similar to the case of the unpolarized γ γ process gives the results in terms of the
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236 V Hard processes in e+e− collisions

g1 structure function as defined in Eq. (19.1):

ge
1(x, Q2) = α

2π

∫ ∞

0

dk2

k2

∫ 1

x

dy

y

x

y
Pγ e

(
x

y

)
gγ

1 (y, Q2, k2) , (23.21)

where:

Pγ e = 2 − z , (23.22)

is the splitting function. The ratio of the polarized over the unpolarized cross-section is:

σ

σ
= 1

2

ãn

an

Q2
min

s
ln

Q2
max

Q2
min

[
1 + ln

Q2
max

�2

(
ln

Q2
min

�2

)−1
]

, (23.23)

where one can approximately take an � ãn . The moment is given in Eq. (23.8). The Wilson
coefficients have a 3 × 3 anomalous dimension matrix γ hh

n in the hadron sector and another
γ

hγ
n reflecting the mixing of the photon and singlet hadron operators. It explicitly reads:

M(n)
1 (Q2, k2) = Ch,n

3 (1, αs(Q2))T exp −
∫ t

0
dt ′γ hh

n (αs(t ′))Ôh,n
3 (k2, αs(µ), α)

+
[

Ch,n
3 (1, αs(Q2))T exp −

∫ t

0
dt ′γ hγ

n (αs(t ′)) + Cγ,n
3 (1, αs(Q2))

]

× Ôγ,n
3 (k2, αs(µ), α) . (23.24)

To leading order, one obtains:

M(n)
1 (Q2, k2) = α

4π
ãn ln

Q2

�2
n ≥ 3 odd. (23.25)

For n = 1, there is no operator Rγ,1, such that the lowest twist 2 operator is the axial current
Jµ5. To, leading order, one can write

M(n)
1 (Q2, k2) =

∑
a �=0

2Tr (Q2λa)Ôa,1
3 (k2, αs, α)

+ n−1
f Tr Q2 exp

{
−

∫ t

0
dt ′γ (αs(t ′))Ôγ,n

3 (k2, αs(µ), α)

}
. (23.26)

23.3.2 The gγ

1 sum rule and the axial anomaly

The AVV vertex and chiral Ward identities

Let us define the vertices:

�a
µλρ(p, k1, k2)≡〈0|J a

µ5(p)Jλ(k1)Jρ(k2)|0〉 : J a
µ5 = ψ̄γµγ5λ

aψ ,

�a
5λρ(p, k1, k2)≡〈0|J a

5 (p)Jλ(k1)Jρ(k2)|0〉 : 
a
5 = iψ̄γ5λ

aψ ,

�Qλρ(p, k1, k2)≡〈0|Q(p)Jλ(k1)Jρ(k2)|0〉 : Q = (αs/8π ) Tr G̃µνGµν , (23.27)
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23 γ γ scatterings and the ‘spin’ of the photon 237

where λa are SU (3) matrices. The conservation of the electromagnetic currents implies:

kλ
1�a

µλρ(p, k1, k2) = 0 = kρ

2 �a
µλρ(p, k1, k2) . (23.28)

The vertices obey the anomalous chiral Ward identities.

i pµ�a
µλρ − 2m�a

5λρ + Nc

4π2
laελραβkα

1 kβ

2 = 0 (a �= 0)

i pµ�0
µλρ − 2m�0

5λρ − 2n f �Qλρ + Nc

4π2
laελραβkα

1 kβ

2 = 0 , (23.29)

where: la = TrQ2λa is related to the quark charge Q in units of e. Then, for n f = 3,
l0 = 2/3, l3 = 1/6, and l8 = 1/(6

√
3). The AVV vertex function has the general Lorentz

decomposition:

−i〈0|J a
µ5(p)Jλ(k1)Jρ(k2)|0〉 = Aa

1εµλραkα
1 + Aa

2εµλραkα
2

+ Aa
3εµλαβkα

1 kβ

2 k2ρ + Aa
4εµραβkα

1 kβ

2 k1λ

+ Aa
5εµλαβkα

1 kβ

2 k1ρ + Aa
6εµραβkα

1 kβ

2 k2λ , (23.30)

where Aa
i (p2, k2

1, k2
2) are invariants. In the case of the n = 1 sum rule with p = 0, k1 =

−k2 = k, one can deduce away from the chiral limit m2
π �= 0:

Ôa,1
3 (k2) = 4πα

(
Aa

1 − Aa
2

)
(0, k2, k2) . (23.31)

Rewriting:

(
Aa

1 − Aa
2

)
(0, k2, k2) = Nc

4π2
Tr(Q2λa)Fa(k2, µ2) , (23.32)

one obtains for n f = 3:

M(1)
1 (Q2, k2) ≡

∫ 1

0
dy gγ

1 (y, Q2, k2)

= α

18π
[3F3(k2) + F8(k2) + 8F0(k2, Q2)] , (23.33)

where the singlet form factor F0 has a non-trivial Q2 dependence due the anomalous
dimension γ .

Non-singlet form factors

Using the conservation of the electromagnetic current on the AVV (amputated) vertex in
Eq. (23.28), one can derive:

Aa
1 = Aa

3k2
2 − Aa

5
1

2

(
k2

1 + k2
2 − p2

)
. (23.34)

Assuming a smooth behaviour of the form factors in the limit p → 0 and k1 → −k2 → ±k,
one obtains:

Aa
1(0, k2, k2) = k2

(
Aa

3 − Aa
5

)
(0, k2, k2) O(k2) , (23.35)
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238 V Hard processes in e+e− collisions

by assuming in addition that there is no 1/k2 pole in the form factors Ai (i ≡ 3, 5) (and
i ≡ 4, 6 if one assumes that a similar result holds for Aa

2). Defining the form factor Fa :

2m�a
5λρ = Faελραβkα

1 kβ

2 , (23.36)

and considering the previous Ward identities, one obtains:

(
Aa

1 − Aa
2

)
(0, k2, k2) = −Fa(k2) + Nc

4π2
la . (23.37)

Identifying with the result in Eq. (23.32), one obtains:

Fa(k2) = 1 − Fa(k2)

Fa(0)
. (23.38)

Expressing the PVV vertex in terms of the pion field and coupling to γ γ , one obtains the
leading-order relation:

Fa(k2) = 1

8πα
fπ gπaγ ∗γ ∗ (k2) : fπ = 92.4 MeV , (23.39)

which gives:

Fa(k2) = 1 − gπaγ ∗γ ∗ (k2)

gπaγ γ (0)
. (23.40)

Using an OPE of the PVV vertex for large k2, one obtains:

〈πa|Jλ(k)Jρ(−k)|0〉 ∼ 2ελραµ

kα

k2
Ca,1

3 (k2)〈πa|J aµ

5 (0)|0〉 . (23.41)

Therefore, one can deduce:

Fa(k2) = 1 − 16π2

Nc

f 2
π

(−k2)
+ · · · (23.42)

Combining this result with the one in Eq. (23.40), one can deduce that the form factor
interpolates smoothly from 0 to 1 when k2 varies from zero to infinity. We can parametrize
this behaviour as:

Fa(k2) = −k2

−k2 + M2
a

, (23.43)

where:

M2
a �

(
16π2

Nc

)
f 2
π � 0.672 GeV2 , (23.44)

is a characteristic hadronic mass scale indicative of the non-perturbative realization of the
AVV vertex in the spontaneously broken chiral symmetry phase of QCD. It can be related to
the quark vacuum condensate in the QCD spectral function analysis of the vertex function.
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Singlet form factors

The situation is much more involved here due to the presence of the U (1) anomaly [255,256].
Defining the form factor as:

�Qλρ = 1

n f
F0ελραβkα

1 kβ

2 , (23.45)

and using the fact that A0
1 − A0

2 = O(k2), one can write:

F0(k2) = 1 − F0(k2, µ2)

F0(0)
. (23.46)

One can introduce the OZI Nambu–Goldstone boson η0 associated with the singlet pseu-
doscalar field 
0

5 defined in Eq. (23.27) and its decay constant fη0 , with η0 = 2〈
〉−1 fη0

0
5.

The latter being related to the first moment of the topological susceptibility:

fη0 = 2n f

√
χ ′(0) , (23.47)

with:

χ (p2) = i
∫

d4x eipx 〈0|T Q(x)Q†(0)|0〉 . (23.48)

An approach similar to the case of the non-singlet current gives:

F0(k2, µ2) = 1 − gη0γ ∗γ ∗ (k2)

gη0γ γ (0)
. (23.49)

However, the situation is more complicated as η0 is not a physical state, while gη0γ ∗γ ∗

and gη0γ γ are not RG invariants. Therefore, we approximate the η0 by the η′ and replace
the difference of the couplings by their OZI limit gη′γ ∗γ ∗ − gη′γ γ which is RG invariant. We
also replace the anomaly coefficient using the relation:

fη′ gη′γ γ = 2Nc
2

3

α

π
, (23.50)

where:

fη′ = 1

M ′
η

2〈
〉
[

i
∫

d4x eipx 〈0|T 
0
5(x)
0

5(0)|0〉
]−1/2

. (23.51)

The form factor reads [281]:

F0(k2, µ2) ∼ fη0 (0, µ2)

fη′

[
1 − 8π2

Ncn f
fη′ fη0 (0, µ2)

×
(
T exp −

∫ t

0
dt ′ γ (αs(t ′))

)
1

(−k2)
+ · · ·

]
. (23.52)
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The associated scale for interpolating the singlet form factor from 0 to 1 is:

M2
0 � 8π2

Ncn f
fη′ fη0 (0, k2) . (23.53)

The explanation of the proton spin proposed in the previous section requires a small value
of fη0 (0, Q2 = 11 GeV2) compared to its OZI value of

√
6 fπ .

Implications for the moment sum rules

Introducing the previous behaviour of the form factors, one can deduce from Eq. (23.33):∫ 1

0
dy gγ

1 (y, Q2, k2 = 0) = 0 , (23.54)

and for M2
ρ � −k2 � Q2:

∫ 1

0
dy gγ

1 (y, Q2, k2) � Nc
α

π
Q4

f

(
1 − c + c

fη0 (0, Q2)

fη′

)
, (23.55)

with:

c = 1

n f

(∑
f

Q2
f

)2/∑
f

Q4
f , (23.56)

where the deviation from the naı̈ve leading-order value comes from the effect of the U (1)
anomaly. Related phenomenology of the U (1) anomaly but on the η′(η) → γ γ decays is
reviewed in [284].
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