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Abstract

A bipartite graph H = (V1, Vy; E) with |V | +|V»| = n is semilinear if V; C R4 for some d; and the edge relation E
consists of the pairs of points (x1,x2) € V] X V; satisfying a fixed Boolean combination of s linear equalities and
inequalities in d +d variables for some s. We show that for a fixed k, the number of edges in a Ky i -free semilinear

H is almost linear in n, namely |E| = O g ¢ (n“s) for any £ > 0; and more generally, |[E| = O k..~ (n"“s)

for a Ky x-free semilinear r-partite r-uniform hypergraph.

As an application, we obtain the following incidence bound: given n; points and n; open boxes with axis-parallel

l+e

sides in R such that their incidence graph is Ky i -free, there can be at most Oy ¢ (n ) incidences. The same

bound holds if instead of boxes, one takes polytopes cut out by the translates of an arbitrary fixed finite set of
half-spaces.

We also obtain matching upper and (superlinear) lower bounds in the case of dyadic boxes on the plane, and
point out some connections to the model-theoretic trichotomy in o-minimal structures (showing that the failure of
an almost-linear bound for some definable graph allows one to recover the field operations from that graph in a
definable manner).
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1. Introduction

We fix r € Nyjp and let H = (Vy,...,V,; E) be an r-partite and r-uniform hypergraph (or just an
r-hypergraph for brevity) with vertex sets Vi,...,V, having |V;| = n;, (hyper-) edge set E and a total
number n = }7_, n; of vertices.

Zarankiewicz’s problem asks for the maximum number of edges in such a hypergraph H (as a function
of ny,...,n,) assuming that it does not contain the complete r-hypergraph Ky . x with k > 0 a fixed

.....

.....

construction in [9] also shows that the exponent cannot be substantially improved.

However, stronger bounds are known for restricted families of hypergraphs arising in geometric
settings. For example, if H is the incidence graph of a set of n; points and n, lines in R?, then H is
K »-free, and the Kévari—Sés—Turdn Theorem implies |E| = O (n3/ 2). The Szemerédi—Trotter Theorem
[20] improves this and gives the optimal bound |E| = O (n4/ 3 ). More generally, [12] gives improved
bounds for semialgebraic graphs of bounded description complexity. This is generalised to semialgebraic
hypergraphs in [8]. In a different direction, the results in [12] are generalised to graphs definable in
o-minimal structures in [2] and, more generally, in distal structures in [4].

A related highly nontrivial problem is to understand when the bounds offered by the results in the
preceding paragraph are sharp. When H is the incidence graph of n; points and 7 circles of unit radius
in R?, the best known upper bound is |E| = O (n4/ 3), proven in [19] and also implied by the general
bound for semialgebraic graphs. Any improvement to this bound will be a step toward resolving the long-
standing unit-distance conjecture of Erdds (an almost-linear bound of the form |E| = O (n”c/ log log")
will positively resolve it).

This paper was originally motivated by the following incidence problem: Let H be the incidence
graph of a set of n; points and a set of n solid rectangles with axis-parallel sides (which we refer
to as boxes) in R%. Assuming that H is K »-free — that is, no two points belong to two rectangles
simultaneously — what is the maximum number of incidences |E|? In the following theorem, we obtain
an almost-linear bound (which is much stronger than the bound implied by the aforementioned general
result for semialgebraic graphs) and demonstrate that it is close to optimal:

Theorem (A). 1. For any set P of n points in R* and any set R of ny boxes in R?, if the incidence graph
on PXR is Ky i-free, then it contains at most Oy, (n 10g4(n)) incidences (Corollary 2.38 with d = 2).
2. If all boxes in R are dyadic (i.e., direct products of intervals of the form [s2', (s + 1)2") for some

log(100+n;)
W) (Theorem 4.7).

3. For an arbitrarily large n, there exists a set of n points and n dyadic boxes in R* so that the incidence

integers s,t), then the number of incidences is at most Oy (n

graph is K; >-free and the number of incidences is € (n log)igl()n) ) (Proposition 3.5).

Problem 1.1. While the bound for dyadic boxes is tight, we leave it as an open problem to close the gap
between the upper and lower bounds for arbitrary boxes.

Remark 1.2. A related result in [11] demonstrates that every Ky r-free intersection graph of n convex
sets on the plane satisfies |E| = Oy (n). Note that in Theorem (B) we consider a Ky -free bipartite
graph, so in particular there is no restriction on the intersection graph of the boxes in R.
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Theorem (A.1) admits the following generalisation to higher dimensions and more general polytopes:

Theorem (B). 1. For any set P of n| points and any set B of na boxes in R<, if the incidence graph on
P X B is Ky i-free, then it contains at most O g i (n log2d n) incidences (Corollary 2.38).

2. More generally, given finitely many half-spaces Hy, . . ., Hs in RY, let JF be the family of all possible
polytopes in R¢ cut out by arbitrary translates of Hy, . . ., Hy. Then for any set P of ny points in R¢

and any set F of ny polytopes in F, if the incidence graph on P X F is Ky k-free, then it contains at
most Oy s (nlog® n) incidences (Corollary 2.37).

Problem 1.3. What is the optimal bound on the power of logn in Theorem (B)? In particular, does it
actually have to grow with the dimension d?

Remark 1.4. A bound similar to Theorem (B.1) and an improved bound for Theorem (A.1) in the K3 »-
free case are established independently by Tomon and Zakharov in [22], in which they also use our
Theorem (A.3) to provide a counterexample to a conjecture of Alon et al. [1] about the number of edges
in a graph of bounded separation dimension, as well as to a conjecture of Kostochka from [13]. Some
further Ramsey properties of semilinear graphs are demonstrated by Tomon in [21].

The upper bounds in Theorems (A.1) and (B) are obtained as immediate applications of a general
upper bound for Zarankiewicz’s problem for semilinear hypergraphs of bounded description complexity.

Definition 1.5. Let V be an ordered vector space over an ordered division ring R (e.g., R viewed as a
vector space over itself). A set X C V¢ is semilinear, of description complexity (s, t), if X is a union of
at most ¢ sets of the form

FeVvi:i A@ <0, fp (B) S0, fpa1 () <0,..., fs (¥) <0},
where p < s € N and each f; : V¢ — V is a linear function — that is, of the form
f(x1,....xq) =ix1+- -+ Adgxg +a

for some 4; € Randa € V.

We focus on the case V = R = R in the introduction, when these are precisely the semialgebraic sets
that can be defined using only linear polynomials.

Remark 1.6. By a standard quantifier elimination result [23, §7], every set definable in an ordered
vector space over an ordered division ring, in the sense of model theory, is semilinear (equivalently, a
projection of a semilinear set is a finite union of semilinear sets).

Definition 1.7. We say that an r-hypergraph H is semilinear, of description complexity (s, t), if there
exist some d; € N, V; C R% and a semilinear set X C R? = [Tierr R4 of description complexity (s, ?)
so that H is isomorphic to the r-hypergraph (V1. ..., V,: X N [T;e[r Vi)

We stress that there is no restriction on the dimensions d; in this definition. We obtain the following
general upper bound:

Theorem (C). If H is a semilinear r-hypergraph of description complexity (s,t) and H is Ky -free,
then

r—1
B = O s (w7~ og* @7 D ()
In particular, |E| = Oy 5 1.k.¢ (n"l’“9 ) for any & > 0 in this case. For a more precise statement, see
Corollary 2.36 (in particular, the dependence of the constant in O, 5 ; x on k is at most linear).

Remark 1.8. It is demonstrated in [17] that a similar bound holds in the situation when H is the
intersection hypergraph of (d — 1)-dimensional simplices in R¢.
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One can get rid of the logarithmic factor entirely by restricting to the family of all finite r-hypergraphs
induced by a given Ky, x-free r-hypergraphs induced
by a given arbitrary semilinear relation, as in Theorem (C)).

.....

Theorem (D). Assume that X C RY = [Tierr R is semilinear and X does not contain the direct
product of r infinite sets (e.g., if X is K. i-free for some k). Then for any r-hypergraph H of the form
(Vs . Ve X 0 [1iepr) Vi) for some finite V; € R%, we have |E| = Ox (n"71).

This is Corollary 5.12 and follows from a more general Theorem 5.6 connecting linear Zarankiewicz
bounds to a model-theoretic notion of linearity of a first-order structure (in the sense that the matroid
given by the algebraic closure operator behaves like the linear span in a vector space, as opposed to the
algebraic closure in an algebraically closed field — see Definition 5.3).

In particular, for every Ky -free semilinear relation X € RY x R% (equivalently, X definable with
parameters in the first-order structure (R, <, +) by Remark 1.6) we have | X N (V; X V,)| = O(n) for all
Vi C R?i, |Vi| = ni, n = nj + ny. One the other hand, by optimality of the Szemerédi—Trotter bound, for
the semialgebraic K »-free point-line incidence graph X = {(xl,xz;yl,yg) eER*:xy = yixi + yz} c

R2 x R? we have |[X N (V] x V)| = Q (n%) Note that in order to define it we use both addition and

multiplication — that is, the field structure. This is not coincidental; as a consequence of the trichotomy
theorem in o-minimal structures [ 18], we observe that the failure of a linear Zarankiewicz bound always
allows us to recover the field in a definable way (Corollary 5.11). In the semialgebraic case, we have the
following corollary that is easy to state (Corollary 5.14):

Theorem (E). Assume that X C RY = Hie[r] R4 Jor some r,d; € Nis semialgebraic and Ky._.__k-free,
but |X N [T Vil # O (n"l). Then the graph of multiplication X (o 1] restricted to the unit box is
definable in (R, <, +, X).

We conclude with a brief overview of the paper.

In Section 2 we introduce a more general class of hypergraphs definable in terms of coordinate-wise
monotone functions (Definition 2.1) and prove an upper Zarankiewicz bound for it (Theorem 2.17).
Theorems (A.1), (B) and (C) are then deduced from it in Section 2.5.

In Section 3 we prove Theorem (A.3) by establishing a lower bound on the number of incidences
between points and dyadic boxes on the plane, demonstrating that the logarithmic factor is unavoidable
(Proposition 3.5).

In Section 4, we establish Theorem (A.2) by obtaining a stronger bound on the number of incidences
with dyadic boxes on the plane (Theorem 4.7). We use a different argument, relying on a certain partial
order specific to the dyadic case, to reduce from log*(n) given by the general theorem to log(n). Up to
a constant factor, this implies the same bound for incidences with general boxes when one counts only
incidences that are bounded away from the border (Remark 4.8).

Finally, in Section 5 we prove a general Zarankiewicz bound for definable relations in weakly locally
modular geometric first-order structures (Theorem 5.6), deduce Theorem (D) from it (Corollary 5.12)
and observe how to recover a real closed field from the failure of Theorem (D) in the o-minimal case
(Corollary 5.11).

2. Upper bounds
2.1. Coordinate-wise monotone functions and basic sets

For an integer r € N, by an r-grid (or a grid, if r is clear from the context) we mean a cartesian
product B = B;X - - - XB, of some sets By, ..., B,. As usual, [r] denotes the set {1,2,...,r}.

If B= ByXx:--XB, is agrid, then by a subgrid we mean a subset C C B of the form C = Cy X - - - XC,
for some C; C B;.
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Let B be an r-grid, S an arbitrary set and f : B — S a function. For i € [r], set
B' = ByX-+-XBj_1 X Bis1X+ -+ XBy,

and let 7; : B — B; and 7' : B — B be the projection maps.
For a € B' and b € B;, we write a ®; b for the element ¢ € B with 7'(¢) = a and 7;(c) = b. In
particular, wheni =r, a ®, b = (a, b).

Definition 2.1. Let B be an r-grid and (S, <) a linearly ordered set. A function f: B — S is coordinate-
wise monotone if for any i € [r], a,a’ € B and b, b’ € B;, we have

fla®ib) < f(a®;b') = f(a’"® b) < f(a' & D).

Remark 2.2. Let B = B;X---xB, be an r-grid and I" an ordered abelian group. We say that a function
f: B — I'is quasi-linear if there exist some functions f;: B; — I', i € [r], such that

fGronx) = filx) -+ fr ().

Then every quasi-linear function is coordinate-wise monotone (as f(a®; b) < f(a®;b’") © fi(b) <
fi(b") for any a € BY).

Example 2.3. Suppose that V is an ordered vector space over an ordered division ring R, d; € N for
i €[r],and f : V9x-..xV% — V is a linear function. Then f is obviously quasi-linear, and hence
coordinate-wise monotone.

Remark 2.4. Let Bbeagridand C C B asubgrid. If f: B — §is a coordinate-wise monotone function,
then the restriction f | C is a coordinate-wise monotone function on C.

Definition 2.5. Let B be an r-grid. A subset X C B is a basic set if there exists a linearly ordered set
(S, <), a coordinate-wise monotone function f: B — S and / € S such that X = {b € B: f(b) < }.

Remark 2.6. If » = 1, then every subset of B = B is basic.

Remark 2.7. If X C Bisgivenby X = {b € B: f(b) < [} for some coordinate-wise monotone function
f: B — S, then X is a basic set as well. Indeed, we can just add a new element [’ to S so that it is a
successor of [, and then X = {b € B : f(b) <I’}.

Similarly, the sets {b € B: f(b) > 1},{b € B: f(b) = I} are basic, by inverting the order on S.

We have the following ‘coordinate-splitting’ presentation for basic sets:

Proposition 2.8. Let B = By X - XB, be an r-grid and X C B a basic set. Then there is a linearly
ordered set (S, <), a coordinate-wise monotone function f": B" — S and a function f,: B, — S such
that X = {b" &, b,: f"(b") < f,(b,)}.

Remark 2.9. The converse of this proposition is also true: an arbitrary linear order (S, <) can be realised
as a subset of some ordered abelian group (G, +, <) with the induced ordering (we can take G := Q
when S is at most countable); then define f : B — S by setting

fb" @, b,):=f"(b") - f(b,), and [ := 0.

Proof of Proposition 2.8. Assume that we are given a coordinate-wise monotone function f: B — S
and [ € Swith X ={b € B: f(b) < 1}.

Fori € [r], let <; be the preorder on B; induced by f — namely, for b, b’ € B; we set b <; b’ if and
only if for some (equivalently, any) a € B' we have f(a @; b) < f(a &; b’).

Quotienting B; by the equivalence relation corresponding to the preorder <; if needed, we may
assume that each <; is actually a linear order.
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Let <" be the partial order on B” with (by,...,b,_1) <" (b},...,b/_,) if and only if
(bi,....by1) # (b],...,b._,) and b; <; b;- forall j € [r—1].

Define T := B"UB,, where U denotes the disjoint union. Clearly <" is a strict partial order on T —
that is, a transitive and antisymmetric (hence irreflexive) relation.
For any b" € B" and b, € B,., we define

b" «b, if f(b" ®, b,) <1, and b, <b" otherwise.

Claim 2.10. Set a;,a> € B" and by, b, € B,.

1. If a1 <by <ay < by, then by <, by and ay < bs.
2. If by <ay <by <ay, then by <, by and by < a».

Proof. (1). We have f(ar @, b)) > [ and f(a ®, by) < [, hence b, <, b;. Since f(a; ®, b;) < [ and
by <, by we also have f(a; &, by) <.
(2) is similar. |

Let <’ be the transitive closure of <. It follows from the preceding claim that < = < U <o<. More
explicitly, for by, b, € B,, we have by < by if by <, by, and for aj,a, € B", we have a; < ay if
flay®Db) <1 < f(ay ® b) for some b € B,. It is not hard to see then that <’ is antisymmetric, and
hence it is a strict partial order on T.

Claim 2.11. The union <" U< is a strict partial order on T.

Proof. We first show transitivity. Note that <" and < are both transitive, so it suffices to show for
x,v,z € T that if either x <" y <" z or x < y <" z, then x <’ z. Furthermore, since < = < U <0<, we
may restrict our attention to the following cases: If a; <" a; <b with ay,a, € B” and b € B,, then
f(a; & b) < f(ax ®, b) < l,and so a; <b. If b <a; <" ap with aj,a € B" and b € B,, then
flar ®, b) > f(a; & b) >1,and so b <aj.

To check antisymmetry, assume a; <" a; and a; < a,. Since ay,a; € B", we have a; <b <a; for
some b € B,. We have f(a; @, b) > 1> f(ay &, b), contradicting a; <" aj. O

Finally, let < be an arbitrary linear order on T = B"UB, extending <" U<’. Since < extends <, for
a € B" and b € B, we have (a,b) € X if and only if a < b.

We take f": B” — T and f,: B, — T to be the identity maps. Since < extends <", the map f" is
coordinate-wise monotone. |

2.2. Main theorem
Definition 2.12. Let B = B{X - - - XB, be an r-grid.

1. Given s € N, we say that a set X C B has grid-complexity s (in B) if X is the intersection of B with
at most s basic subsets of B.
We say that X has finite grid-complexity if it has grid-complexity s for some s € N.
2. For integers ki,...,k, we say that X C B is Kx,, i -free if X does not contain a subgrid
Cix---XC, C S with |C;| = k;.

.....

In particular, B itself is the only subset of B of grid-complexity 0.

Example 2.13. Suppose that V is an ordered vector space over an ordered divisionring,d = d;+: - -+d, €
N and

X={feV?': (X)<0,....fp () <0, fpe1 (X) <O,..., fs (X) <O},
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for some linear functions f; : V¢ — V,i € [s]. Then each f; is coordinate-wise monotone (Example
2.3), and hence each of the sets

{eve: fi(x) <0}, {xev!: fi(¥) <0}

is a basic subset of the grid V¥ x - - - xV9 (the latter by Remark 2.7), and X C V¥ x---xV% as an
intersection of these s basic sets has grid-complexity s.

Remark 2.14. 1. Let Bbe an r-gridand A C B a subset of B of grid-complexity s. If C C B is a subgrid
containing A, then A is also a subset of C of grid-complexity s.

2. In particular, if A C B is a subset of grid-complexity s, then A is a subset of grid-complexity s of
the grid A1 X - -- XA,, where A; := m;(A) is the projection of A on B; (it is the smallest subgrid of B
containing A).

Definition 2.15. Let B = B;X - -- XB, be a finite r-grid and set n; := |B;|. For j € {0,...,r}, we will
denote by 6;.(B) the integer

6;(3) = Z Njp ~Njy = =v - ni;.

ij<iy<---<ije[r]

Example 2.16. We have 6;(B) = 1,07(B) =ny +---+n;, 6;.(B) =niny-- - ny,.
‘We can now state the main theorem:

Theorem 2.17. For all integersr > 2,5 > 0,k > 2, there are @ = a(r,s,k) € Rand B = B(r,s) € N
such that for any finite r-grid B and Ky, i-free subset A C B of grid-complexity s, we have

.....

|Al < ad”_,(B)log? (6"_,(B) +1).

Moreover, we can take B(r,s) = s (2"1 -1).

Remark 2.18. Inspecting the proof in Sections 2.3 and 2.4, it can be verified that the dependence of «
on k in Theorem 2.17 s at most linear.

Remark 2.19. We use log? (6”_, (B) + 1) instead of log? (6”_, (B)) to include the case 6" _,(B) < 1.

Remark 2.20. If, in Theorem 2.17, A is only assumed to be a union of at most # sets of grid-complexity
s, then the same bound holds with @’ :=t - a (if A = U;c[;) A; is Kk, .. k-free, then each A; is also
K. k-free, so we can apply Theorem 2.17 to each A; and bound |A| by the sum of their bounds).

.....

Definition 2.21. Let B = B;X - - - XB, be a grid. We extend the definition of 6; to arbitrary finite subsets
of B as follows: let A C B be a finite subset, and let A; := 7;(A), i € [r], be the projections of A. We
define 6; (A) := 5; (Ax---%XA,).

If B is a finite r-grid and A C B, then obviously 6; (A) < 5; (B). Thus Theorem 2.17 is equivalent to
the following:

Proposition 2.22. For all integers r > 2,5 > 0,k > 2, there are « = a(r,s,k) € Rand B =
s (2" -1 1) € N such that for any r-grid B and K. x-free finite subset A C B of grid-complexity < s,
we have

.....

|Al < ad”_ (A)log? (67_,(A) +1).

Definition 2.23. Forr > 1,5 > 0,k > 2 and n € N, let F} i (s, n) be the maximal size of a K
subset A of grid-complexity s of some r-grid B with 67_, (B) < n.

r-free

.....
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Then Proposition 2.22 can be restated as follows:

Proposition 2.24. For all integersr > 2,5 > 0,k > 2, thereare @ = a(r, s, k) e Rand = B(r,s) e N
such that

Fy ik (s,n) < anlogf(n+1).

Remark 2.25. Notice that F; x(s,0) = 0.

In the rest of the section we prove Proposition 2.24 by induction on r, where for each r it is proved
by induction on s. We will use the following simple recurrence bound:

Fact 2.26. Let u: N — N be a function satisfying (0) = 0 and u(n) < 2u(|n/2]) + anlogf(n+ 1)
for some @ € R and B € N. Then u(n) < a’nlog?*! (n + 1) for some o’ = ’(a, B) € R.

2.3. The base caser =2

Let B = B1xB; be a finite grid and A C B a subset of grid-complexity s. We will proceed by induction
on s.

If s =0, then A = By X By. If A is K -free, then one of the sets By, B, must have size at most k.
Hence |A| < k(|Bi| + |B2|) = kéf(B).

Thus

F> 1 (0,n) < kn.

Remark 2.27. The same argument shows that F (0,n) < kn for all r > 2.

Assume now that the theorem is proved for r = 2 and all s” < s. Define n; := |By|, ny := |B,| and
n:= 6%(3) =n +ny.

We choose basic sets Xi, ..., Xy C Bsuchthat A = BN (¢ Xj-

By Proposition 2.8, we can choose a finite linear order (S, <) and functions fj: By — S and
f>: By — S so that

Xy ={(x1,x2) € By X By: fi(x1) < fa(x2)}.
Forl e S,i e {1,2}and O € {<,=,>,<, >}, let
BY = {b e B;: f(b)nl}.
We choose & € S such that
|Bl<h| + ’B§h| < n/2 and |Bl>h| + |B;h| <n/2.
For example, we can take / to be the minimal element in f; (B;)U f>(B>) with \B]Sh | + |B§h| > n/2. Then
X, = |(Bf" < B5") n X, | U | (BT x B3") n x| v (B x B2") U (B < B3").
Hence we conclude
FZ,k(S7 l’l) < 2F2,k(s’ I.n/zj) + 2F2,k(s - 1’ n)
Applying the induction hypothesis on s and using Fact 2.26 and Remark 2.25, we obtain F» x (s, n) <

an(logn)B for some @ = a(s, k) € Rand 8 = B(s) € N.
This finishes the base case r = 2.
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2.4. Induction step
We fix r € N33 and assume that Proposition 2.24 holds for all pairs (r’,s) with r* < r and s € N.
Definition 2.28. Let B = B{X - - - XB,. be a finite r-grid.

1. For integers t,u € N, we say that a subset A C B is of split grid-complexity (t, u) if there are basic
sets Xy,..., X, C B,asubset A” C B;X---XB,_; of grid-complexity ¢ and a subset A, C B, such
that A = (A" X A;) N Nieu) Xi-

2. Fort,u > 0,k > 2and n € N, let Gy (¢, u,n) be the maximal size of a K
r-grid B of split grid-complexity (¢,u) with 67_,(B) < n.

«-free subset A of an

,,,,,

Remark 2.29. 1. Note that A, has grid-complexity at most 1, which is the reason we do not include a
parameter for the grid-complexity of A, in the split grid-complexity of A.
2. If A C B is of grid-complexity s, then it is of split grid-complexity (0, s).
3. If A C Bis of split grid-complexity (¢, u), then it is of grid-complexity ¢ + u.
For the rest of the proof, we abuse notation slightly and refer to the split grid-complexity of a set as
simply the grid-complexity. To complete the induction step we will prove the following proposition:

Proposition 2.30. For any integers t,u > 0,k > 2,r > 3, there are o’ = &'(r,k,t,u) € R and
B’ =B’ (r k.t,u) € N such that

Gr(t,u,n) < a’nlog’g’(n +1).

We will use the following notations throughout the section:

B = ByX---xB, is a finite grid with n = 67_, (B);

A C B is a subset of grid-complexity (¢, u);

B" is the (r — 1)-grid B" := B1X---XB,_1;

A" C B" is a subset of grid-complexity ¢, A, C B,, and Xi, ... X, C B are basic subsets such that
A= (ArXAr) N mi€[u] X[.

O O O o

We proceed by induction on u.

The base case u = 0 of Proposition 2.30.
In this case, A = A" X A,. If Ais Ky, x-free or |[A,| < k.
In the first case, by the induction hypothesis on r, there are @ = a(r — 1,¢, k) and 8 = 8(r — 1,¢) such
that |A"| < a6"~}(B") log? (6"~1(B") + 1). In the second case, we have |A| < |B" |k = 6"~}(B")k.
Since n = 67_,(B) = 5§:{(B’) + 6;:£(Br)|B,|, the conclusion of the proposition follows with
o =a,p =p.
Induction step of Proposition 2.30.
We assume now that the proposition holds for all pairs (z, u”) with u’ < u and ¢t € N.

,,,,,

Given a tuple x = (xq,...,x,) € B,wesetx” := (x1,...,x,_1). By Proposition 2.8, we can choose a
finite linear order (S, <), a coordinate-wise monotone function f”: B” — § and a function f,: B, — S
so that

Xy ={x" & x, € B XB,: f'(x") < fr(x,)}.

Moreover, by Remark 2.9 we may assume without loss of generality that the coordinate-wise monotone
function defining X,, is given by

fO&" @ x) = f1(X7) = fr(xr).
Definition 2.31. Given an arbitrary set C" C B, we say thata set H" € C” is an f"-strip in C” if
H = {xr eC: [ fr(xr) < 12}
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for some I1,1; € S, <1, € {<, <}. Likewise, given an arbitrary set C,, C B,, we say that H, C C, is
an f,-strip in C, if

Hy ={x, € Cr: Iy a1 fr(xr) ©2 2}

for some /1,05 € S, 91, € {<,<}.If C" = A" or C, = A,, we simply say an f"-strip or f,.-strip,
respectively.

Remark 2.32. Note the following:

1. A" is an f"-strip, and A, is an f-strip.
2. Every f"-strip is a subset of the (r — 1)-grid B” of grid-complexity ¢ + 2 (using Remark 2.7).
3. The intersection of any two f” -strips is an f”-strip; the same conclusion holds for f,-strips.

Definition 2.33. 1. We say that a subset H C B is an f-grid if H = H" X H,, where H" C B” is an
f"-strip in B" and H, C B, is an f,-strip in B,.
2. If H=H" X H, is an f-grid, we set

A(H) = |H"| + 6::5(H’)|H,| (see Definition 2.21 for 6::%).

Note that if H is a sub-grid of B, then A(H) = 67 _, (H).
3. For an f-grid H, we will denote by Ay the set A N H.

The induction step for Proposition 2.30 will follow from the following proposition:

Proposition 2.34. Forallintegersk > 2,r > 3, thereare @’ = &’ (r, k,t,u) € Randp’' = f'(r,t,u) € N
such that, for any f-grid H, if the set Ay is K. i-free then

|An| < &’A(H)log? (A(H) +1).

We should stress that in this proposition, ¢’ and 8’ do not depend on ", f,., B, A", and A, but they
may depend on our fixed ¢ and u.
Given Proposition 2.34, we can apply it to the f-grid H := A” X A, (so Ay = A) and get

|A] < ’A(H) log? (A(H) +1).

Itis easy to see that A(A" X A,) < 67 _, (B), and hence Proposition 2.30 follows with the same @ and 8’
We proceed with the proof of Proposition 2.34:

Proof of Proposition 2.34. Fixm € N, and let L(m) be the maximal size of a Ki __x-free set Ay among
all f-grids H C B with A(H) < m. We need to show that for some o’ = @’(k) € R and 8’ € N we have

L(m) < &’mlog? (m +1).

Let H = H" X H, be an f-grid with A(H) < m.
Forl e Sand O € {<,=, >, <, >}, define

H P = {x" e H": " (x")ol}
and
HY = {x, € H,: f,(x,)0l}.

Note that for every [ € S, H"P is an f"-strip in H", H is an f,-strip in H, and their product is an
f-grid.
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Claim 2.35. There is h € S such that

A (Hr,<h XHr<h) < m/2 and A (Hr,>h XHih) <m/2.

Proof. Set 6 :=6"")(H").
Let & be the minimal element in f"(H") U f, (H,) with

|H"="| + 5 |HE"| > m)2.

Then |Hr’<h| +0

H"| < m/2 and |H">"| + 6|H?"| < m/2. Since H™<" H">" C H", we have
51’—% (Hr,<h) S
r— b r—

(H™>") < 6. The claim follows. o

2
Let & be as in the claim. It is not hard to see that the following hold:

(H”Sh x H,Zh) nX, = (H“h x Hf”) U (H”:h x H;h) ,
(2" Hfh) N X, =0.
It follows that
An N Xy = [(H”<h x Hfh) N Xu] U [(H”>h X Hih) N Xu] U (H“h x H,Zh) U (H”:h X H;h) .
Hence, by the choice of & and using Remark 2.32(2),
L(m) <2L(Im/2]) +2Gi(t +2,u — 1,m).
Applying the induction hypothesis on « and using Fact 2.26, we obtain L(m) < o’m logP ' (m+1) for

some @’ = a’(k) € Rand B’ € N.
This finishes the proof of Proposition 2.34, and hence of the induction step of Proposition 2.24. O

Finally, inspecting the proof, we have shown the following:

B(2,s) < sforall s e N.
2. B'(r,1,0) < B(r—1,t) forallr >3 and r € N.
3. B/(r,t,u) < B (r,t+2,u—1)+1forallr >3,t>0,u > 1.

[

Iterating (3), for every r > 3,5 > 1 we have B(r,s) < B'(r,0,s) < B’(r,2s,0) + 5. Hence, by (2),
B(r,s) < B(r—1,2s)+sforeveryr > 3and s > 1. Iterating this, we get B(r, s) < (2,2 2s)+s /25 2.
Using (1), this implies B(r,s) < s ZL_()Z 20 =5 (27" - 1) forall » > 3,5 > 1. Hence, by Remark 2.27
and (1) again, B(r,s) < s (2"71 = 1) forall r > 2,5 > 0.

2.5. Some applications

We observe several immediate applications of Theorem 2.17, starting with the following bound for
semilinear hypergraphs:

Corollary 2.36. For every r,s,t,k € N,r > 2, there exist some a = a(r,s,t, k) € R and B(r,s) :=
s (Zr‘1 — 1) satisfying the following: for any semilinear Ky .. x-free r-hypergraph H = (V1 ..., V3 E)
of description complexity (s,1) (see Definition 1.7), taking V := [];c[,) Vi we have

|E| < ad”_ (V) logP (6"_, (V) +1).

Proof. By assumption, the edge relation E can be defined by a union of ¢ sets, each of which is defined
by s linear equalities and inequalities, hence of grid-complexity < s (see Example 2.13). The conclusion
follows by Theorem 2.17 and Remark 2.20. m}
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As a special case with r = 2, this implies a bound for the following incidence problem:

Corollary 2.37. For every s, k € N there exists some @ = a(s, k) € R satisfying the following:

Letd € Nand Hy,...,Hs C R? be finitely many (closed or open) half-spaces in R%. Let F be the
(infinite) family of all possible polytopes in R? cut out by arbitrary translates of Hy, . . ., Hs.

For any set P of ny points in R? and any set F of n polytopes in F, if the incidence graph on P x F
is Ki r-free, then it contains at most anlog’® n incidences.

Proof. We can write

H; = )E:(xl,...,xd) GRdi Z ai,jle:libi N
Jeld]

where a; j,b; € Rand O; € {>,>} fori € [s], j € [d] depending on whether H; is an open or a closed

half-space.
Every polytope F' € F is of the form ;¢ (7; + H;) for some (¥, ..., ¥s) € R*?, where y; + H; is
the translate of H; by the vector 5; = (yi1,. . .,Yi.a) € R? — that is,

yi+H; = fERdI Z a jxj+ Z (—ai,j)ijI,-bi
jeld] jeld]

Then the incidence relation between points in R¢ and polytopes in F can be identified with the
semilinear set

(f; (Yi,j)ie[s],je[d]) eRI xR /\ Z ai jxj + Z (~ai,;) yi,jDibi

i€[s] jeld] Jjeld]
defined by s linear inequalities. The conclusion now follows by Corollary 2.36 with r = 2. O

In particular, we get a bound for the original question that motivated this paper.

Corollary 2.38. Let F,; be the family of all (closed or open) boxes in R%. Then for every k there exists
some a = a(d, k) satisfying the following: for any set P of ny points in R¢ and any set F of ny boxes in
Fa, if the incidence graph on P X F is Ky i-free, then it contains at most an 10g2d n incidences.

Proof. This is immediate from Corollary 2.37, since we have 2d half-spaces in R such that every box
in R is cut out by the intersection of their translates. O

3. Lower bounds

While we do not know if the bound B(2,s) < s in Theorem 2.17 is optimal, in this section we show
that at least the logarithmic factor is unavoidable already for the incidence relation between points and
dyadic boxes in R2.
We describe a slightly more general construction first. Fix d € N.
Definition 3.1. Given finite tuples p = (p1,...,pn)sq = (q1,---,9,) and 7 = (ry,...,ry) with
piqisri € R —say p; = (pir,....pia)qi = (qins---+qia) ,ri = (rigs....riq) — we say that p
and q have the same order-type over i if
pi,jOpr.j <= ¢i,j0Oq;,; and
Pi,jOrk,jy < qi,j0rk,j

foralloe {<,>,=}),1<i,i’<n,1<j,j'<dand1 <k <m.
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In other words, the tuples (p; ;:1<i<n1<j<d)and (q;;:1<i<n,1<j<d) have the
same quantifier-free type over the set {ri, jil<i<m,1<j<d } in the structure (R, <).

Remark 3.2. Assume that P = {py,...,p,} C R is a finite set of points and B is a finite set of
d-dimensional open boxes with axis-parallel sides, with I incidences between P and B.

1. By perturbing P and B slightly, we may assume that for every 1 < j < d, all points in P have pairwise
distinct jth coordinates pi,;, ..., pn,j, and none of the points in P belongs to the border of any of
the boxes in B, while the incidence graph between P and B remains unchanged.

2. Let 7 be the tuple listing all corners of all boxes in B. If P’ = {p/, ..., p,} € R? is an arbitrary set
of points with the same order-type as P over 7, then the incidence graph on P X B is isomorphic to
the incidence graph on P’ X B.

We have the following lemma for combining point-box incidence configurations in a higher-
dimensional space:

Lemma 3.3. Given any d, ny, ns, n{ s né m, m’ € Ny, assume that:

1. there exists a set of points P4~! C RY~! with |Pd’1| = n; and a set of (d — 1)-dimensional boxes
B4l with ‘Bd_1| = ny, with m incidences between them and the incidence graph K, >-free; and

2. there exists a set of points P4 C R? with |Pd| = nj and a set of d-dimensional boxes B4 with
|Bd| = n), with m’ incidences between them and the incidence graph K >-free.

Then there exists a set of points P C R¢ with |P| = nin| and a set of d-dimensional boxes B with
|B| = nin), + n{ny, so that there are nym’ + mn/ incidences between P and B and their incidence graph

is still K» »-free.

Proof. By Remark 3.2(1) we may assume that for every 1 < j < d, all points in P¢ have pairwise
distinct jth coordinates; for every 1 < j < d— 1, all points in P4~! have pairwise distinct jth coordinates;
and none of the points is on the border of any of the boxes. Write P! as py, .. ., Dn, - Let 7 be the tuple
listing all corners of all boxes in B4

Using this, for each p; we can choose a very small (d — 1)-dimensional box 3; with p; € 8; and such
that for any choice of points p; € 8;,1 <i < nj, we have that (p; e, p;”) has the same order-type as
(P1s-. .., pn,) over 7. In particular, every f3; is pairwise disjoint, and the incidence graph between P9~!
and B4~ is isomorphic to the incidence graph between (pl’., RN p,’ql) and B! by Remark 3.2(2).

Contracting and translating while keeping the dth coordinate unchanged, for each 1 < i < n; we can
find a copy (P¢, BY) of the configuration (P, BY) entirely contained in the box 8; X R — that is,

o all points in Pfl and boxes in B¢ are contained in Bi XR;

o the incidence graph on (P¢, BY) is isomorphic to the incidence graph on (P?, BY); and

o for all i, the dth coordinate of every point in Pf’ is the same as the dth coordinate of the
corresponding point in P<.

Set P := U <j<n, Pl?l and B := U <i<p, Bl‘.l; then |P| = nn{, |B’| = nyn), and there are nym’ incidences
between P and B’.

Write P9 as qis- - 9qn and B4 lascy,..., Cn,. As all of the dth coordinates of the points in P9 are
pairwise disjoint, for each 1 < j < n] we can choose a small interval /; € R with g; 4 € I; and such
that all of the intervals /;,1 < j < n{, are pairwise disjoint. For each 1 < j < nj and ¢; € B4l we
consider the d-dimensional box c;; := ¢; X I;. Define Bj := {c;;: 1 <1 <np}. Foreach 1 <i < n
and 1 < j < nf, (B; xR) N (R¥! x I;) contains exactly one point ¢; ; (given by the copy of ¢; in
Pl?l), and the projection g, j of g;,; onto the first d — 1 coordinates is in 8;. Hence the incidence graph
between P and B; is isomorphic to the incidence graph between P4~! and B! by the choice of the
Bis, and in particular the number of incidences is m.

Finally, define B := B’U U15j$n’l Bj;then |B| = n]n§+nin2. Note thatcj;Ncjp = @ for j # j" and
any [, !’ —thatis, no box in B; intersects any of the boxes in B for j # j’. It is now not hard to check that
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the incidence graph between P and B is K »>-free, by construction and the assumptions of K »-freeness
of (P4, B4) and (P4~!, B4~!), and that there are nym’ + mn’, incidences between P and B. m]

Remark 3.4. It follows from the proof that if all the boxes in B¢~ and B? are dyadic (see Definition
4.6), then we can choose the boxes in B to be dyadic as well.

Proposition 3.5. For any { € N, there exist a set P of £¢ points and a set B of £¢ dyadic boxes in R?
such that their incidence graph is K, »-free and the number of incidences is €L°.

. S ot . .. logn
In particular, substituting n := L, this shows that the number of incidences grows as € (nw)

Proof. Given d, assume that there exist Kz,g—free ‘point dyadic box’ configurations satisfying Lemma
3.3(1) and (2) for some parameters d, ny, ny, nl, 2, m, m’. Then for any j e N, we can 1terate the lemma

Jj times and find a K> »-free pomt dyadic box configuration in R? with n n} points, n’ s+ ]n nlnz

dyadic boxes (Remark 3.4) and n1 m’ + Jn] 'n {m incidences.

In particular, let d = 2 and let £ be arbitrary. We can start with ny = {,n, = 1, m = £ (one dyadic
interval containing n; points in R) and n{ = 1,n = 0,m” = 0 (one point and zero dyadic boxes in R?).
Taking j := £, we then find a K, »-free configuration With ¢ points, £¢ dyadic boxes and ££¢ incidences.

logn

k —_
Hence for n := k", we have n points, n boxes and Q ( Toglogrn

) incidences. O

Remark 3.6. We remark that the construction in Lemma 3.3 cannot produce a K3 »-free configuration

ogn
loglogn

with more than O (n ) incidences in R? for any d.

Indeed, using the ‘coordinates’ (lognl, n?, :l"') instead of ( 4 né,m’), where the coordinates
l 1
correspond to the number of points, boxes and incidences, respectlvely, the lemma says that if

(log n, o ,,'1”—]) is attainable in d — 1 dimensions and (logn], -2 ’r'li/) is attainable in d dimensions,
] 1

then (log n +log ny, # 2 + o n, "+ _1) is attainable in d dimensions. Thus, one adds the vector (Z—f nﬂl)
1

to (”—, , n—,). We want to max1mise the second coordinate of this vector while keeping the first coordinate
1 1

below 1, and the optimal way to do this essentially is to add n; times the vector (nll, 1), which increases

logn| by ny logn; and gives the lower bound.

logn
loglogn
We thus ask whether in the ‘point-box” incidence bound in R? the power of log 7 has to grow with
the dimension d (see Problem 1.3).

4. Dyadic rectangles

In this section we strengthen the bound on the number of incidences with rectangles on the plane
with axis-parallel sides given by Corollary 2.38 — that is, Oy (n log* n) — in the special case of dyadic
rectangles, using a different argument (which relies on a certain partial order specific to the dyadic case).

4.1. Locally d-linear orders

Throughout this section, let (P, <) be a partially ordered set of size at most n;, and let L be a collection
of subsets of P (possibly with repetitions) of size at most n,. As before, we let n = n;| + n».

Definition 4.1. We say that a set S C P is d-linear if it contains no antichains of size greater than d, and
(P, <) is locally d-linear if any interval [a,b] = {x € P : a < x < b} is d-linear.

Note that d-linearity is preserved under removing points from P.

Definition 4.2. The collection L is said to be a Ky x-free arrangement if for any a; # --- # ay € P,
there are at most k — 1 sets from L containing all of them simultaneously.

https://doi.org/10.1017/fms.2021.52 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.52

Forum of Mathematics, Sigma 15

Observe that if one removes any number of points from P or removes any number of sets from L, one
still obtains a K i-free arrangement. We now state the main theorem of this section:

Theorem 4.3. Suppose (P, <) is locally d-linear and L is a Ky k-free arrangement of d-linear subsets
of P. Then

log(100 + ny)
E |f| = Od,k n—————|.
~ loglog(100 + ny)

To prove this theorem, we first need some definitions and a lemma. If x € P, define a parent of x to
be an element y € P with y > x and no element between x and y, and similarly define a child of x to be
an element z € P with z < x and no element between z and x. We say that z is a strict t-descendant of
x if there are some elements zo = x > z; > --- > z; = z such that z;, is a child of z;, and that z is a
t-descendant of x if it is a strict s-descendant for some 0 < s < t.

Lemma 4.4. Fix d, k € N. Let L be a Ky x-free arrangement of d-linear subsets of P and let m > 0. Let
P’ denote the set of all elements in P which have a (k — 1)-descendant with more than m children. Then

Db < YN P+ d(k = DL+ (k = Hm (1P| = [P')).

tel Cel

Proof. Let P” := P\P’ denote the set of elements x € P such that every (k — 1)-descendant of x has at
most m children. Then we can rearrange the desired inequality as

Zw NP"| <d(k-1D|L|+ (k- hHm* 1P|
el

The quantity Y, |€ N P”| is counting incidences (x, ) where £ € L and x € P’ N ¢.

Given ¢ € L, call a point x € £ low if it has no descending chain of length k — 1 under it in £. Every
¢ can contain at most d(k — 1) low points. Indeed, as ¢ is d-linear, it has at most d minimal elements.
Removing them, we obtain a d-linear set {1 C ¢ such that every point in it contains an element under it
in £, and ¢; itself has at most d minimal elements. Remove them to obtain a d-linear set £, C ¢{; such
that each point in it contains a descending chain of length 2 under it in £, and so on.

Hence each ¢ € L contributes at most d(k — 1) incidences with its low points, giving a total
contribution of at most d(k — 1)|L| to the sum. If x is not a low point on ¢, then there are some
Z1 < -+ < zg-1 < x in ¢, with each one a child of the next one. As L is a K i-free arrangement, among
the sets £ € L there are at most k — 1 containing all these points. By the definition of P”/, for eachx € P”

there are at most m*~! choices for such tuples (z1, . . ., zxk—1). Hence x is incident to at most (k — 1)m*~!
sets £ € L for which it is not low, and the total number of contributions of incidences in this case is at
most (k — 1)m*=1|P”’|, so the claim follows. o

Now we prove Theorem 4.3. Let ¢ be a natural number to be chosen later and m > 0 be another
parameter to be chosen later. Define the subsets

P:PODP[D"'DP[

of P by defining Py := P, and for eachi = 0, ..., 7 — 1, defining P;;; to be the set of points in P; that
have a (k — 1)-descendant with more than m children in (P;, <). By Lemma 4.4, we have

DUEAPI< Y160 Pl +d(k = DIL+ (k = Dm* (1P| = [Piai )
(el Cel
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foralli =0,...,t— 1, and hence on telescoping,

Zm < Zw NP, +d(k — Dt|L] + (k — Dm* 'ny.

tel tel

Claim 4.5. Let x be a point in P,. Then it has at least distinct descendants in P.

_m
(kax)™"
Proof. By definition of P, there is some (k — 1)-descendant x” € P,_; of x which has at least m
children in P,_;. Let S;—; C P,;_; denote the set of children of x’, so |S;_;| > m. By reverse induction

fori =t—-1,t-2,...,0, we choose sets S; C P; of descendants of x so that |S;_1| > ‘2;}{" Then

[Sol = (kme'r)F“ as wanted.

Let S; be given. By the definition of P; and the pigeonhole principle, there is some 0 < s < k—1 and
§7 € §; such that |S ; ’ > |ST’| and every y € S} has a strict s-descendant zy, € P;_ with at least m children
in P;_;. Fix a path I, of length s connecting y to zy, and for 0 < r < s let z§, denote the rth element on
the path Iyr(so 2 =y, 2} = z, and Z}*! is a child of 7). Define I" := {z, : y € S7}, so I = §/. Then
|I ’+1| > % (otherwise there is some element z € I” +1 which has at least d + 1 different parents in I”,

which would then form an antichain of size d + 1, contradicting the local d-linearity of P). Hence

o s sl
ds — dk-1 T kdk-1e

|¥| >

Now by hypothesis every element in /° has at least m children in P;_;; denote the set of all the children

of the elements in /° by S;_; € P;_;. Then, again by d-linearity, |S;_1| > % > % O

Thus if we choose m, t such that
m t
— >ny,
(kdk ) !

then we will get a contradiction, unless P; is empty. We conclude, for such m and ¢, that

Zm < d(k = DL+ (k = Dm*ny.
el

. [ clog(100+n;)
If we take m := (—loglog(100+n1)

sufficiently large relative to k and d, then the claim follows.

clog(100+n;)

W, and assume that c is

1
)H and ¢ to be the integer part of

4.2. Reduction for dyadic rectangles

Definition 4.6. 1. Define a dyadic interval to be a half-open interval I of the form I = [s27, (s + 1)27)
for integers s, t; we use |I| = 2 to denote the length of such an interval.

2. Define a dyadic box in R? (a dyadic rectangle when d = 2) to be a product Ix - - - xIz of dyadic
intervals.

Note that if two dyadic intervals intersect, then one must be contained in the other.

Theorem 4.7. Fix k € N. Assume we have a collection P of ny points in R* and a collection R of n»
dyadic rectangles in R?, with the property that the incidence graph contains no Ky x, and n = ny + n,.
Then the number of incidences (p, I X J) with p € P and p € I X J € R is at most

" log(100 + ny)
*{Moglog(100+ny) )
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Proof. Suppose that we have some nested dyadic rectangles D1 2 Dy 2 -+ 2 Dy in R. As the
incidence graph is K r-free by hypothesis, Dy may contain at most (k — 1) points from P. Removing
all such rectangles repeatedly, we lose only (k — 1)n; incidences, and thus may assume that any nested
sequence in R is of length at most k — 1. In particular, any rectangle can be repeated at most k — 1 times
in R. Then, possibly increasing the number of incidences by a multiple of (k — 1), we may assume that
there are no repetitions in R.

We now define a relation < on R by declaring I X J < I’ x J’if I € I’ and J 2 J’. This is a locally
(k — 1)-linear partial order (by the previous paragraph: antisymmetry holds, as there are no repetitions
in R, and using the fact that all rectangles are dyadic, any antichain of size k inside an interval would
give a nested sequence of rectangles of length k).

For each point p in P, let £, be a subset of R consisting of all those rectangles in R that contain p;
then ¢, is a (k — 1)-linear set (again, any antichain gives a nested sequence of rectangles of the same
length). Finally, p € R <= R € {,, hence the collection {fp 'pe€ P} is a K -free arrangement and
the claim now follows from Theorem 4.3 with d := k — 1. O

Remark 4.8. For a nondyadic rectangle R, let 0.99R denote the rectangle with the same centre as R
but whose lengths and heights have been shrunk by a factor of 0.99. Define a good incidence to be a
pair (p, R) where p is a point lying in 0.99R, not just in R. Then the dyadic bound in Theorem 4.7
implies that for a family of arbitrary (not necessarily dyadic) rectangles with no Ky s, one still gets the

nlogn
loglogn

The reason is as follows. First, we can randomly translate and dilate (nonisotropically, with the
horizontal and vertical coordinates dilated separately) the configuration of points and rectangles by some
translation parameter and a pair of dilation parameters (s, 7) for each of the coordinates. While there is
no invariant probability measure on the space of dilations, one can, for instance, pick a large number
N (much larger than the number of points and rectangles, etc.) and dilate horizontally by a random
dilation between 1/N and N (using, say, the dt/t Haar measure), making (with positive probability) the
horizontal side length close to a power of 2; then a vertical dilation will achieve a similar effect for the
vertical side length; and then one can translate by a random amount in [~N, N]? (chosen uniformly at
random), placing the rectangle very close to a dyadic one with positive probability. If R is a rectangle
that is randomly dilated and translated in this way, then with probability > 107!°, there will be a dyadic
rectangle R’ stuck between R and 0.99R. If the original rectangles have no Kj i, then neither will
these new dyadic rectangles. The expected number of incidences amongst the dyadic rectangles is at
least 107! times the number of good incidences amongst the original rectangles. Hence any incidence
bound we get on dyadic rectangles implies the corresponding bound for good incidences for nondyadic
rectangles (losing a factor of 10'°).

)-type bound for the number of good incidences.

5. A connection to model-theoretic linearity

In this section we obtain a stronger bound in Theorem 2.17 (without the logarithmic factor) under a
stronger assumption that the whole semilinear relation X is Ky x-free (Corollary 5.12). And we show
that if this stronger bound does not hold for a given semialgebraic relation, then the field operations can
be recovered from this relation (see Corollary 5.14 for the precise statement). These results are deduced
in Section 5.2 from a more general model-theoretic theorem proved in Section 5.1.

5.1. Main theorem

We recall some standard model-theoretic notation and definitions, and refer to [15] for a general
introduction to model theory and [3] for further details on geometric structures.

Recall that acl denotes the algebraic closure operator — that is, if M = (M,...) is a first-order
structure, A € M and a is a finite tuple in M, then a € acl(A) if it belongs to some finite A-

definable subset of M ¢! (this generalises the linear span in vector spaces and algebraic closure in fields).
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Throughout this section, we follow the standard model-theoretic notation: depending on the context,
writing BC denotes either the union of two subsets B, C of M or the tuple obtained by concatenating
the (possibly infinite) tuples B, C of elements of M.

Definition 5.1. A complete first-order theory T in a language L is geometric if for any model M =
(M, ...) E T we have the following:

1. The algebraic closure in M satisfies the exchange principle:
if a, b are singletons in M, A C M and b € acl(A, a) \ acl(A), then a € acl(A, b).

2. T eliminates the 3% quantifier:
for every L-formula ¢(x,y) with x a single variable and y a tuple of variables, there exists some
k € N such that for every b € M Yl if ©(x, b) has more than k solutions in M, then it has infinitely
many solutions in M.

In models of a geometric theory, the algebraic closure operator acl gives rise to a matroid, and given
a a finite tuple in M and A € M, dim(a/A) is the minimal cardinality of a subtuple a’ of a such that
acl(aU A) = acl(a’ U A) (in an algebraically closed field, this is just the transcendence degree of a over
the field generated by A). Finally, given a finite tuple a and sets C, B C M, we writea | ¢ B to denote
that dim (a/BC) = dim (a/C).

Remark 5.2. If T is geometric, then it is easy to check that | is an independence relation — that is, it
satisfies the following properties for all tuples a, a’, b, b’,d and C,D C M:

cal b e acl(a,C) | acl(h,C).

o (Extension) Ifa | c b and d is arbitrary, then there exists some a’ such that a’ | c bdand a’ =cp a
(which means that a’ belongs to exactly the same Ch-definable subsets of M ¢! as a).

o (Monotonicity) aa’ J_/C bb) = a J_/C b.

o (Symmetry)a | b = b | a.

o (Transitivity) a \LD bb! — a \LDb b’ and a \LD b.

o (Nondegeneracy) If a \Lc b and d € acl(a, C) Nnacl(b, C), then d € acl(C).

The following property expresses that the matroid defined by the algebraic closure is linear, in the
sense that the closure operator behaves more like the span in vector spaces, as opposed to algebraic
closure in fields:

Definition 5.3 ([3, Definition 2.1].). A geometric theory T is weakly locally modular if for any
saturated M | T and A, B small subsets of M there exists some small set C | , AB such that

A \l/acl(AC)ﬁacl(BC) B.

Recall that a linearly ordered structure M = (M, <, . ..) is o-minimal if every definable subset of M
is a finite union of intervals (see, e.g., [23]).

Example 5.4 ([3, Section 3.2].). An o-minimal structure is linear (i.e., any normal interpretable family
of plane curves in T has dimension < 1) if and only if it is weakly locally modular.

In particular, every theory of an ordered vector space over an ordered division ring is weakly locally
modular (so Theorem 5.6 applies to semilinear relations).

The following is a key model-theoretic lemma:

Lemma 5.5. Assume that T is geometric and weakly locally modular, and M = (M, ...) E T is N;-
saturated. Assume that E C MU x - - xM9 is an r-ary relation defined by a formula with parameters
in a finite tuple b, and E contains no r-grid A = [];c[,) Ai with each A; C MY infinite. Then for any
(ai,...,ay) € E there exists some i € [r] such that a; € acl ({a; : j € [r]\ {i}}, D).

Proof. Assume the lemma is untrue; then there exist some (ajy, ..., a,) in M suchthat (ay,...,a,) € E,
but a; ¢ acl (ay;, b) for every i € [r], where ay; = {aj cjelr]\ {i}}.
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By weak local modularity, for each i € [r] there exists some small set C; C M such that

Ci | {a1,...,a,} U{b} and q; L azb.
0 acl(a;,Ci)Nacl(ag;,b,C;)

By extension of | , we may assume that C; \L@ ai,...,ar,b,C;foralli € [r]. Hence by transitivity,
C \L@al, ...»ar, b, where C := U Ci-

Set D := (N;ep,j acl (ax, b, C).
Claim A. Foreveryi € [r], a; \LD Azj.
Proof. Fixi € [r]. As CJ_/mal, ...,ar,banda; |
tivity we have

acl(ar.C) e (s b.Co) ax;b, by symmetry and transi-

a; L a#bC.
acl(a,— ,Ci)ﬂacl(a¢i,b,Ci)

Note thatacl(a;, C;) C acl (ayj, C) foreveryi # j € [r], and hence acl(a;, C;)Nacl(ay;, b, C;) € D,
and clearly D C acl(ay;, b, C). Hence a; \LD ax;bC, and in particular a; J/D azi. o

Claim B. For everyi € [r], a; ¢ acl(D).

Proof. Fix i € [r]. Then acl(D) C acl(axi, b, C) by definition. But as C |, a; by transitivity, if
Azi
a; € acl(ay;, b, C) then we would get a; € acl(ay;, b), contradicting the assumption. O

By induction we will choose sequences of tuples @; = (a!)
i € [r] we have:

canol € [r], in M such that for every

l. a} =pa_a.,; a; forallt € N;
2. al # a? (as tuples) for all s # 1 € N;
3. C_l’i J/D 61<,-a>,~.

Fix i € [r] and assume that we already chose some sequences a; for 1 < j < i satistying (1)—(3).
Claim C. We have a; \LD Acilsi.

Proof. If i = 1, this claim becomes a; J/D axi, hence holds by Claim (A). So assume i > 2. We will
show by induction that foreach/ = 1,...,i — 1 we have

@it @y | @eioAsiog.
D

For | = 1 this is equivalent to @;_; \LD @<j-1a>i-1, which holds by (3) for i — 1. So we assume this
holds for / < i — 1 —that is, we have @;_; - - - @;_; J_/D @<j-ja>;—1 —and show it for [ + 1. By assumption
and transitivity, we have

Q@i L @cim(e)@>io1-
Da;_(141)

Also, @;—(41) \I/D @<j—(141)@>i-1 by (3) for i — (I + 1) < i. Then by transitivity again,
i1 @ @-(1e1) | I @ <i_(j+1)a>i-1, Which concludes the inductive step.

In partlcular for/ =i—-1 we get @; \LD asi_1 — that is, a; J./D a;a-;. By transitivity and Claim
(A), this implies @<;as; | p dis and we conclude by symmetry. O

; ; ; 7. = (gt t—
Usmg Claim (C) and extension of | , we can choose a sequence @; = (a!), , sothatal =pa_;a., ai

and a! S a/<la>,a<t for every t € N. By Claim (B) we have a; ¢ acl(D), hence a! ¢ acl(D), hence

al ¢ acl (@<;, a;, a;"), so in particular all the tuples (a’),_, are pairwise-distinct and &; satisfies (1)

teN
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and (2). By symmetry and transitivity of | , we get@; | p @<ia>;. This concludes the inductive step in
the construction of the sequences.

Finally, as (1) holds for all i € [r] and b is contained in D, it follows that (a’l‘, .. .,a?) =
(a1,....a,), and hence (a}',...,ay) € E for every (11,...,t,) € N'. By (1), each of the sets
{aﬁ S N} ,i € [r], is infinite — contradicting the assumption on E. This concludes the proof of the
lemma. o

Theorem 5.6. Assume that T is a geometric, weakly locally modular theory, and M | T. Assume that
r € Ny and ¢(X1,...,%,y) is an L-formula without parameters, with |X;| = d;, |y| = e. Then there
exists some a = a(p) € Ry satisfying the following:

Given b € M¢, consider the r-ary relation

Ep:={(a1,...,a,) e MUx. .. xM% : M E e(ai,....a;,b)}.

Then for every b € M€, exactly one of the following two cases must occur:

1. Ep, is not Kx,.._x-free for any k € N, or
2. for any finite r-grid B C [];¢[,] M, we have

|Ep N B| < ad,_,(B).
Proof. Assume that N'= (N, ...) is an elementary extension of M and b € M¢. Then for afixed k € N,

Ey={(ai,...,a;) € M x---xM% : M E ¢(ay,...,ar,b)}

is K. k-free if and only if
E, = {(al,...,ar) e NUix...xN¥ : N <p(a1,...,ar,b)}
is K. x-free, as this can be expressed by a first-order formula ¢ (y) and M [ y(b) & N [ y/(b).

Similarly, for a fixed @ € R, |E), N B| < @67 _, (B) for every finite r-grid B C [];¢[, M if and only if
|E; N B| < @d”_,(B) for every finite r-grid B C [1;c[,} N (as for all fixed sizes of By, ..., B,, this
condition can be expressed by a first-order formula). Hence, passing to an elementary extension, we
may assume that M is N|-saturated.

As T eliminates 3%, there exists some m = m(¢) € N such that for any i € [r], b € M° and tuple
a:=(a;eM%:je[r]\{i}),the fibre

Eé;b = {a* e M ME p(ay,...,a;—1,a", a1, . ..,ar;b)}

is finite if and only if it has size < m.

Given an arbitrary b € M such that Ej, is K. i-free, Lemma 5.5 and compactness imply that for

.....

every tuple (ay,...,a,) € Ep, there exists some i € [r] such that the fibre E;b is finite, hence )E;b| <
m. This easily implies that for any finite r-grid B C [];¢, M%, we have |E, N B| < mé"_ (B). m]

Remark 5.7. In the binary case, a similar observation was made by Evans in the context of certain
stable theories [10, Proposition 3.1].

Restricting to distal structures, we can relax the assumption ‘ Eyp, is Ky x-free for some £’ to * Ep,
does not contain a direct product of infinite sets’ in Theorem 5.6 (we refer to, e.g., the introduction in
[6] or [4] for a general discussion of model-theoretic distality and its connections to combinatorics).

Corollary 5.8. Assume that T is a distal, geometric, weakly locally modular theory, M E T, r € N,
and (X1, ...,Xy,y) is an L-formula without parameters, with |x;| = d;, |J| = e. Then there exists some
a = a(yp) € Rog satisfying the following:
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Assume that b € M° and the r-ary relation Ep, does not contain an r-grid A = [];c(,) Ai with each
A; € M% infinite. Then |E, N B| < a6’ _,(B) for any finite r-grid B.

Proof. By [4, Theorem 5.12], if M is a distal structure with elimination of 3, then there exists some
k = k(¢) € N such that for every b € M€, E}, is not Ky __-free if and only if Hie[r] A; C E}, for some
infinite A; € M“ . The conclusion now follows by Theorem 5.6. O

Remark 5.9. Weaker bounds for noncartesian relations definable in arbitrary distal theories are estab-
lished in [7, 5].

Now we show that in the o-minimal case, this result actually characterises weak local modularity. By
the trichotomy theorem in o-minimal structures [ 18], we have the following equivalence:

Fact 5.10. Let M be an o-minimal ( N;-)saturated structure. The following are equivalent:

o M is not linear (see Example 5.4).
o M is not weakly locally modular.
o There exists a real closed field definable in M.

Corollary 5.11. Let M be an o-minimal structure. The following are equivalent:

1. M is weakly locally modular.

2. Corollary 5.8 holds in M.

3. For every di,d, € N and every definable (with parameters) X C M4 x M%, if X is Ky i-free for
some k € N, then there exist some 8 < % and a such that for any n and B; € M% with |B;| = n, we
have

|X N By x By| < an.

4. There is no infinite field definable in M.

Proof. (1) = (2) by Corollary 5.8, and (2) = (3) is obvious.

For (3) = (4), assume that R is an infinite field definable in M, char(R) = 0 by o-minimality. Then
the point-line incidence relation on R? corresponds to a K »-free definable relation E € M9 x M for
some d. By the standard lower bound for Szemerédi—Trotter, the number of incidences satisfies €2 (n4/ 3 ),
hence E cannot satisfy (3).

For (4) = (1), if M is not weakly locally modular, then by Fact 5.10 a real closed field R is definable
in M. O

5.2. Applications to semialgebraic relations

Corollary 5.12. Assume that X C R4 = [Ticrr) RY% is semilinear and X does not contain a direct
product of r infinite sets (e.g., if X is K, .. r-free for some k). Then there exists some a = a(X) such
that for any r-hypergraph H of the form (Vl, s Ve X0 [lier Vi) for some finite V; € R%, with
Y IVil = n, we have |E| < an"!.

Proof. As every o-minimal structure is distal and every semilinear relation is definable in an ordered

vector space over R which is o-minimal and locally modular (Example 5.4), the result follows by
Corollary 5.8. O

We recall the following special case of the trichotomy theorem in o-minimal structures restricted to
semialgebraic relations:

Fact 5.13. ([16, Theorem 1.3]). Let X C R" be a semialgebraic but not semilinear set. Then X Mo,172
(i.e., the graph of multiplication restricted to the unit box) is definable in the first-order structure
R, <, +, X).
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Using this fact, we have the following more explicit variant of Corollary 5.11 in the semialgebraic
case:

Corollary 5.14. Let X C R? be a semialgebraic set, and consider the first-order structure M = (R,
<, +, X). Then the following are equivalent:

L. For any r € N and any r-ary relation Y C [];e( R not containing an r-grid A = [lie[r) Ai with
each A; C R% infinite, there exists some a € R such that |Y NB| < @d’_, (B) for every finite r-grid B.

2. Foreverydy,d, € NandY C R xR® definable (with parameters) in M, if Y is Ky i-free for some
k € N, then there exist some 8 < % and « such that for any n and B; C R% with |B;| = n, we have

|X N By X By| < an.

3. X 0,172 is not definable in M.

Proof. (1) = (2) is obvious.

For (2) = (3), using X [[o ;2 the K3 »-free point-line incidence relation in R? is definable restricted
to [0, 1]%, and the standard configurations witnessing the lower bound in Szemerédi—Trotter can be
scaled down to the unit box.

For (3) = (1), assume that (1) does not hold in (R, <, +, X). Then necessarily some Y definable in
(R, <, +, X) is not semilinear, by Corollary 5.12. By Fact 5.13, if Y is not semilinear, then X r[(),l P is
definable in the structure (R, <, +,Y), hence in (R, <, +, X). O
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