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LATIN SQUARES WITH PRESCRIBED DIAGONALS 

A. J. W. HILTON AND C. A. RODGER 

1. In t roduc t ion . An incomplete latin rectangle on t symbols ah . . . , <rt 

of size r X s is an r X s matrix in which each cell is occupied by exactly 
one of the symbols au . . . , <rt in such a way that no symbol occurs more 
than once in any row or more than once in any column. If r — t or s = t 
then it is a latin rectangle; if r = 5 < t it is an incomplete latin square; 
if r = 5 = t it is a latin square. The diagonal of a latin square consists of 
the cells (i, i) (1 ^ i ^ t) together with the symbols occupying those 
cells. Let an allowed sequence of length / be a sequence of length / in which 
no symbol occurs exactly t — 1 times. Let an allowed diagonal of length t 
be a diagonal occupied by an allowed sequence. If an incomplete latin 
square R of side r is embedded in the top right hand corner of a latin 
square T then let the diagonal of T outside R be the cells (i, i) (r + 1 g i 
^ /) together with the symbols occupying those cells. 

An edge-colouring of a graph G with n colours is a surjection <t> : E(G) 
—> C, where E(G) is the edge set of G and C is a set of w colours, such that 
<t>(ei) J* 0(^2) whenever eh e2 £ £(G) and ex and £2 have a common 
vertex. If G contains 2/ vertices, then a partial matching is a set M of at 
most / edges such that no two edges of M have a common vertex. If \M\ 
= t then ikf is a (complete) matching. 

The following result was proved by G. J. Chang [5] usingabelian groups. 

THEOREM 1. For any given allowed diagonal Dy there exists a latin square 
with diagonal D. 

A stronger result that includes this theorem was proved by Andersen 
and Hilton [3] by a long, rather delicate, argument. 

We present in this paper a short, combinatorial proof of Theorem 1 ; 
we also prove Theorem 2 below. It is convenient to prove the two 
together, but it is not necessary, as either could be proved first and used 
to prove the other. 

THEOREM 2. Let Pbea latin square of side s,s ^ 2on the symbols ait. . . , 
<rs. Then P can be embedded in a latin square L on symbols <ri, . . . , (T2,+x, 
where x = 1, or 2, in which the diagonal 8 of L outside P is prescribed, if and 
only if the following are satisfied: 

Received June 30, 1981 and in revised form November 24, 1981. 

1251 

https://doi.org/10.4153/CJM-1982-087-7 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1982-087-7


1252 A. J. W. HILTON AND C. A. RODGER 

(a) 5 is occupied by an allowed sequence, 
(b)f(<Ti) Sx(s + lSi^2s + x)1 

(c) ifx = 1 then^T,Si=if((Ti) 9e 1, 
wheref(cri) is the number of times ax occurs in d. 

For further work on the wider problem of embedding an incomplete 
latin square R in a latin square T, where the diagonal of T outside R is 
prescribed, see [1], [2], [4] and [7]. For the case x ^ 3 we hope to show 
elsewhere by different arguments that Theorem 2 remains true; these 
different arguments fail for x = 1 or 2. 

We shall use the following result. 

THEOREM 3. ([6]). If r < n then anr X n latin rectangle can be embedded 
in a latin square of side n, 

2. Proof of theorems 1 and 2. 

Necessity of Theorem 2. The proof of the necessity of (a) and (b) is 
left to the reader. For (c), suppose P is embedded in L and that L has 
prescribed diagonal outside P , but that (c) does not hold. Let L be in 
the form 

Then each of the symbols as+u • • • , vis+\ occurs once in S, so one symbol, 
say O-2H-I, occurs in a non-diagonal cell of S and so occurs in a row or 
column which contains one of c6+i, . . . , a2s as well. Then, in that row or 
column of 5, one of <ri, . . . , as, say ai, will not occur. But <j\ cannot occur 
in Q or R either, so a\ will not occur anywhere in that row or column, a 
contradiction. Therefore (c) holds. 

Sufficiency of Theorem 2 and proof of Theorem 1. We shall suppose that 
the length of D in Theorem 1 will be 2s + 1 or 2s + 2 and we shall prove 
the two results jointly by induction on s. We leave it to the reader to 
verify that both theorems are true for applicable values of 5 ^ 3. Suppose 
that s ^ 4 and that both theorems are true for 1, 2, . . . , s — 1. 

Suppose first that D is an allowed diagonal of length 2s + x, x = 1 or 2. 
If s = 4 and D consists of one symbol occurring three times and another 
symbol occurring 2s + x — 3 times then it is not hard to form a latin 
square with diagonal, D. We shall now ignore this possibility for D. In 
any other case, D can be separated into Dx and 5X, where D^ has length s, 
5i has length s + x and, after relabelling the symbols, 

I. P i is an allowed diagonal of length s on symbols <7i, . . . , <rSJ 

II. Each symbol from o-,+i, . . . , <T2S+X occurs at most x times in ôi, and 
III. (a) and (c) are satisfied by ôi. 
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For since there are at most s symbols that occur x + 1 or more times in D, 
we can separate D into D\ and 6/ such that any symbol occurring x + 1 
or more times in D occurs at least once in D\ and, therefore, after relabel
ling, will be one of <n, • • • » <rs- Thus II is satisfied. It is easy to check that 
we can interchange symbols between D\ and 6/ and relabel to get I and 
III satisfied as well. By induction we may complete D\ with <n, . . . , <rs to 
obtain a latin square P and a diagonal outside P, 5, which satisfies the 
hypotheses of Theorem 2. 

Now suppose that in any case we have a latin square P and a diagonal ô 
outside P which satisfy the hypotheses of Theorem 2. If x = 1 we pro
ceed as follows. Let o2 be the allowed diagonal on symbols co, <n, . . . , <rs 

of length 5 + 1 formed by replacing each symbol <TJ(S + 1 g j = 2s + 1) 
in ô by a new symbol <ro. Let 5* be a latin square of side s + 1 on symbols 
co, . . . , as with Ô2 as diagonal. By induction, 5* exists. Now replace 
the symbol cr0 in 5* by the symbols <rs+i, . . . , c23+i in such a way that 
each symbol occurs once and the diagonal is ô. Call this incomplete latin 
square, 5. Let <Zi(/i) be the row (column) vector formed by projecting 
the elements as+i, . . . , <r2s+i in 5 vertically (horizontally). Let Q* and 
R* be latin squares on crs+1, . . . , a2s+i with qi and rx as the first row and 
column, respectively. Let Q and R be formed from Q* and P* by omitting 
gi and r\ respectively. Now form the latin square L of (1). It is the 
required latin square. 

If x = 2 let 82 be an allowed diagonal on symbols o-_i, o-0, <J\, . . . , as of 
length 5 + 2 formed by replacing each symbol from as+i, . . . , 0-25+2 which 
occurs twice in ô by <j-\ and o-0 (each once) and each symbol which occurs 
once by either <r0 or o_i. By induction, form a latin square -52 of side 5 + 2 
on symbols o-_i, a0f <xlf . . . , as with diagonal 52. 

Let the cells occupied by a_i and <r0 be Xi, . . . , xs+2 and 3^, . . . , ys+2 

respectively, and form a bipartite graph G with the x / s and y/s as 
vertices by joining xt and 3/̂  if the cells xt and j y are not in the same row 
or column. Then G is regular of degree 5. Colour some of the vertices by 
the rule: a vertex is coloured with a symbol <rk if the corresponding cell is 
in ô and is occupied by ak. The set of edges joining pairs of vertices with 
the same colour form a partial matching M of G of at most [(5 + 2)/2J 
edges. AT can be extended greedily to a partial matching M' of 5 edges 
where we can assume that x1} x2, yi and y2 are the four vertices in G that 
are incident with no edge in M'. If Xi, x2, yi and y2 have no edges between 
them then Xi and x2 are adjacent to all of y3, yA, . . . , 3̂ +2 while yi and y2 

are adjacent to all of xz, x4, . . . , xs+2. If \M\ ^ 5 — 2 then at least two 
edges in M'', say (x3, 3̂ 3) and (x4, 3̂ 4), do not occur in i f and so replacing 
these two edges in M' by (xi, yz), (x9, y A), (X3, y\) and (x4, 3̂ 2) produces a 
complete matching of G. Since 5 ^ 4 and |Af | ^ L(̂  + 2)/2J, |M| ^ 5 - 2 
unless 5 = 4 and \M\ = [(5 + 2) /2 j . A similar argument can be used to 
produce a complete matching if exactly one of Xi and x2 is adjacent to 
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yi or y2. We then assign colours to the remainder of the x/s and y / s 
giving the two vertices at the ends of an edge of the complete matching 
the same colour. The symbols are then placed in the corresponding cells 
of S* to give the required matrix S. If 5 = 4 and \M\ = L(* + 2)/2j then 
the partial matching consists of three edges, and this corresponds to the 
case when the diagonal 5 has length 6 and has 3 of 0-5,... , o"io, each occur
ring twice. This case is easy to handle. 

Then the vertical and horizontal projections of the symbols as+i, . . . , 
(72s+2 in S are formed into two rows q\ and q2 and into two columns t\ and 
r2 respectively. Then, by Theorem 3, two latin squares Q* and R* are 
formed on the symbols as+i} . . . , o-25+2 with qx and q2 and rx and r2 as the 
first two rows and the first two columns respectively. Finally Q and R are 
formed by deleting qi and q2 and rx and r2 from Q* and R* respectively, 
and then are assembled according to (1) into the required latin square. 

The two theorems now follow by induction. 
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