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ON THE SEMIGROUP OF AN ORDINARY
MULTIPLE POINT

DEVADATTA M. KULKARNI

In this paper we define the semigroup of an ordinary multiple point of an analytic
plane curve f. This semigroup on tuples of integers is completely characterised in
terms of the order of f, that is the number of distinct tangent directions to f at
that point.

In this paper we define the semigroup of an ordinary multiple point of an analytic
plane curve f and characterise it completely in terms of the order of f at this point, that
is the number of distinct tangent directions to f at this point. This is a step towards
the study of semigroups of analytically reducible curves. The study of the semigroup of
an analytically irreducible curve can be found in Abhyankar [1] and Angermiller [2].
In both these papers one may find connections between the generators of the semigroup
of an analytically irreducible curve, the characteristic pairs associated with it and its
multiplicity sequence. The study of semigroups on tuples of integers corresponding to
analytically reducible plane curves having two branches can be found in Garcia (4] and
Bayer [3]. The general results about semigroups of analytically reducible curves are not
known.

In Section 1 we define the semigroup of an ordinary multiple point of an analytic
plane curve f. In Section 2 we give its characterisation in the Theorem.

1. NOTATION AND TERMINOLOGY

Let A = k[[X, Y]] be a formal power series ring in two indeterminates X and
Y with coefficients in an algebraically closed field k. For any f(X, Y) in A, by
ord4 f(X, Y) we denote the order of f in X and Y and by ordr g(T", N(T)) we
denote the order of g(T™, N(T)) in k{[T]] after a substitution X =T and Y = N(T)
in any g(X,Y) in A where T is an indeterminate over k and N(T) € k[[T]] with
N(0) = 0.
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Let f(X,Y) € A with ord4 f(X,Y)=d > 0, be written as
X, Y)=fa(X,Y)+ fan: (X, Y) +....

where fi(X, Y) # 0. Except for at most a homogeneous linear changein X and Y, we
may assume that f3(0,Y) # 0. If we substitute X = X' and Y = X'Y' in f4(X,Y),
we get.

d
fd(Xl, X'Y') = X'dfd(l, Y') = CX,d [H (Y' - a,-):l
i=1

where 0 2 ¢ € k and for o; € k, 1 <1< d. f is said to have an ordinary multiple
point at the origin if and only if a; # «; for 1 # j, 1 <14, 7 < d. By a known result,
for such f in A we can write

X, Y)=cfOX, V)X, Y)... f9X,Y)

wherefor 1 < i< d, fO)(X,Y) € A and where each f()(X, Y) looks like f()(X,Y) =
Y — a; X+ higher degree termsin X and Y. By the Weierstrass Preparation Theorem,
for 1 < i< d, we have

fOX,Y)=UO(X, Y)Y - Ny(X)]

where U)(X,Y) is a unit in 4 and N(X) € k[[X]] where Ni(X) = a;X+ higher
degree terms in X. Thus f(X, Y) can be written as

d
*) fX, ) =U(X, V) 1Y - M(X))

i=1

where U(X, Y) is a product of ¢ and U(X,Y) 1< i < d. We define the d-tuple of
integers

v[f](g) = (ordx g(X, N1(X)), ordx g(X, N2(X)), ..., ordx g(X, Na(X)))

to be the branch multiplicity of f with any g in A. We may note that the definition
of the branch multiplicity of f with any ¢ does not depend upon an expression (*) of
f. For f as above, we set

S={v[fl(g): 9(X,Y) € A and g(X, My(X))#0 for 1 <i<d}.

We observe that S forms a semigroup on d-tuples of nonnegative integers by compo-
nentwise addition because for g(X, Y) and h(X,Y) in A, we have

ordx g(X, Ni(X)) + ordx h(X, Ni(X)) = ordx[g(X, Ni(X)A(X, Ni(X))].

for 1 <7 < d. Wecall § the branch semigroup associated with an ordinary multiple
point of f and denote it by Brsem(f).
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2. CHARACTERISATION OF THE BRANCH SEMIGROUP
We are going to use the same f and Brsem(f) as described in Section 1.

LEMMA 1. For any g(X,Y) in A of order e, if g.(X,aX) # 0 then
ordx g(X, aX) = ordsg = ordx g(X, N(X)) where N(X) = aX+ higher degree
terms in X .

PROOF: For e = 0, the proof is clear. For e > 0, let
. .
9¢(X, ) = [[ (X + 6]
i=1
for some «;, § € kfor 1 < i < e. With the substitution, we get
9(X, N(X)) = [[[%:X + 6N (X)) + gesa (X, N(X)) + ...,
i=1
which becomes
9(X, N(X)) = H['y,- + 8;a2)X° + higher degree terms in X.
i=1
As g.(X, aX) # 0, we have [[[;_, (7; + 8ia)] # 0 and so ordx g(X, N(X)) = e =

ord4 g. Thus it is clear that

ordx g(X, aX) = ords g = = ordx g(X, N(X)).

D
LEMMA 2. Let (e1,...,e3) € Brsem(f) and m = min{e;: 1 < ¢ € d}. Let
9(X,Y) € A such that ordx g(X, Ni(X)) = e for 1 < i £ d. If m < d then

ordyg=m.

PROOF: Let ordyg =m'. If m' = 0 it is clear that m = m' = ord, g. We note
that m > ord4 g since e; = ordx g(X, M;(X)) 2 ordgg = m' for 1 <i < d. Suppose
0 < m' <m. If we write

ml

gm’(Xs Y) = H (‘Y{X + 61Y)

i=1

for some v;, §; € k for 1 <: < m', we note that at most m' of {Y — a;X:1 <t < d}
divide g,,/(X,Y). As m' < d, we have at least one ¢, 1 < ¢t < d such that ¥ — o, X
does not divide g,,/(X, Y). By Lemma 1, we have

e: = ordx g(X, Ny(X)) = ordx g(X, a:X) =m'.
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This contradicts the definition of m. So m' = m that is ordg g = m. 0

THEOREM. Given a positive integer d, let (e,, ez, ..., €a) be a d-tuple of non-
negative integers. Let m = min{e;: 1 <i< d}. Then

(e1, €2, ..., eq) € Brsem(f)
if and only if m>d or card({i: e, =m}) > d—m.
PRrOOF: Part I: Assume that (e, ez, ..., e5) € Brsem(f). Let m = minf{e;: 1 <
e

i < d}. Suppose m < d. There exists g(X, Y) € A such that ordx g(X, M;(X)) =
for 1 <1< d. By Lemma 2, ordg g = m. Let

gn(X, Y) =[] (X + &)

=1
where v;, 6 € kfor 1 <i<m. At most m of {Y —a;X: 1< ¢ < d} divide gn(X, Y);
and by Lemma 1, for each ¢ where ¥ — a;X does not divide gn(X, Y), we have
ordx g(X, Ney(X)) =e; =ordgg =m.

Thus card ({i: ¢, =m}) > d—m.

Part II: Let (ej, €2,..., e4) be a d-tuple of nonnegative integers. Let m =
min{e;: 1 <1 < d}.
CLaM. If m > d then

d

o(x,Y)=> ¢ [I (v -wnj(x))pxei—en
=

is in A such that
ordx Q(X,M(X)):e,’ for1 €1 <d.

PROOF OF THE CLAIM. We note that foreach i, e, —d+1 >0 as e; > m > d. For

each 1
:
o(X, N X)) = | [T Wa(X)-Nj(x)| X541
i#j
|1<5i<d

[

= H (ai — a;)X% ' + termsin X of degree >d —1| X~9+!
i#j
L1<j<d

=j H (ai —aj) p X%+ termsin X of degree > e;.

i#j
\ 1<5<d
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Thus ordx ®(X, N;(X)) =e; for 1 <i<d.

CLAIM. Let m < d and card ({i: ¢, = m}) = d — v where v < m. Without loss of
generality we may assume that

€] — €3 = €3 =+ =€Jd—_y =M.

We have

W(X,Y)=[ II (Y—N,-(X))] xm=e

d—u+1<i<d

d
+ ) II (r-wx)) ) xs—=n
i=d_u+l A
d—u+1<ji<d

in A such that
ordx ¥ (X, Ni(X)) = e; for1<igd

PROOF OF THE CLAIM. For d—u+1 <1< d,wenotethat m—u >0 and e;—u+1>0
since e, >m 2 u. For 1 < k € d —u, we have

W(X’”*(X))={ 11 (Nk(X)—N,-(X))}X’"-“

d—u41<j<d

d

+ ) IT X)) -wj(x)) p X
i=d—ut1 j#i
d—u}1gj<d

d—ut+1<j<d

= { H (ak—a,-)}X"‘+ terms in X of degree > m

S d
+ Z H (ar —aj) 3 X® + terms in X of degree > e;

i=d—u+1 i
d—ut1<k<d

Noting that e; > m for d —u +1 < i < d, we have ordx ¥(X, Ni(X)) = m = e for
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1<k<d—-u.Ford—u+1<k<d, wehave
(

\I’(X: Nk(X)) = J H (Nk(X) _ _A[J(X)) Xee—utl

i#k
\ d—u+1 gjgd

(

= 4 H (ar —aj) p X°* + terms in X of degree > e;.

%k
ld—u+1<j<d

Thus we have ordx ¥(X, N (X)) =erford—u+1< k< d. a0

REMARK ABOUT THE PROOF OF THE THEOREM. In the claims in Part II, we can also
take respectively

d
(X, Y)=Y { [[ (Y-e;X)}xeimet
i=1 j#i
1€<j<d
and ¥(X,Y)= I[I ¢-aix)pxm

d—u+1<j<d

d
+ ) [T -ax))xe—=s

i=d-u+1 j#i
d-u+1<j<d

which are members of k[X, Y] satisfying the requirements.
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