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ON THE SEMIGROUP OF AN ORDINARY
MULTIPLE POINT

DEVADATTA M. KULKARNI

In this paper we define the semigroup of an ordinary multiple point of an analytic
plane curve / . This semigroup on tuples of integers is completely characterised in
terms of the order of / , that is the number of distinct tangent directions to / at
that point.

In this paper we define the semigroup of an ordinary multiple point of an analytic
plane curve / and characterise it completely in terms of the order of / at this point, that
is the number of distinct tangent directions to / at this point. This is a step towards
the study of semigroups of analytically reducible curves. The study of the semigroup of
an analytically irreducible curve can be found in Abhyankar [1] and Angermuller [2].
In both these papers one may find connections between the generators of the semigroup
of an analytically irreducible curve, the characteristic pairs associated with it and its
multiplicity sequence. The study of semigroups on tuples of integers corresponding to
analytically reducible plane curves having two branches can be found in Garcia [4] and
Bayer [3]. The general results about semigroups of analytically reducible curves are not
known.

In Section 1 we define the semigroup of an ordinary multiple point of an analytic
plane curve / . In Section 2 we give its characterisation in the Theorem.

1. NOTATION AND TERMINOLOGY

Let A = k[[X, Y]] be a formal power series ring in two indeterminates X and
Y with coefficients in an algebraically closed field k. For any f(X, Y) in A, by
oidAf{X, Y) we denote the order of / in X and Y and by ordT g(Tn, Af{T)) we
denote the order of g(Tn, Af(T)) in k[[T]} after a substitution X = Tn and Y = M{T)
in any g(X, Y) in A where T is an indeterminate over k and M{T) € k[[T]] with
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Let f(X, Y) £A with ordx f(X, Y) = d>O,be written as

f(X, Y) = fd(X, Y) + fd+1{X, Y) + ....

where fd(X, Y) ^ 0. Except for at most a homogeneous linear change in X and Y, we
may assume that /d(0, Y) ^ 0. If we substitute X = X' and Y = X'Y' in fd(X, Y),
we get

fd(X', X'Y') = X'dfd(l, Y') = cX'd | J ] (Y' - at)]

where 0 ^ c £ ib and for ai £ k, 1 < i ^ ef. / i s said to have an ordinary multiple
point at the origin if and only if cti ^ otj for i ^ j , 1 < », j ^ d. By a known result,
for such f in A we can write

f(X, Y) = cfW(X, Y)fW(X, Y)... fd\X, Y)

where for 1 < i < d, / ( i ) ( X , Y) e A and where each / W ( X , Y) looks like /(<)(JT, F ) =
Y" — aiX+ higher degree terms in X and Y. By the Weierstrass Preparation Theorem,
for 1 < i ^ d, we have

/^(* , r) = U«\X, Y)[Y-Afi(X)}

where t/(t)(X, 7) is a unit in A and N{{X) £ Jfe[[JSC]] where Ni{X) = aiX+ higher
degree terms in X. Thus f(X, Y) can be written as

(*) f&, Y) = U(X, Y) f[[Y - M{X)]
»=i

where U(X, Y) is a product of c and U^{X, Y) 1 < i ^ d. We define the d-tuple of
integers

t/[/](5) = (ordjc g(X, tfi(X)), ord^ ff(X, Af2(X)), ..., ordx 5 ( ^ , ^ ( X ) ) )

to be the branch multiplicity of / with any g in A. We may note that the definition
of the branch multiplicity of / with any g does not depend upon an expression (*) of
/ . For / as above, we set

S = Mf](g) •• g{X, Y)eA and g(X, M W ) ^ 0 for 1 < i < d}.

We observe that S forms a semigroup on d-tuples of nonnegative integers by compo-
nentwise addition because for g(X, Y) and h(X, Y) in A, we have

ordx g(X, fifi(X)) + ovdx h(X, Mi(X)) = ordx[g(X, Mi{X))h{X, Mi{X))).

for 1 ^ i ^ d. We call S the branch semigroup associated with an ordinary multiple
point of / and denote it by Brsem(f).

https://doi.org/10.1017/S0004972700028094 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700028094


[3] The semigroup of a multiple point 3

2. CHARACTERISATION OF THE BRANCH SEMIGROUP

We are going to use the same / and Brsem(f) as described in Section 1.

LEMMA 1 . For any g(X, Y) in A of order e, if ge(X,aX) £ 0 then

ordx g(X,aX) = ordAg = oidx g(X, M{X)) where Af(X) = aX+ higher degree

terms in X.

PROOF: For e = 0, the proof is clear. For e > 0, let

e
ge(X, Y) = Hi-YiX + SiY]

«=i

for some 7,-, Si G A; for 1 ^ i ^ e. With the substitution, we get

g(X, M(X)) = H^X + SiAfiX)} + ge+1(X, AT(X)) + ...,

which becomes

e

g{X, Af(X)) = Y[[7i + 6ia)Xc + higher degree terms in X.

As ge(X, aX) £ 0, we have [Wi=1 (7i + fta)] ? 0 and so ordxg(X, M(X)) = e =
oidjig. Thus it is clear that

, aX) ~ ordAg = = ord* g(X,

D
LEMMA 2 . Let ( d , . . . , ed) e Brsem(f) and m - min{e,: 1 ^ i < <£}. Let

g{X,Y) 6 A such that OTdxg(X, SSi(X)) = e{ for 1 < i ^ d. If m < d then
ord^ g = m.

PROOF: Let ordx9 = in'. If m' — 0 it is clear that TO — m' = ord^p. We note
that 77x ^ ord^ff since ê  = ordxff(-X", ^/i(X)) ^ ord^S = m' for 1 ^ i ^ <f. Suppose
0 < m' < TO. If we write

for some 7;, Si £ k for 1 ^ i ^ TO' , we note that at most TO' of {Y — ctiX: 1 < t < d}
divide gmi(X, Y). As m' < d, we have at least one t, 1 < i ^ <2 such that y —
does not divide gmi(X, Y). By Lemma 1, we have

e« = ord^ g(X, K(X)) = ordx ff(X, a tX) = TO'.
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This contradicts the definition of m. So m' = m that is 016.A g = m. D

THEOREM. Given a positive integer d, let (ci, e2, . . . , cj) be a. d-tuple of non-
negative integers. Let m = min{ej: 1 ^ i < d}. Then

(ei, e2, . . . , ed) G Brsem(f)

if and only if m~^ d or card ({i: et- = m}) ^ d — m.

PROOF: Part I: Assume that (ci, e2, . . . , ej) 6 Brsem(f). Let m = min{e,-: 1 ^
i^d}. Suppose m<d. There exists g(X, Y) e A such that ord* g(X, Afi(X)) = e<
for 1 ^ t ^ d. By Lemma 2, ordx <7 = m. Let

where ~fi, 6i E k for 1 ^ t ^ m. At most m of {V —ajX: 1 < i < d} divide gm(X, Y);
and by Lemma 1, for each t where Y — atX does not divide gm(X, Y), we have

ordx g(X, Aft(X)) = et = ordA g - m.

Thus card({i: e< = ro}) ~^ d— m.
Part II: Let (ci, e2, . . . , ej) be a d-tuple of nonnegative integers. Let m —

min{e,-: 1 < i < d}.

CLAIM. If m > d then

is in A such that
for 1 < » ^ d.

PROOF OF THE CLAIM. We note that for each i, e< - d + 1 > 0 as e,- ^ m > d. For
each i

TT (o,- — otj)Xd 1 + terms in Jf of degree > d — 1

t e r m s *n -^ °f degree > e,-.= 1 II (a* ~ ai)
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Thus ordx $(X, Afi(X)) = e< for 1 < t < d.

CLAIM. Let m < d and card({i: e,- = m}) = d — u where u K, m. Without loss of
generality we may assume that

We have

+ E { n
i=d—u+l

in i4 such that

, M(X)) = e; for

PROOF OF THE CLAIM. For d-u+1 < i < ti, we note that m - u > 0 and c,--u + l > 0
since ej > TO ̂  u. For 1 ̂  k ^. d — u, we have

JJ

n -u+l

TT (at — atj) > Xm + terms in X of degree > TO

+ 2_j S 11 (a* "" ai) } Xc' + terms in X of degree > e<

Noting that ei > m for d — it + 1 < i ^ d, we have ord^ *(-X", ̂ t(JT)) = TO = e* for
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k < d — u. For d — u have

TT (a t — otj) > X*k + terms in X of degree > e^.

Thus we have ordx *(X, /Sk(X)) = ek ioi d-u+ 1 ̂  k ^ d. U

REMARK ABOUT THE PROOF OF THE THEOREM. In the claims in Part II, we can also
take respectively

and

n Ci-U+1

which are members of k[X, Y] satisfying the requirements.
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