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Abstract

Generalized local mean normal measures j;, z € ]Rd, are introduced for a nonstationary
process X of convex particles. For processes with strictly convex particles it is then shown
that X is weakly stationary and weakly isotropic if and only if u, is rotation invariant
for all z € R?. The paper is concluded by extending this result to processes of cylinders,
generalizing Theorem 1 of Schneider (2003).
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1. Introduction

For stationary processes of convex particles Weil [9], [10] introduced mean normal measures
as measure-valued parameters. They can be used to define associated convex bodies and
thus allow the application of convex geometric tools to analyze properties of the underlying
process—an idea which goes back to Matheron [4], who studied stationary processes of hyper-
planes via their associated zonoids. A detailed account of the stationary case can be found in
[8, Section 4.5] (also note the references given in [8, p. 178ff]). Recently, Schneider [6]
considered local direction measures for nonstationary processes of flats and proved that a flat
process is weakly stationary and weakly isotropic if and only if its local direction measures
are rotation invariant. In the present paper we prove a similar result for processes with strictly
convex particles and a generalization for cylinder processes which includes and extends both
special cases.

In Sections 2 and 3 we introduce some basic notation and a generalization of local mean
normal measures (see [2]). Section 4 contains the result that processes with strictly convex
particles are stationary and isotropic if and only if all their generalized local mean normal
measures are rotation invariant. Finally, in Section 5 a more general result for cylinder processes
is presented that includes both the main theorem from Section 4 and Theorem 1 of [6]. The
appendices collect some well-known facts about convex particles and some auxiliary results
which are needed throughout the paper.

2. Preliminaries and basic notation
Letd € N\ {0}. Throughout this paper we will work in d-dimensional Euclidean space R?,

with B? being the unit ball, S~! the unit sphere with spherical Lebesgue measure wy_1, and
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A4 the d-dimensional Lebesgue measure. For a topological space S, we will denote the Borel
o -algebra by B(S) and the support of any Borel measure v on S by supp v. Furthermore, for
any probability measure P, let Ep denote the expected value with respect to P.

For k € {0, ..., d}, the k-dimensional Hausdorff measure will be denoted by #¢*. Further-
more, let gCg and 8,? be the Grassmannians of k-dimensional linear and affine subspaces of
RY, respectively. In addition, let SOy and G, denote the spaces of all rotations and all rigid
motions of R?, respectively. We denote by L' the orthogonal complement of a linear subspace
L and we denote by A7 the Lebesgue measure on L. By id we denote the identity map.

The space £ of all nonempty closed subsets of R shall, as usual, be endowed with the Fell
topology and the o-algebra B(F ). The subspace K’ C F’ of all nonempty compact convex
sets, i.e. convex bodies, and the subset Ko C K’ of all convex bodies with Steiner point (see
Appendix A) in the origin shall be equipped with the Hausdorff metric dy and the respective
Borel o-algebras. A particle process is called (weakly) stationary if its distribution (intensity
measure) is invariant under translations and (weakly) isotropic if its distribution (intensity
measure) is invariant under rotations. All basic concepts from stochastic geometry (e.g. point
processes, intensity measures, or Campbell’s theorem) can be found in [8].

For any K € KX’, we denote its affine hull, interior, boundary, and relative boundary by
aff K, int K, bd K, and rel bd K, respectively. As usual, the dimension dim K of a convex
body K is defined as the dimension of its affine hull. Furthermore, K is called strictly convex if
its boundary does not contain any segment. If K is a d-dimensional convex body and x € bd K,
a regular boundary point of K, by definition there exists a unique outer unit normal vector of
K at x; let this vector be denoted by ok (x) and let reg K C bd K be the set of all regular
boundary points of K. Analogously, if K is a lower-dimensional convex body and x is a point
on the relative boundary of K with unique outer unit normal vector in aff K, let the latter be
denoted by 6 (x). Finally, let E4_1(K, -) and C4_1(K, ) = E4_1(K, - X Sd’l) respectively
denote the (d — 1)th support measure and the (d — 1)th curvature measure of K. If dim K = d,
for B € B(R?) and A € B(S9"), we have Eq_1 (K, B x A) = #*"'(bd K N BNog'(A)),
ie. Bg—1(K, B x A) is equal to the (d — 1)-dimensional Hausdorff measure of all regular
boundary points of K that lie in B and have outer unit normal vector in A. For all basic notions
from convex geometry, we refer the reader to [5]. Some definitions and results important for
this paper are also given in Appendix A.

In Sections 3 and 4 the measurability of the mappings we use follows from respective
theorems in [5], [7], and [8], and Lemma B.2. In Section 5 the measurability is implied by an
auxiliary result that we prove in Appendix B.

3. Generalized local mean normal measures

In the following two sections X will always be a particle process on K’ with nontrivial
locally finite intensity measure ®. Furthermore, we assume that ® is of the form

O(A) = / / 14(K + x) f(x)1q(dx) Po(dK), A € B(K). 3.
Ko JRY

Here, f: R4 — [0, oo) denotes a continuous function and Py denotes a probability measure
on Ky. Note that both f and Py are uniquely determined by ®; see [1, p. 173]). As usual, we
call f the intensity function of X. The mapping

®: X' — R x X,
K — (K —s(K), s(K)),
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is a homeomorphism; see [8, p. 121]. Thus, ®(X) is a point process on RY x Ko, a so-called
‘germ-grain-process’ (see [8, Section 4.3]), and the distribution of the typical grain is given
by Po. Therefore, any random closed set Z with distribution Py will be called the typical
particle of X and we will refer to Py as the distribution of the typical particle of X. If the latter
is rotation invariant we call the typical particle of X isotropic.

Letz € R, A € B(8?1), and A € B(Ko). We define a set function p,: B(S9 1) x
B(Ko) — [0, 50) by

nz(A, A) == Ep, 14(K) /Rd f(z—=x)Ba-1(K, dx x A).

Let A € B(S4" ") and B € B(R?) be bounded. In the proof of Theorem 5.1, given in Section 5,
it is shown that

EY # 1 (Bnog'(4) = A;{d 1p(2) (A, Ko)ra(dz).
KeX

As a Borel measure on 91, the left-hand side can (after normalization) be interpreted as the
distribution of the outer unit normal vectors of the particles of X at boundary points in B; see
[8,p. 157]. Letting B shrink to z yields anormalization of i, (-, Ko) that can be interpreted as the
distribution of the outer unit normal vectors of the particles of X at z whenever p, (S’ d-1 Ko) >
0. For this reason, u, (-, Kp) was called the local mean normal measure of X at z in [2]. Now
let 4 € B(Ko) such that Po(A) > 0. Then X4 = d '({(x,K) e ®(X) | K € A}) is a
nonstationary process of convex particles and its local mean normal measure is (up to a constant)
given by (-, A). Therefore, we call u, the generalized local mean normal measure of X at
z. Let us additionally assume that X is Poisson and let Z 4 be the Boolean model generated by
X 4. In this case y; also has another interpretation. For any z € R?, the volume density j(z) of
Z 4 at z is defined as the probability that z € Z 4. Furthermore, let E;i"_l denote the extension
of E4_1 to the extended convex ring; see [3, Section 3] for details. From Theorem 4.11 of [3]
we find that, for arbitrary A € B(S91Y, the Borel measure

EE} (Za, - x A)

on R? is absolutely continuous with respect to A4 with density

1 —p(2)

WMZ(A’ A).

Z =

Hence, if uz(Sd_l, A) > 0 a normalization of u(-, #) can be interpreted as the distribution
of the normal vectors of Z 4 at z.
Some important properties of j, are summarized in the following theorem.

Theorem 3.1. Let X be a particle process with intensity measure as in (3.1), let z € R?, and
let u; be as given above. Then the set function

s B(STTY x B(Ko) — [0, 00), (A, A) > 11:(A, A),

can be extended to a measure on !B(Sd_l) ® B(Ko). It is uniquely determined by X and, for
Ag-almost all 7 € RY, it is finite.

Proof. The assertions follow immediately from Theorem 5.1, below.

Note that . (-, ) is not necessarily an even measure.
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4. A characterization of weak stationarity and weak isotropy

Let X be a particle process with intensity measure as in (3.1). In addition, assume that
some K € supp Py are strictly convex. Our main result in this section shows that in this case
X is weakly stationary and weakly isotropic if and only if the generalized local mean normal
measure s is rotation invariant for every z € R, This transfers a similar result by Schneider
for processes of k-flats (see [6, Theorem 1]) to processes of convex particles. However, we start
by characterizing isotropy of the typical particle of X and weak stationarity of X, respectively,
by invariance properties of 1,. Both proofs contain ideas that are vital for the derivation of the
main theorem.

Let X be a particle process with intensity measure as in (3.1). We say that X satisfies
condition (A) if a typical particle of X is almost surely (d — 1)- or d-dimensional and we say
that X satisfies condition (B) if there exists a strictly convex K¢y € Ko such that, for all ¢ > 0,
we have

Po({K € Ko | du(K, Ko) < ¢}) >0,

i.e. there exists a strictly convex Ky € supp Pyp.

Example. Let d = 2. Forn € N, let Ry, denote the regular polytope with 2n + 2 vertices, all
of which are assumed to be lying on the unit circle. Let X be a particle process with intensity
measure as in (3.1) and typical particle distribution Py given by

]

Py=>" 2%5,(2".

n=1

Here, for K € Ky, 8k denotes the Dirac measure concentrated on K. Then X satisfies condition
(B) with Ko = B? even though its typical particle is almost surely a polytope. Hence, condition
(B) does not impose any regularity properties on the typical particle of X. Obviously, similar
examples can be given for the case in which d > 2.

For any rotation ¢ € SOy, let ¥ also denote the mapping K — ¥ K from K’ to K’'.

Theorem 4.1. Let X be a particle process with intensity measure as in (3.1). Furthermore, we
assume that X satisfies condition (A). Then the typical particle of X is isotropic if and only if

(8971, A) =By opy 14(K) /Rd fz—=x)Caq-1(K, dx) (4.1)

forallz € R4, A € B(Kp), and 9 € SOy.

Proof. For d = 1, the theorem is trivial; thus, let d > 2. Obviously, (4.1) holds if Py is
rotation invariant. Therefore, we assume that (4.1) holds. For all z € R?, A € B(XKp), and
¥ € SO, we then have

(S A) = Epy 14(K) /R [ fe=0)Ca1 (K, dx)
=Epop, 14(K) /R [ f@=0Ca(K.dx) - (by (4.1)
=Epopy 14(K) /R fz—9x)Cam1 (071K, dx)

= Ep, 15-1,4(K) /Rd fz—0x)Ca_1(K, dx).
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For the third equality we used the rotation covariance of C4y—_1. For all 9 € SO, and
A € B(Kp), this implies that Po(4A) = 0 if and only if Po(d4A) = 0. Otherwise, without
loss of generality, there would exist a set A € B(Kp) with Po(A) > 0 and Py(dA) =
0. Let X" :={K € Ko | dimK € {d —1,d}, K € nB?}. We choose n € N such that
Po(A N JCé")) > 0. Using Lemma A.2 it is then easy to obtain a contradiction to (4.1). Hence,
for all ¥ € SOy, there exists a measurable function 7y : Ko — [0, co) such that

Ep, (K) = Epop, §(K)1p (K) = Ep, (9 K)ny (9 K) (4.2)

for any measurable mapping g: K — [0, 00). Let there exist an r(n) > 0, n € N, as in
Lemma A.2, i.e. such that

/ / f(z—19x)Ag(dz)Cy—1(K,dx) >0
R4 Jr(n)B4

for all K € JC(S"). Repeating the calculation from the beginning of the proof, we obtain, from
(4.1) and (4.2),

Bn ) [ [ G 000 (K a0
R4 Jr(n)B4
= Ep, 119*19%([()/ / [z —=9x)Aqa(dz)Cq—1 (K, dx)ns (P K)
R4 Jr(n)B4
for all A € B(Kyp). Thus, for Py-almost all K € JCén), we have
f f f(@—=9x)Aq(dz)Cy—1 (K, dx)
R4 Jr(n)B4
= / / [z —=0x)Aq(d2)Cy—1(K, dx)ny (D K),
R4 Jr(n)B4

which implies that ny (9 K) = 1. Letting n tend to infinity we obtain ny (9 K) = 1 for Pg-almost
all K € K. Hence, Py is rotation invariant.

In the proof of Theorem 4.1 we do not have to apply Lemma A.2 if the intensity function f
is strictly positive. In this case the following result holds.

Corollary 4.1. Let X be a particle process with intensity measure as in (3.1). Furthermore,
we assume that X satisfies condition (A) and that its intensity function is strictly positive. Then
the typical particle of X is isotropic if and only if there exists a z € R? such that (4.1) holds
forall A € B(Ko) and ¥ € SO,.

Proof. The above result follows directly from the proof of Theorem 4.1.
The stationarity of X can be characterized in a similar way.

Theorem 4.2. Let d > 2 and let X be a particle process with intensity measure as in (3.1).
Furthermore, we assume that X satisfies condition (B). Then X is weakly stationary if and only

if
Ep, 14(K) /Rd f@—=9x)Bg-1(K,dx x A) = (A, A) (4.3)

forallz e R4, A € B(S?™1), A € B(Ky), and ¥ € SO,.
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Example. Before we proceed with the proof of Theorem 4.2 let us first consider the case in
which d = 1. Here id is the only element of SO;. Thus, any particle process on R satisfies
(4.3) and Theorem 4.2 does not hold. An obvious analogous characterization is that X is weakly
stationary if and only if

Ep, I,A(K)/Rd fz+x)Ea-1(K,dx x A) = 11 (A, A)

forall z € R, A € B(5%, and A € B(XKp). Unfortunately, we can find the following
counterexample. Let X be a particle process on R with the property that its typical particle is
almost surely a line segment (compact interval) [—a, a] for some a € (0, c0) and its intensity
function f is a nontrivial, nonnegative function of periodicity 2a. In this case the last equation
holds forall z € R, A € B(SY), and A € B(Kp) if and only if

1La-Dfz+a)+1a(D) fz—a) =1a(D) f(z+a) + 14a(=1) f(z — a)

for all A € B(S°). This is true by the periodicity of f, but X is not necessarily weakly
stationary. Also note that
l"LZ(_A7 _'A’) = /"LZ(A7 A)

forallz e R', A € B(8Y), and A € B(XKy); see Theorem 4.4, below.

Proof of Theorem 4.2. If X is weakly stationary, i.e. f = y > 0, (4.3) obviously holds for
all z € R?. Therefore, we assume that (4.3) holds. Written out, (4.3) means that

Ep, 1.4(K) fz—=9x)1a)Eg—1(K, dx x du)
R x §d—1

= Ep, 14(K) fz—=x)1a()Eq-1(K, dx x du)
Rd x §d—1

forallz € RY, A € B(Kp), A € B4, and ® € S0O,. By the usual arguments from
measure and integration theory this implies that, for any measurable function g: ¢~ —
[0, 00),

Ep, 14(K) fz—0x)gu)Ba—1(K, dx x du)
R x §d-1

= Ep, 1A(K)/ f(z—x)gw)Eyg—1(K,dx x du).
Rd x §d—1

Let g: S9~! — [0, o0) be a continuous (and hence bounded) function. Since the above identity
holds for all A € B(Kp) and since, by weak continuity, the mapping

K — fz—0x)gwu)Eq—1(K,dx x du)
RY x §d—1

is continuous for all ¢ € SOy, we have, for all K € supp Py, z € RY and all ¥ € SOy,

/ flz—0x)gw)Eq—1(K,dx x du) =/ fz—x)gw)Eyg—1(K,dx x du).
R4 R4

Since there exists a K € supp Py that is strictly convex, the assertion follows from Lemma A.1
and Theorem A.1.
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For Poisson processes this immediately yields the following corollary.

Corollary 4.2. Let d > 2 and X be a Poisson process with intensity measure as in (3.1).
Furthermore, we assume that X satisfies condition (B). Then X is stationary if and only if (4.3)
holds for all z € R, A € B(S%~1), A € B(Kp), and ¥ € SO,.

For the case in which d = 2, the following more general results hold.

Theorem 4.3. Let d = 2 and X be a particle process with intensity measure as in (3.1).
Furthermore, we assume that the typical particle of X is almost surely two-dimensional. Then
X is weakly stationary if and only if (4.3) holds for all z € R%, A € B(S"), A € B(XKy), and
v e SO;.

Corollary 4.3. Let d = 2 and X be a Poisson process with intensity measure as in (3.1).
Furthermore, we assume that the typical particle of X is almost surely two-dimensional. Then
X is stationary if and only if (4.3) holds for all 7 € R2 A € B(SYH, A € B(Kp), and ¥ € SO,.

Proof of Theorem 4.3. From the proof of Theorem 4.2 it is obvious that we need only
consider a process X where each convex body K € supp Py has the following property. Each
x € reg K lies in the relative interior of a line segment S C bd K. Thus, let xo € reg K be a
regular boundary point and let S € bd K be the line segment of maximal length with xo € S.
Furthermore, let ug € S?~! be the outer normal vector of K at xo. Arguing as in the proof of
Theorem 4.2 we obtain

/f(Z—X)Jfl(dx)=/f(z—z‘/‘x)Jfl(dx)
S S

for all ¥ € SO, and z € R%. Choosing suitable rotations the last identity can be used to show
that there exists some r > 0 such that, for all z € R? and all 7/ € (z+2rS 1), there exists a
constant ¢(z) > 0 depending only on z such that

/ F)H! (x) = ¢(2)
7+ (=S)

for all ¥ € SO,. From this we can deduce that, for each rigid motion g € G4, the following
holds:

/ f)H (dx) = ¢
g(=9)

for a constant ¢ > 0. It immediately follows that there exists a constant / > 0 such that
f(z) = f(z+1u) forall z € R> and u € S'. As in the proof of Theorem A.1, this implies that
f is constant.

Finally, we can state our main theorem.

Theorem 4.4. Let d > 2 and X be a particle process with intensity measure as in (3.1).
Furthermore, we assume that X satisfies conditions (A) and (B). Then X is weakly stationary
and weakly isotropic if and only if

(DA, 0A) = (A, A) (4.4)

forallz e R4, A € B(S?™1), A € B(Ky), and ¥ € SO,.
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Let X be a particle process that satisfies the assumptions of Theorem 4.4. Since both f and
Py are uniquely determined, weak stationarity and weak isotropy of X imply that f is a constant
function and Py is rotation invariant. Hence, from Theorems 4.1, 4.2, and 4.4 we obtain

X satisfies (4.1) and (4.3) <= X satisfies (4.4).

Unfortunately, a direct proof of this equivalence does not seem to be possible.

Proof of Theorem 4.4. 1If X is weakly stationary and weakly isotropic, (4.4) obviously holds.
Therefore, let us assume that (4.4) holds. Written out, (4.4) means that

Ep, 1p4(K) /Rd f(z—x)Bg_1(K,dx x D A)
— Ep, 14(K) /Rd £z —x)Ba_1(K, dx x A).

First, choose A = S9~1. Asin the proof of Theorem 4.1, we can show that, for all &+ € SOy,
there exists a function 7y : Ko — Ko such that Ep; g(K) = Ep, g(?K)ny (¥ K) for all
measurable mappings g: Ko — [0, 0o). From (4.4) it follows that

Ep, 15.4(K) /Rd fz —x)8y_1(K,dx x 9A)
= Ep, 14(K) /Rd fz=x)Ea—1(K,dx x A) (by (4.4))
=Ep, 1L4(¥'K) fR f@=x)Bg1(0 K, dx x Anyg1(9'K)
= Ep, 1y4(K) /Rd flz =970 Eg1(K,dx x # A)ny—1 (97 K).
Hence, forallz e R?, A € :B(Sd_l), ¥ € SOy, and Pg-almost all K € Ky, we have
/Rd flz=9"'0)Eg 1(K,dx x Ay (971K) = /Rd f(z—x)Eg—1(K,dx x A). (4.5)

As before let X := (K € Ko | dimK € {d — 1,d}, K € nB%} and r(n) be as defined in
Lemma A.2. Since (4.5) holds for all z € R?, choosing A = S?~! implies that, for all n € N
and Pp-almost all K € JCS"),

>0

/ / f(z—=x)Aq(dz)Cq-1(K, dx)
R4 Jr(n)B4

ng—1(97'K) = (4.6)

/ / fz— l?ilx))»d(dz)cd_l(K, dx)
R4 Jr(n)B4

>0
For fixed z € R? and © € SO, the mappings

X+ f(z—x) and x|—>f(z—z9_1x)
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are continuous. Furthermore, for all K € Jfén), z € r(n)Bd, and x € bd K, we have

fz—x)< max f(y)<oo and f(z—0 'x)< max f(y) < oo.
ye(r(m)+n) B4 ye(r(n)+n)B4

Hence, by dominated convergence the mappings
X > / f(@z—x)Aq(dz) and x / fz ="'y (d2)
r(n)B4 r(n)B4

are continuous for each n € N. This immediately yields the continuity of the mappings
K '—>/ / [z = x)Ag(dz)Cq—1(K, dx)
R4 Jr(n)B4

and
K — / / Fz—0""0r(dz)Cao1 (K, dx)
R4 Jr(n)B4

on Ké"). Since this is true for each n € N by (4.6), the function 1y is equal to a continuous
function for Pp-almost all K € Ky. So, without loss of generality, we can assume that ny is
a continuous function on K. As in the proof of Theorem 4.2 we can then show that, for all
zeR 9 e SOy, continuous (and bounded) g : gd-1 [0, o0), and K € supp Py, we have

/Rd o 1@ 0 TO8E0 B (K, dx x duny - (071K
st

= / fz—x)g(w)Eq—1(K,dx x du).
R x §d—1

Since there exists a K € supp Py that is strictly convex, f is constant by Lemma A.1 and
Theorem A.1. From (4.6) we obtain n,-1 (~'K) = 1 for each ¥ € SO4 and Py-almost all
K € Xo. This implies that Py is rotation invariant and, hence, that X is weakly stationary and
weakly isotropic.

We can rephrase Theorem 4.4 as follows.

Corollary 4.4. Let d > 2 and X be a particle process with intensity measure as in (4.1).
Furthermore, we assume that X satisfies conditions (A) and (B). Then X is weakly stationary
and weakly isotropic if and only if w. is rotation invariant for all z € R?.

Proof. The assertion follows directly from Theorem 4.4.
For Poisson processes this yields the following corollary.

Corollary 4.5. Let d > 2 and X be a Poisson process with intensity measure as in (4.1).
Furthermore, we assume that X satisfies conditions (A) and (B). Then X is stationary and
isotropic if and only if ., is rotation invariant for all z € RY.

5. Processes of cylinders

In this section we want to combine our Theorem 4.4 and Theorem 1 of [6] to obtain a similar
result for processes of cylinders.

Letg € {0,...,d — 1}. We define a cylinder Z with direction space L € £‘ql and basis
K € X', K C L+, as the set Z := K + L, i.e. the Minkowski (vector) sum of K and L.
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Let ZZ be the set of all cylinders with g-dimensional direction space and let Zg - Zg be the
subset of all cylinders with a basis K from K. Both Zd and Z¢ (o are Borel subsets of F'. Let
lef{l,...,d}andm € {0, ..., I}. Throughout this sectlon X1.m will denote a cylinder process
on ijl_l with nontrivial locally finite intensity measure ®. Furthermore, we assume that © is
of the form

@(A)Z/d / / 14(K+L+x)f(L+x)Ap(dx)P(L,dK)P(dL), 5.1
L Ko J L+

A € !B(Zﬁfﬂ. Here, f: 8571 — [0, oo) denotes a continuous function; for each L € £§7l,
P(L, -) is a probability measure on Ky with the property that

P(L,{K € Ko | dimK =m, K C L1}) =1;

for all A € B(Ky), the mapping L — P(L, 4) is measurable; and @ is a finite measure on
oCZfl. Note that f, P(L, -), and ® are not uniquely determined by ®. We can consider X; ,, as
a process of cylinders for which @ describes the distribution of the direction spaces and P(L, -)
the distribution of the bases. Note that X; ,, is a process of convex particles if/ = d andm > 0
and that X, ,, is a process of (d — [)-flats if m = 0. For the rest of the paper we assume that
(I,m) # (d,0).

Before generalizing Theorem 1 of [6], we introduce our main object of study, the generalized
local mean normal measures for a cylinder process. For all z € R?, we therefore define a set
function ., : 3(2371,0) x B(S41) by

pea = [ [ ken
°CZ*1 Ko
X / 146k (X)) f(L +z —x)H" 1(dx) P(L, dK)D(dL),
rel bd K
A€ B(Z4_, ) and A € B(ST). If m =0, we define
/ 14Gx (X)) f(L +z —x)H™ (dx) =1
rel bd K

forall A € B(S9~1). Note that 6x (x) = g1 (x) Naff K.

Remark. Let B € B(R?) be bounded. For A € 8(S* ") and K + L € 29 _, with dim K =
m<land K C LJ-, we have

HN B G (A) + L)) = /L / a1 G @) R )i (@),

By Lemma B.2, Theorem 1.1.7 of [8], and monotone convergence the mapping

K+ L / / 1p(a +b) 145k (@) H™ " (da)irr,(db)
rel bd K

is measurable. The latter (together with Lemma B.2 and respective theorems from [5], [7], and
[8]) implies the measurability of the mappings we use in this section.

https://doi.org/10.1239/aap/1198177229 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1198177229

874 ¢ SGSA L. M. HOFFMANN

Let us state some properties of (.

Theorem 5.1. Letl € {1,...,d},m € {0, ...,1}, and X; m be a particle process with intensity
measure as in (5.1), and let |1, be as defined above. Then the set function

B(ZY_, ) x B(ST™) = [0,00), (A, A) > - (A, A),

can be extended to a measure on JB(ZZ#,O) x B(S47). For rg-almost all z € RY, the measure
is finite and uniquely determined by ©.

Proof. Let A € JB(Zz_l,O) and A € B(S9~1). The first assertion is obvious because we
can rewrite [, in terms of 14« 4. For B € B(R?) bounded, we have, by Campbell’s theorem,

E Z La(K + L —s(K)HTT 1B N (65" (A) + L))
(K+L)eX11m

- / / 1u(K + L) f / / Lo (a + b) Ly Gk () 3" (dayh (db)
L4, J Ko Lt JL Jrel bd K

x f(L+2)Ap1(dz)P(L,dK)P(dL)

[, [ uksn [ [ [ werote@resz-owe
L4, J Ko L+ JL Jrel bd K
x A (db)r, 1 (dz) P(L, dK)D(dL)

_ / 15(2) 1 (A, A)ra(dz).
]Rd

Hence, for Az-almost all z € R?, the measure . is uniquely determined by ®. Furthermore,
we have

E D Iy (K+L—s®NHTNBN G (STH+ 1)

(K+L)eX1m
=E Z H4 =1 (B Nrel bd(K + L))
(K"I‘L)exl,m
=cE Y Cyipm1(K+L.B)
(K+L)eX; m

for some constant ¢ > 0 depending only ond andd —!+m. Here, Cy_;4n,—1 (K + L, -) denotes
the curvature measure of K + L (extended to arbitrary closed convex sets). By Theorem 4.2
of [1] the Borel measure
E > Cotemi1(K+L.)
(K+L)eX1m

on RY is locally finite and, thus, u, is finite for A4-almost all z € R4,

Note that, for | = m = d, the above definition of u (4, A) matches the definition given
in Section 3. Furthermore, X, ,, is a translation-regular (d — I)-flat process with continuous
density as introduced in [6] if m = 0. In this case ., coincides with the direction measure
©(z, -) defined in [6, p. 142]. As before, we call p, the generalized local mean normal measure
of X m at z. We now present the following generalization of our Theorem 4.4 and Theorem 1
of [6].
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Theorem 5.2. Letd > 2,1 € {1,...,d},andm € {0, ...,1}, andlet X; , be a cylinder process
with intensity measure as in (5.1). Furthermore, we assume that there exist L € supp ® and
K € suppP(L, -) such that K is strictly convex in aff K. Then X, is weakly stationary and
weakly isotropic if and only if

U (A, PA) = p (A, A) (5.2)

forallz e RY, A € B(ZY_, ), Ae B(ST™"), and ¥ € SOq.
Proof. If X, ,, is weakly stationary and weakly isotropic it is easy to see that (5.2) holds.
Therefore, we assume that (5.2) holds. If m = 0 the assertion follows from Theorem 1 of [6].
So,letm € {1, ...,1}. The case in which/ = d can be proved in the same way as Theorem 4.4,

i.e. using Theorem A.1. Thus, let 1 <[ < d — 1. First, we consider the case in which m > 2.
Lemma B.2 states that the mapping

K+ L gGx () f(L +z— x)3" " (dx)
rel bd K

is continuous for all continuous functions g: S~! — [0, c0) and z € RY. As in the respective
proofs of Theorems 4.1 and 4.4, by choosing A = $9-1 we can show that, for all & € § 0Oy,
the measure P(L, -) ® ® is absolutely continuous with respect to # o(P(L, -) ® ®) and we can
find a continuous density function. Furthermore, it is easy to see that if K € supp P(L, -) for

some L € supp @ then 9 L € supp ® and 9 K € suppP(J L, ) for all € SO,4. This implies
that supp ® = cﬁzfl.

By (5.2) we have, forall z € RY, A € B(Z4_, (). A € B(S""),and ¥ € SO,

f / 1y4(K + L) Lya(Gx (X)) f(L +z—x)H™ 1 (dx)P(L,dK)D(dL)
L4, Jxo rel bd K

=/d/rum+m
Ly Ko

x / 14Gx () F(L+z —x)H " (dx)P(L,dK)®(L) (by (5.2))
rel bd K

=/ '/LA)(&_I(K-FL))
°CZ—1 Ko

x/ 14Gy-1xg () fFO 'L +2—x)
rel bd(®@ 1K)
x H™ N (dx)ny—1 (97N (K + L)) P(L, dK)D(dL)

=/ / 194(K + L) 19AGxk (X)) fO 'L 4z -0 'x)H™ (dx)
L4, J X rel bd K

X -1 (K + L)) P(L, dK)®(dL).

For the last equation we used the rotation invariance of the Hausdorff measure. The above is
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equivalent to

/.

d—l

/ 14(K + L) 1AGk () f(L +z —x)H" " (dx) P(L, dK)®(dL)
Ko rel bd K
= / f 14(K+L) 146Gk (X)) fOL +z — 9x)H™ ! (dx)
L4, Jxo rel bd K
x ny (WK 4+ L))P(L,dK)P(dL) 5.3

forallz € RY, A € B(ZY_, ), A € B(S?™!), and & € §Oy4. As in the proof of Theorem 4.2,
we can show that, for all K € supp P(L, -) with L € supp ®,z € R¢, ¥ € SOy, and continuous
functions g: S?~! — [0, 00), we have

/ gGx () f(L+z—x)H"™ ' (dx)
rel bd K
= /lbdK gok(x) f(WL+z— X)J'fm_l(dx)nﬁ(ﬁ([( + L)).

Since one of the K's was assumed to be strictly convex in aff K and dim K = dim aff K > 1
it follows, from Theorem A.1 (using rotations ¥ € SO, with L = L), that, for all z € R4
and L € £Z_l, we have f(L +z) = f(L). Choosing A = §9-1 we obtain, from (5.3), for all
A€ B(ZY_ )

/ / 14(K + L) f(L)FH" " (K)P(L,dK)®(dL)
B@d Ko
= /d f 1y-14(K 4+ L) f(@L)ny (9 (K + L) H" ' (K)P(L, dK)®(dL)
La_1 /Ko
=/ f 1y-14(K + L) f(L)YH" Y (K)P(L,dK)D(dL).
£31 Ko

Note that #™~! is rotation invariant. Hence, for (P(L ) ® ®)-almost all K + L € Zd 1.0°
we have f(OL)ny(W(K + L)) = f(L). Let A € :B(Z _pand ¥ € §O4. As

@(ﬂA)Z/d / / IA(UQ_I(K+L-I—x))f(L))\LL(dx)P(L,dK)@(dL)
L Ko J L+

=/ //IA(K+L+19_1x)f(19L)n19(19(K+L))
L4 Jxo J L

X Ayt (dx) P(L, dK)®(dL)
= 0O(A),

the intensity measure © is rotation invariant. Invariance under translations follows analogously.
Now letm = 1 and, without loss of generality,/ = 1 (for! € {2, ..., d}, the following argument
can easily be adapted). For all # € SOy, there exists a continuous mapping

Ny : szl’o — [0, 00)
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such that

f / 14(K + L) 146k (X)) f(L 4z — x)#°(dx) P(L, dK)®(dL)
L4 J Ko rel bd K
- / / Lo(K + L) 145k () FOL + 2 — 2)3(dx) 9 (0(K + L))
L4 J Ko rel bd K
x P(L,dK)®(dL).

Again, for all K € supp P(L, -) with L € supp ®, z € R, ¥ € SOy, and continuous functions
g: gd-1 [0, 00), we have

/ g(Gk (X)) f(L +z — x)#(dx)
rel bd K

- / Lo SOKONS L+ 2= )0 (dx)ny (9 (K + L)). (5.4)

Let K € suppP(L, ) for L € supp®. As K € Ky and dim K = 1, K is a line segment in
L+ with midpoint 0. We define / = [(K) := 1#'(K) > 0. Also, letu = u(K) € S¢~! be
a unit vector such that L+ = {ou | ¢ € R}. In particular, we have K = [—lu, [u]. Here, for
any x,y € R, [x, ¥] denotes the line segment between x and y. Furthermore, let % € SO, be
a rotation with the property that ¥ L = L and Yu = —u. From (5.4) we obtain, by choosing
g=1,
fLH+z+luw)+ f(L+z—1u)=ns(P K +L)(f(L+z+1u)+ f(L+z—1u)),

i.e. ny (P (K + L)) = 1. Note that we chose z such that f(L +z +lu) + f(L+z —1u) > 0.
Let z € R be arbitrary and let g: S9~! — [0, oo) be a continuous function with the property
that g(u) = 1 and g(—u) = 0. Using the same rotation ¥ as before (which has the property
that ny (9 (K + L)) = 1), we obtain

f(L+z+1u)=f(L+z—1u). 5.5

Hence, f (L + -) has periodicity 2/. Combining (5.4) and (5.5) with a suitable choice of g, i.e. a
g that is continuous with the property that g(#) = g(du) = 1 and g(—u) = g(—vu) = 0,
yields, for all ¥ € SO, and z € R?,
Ny (K + L) f(O(L +1u) +z+2lu) = f(L+1u+z+2u)
= f(L+z+1u)
=y (MK + L) f(O(L +1u) + 2),
ie.
f@OWL +1u)+z+2lu) = fFOL +1u) + 2).
Obviously, for all @ € [0, 2/], we can find ¥ € SO, such that 9L + 2lu = 9L + avu. In
combination with (5.3) this yields
fOL+z4+10u+avdu) = f(OL+ z+1%u).

The last equation is equivalent to f(L + z + au) = f(L + z) forall z € L+ and « € [0, 2I].
Therefore, the function f can only depend on L. The translation and rotation invariance of ®
follow as before.
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Remark. Theorem 1 of [6] and Theorem 4.4 are included in Theorem 5.2 as special cases.
Theorem 1 of [6] follows by choosing m = 0 and Theorem 4.4 follows for/ = m = d.

Finally, let us state two corollaries of Theorem 5.2. The firstis a reformulation of Theorem 5.2
and the second is a specialization to Poisson processes.

Corollary 5.1. Letd > 2,1 € {1,...,d}, and m € {0, ... 1}, and let X; », be a cylinder
process with intensity measure as in (5.1). Furthermore, we assume that there exist L € supp ®
and K € suppP(L, -) such that K is strictly convex in aff K. Then X; , is weakly stationary
and weakly isotropic if and only if w. is rotation invariant for all z € R%.

Corollary 5.2. Letd > 2,1 € {1,...,d}, and m € {0,...,l}, and let X; ,, be a Poisson
cylinder process with intensity measure as in (5.1). Furthermore, we assume that there exist
L € supp® and K € suppP(L, ) such that K is strictly convex in aff K. Then Xj,, is
stationary and isotropic if and only if w. is rotation invariant for all z € R?.

Remark. The question remains open of whether the additional assumption that there exist
L € supp® and K € suppP(L, -) such that K is strictly convex in aff K can be omitted in
Theorem 5.2. The latter is directly related to the open problem if Theorem A.1 is true without
the additional assumption that K is strictly convex in aff K. It should also be added that the
results of this paper do not depend on the choice of center function (in our case the Steiner
point) that was used to obtain Py. Only the proof of Theorem A.1 has to be modified slightly
as for any other choice of center function the origin no longer has to be a relative interior of K.

Appendix A. Auxiliary results for convex bodies

In this appendix we collect some results for convex bodies which are needed throughout the
paper. Let K € KX be a convex body and 2 (K, -) its support function. The Steiner point s(K)
of K is defined as !

K) =
SO ra(B) Jga-
For any g € Gy, s(gK) = gs(K) and s(K) always lies in the relative interior of K. More
details on the Steiner point can be found in [5, pp. 42-43]. Now additionally assume that K has
anonempty interior. The map o : reg K — S¢~! is continuous; see [5, p. 78]). Furthermore,
we provide a formula for integrals with respect to the (d — 1)th support measure, which follows
directly from Lemma 2.1 of [9].

h(K, u)wg—1(du).

LemmaA.l. Let K € K with nonempty interior and let f: R? x §4=1 — [0, 00) be
measurable. Then

/ fx,u)Bg—1(K, dx x du) = f fx, 0k (x)Ca-1(K, dx).
Rd x §d—1 R4

We will also need the following lemmas.

Lemma A.2. Let f: RY — [0, 00) be continuous and f # 0. Then, for alln € N, there exists
anr(n) € [0, co) such that

/ / fz=0ra(d2)Eq—1(K,dx x Sy >0
R4 Jr(n)B4

forall K € X" := (K € Xy | dimK € {d —1,d}, K € nB9}.
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Proof. The set T :={z € RY | f(z) > 0} # . Hence, there exists an r > 0 such that
TNrB¢ # &. Wedefiner(n) :=r+nandletx € nB?. Fort € (TﬂrBd), (t+x) e r(n)Bd.
This implies that

/ fz—=x)Aq(dz) > / fz—x)rq(dz) = / f(@Aa(dz) > 0.
r(n)B4 x+(TNrBd) TnrBd

LemmaA.3. Letm € {0,...,d}, K € Ko, and (K;)ien € Ko. Furthermore, we assume
that dim K = dim K; = m for all i € N and that K; — K. For h: S9! x R? — [0, 00)
continuous, we then have

lim h(Gk; (x), x)H™ ! (dx) = / h(Gk (x), x)H™ 1 (dx).
=00 Jrel bd K; rel bd K

Proof. If m = 0 the assertion is true since in this case K; = K = {0} foralli e N. If m =d
the theorem follows from LemmaA.1 and the weak continuity of the mapping K — E4_1(K, -).
Hence, we assume thatm € {1,...,d — 1}. If K; C aff K for almost all i € N the assertion
follows from the case in which m = d. Otherwise, since dim K = dim K; = m foralli € N,
there exists a rotation ¥; € SOy such that 9; K; C aff K. We choose 9; in such a way that
d(¥; K;, K) is minimal. Obviously, ¥; K; converges to K and we have

lim h(6§iki(x),x)]€m_l(dx)=f h(Gk (x), x)H" 1 (dx).
=00 Jrel bd ¥ K; rel bd K

The continuity of 4 and a compactness argument then yield the assertion.
One of the major tools used to prove the results of this paper is the following theorem.

Theorem A.1. Letd > 2, let K € Kq such that dim K = m > 0, and let K be strictly convex
in aff K. Furthermore, let f: R? — [0, 00) be a continuous function. Then f is constant if
and only if there exists a function n: SO4 — [0, 00) such that

/lbdKf(Z—15‘X)g(5K(X))J€m*1(dX)77(19) :/ fz=x)gGx(0))H" (dx) (A1)

1bd K
forall 7 € R4, ¢ € SOy, and continuous g: S9=1 5 10, 00).

Proof. The only-if part is obvious, so let us assume that (A.1) holds. First, letm = d. Recall
that o is continuous on reg K and that #¢~1(bd K \ reg K) = 0. Since K is strictly convex,
no two points on the boundary of K have the same outer normal vector. Therefore, for any
x e reg K, we have

for all ¢ > O there exists a § > 0 for all y € reg K such that
lok(x) —ox Wl <éd = llx —yll <e. (A2)

Here || - || denotes the Euclidean norm. We fix z € R? and x¢ € reg K. Furthermore, we assume
that there exists a ¥ € SO, such that

f@—0x0)n(@) > f(z— xo)n(P).
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Since f is continuous, there exists a ¢ > 0 such that f(z — dy)n(@) > f(z — y)n(®)
for all y € R with ||y — xg|| < &. We choose § > 0 as in (A.2) and define a mapping
g: gd-1 [0, c0) by

1
gu):=1- EIIM — ok (x0)||

for all u € (ok (x0) + 8B N $¢~1 and g(u) := 0 elsewhere. Note that g is continuous. Let
S := (ok (x0) + 8(int BY)) N S~ be the set of all unit normals in a §-ball around og (xo). By
the continuity of ok,

H' T (reg K No ' (8)) > 0.

Additionally, we have

f@=0x)n@)g(ok (x)) = f(z —x)n(@)g(ok (x))

for all x € bd K and

f@=0x)n@)g(ok (x)) > f(z —x)n(@)g(ok (x))

forallx eregK N O'El (S). This yields a contradiction to (A.1). Hence,

f@=0x)n@) = f(z—x) (A3)

forall € SO, and all x € reg K. Since f is continuous and reg K is a dense subset of bd K,
this holds for all x € bd K. Now let 9 € SOy have the property that there exists a u € §97!
with ®u = u. Then we can find an x € bd K with x = au for some o € (0, co) and, thus,
vx = x. It follows, from (A.3) and f = 0, that nﬁfl(ﬁ’ll() = 1. Let x € bd K be fixed.
If d > 3, forany y € ||x||S?~!, we can find 9 € SOy with the property that 9y = x and
u € S with 9u = u. As we just proved, the latter implies that (%) = 1. This yields
f(z—y) = f(z— x) and, thus, f is constant on z + ||x||S¢~'. This implies that, for z € R4
and y € (z + 2||x[|59~1), we have

f@)=fO).

For 7/, 7" € R with ||lz/ — 2| < 2|x],
@+ IxISH N @+ IxollsT) # o

and so f(z') = f(z”) must hold. This can only be true if f is constant on the whole of R¢.

Letd = 2. Foru € ', let x = x(u), x’ = x'(u) € bd K be the points on the boundary
of K that lie on the half-line {ou | « > 0} and {ou | @ < 0}, respectively. Furthermore, we
define

S:={x@w) —x'(u) | ue S

Note that S is a closed curve and the boundary of a star-shaped set with nonempty interior.
From (A.3) we can deduce that, for each z € R2, the function f is constant on z 4+ 2 and the
latter implies that f is constant.

Now let m < d. In aff K, K is strictly convex, so (A.2) holds for K if we replace o by 6
and reg K by the set of all points on rel bd K that have a unique outer normal vector in aff K.
The assertion then follows as in the case in whichm = d.
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Let X be a particle process with intensity measure as in (3.1). Throughout the paper we
have implicitly used the fact that the measure

a‘\af—)/ / 14(x, K)Eg_1(K, dx x ST Py(dK)
Ko JRI

on B(RY) ® B(XKy) is o-finite. Define J{é") ={K € Ko | K € nB%};itis easy to check that
Ay = RY x JCé") has finite measure.
Appendix B. Auxiliary results for cylinders
In Section 5 we used the following lemmas.

Lemma B.1. The sequence (K; + L;)ien € ZZ)O convergesto K + L € ZZ,O in F' if and
only if K; converges to K with respect to the Hausdorff metric and L; to L in F'.

Proof. The only-if partholds by Theorem 1.2.3 of [8]. For the if part, note that GCfll is compact
and metrizable; see [7, Chapter 1]. Hence, any sequence (L;);cn of linear subspaces contains a
convergent subsequence. Using Theorem 1.1.2 of [8] and the definition of the Hausdorff metric
it is a straightforward calculation to show that the assertion holds.

LemmaB.2. Let | € {0,...,d}, let z € R?, and let f: ¢, — [0,00) and g: S?~! —
[0, 00) be continuous functions. Then the mapping

Z4_ 10— [0,00), K+ L gk ) f(L +z—x)H™ ! (dx),
rel bd K
is continuous.

Proof. LetK + L € Zﬁ_,’o be fixed and let (K; + L;) be a sequence in Zz—z,o converging
to K + L. By Lemma B.1 and a compactness argument, for all ¢ > 0, there exists an ip € N
with the property that

max L +z—x)— f(L+z— <e
max f(Liy 2 =) = (L2 =)

for all i > ig. This implies that, for all &’ > 0, we can find an i(/) € N such that
/ g6k, (O f(L 4z —x)H" (dx) — ¢
rel bd K;
< / ¢k, () (Li +2 — )3 (dx)
rel bd K;
Sf @k, (N f(L 4z —x)H™ " (dx) + &
rel bd K;

holds for all i > i;. Combined with Lemma A.3 this yields the assertion.
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