AN INEQUALITY FOR POLYNOMIALS
M. A. Malik
(received August 17, 1962)
n
Throughout this note let p{z) = = avzv be a polynomial
v =0

of degree n. The following results are immesadiate.

THEOREM A. For R>

Zm 0.2 on 2T g 2
(1) [ [p(Re™)|ds < R™ [ [p(e™)| a0
0 0

THEOREM B. If p(z) has no zeros in [z[ < 1, then

2m 0.2 R%+1 2T g 2
(2) [ Ip(Re")|"d8 < =—— [ [p(e )| do
0 B 0
for R>1

Theorem B was proved by Q.1. Rahman [2]. This result

is the best possible and equality holds for p(z) = a+§zn where

lal = 18] -
We prove the following

THEOREM 1. If p(z) has no zeros in ]zl <k, k>ti,

then

2w 2n 2n 2m

| . o
() [ Ipre®)[%a0 < B [ yp(el®)[%a0
0 . 1+ k 0-

un
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2
fo_r R>k . And

27 2T .
i9 2 6.2
(4) [ |p(Re™)|“d0 <R" [ [p(e™)|"ae
0 - 0
2
for 1< R<k.
If p(z) =ozkn+ ﬁ\zn, where Ioz| = IB{, then (3) becomes

an equality.

Proof of Theorem 1. To start with let us suppose that

n
p(z) has all its zeros on Iz[ =k, so that p(z)=an tT—Ti (z—zt)~
. n v
where ,zl:lzlz...zlzlzk. Hence if p(z)= Z a z ,
1 2 n V=0 v
-2 -
then Ia l=kn vla I and
v n-v
2w n
ig_,2 2.2
j |p(Re1)l do =2 = ]avl rR“Y
0 v =0
n RZn—Zv +k2n-4v RZv
=T = 2n-4v
v =0 1+kn
2 2
X .
(174 12, 1)
Now, if Ofv <n then
2 2 2n- -
Rn+kn kn4vR2v+R2n2v
2 _
14k 1+ KR
2v 4 2n-2 2n-4 2 2n-2 4n-
TR KR T L rEY - R S
- 2 2n-4
1+ k™ 1+ 77
>0
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2
for R>k . Thus the greatest of the quantities

2n-2 2n-4 2

Rn v+kn vRv ' R2n+k2n

i Pndv for v=0,1,2,...,n is ——T——
1+ k 1+kn

2
if Rzk, and

27 2n 2n 2T

() [ IeRe'®)|%a0 < B [ |p(e’®)| a0 .
0 T o1+k 0
z" k2
If q(z):(*lz) p(z—), then |q(z)| = |p(z)| for |z]| =k.

If p(z) #0 in |z]| < k it follows that |q(z)| < ]p(z)ll for
. 2 =
[zl < k. On replacing z by -::— we deduce that for !z‘ > k,

|p(z)| < |q(z)|. Then it follows from a known result [1: p. 88.
Problem 26] thatif p(z) # 0 in |z| <k, then for 0< n< 2m

all the zeros of p(z) + M q(z) lie on the circle [z[ = k.

Applying (5) to the polynomial p(z) + e q({z) we get

2m
. . 0 2
f [p(Rele) + eln q(Re1 )l de
0
2n 2n 2m
R +k i0 i ig ,2
< ~— J Ip(e™)+eMqle™)| a0 .
1+k 0

We now integrate both sides with respect to n from 0
to 2m. From the above it is clear that for 0< 6<2m,

Ip(Reie )| < lq(Reie )I and lp(eie )] > Iq(eie )I. On inverting

the order of integration we obtain

Zm in, 2 Zm 0,2
f li+enl dn X f |p{Re )| do
0 . 0
2n 2n 2m . 2T .
§R————+ lz‘n S lp(ele)lzde x [ |1+ el"'(zdn .
1+k 0 0
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This proves (3).

2m
i0 2
Now log f lp(re1 )] "d® is a convex function of log T,
0

2
and therefore for 1 <R <k

2m

. 2
(f Ip(Rele)IZdG) log k
0

2m k 2™

| o
(J Ip’e™®)|%a0)
0 0

log R

2m . log = 2 2m 0 2
<(f Ipe®))%aey N aHOER (S |p(e™®)]%a0)

0 0

log R

2T 2
2n, log R i6 2 log k
= (&) BT (S Ipe’)|%a0) %8

0

or 2
2w ) log R/log k2w . .
([ Ip(Re™)[%a0) < (x*) (f 1p(e'®)]%a0)

0 - 0
2m
io 2
=R" [ [pte’?)| a6 .
0

Hence the result.

THEOREM 2. If the geometric mean of the moduli of the
zeros of p(z) is at least equal to k, then

2m

[ Ip(re™®) |20
0
2n
2 log R/log (1+k )
€1+k2n)11 + kz'q 2 0 .2
< — ([ Ipe™)|%a0)
1+ k 0
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2
for 1<R§'\/-(1+k n), and

2 2n 2n 2w
i9_,2 R 7+ k i, ,2
[ Ip(Re™) a0 < =—=— [ |[p(e")|“as
0 1+ k 0

2
for R>N{1+k™") .

Theorem 2 can be proved on the same lines as Theorem 2
of [2].

I am grateful to Dr. Q.I. Rahman for suggesting this
problem to me and for assisting me in the preparation of this

paper.
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