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DELEEUW’S THEOREM ON
LITTLEWOOD-PALEY FUNCTIONS

CHANG-PAO CHEN, DASHAN FAN anp SHUICHI SATO

Abstract. We establish certain deL.eeuw type theorems for Littlewood-Paley
functions. By these theorems, we know that the boundedness of a Littlewood-
Paley function on R" is equivalent to the boundedness of its corresponding
Littlewood-Paley function on the torus T".

81. Introduction

Let R™ be the n-dimensional Euclidean space and T™ be the n-dimen-
sional torus. T™ can be identified with R™/A, where A is the unit lattice
which is the additive group of points in R™ having integral coordinates.
For an L'(R™) function ® we define ®;(z) = 27" ®(x/2"), t € R. Then the
Fourier transform of ®; is ®,(¢) = &(2£¢). The Littlewood-Paley g-function
9o (f) on R™ is defined by

(1.1) g0 f(z) = (/R 1, f(:n)]th>1/2,

initially, for f in the Schwartz space S(R™).
_ The Littlewood-Paley g-function on T" can be defined similarly. For
f e C>®(T"), f has the Fourier series

f(l’) _ Z ak€2m‘<k,x)’

keA

where (z,§) = 2181 + x2€o + -+ + 25§, for © = (21,...,2,) € R" and
é-: (517"';577,) € RTL We let

(1.v) Gafto) = ([ 10 f@)ﬁdt)l/z
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where

q)t*f Z(I) 2t 2mkaz>

keA

For a nice function ®, the following theorem is well-known.

THEOREM A. Suppose that ® € S(R") satisfies [z, ®(x)dx =0. Then
for any p € (1,00)

(1.2) llga (f)llLr@ny < ALl fll e @y,

(1.3) 1Gao (f)llLocrmy < A2l fllocrn)-

In additional, if ® is radial and non-zero, then

(1.2) | fllzr@n) < Billga (f)llLe®nys

(1.3) £l ocrmy < BollGo (F)ll Loty

for any f satisfying anf = 0, where Ay, A, By and Bs are positive
constants independent of f and f.

The smoothness condition on ® in Theorem A can be replaced by some
weaker conditions (see [DFP], [Sal]). One of the results in [DFP] is the
following

THEOREM B. Let m,n € N and A :R"™ — R™ be a linear transforma-
tion.

Suppose that ® € L!(R") satisfies

(i) [ sup D] * fllze@ny < Cpll fllpwny for all p € (1,00),
(S

(i) |B(€)] < C min(|Ag|*, |A¢|7P)

for some «a, > 0 all £ € R™. Then for every p € (1,00), there exist
constants C' = C(p) > 0 and C’' = C’(p) > 0 such that

(1.4) llge ()l zerny < Cllfllrre)
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and
(1.5) |G (F)llrermy < C'IfllLecrmy,

for f € S(R") and f € C®(T").

When ® € S(R") and [, ®(x)dz = 0, one sees easily that (i) is satisfied
and |®(£)| < Cmin{|¢], €]~} always holds.

After submitting the paper, the second author of [DFP] noticed that in
early 80’s, Kaneko [K] already established several deLeeuw type theorems
and proved that, merely assuming ® € L'(R") (without conditions (i) and
(ii)), inequalities (1.4) and (1.5) are equivalent (see [L][K]|[KS][KT][SW] for
the history of deLeeuw’s Theorem). The first purpose in this paper is to
give a different proof from that in [K] and we will show that the constants
C and €' in (1.4), (1.5) are the same. More precisely, let

B = sup{|lgs (f)llLr®n), | fllLr@ny = 1}
and
B = sup{||Ga(f) o (Tny, [| flI Lo (Tmy = 1}

THEOREM 1. Suppose ® € L'(R™) and 1 < p < co. Then B = B.

The proof of B < B is essentially contained in Theorem 2 of [K]. We
will only prove B < B. To this end, we will invoke the following lemma in
[F].

LEMMA 1. ([F] Lemma 3.7) Suppose that ® € L'(R"). Let W(z) be a
continuous function with compact support, and set WY/N (&) = W(¢/N). If
U satisfies U(0) = 1 and U € L'(R™), then for any f = Y ke cpe?™iok) ¢
C>®(T™) and any positive integer N,

(1.6) U(y/N) (D * F)(y) = B4+ (FOYV)(y) + Ty ()

for all y € R™, where

Tnar(y) = =) cpe®™ Wk / U (2)e? @/NUH (2t /N +2k) — &(2'k) Yda:
keA "

tends to zero uniformly for y € R™ and —R <t < R (R > 0 is any fized
number), as N — o00.
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The proof of B < B can be found in Section 2. As mentioned before,
we use a different proof from that in [K], which also allows us to treat the
case 0 < p < 1, namely the Hardy spaces HP. Let HP(R™) and HP(T"),
0 < p <1 be the Hardy spaces on R™ and T", respectively. We have the
following result.

THEOREM 2. Suppose that ® € LY(R"™), 0 < p < 1. Then

(1.7) 192 (F)lrny < ClI [ e @n)

for all f € HP(R™) NS(R™) if and only if

(1.8) IGa (o < C' N Fll e rmy

for all f € C>®(T"). Here C and C' are two positive constants.

Let |E| denote the Lebesgue measure of a measurable set E. We also
can establish a weak type theorem.

THEOREM 3. Suppose that ® € L'(R").
() o € R, ga(f)(@) > A < BISIE, g /7
for all f € S(R™) and all X > 0 if and only if
o € Q,Go(F)@) > NI < BIFIE oy /N7
for all f € C®(T™) and all X > 0, where 1 < p < co and B = B.
(i) {z € R" go(f)(x) > A} < Cllf gp ey /A
for all f € S(R™) N HP(R™) and all X > 0 if and only if
o € QuGolP)(@) > A < C1F gy /N

for all f € C°°(T") and all X > 0, where 0 < p < 1. Here Q = [-1/2,1/2]"
is the fundamental cube on which

- f(z)dx = /Qf(:c)d:r
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Theorem 2 and Theorem 3 will be proved in Section 3 and Section 4,
respectively. But here we want to remark that the proof of B < B in (i)
of Theorem 3 was obtained in [K] already, while the “only if” part of (i)
in Theorem 3 is a significant improvement over Theorem 1 of [K]. In [K],
Kaneko obtained B < pB/(p — 1) so that his result works only for p > 1.

In Section 5 we will study deLeeuw’s theorem on (1.2") implies (1.3').
Precisely, we will prove

THEOREM 4. Suppose that ® is a nonzero function which satisfies
[®(z)] < C(L+ |z)7"° with some § > 0, and [g, ®(x)dz = 0. Then
(1.2") implies (1.3") for p € (1, 00).

In the case 0 < p < 1, we have

THEOREM 5. Suppose ® is the function as in Theorem 4. If

(1.9) Il e @ny < Cllga (f)l e @)
for all f € HP(R™) NS(R™), then
(1.10) 1l zzo oy < C'NIGo(F)ll Loy

for all f € C®(T™) satisfying Jrn fdz = 0.

Remark. 1t is easy to see that the condition an fdx = ( is necessary
in Theorems 4 and 5.

In this paper, we will adopt some ideas in our previous paper [FS1].
Also, the letter C' and C’ will denote positive constants that may vary at
each occurrence but are independent of the essential variables. We also
denote f(x) = g(x) if there exist positive constants C; and Cy independent
of = such that C; f(x) < g(x) < Caf(x).

§2. The “B < B” part of Theorem 1
Fix R > 0, we define

(2.1) Apf(z) = {/t|<R | B * f(x)’%it}l/?.

Since Agf increasingly tends to {Jz @, % f(x)[2dt}/? and C°°(T") is dense
in LP(T"), it sufficies to show that

(2.2) IARF | Lerny < Bl fllo(rm)
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uniformly for f € C(T") and R > 0. Fix a positive integer K, define the
set Qi by
Qg =[-1/2—-1/K,1/2+ 1/K]".

Let ¥ be a function in S(R") satisfying supp ¥ C Qg, 0 < ¥(z) < 1, and
U(z) =1 on Q. Noting Agf is a periodic function, we have

1/p

1ARF oz = {N" / RN rpdx}

p/2
_ N"/ (/ |\IJ(x/N)§>t*f(x)|2dt> de
ne \Ji<r

Thus by Lemma 1, we have that

(2.3) ||A f“ < N—n/ /|(I) (\Ifl/Nf)( 234 p/2d 1/p
. RJllLr(T?) = e Uk t* )| €T

1/p

p/2
+{NT" / ( / \JNVQt(x)th) dx ,
NQ [tI<R

and that the second integral on the right side of the above inequality goes
to zero as N — oo. On the other hand, the first integral on the right side
of the above inequality is equal to

(2.4) NPl go (WY )| 1o eny -

1/p

Thus by the assumption and the choice of V¥, it is bounded by

- 1/p
If(x)lpdﬂf}
Qp

where NQ0x = [-N/2— N/K,N/2+ N/K]|". Choose N such that N/K are
integers. Then as N — oo we have, since f is a periodic function, that

(25)  NTPBIUYY g < BN { /

- -n n F P e
HAR<f>HLp<Rn)SB{N (N + 2N/ K) /Q (@) daz} o(1)
= BO+ 2/ K)o e + o1).

Letting N — oo, then K — oo, finally R — 0o, we obtain HGq)(f)HLp(’]I‘n) <
BHfHLp(Tn). The proof is complete.
We now present several applications.
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COROLLARY 1. Suppose ® € L'(R") and satisfies [ ® = 0. If

s [ Te@a ozl — )l dedy <o

then
1Ga(f)llrny < CllfllLoeTm)-

Proof. We obtain this corollary by Theorem 1 and Proposition 3 of
[Sal]. Similarly by Theorem 1 and Theorem 1 in [Sal], we have

COROLLARY 2. Let ® € LY(R") satisfy [® = 0. If ® satisfies the
following conditions

(1) B.(®) = / |®(z)||z|°dx < 0o for some & >0,
lz|>1
1/u
2 D,(®) = O (x)|“dx < oo for some u > 1,
@ @=([ o)
(3) He(z) = Sup [(y)] € L'(R™),
y|>|z
then

IGe(Pllzoermy < Cllflloeny  for all p e (1,00).

In the one dimensional case, we let ®(x) = signz(1—|z|)*~" with o > 0

if |x| < 1 and ®(z) = 0 otherwise; and denote Go(f) = pa(f). The square
function p; coincides with the ordinary Marcinkiewicz integral on T'. By
Theorem 1 again together with Theorem 4 in [Sa2], we now have

COROLLARY 3. Forp € (1,00) and o > 0 we have

e (Dl oy < ClUF N oy

provided o > (2 —p)/2p.
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83. Proof of Theorem 2

First we prove the “only if” part. Let Ag be defined in Section 2. It
sufficies to show

(3.1) IARF) | ocrmy < CUFll ey

with C' independent of f and R > 0. By the discussion in [FS1], we may
assume fQ f(z)dx = 0. Take

(3.2) U(z) =]

(1- 4$?)+
1

n

Then from (2.3) and (2.4) we have, as N — oo,

(3-3) ARy < N7 lg0 (LN )7 gy + 0(1).

Thus by the assumption,

ARG pmy < CNTICYN FI1R ) + o(1).
By checking the proof of (4.7) in [FS1], we have
(3.4) NN FIR o < Cl B

with C being independent of f and N. Thus we prove the “only if” part
by letting N — oo.

Next, we turn to prove the “if” part. Let D(R") = {f € S(R") : f has
compact support}. Since D(R"™) N HP(R"™) is dense in HP(R"™), it is enough
to prove the theorem when f is in D(R™) N HP(R™). In order to do so,
we follow the idea in [SW] to define f., for ¢ > 0, to be the dilated and
periodized version of f, viz

=g " Z fle (z+m)).
meA
Then by the Poisson summation formula
_ Z f(€/€)62m<k’m>.
keA

By the definition of the Riemann integral, we know that

D, + f(x) = 615& on (2t em) f(em)e2miema),
meA
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Thus by the Fatou Lemma, we have
/ @, % f(x ]2dt<hm1nf / € ) ®(2em) f(em)e ™) 2t
meA

Following the proof on page 265 in [SW] we let n(z) > 0 be a function in
D(R") satisfying n(0) = 1 and ) ., n(z +m) = 1. By Fatou’s lemma
again, we have

HgQ(f)”IzP(Rn)
~ . 2
< lim inf / (ex) / €" > d(2'em) f(e )2m€<m7$>|2dt}p/ dz.
meA

By changing variables on z, it is easy to see that

”g<1>( )HLp R™)

<timipter [ @ |15 deemiemen o pa)” .

meA

After changing variables 2'e — 2' and using the fact >, -\ n(z +m) =1,
we now have

HgQ(f)”I[?/P(Rn)

< 1igiiglf5np_n/ {/ | Z 27T'Z‘<m7q:>|2dt}p/2d$

meA
= lignﬂiglf ghP—n ||G<b(f€) HLP(']T")'

By the assumption, we have that
9 (N ry < CTiming €27 ol

From Lemma 3 in [LL], liminf. o 6”(1_1/p)||f5\|Hp(qrn) = || fllz»@n). Thus
we have
lga (f)|ze@ny < || f || e emy-

Let uo be defined as in Corollary 3. By Theorem 2 and Theorem 4 in
[Sa2] we have

COROLLARY 4. Fora >0 and1>p>2/(2a+ 1) we have

Hﬂa(f)HLp(Tl) < CHJEHHP(Tl)-
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84. Proof of Theorem 3

First we prove the “if” part. The proofs for (i) and (ii) are essentially
the same. We prove (ii) only. For f € D(R") we define f,, for ¢ > 0 as in
Section 3 and define

Biox f(0) = 3 B(2'em) f(em)eXmiom),

meA

Then we proved in Section 3 that lim._,q 5”@,575 * fs(sa:) = &y x f(x). We
write

([t FeopPar) " = 1.t

By changing variables 2'c — 2!, it is easy to see that

(4.1) T.f-(x) = Go(f)(w).

Let n(xz) = xg(«). Then by the Fatou Lemma for each € R", we have
go()(2) < liminfn(ea)e" T - (<)

By Fatou’s lemma again, for each A > 0

{z € R", go(f)(x) > A}|
< h?i%lf {z e R", n(ex)T. f-(x) > e "}

(by changing variables on z)
< lim iglf ez € Q,T.fo(x) > Ae™"}|.
e—

By (4.1) and the assumption of the theorem and Lemma 3 in [LL], the
above limit is bounded by

hmmeHfEHHp(Tn PN < O\ f oy / AP

The “if” part is proved. Now we turn to prove the “only if” part. For any
f , without loss of generality, we assume fQ f x)dr = 0. Let Ar be defined
as in Section 2 and ¥ be as in (3.2). Then for any A > 0 fixed,

[{z € Q: |ARf(2)] > A} = N™"[{z € NQ : [Agrf(x)] > A}
< N7"{z € NQ: [¥(z/2N)Arf(z)]| > (3/4)"A}.
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By Lemma 1 we know that En(z) = (fi{R | N 2t (z)|?dt)'/? — 0 uniformly
on z, for any € € (0, ), so that we can choose N sufficiently large such that

{z € Q: |Arf(z)| > A}
< N7"{z € R": |ga(W/ N f)(2)| > (3/4)"(A - &)}.

Thus in case (ii), by the assumption and (3.4) we have

{z € Q:|Arf(x)] > A < CNT WY CN Fl o gay /(X — )}
< C{lFll o e/ = )}P,

where C is independent of ¢ and R. Letting R — oo and noting ¢ is
arbitrary, Theorem 3 (ii) is proved.

We can prove case (i) by combining the idea of the proof for case (ii)
and the method of Section 2.

85. Proofs of Theorems 4 and 5

5.1. Proof of Theorem 4

Choose a function ¥ € C* such that ¥(x) =1 on [-1/2,1/2]", 0 <
U(z) <1, and supp ¥ C [—1,1]". As in the argument in Section 3, for any
f(:c) = Zkﬂ) cp€2™*k) and any positive integer N,

1Ga ()l e (rn)
> {sn)™ /{WAN]” { /R U (2/N)®, * f‘(m)]th}p/ de}l/ g

Thus by Lemma 1, we have that
1Ga ()l e (rr)
_ /2 1/
> {(8N)"/ {/ @y (U F@)Pat} e}~ B,
[—4N4N]n ¢ JR

where

By = {(88)" /{WW ([ Fwartorpar)”aa} ™.

Furthermore, we have that

(5.1)  Ga(Hle@n = BN)?llga(N )| Lo@n) — En — En
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with Ex = {8N) ™" [ son (g [®ex (W ) (@)]?dt)P/2da} /P, where [a]* =
max{|z1],...,|zn|}. By the assumption,

(BN) TPl ga (WYY )| o(ny = (8N)/PByH [ WY F| 1 en

~ 1
ECN”W{/ |ﬂwwm}”
[-N/2.N/2]"
> Clfllzermy-

This shows that there is a positive constant C' independent of N such that
1Go ()l oermy = ClfllLrerny — En — En-

Thus to complete the proof of Theorem 4, it remains to show

(5.2) lim Ey =0,
N—o0

(5.2) lim Ey = 0.
N—o0

We prove (5.2) first. Changing variables y/N — y, /N — z and 2'N — ¢,
it is easy to see that £y is bounded by, up to a constant independent of N,

> ; p/2 \1/p
([ e apwe Y a5 i zeta) a)
jalr>2 \o g o

For any € > 0, there is an M > 0 such that ek <e. Thus,

Ev<el+ Y lelng,
| <M k0

where

= s e o)y ey
Ing = {/W>2 / ‘/nt‘”@< >\p( ) 2m’(k,Ny>dy‘2%)p/2dx}l/p'

Clearly, to prove (5.2'), it suffices to show I < C and limy_.oc Iy = 0 for
each k # 0.
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Recall supp ¥ C [—1,1]". We have that ® (%) < CA+ |z|/t) "9 if
y € [—1,1]" and |z|* > 2. Thus

r=cf /lw>2 { /000(1 + Ix\/t)’Q"’%t*?"*dt}p/ng;}l/p
= /lw>2 { /Om|(t/|$’)2n+26t2"1dt}p/2d:c}l/p
+C{/| {/Oo t*2"*1dt}p/2dx}l/p
z[*>2

x|

_ 1/p
< {/ || "pdaz} < C, because p > 1.
|z|*>2
Next we prove limy_o Iy = 0 for all £ # 0. Put
Fu(at) = [ 670 o= ) BV dy,
GN(x):/ |F (z, 1))t dt.
0

Then by the Riemann-Lebesgue theorem Fy(x,t) — 0 as N — oo, since
k # 0; and for |z|* > 2

[Py (2, ) < C(1+ |l /1) 72020420

with a constant C' independent of N. Thus by the dominated convergence
theorem we see that Gy (z) — 0 as N — oo for each fixed = with |z|* > 2.
Furthermore, by the estimate in the previous paragraph we have

Gy (z) < Cla|™"

with a constant C' independent of N. Applying the dominated convergence
theorem again, we have

1/
|z|*>2

N—oo N—oo

This completes the proof of (5.2').
Now we turn to prove (5.2). We prove

(5.3) lim [ |Jyot)?dt =0
N—oo Jp ’
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uniformly for x € R™. The proof is similar to that of Proposition in [FS2],
but here we need the idea in [Sal]. Since

Wy (@) < CS el / ) [B(2k) — D@k + 2 /N)|de
keA
k#0

and {c;} decays rapidly, it suffices to show

(5.4) (L(L @b m) at) < c
(5.5) ([ ([ @b 2emie)a)” <c.
(5.6) lim (/R (/ G {B(2) — B2k + 2t§/N)}|d§)2dt)1/2 ~0

N—oo

for each k # 0, where C' is independent of k and N. The proofs of (5.4) and
(5.5) are the same. We prove (5.5) only. It is easy to see that ® satisfies
the assumption of Corollary 1. So, by the proof of Proposition 3 of [Sal]
we have

Sup/|q)2t )|2dt < C.
€R™

Thus by the Minkowski inequality,

([ (] @ 2emic) ar) "

< ([ 1@ ( [ b rempa) o

<C [ |¥EPd<c
Rn

Finally, we prove (5.6). If we change variables 2! — ¢, by checking the proof
of (5.5) and by the dominated convergence theorem, we only need to show

oo

(5.7) Jim_ i |D(tk) + (t(k 4+ &/N)) >t~ dt =0,

for each fixed £ € R". Put m =k + {/N. Note that
|D(2'k) — (¢ )\2

// )( —2mi(z,tk) 6—27ri(x,tm))(€27ri(y,tk) N €2m‘<y,tm))dxdy
R XR"
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Since |®(x)] < C(1+ |z|)™"7°, as in the proof of Proposition 3 of [Sal] we
have

/°°|A<tk:> b () 4t

— (x/2) //RR B(y){—isenll, & — 1) + isgnlz, m) — (g, k)
+isgn((z, k) — (y,m)) — isgn{m,z — y) }dzdy
+//Rann O(z)®(y){—log |(k, x — y)| + log |(x,m) — (y, k)|
+log [(z, k) — (y, m)| — log [(m,x — y)| }dzdy.

Since k # 0, the set {(z,y) : (k,z —y) = 0} has measure 0 in R"” x R".
Therefore, it is easy to see that the first integral on the right hand side

tends to 0 as N — oo. The same is true for the second integral. To see
this, fix £ and let

In = / /R () 108 (o) — ()| o (. — y) oy

Then Iy — 0 as N — oo, and

tim [ [ (@)l |w.m) — ()]~ Tog (k. — )] pdady =0,

N—oo

The proofs are similar. We prove limy_.o, Iy = 0 only. This will proves
(5.7).

We assume n > 2, since the 1-dimensional case can be treated in the
same way, and is easier. First, without loss of generality we may assume
k=e =(1,0,...,0). Then we have
Iy =

/ /R B ()8 (y) {log |1 — 1 — (4. €/N) | ~log |1~y + (€/N,  — y)|}daxdy.

Put ¥’ = (y2,...,yn). By changing variables we have

Iv= / / B(@){D(y)—B(y1+(¢/N, z),y/)}log |21 —y1— (y, &/N)|dady.
R” xRn
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Put n = e; + {/N, then |n| = 1 if N is sufficiently large. Take a rotation
Ay such that Ay'n = |n|er. Then, changing variable, we see that

Iy = / / 2){nB(y) — NB(y + (/N ) Axter)}oglar — [nly|dedy

/ / YDy + 1. ol )~ VB (g1 . Il )+ I/ N, 2) Axten))
log |y1|dxdy,

where y®(y) = ®(Any), Y0(y) = |~ @ (|| ""Any). Let
IIN(.’E) =

/R IN® (y1+a1, [1]y) N @((y1 +a1, |nly') +[n|(€/N, ) Ayter)| |log |y |dy.

We prove
(5.8) Iy(x) < Co(1 + [a]"),

where 0 < v < min{1,0} and C, is independent of  and N (N is sufficiently
large). Since

(5.9) [ log [t][ < Cxo,1) (1)t + Cx(0,00) ()7,

(5.8) is an immediate consequence of the following estimates:

(5.10) /R No(ys + 21, Inly)| [y 'y < C(1L+ |a]),

(5.11) /R NG (g1 + 2, Inly') + Inl{€/N, 2) A5 en)] [y 'y < C(L+ |e]7),
(5.12) /R Ny + 2, Inly) oy (o | 7y < C,

(5-13)/ INO((yr + 21, [nly') + Inl(€/N, z) A" er) [x o, ([y2 ) ly2| 7dy < C.

Put P(x) = (1 + |z])™ % Then |N®(x)] < CP(z). So, the proofs of
(5.10) and (5.11) are easy. The proofs of (5.12) and (5.13) are similar. We
prove (5.13) only. Put Ay'e; = (a1,a’) and P(2) = (1+ |2/])~"%. Since

P(z) < P(2), the 1ntegral in (5.13) is bounded by
C [ Pnly' + alte/N,2)a o (Dl

— |~ D /R PO (91| .
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This proves (5.13).
Now we have

Iy < / |® ()| [ IN(z)dx —|—/ |®(z)| 1IN (z)dx =: I+ INMm-
|w|<M |z[>M

Given € > 0, by (5.8) we can find M > 0 such that Jy < ¢ uni-
formly in N. Therefore, to prove limy_ Ixy = 0, it sufficies to show
that limy .o In,p = 0 for each fixed M > 0. Put

IIn(z,y) = [N®(y1 + a1, [nly') = VO((y1 + 21, [nly') + n|(¢/N, z) Ay e1)].

We prove

(5.14) lim ITIN(z,y)|log|y:| |dy = 0
L=eo Jlyl>L

uniformly in N and z satisfying |z| < M. By (5.9), it suffices to show the

following;:
(5.15) lim VO (y1 + 21, [n]y) || "dy = 0,
L=o0 Jiy|>L
(5.16) lim INO((y1 + 21, [nly + Inl(¢/N, z) Ay e1)|y1["dy = 0.
L=o0 Jiy|>L
(5.17)  lim N (y1 + 21, [nly) X0 ([y2 ) lya| Vdy = 0,
L=oo Jiy|>L
(5.18)  lim INO((y1 + 1, Inly') + n[(€/N, z) Ay e1
L—oco Iy\ZL

x X0, (|1 )|y "dy = 0,

where each convergence is uniform in N and z with |z| < M.

The proofs of (5.15) and (5.17) are similar to those of (5.16) and (5.18),
respectively. We prove (5.16) and (5.18) only. Now, the integral in (5.16)
is bounded by

c /| Pt o)+ /N ) A5 e
Y|z

By changing variables we see that this is bounded by

¢ Py)(nl" + |z[7)dy,
lyl>L/2
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if [x| < M and L is sufficiently large. This proves (5.16). To prove (5.18)
we use the same notation as that in the proof of (5.13). Then we easily see
that the integral in (5.18) is bounded by

c / B(lnly’ + [1l{€/N, 2)a Yx o,y (v ) | ey

1
< Oy~ D / P/)dy / |y,
ly'|>L/2 -1

if |x| < M and L is sufficiently large. This proves (5.18).
Finally we prove

(5.19) lim ITIN(z,y)|log|y:| |dy =0
N=oo Jlyl<L

for each x with |z| < M, since

ITy(x) = / I (2, )| log |y | |dy + / ITIx(z,y)|log [y |dy.
yl<L ly|>L

By (5.14) and (5.19) along with the dominated convergence theorem, it fol-
lows that limy_.o Iy,3r = 0, which will complete the proof of limy . In =
0.

To prove (5.19), we split the domain of integration:

/ ITIy(x,y)|1og |y |dy
ly|<L

~{[ [ na)os il
lyl<Lilyil<p  Jlyl<L,|y1[>p

Since II1y is bounded and log|y;]| is locally integrable, given € > 0 there
exists p > 0 such that the first integral on the right hand side is less than
e. Thus it suffices to show that

lim ITIN(z,y)|log |y1||dy = 0O
N—=0o Jiy|<L,|yi|>p

for each fixed p > 0. Since log |y1| is bounded on {y : |y| < L,|y1| > p},
we have

/ ITIy(, )| log 1] [dy < C / ITTy (. y)dy
ly|<L,ly1|>p

e / B(y) — B(y + (/N z)er)|dy.
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The last integral tends to 0 as N — oo, since ® € L'. This shows (5.19),
which completes the proof of (5.7).

5.2. Proof of Theorem 5
Choose the function ¥ as in 5.1. Following the proof of (5.1) and the
assumption we obtain that

(5200 |1Ga(D}pipny = CN"llga(@ /N )}, gey — ER — EX
> ON T WNFIR, gy — ER — EX

Using exactly the same proof as in the proof of Theorem 4, we have that
FEn and Ey tend to zero as N goes to infinity. Thus to prove the theorem,
it suffices to prove

hmlan ”H‘Ill/NfHHp(Rn > CHf”Hp Tny-

Take a ¢ € S(R™) such that [z, ¢(x)dx # 0. Then by the definition of the
Hardy space,

NN g = N7 [ sup| [ outar =)W (/N) )iy do

> N / sup ‘ dr(x —y)¥ (y/N dy‘ dx.
[-N/2,N/2]" JRm 0<t<R ! JRn

So by Lemma 1, for each fixed R > 0,
N F

=N Y /NP sup !@* f@)[Pda — o(1)
[~ N/2,N/2"

=NT" sup | ¢y * f(z)[Pdx — o(1)
[~N/2,N/2]" 0<t<R

—/ sup |¢y * f(x)[Pdz — o(1), as N — oc.
Q0<t<R
This shows

. . —_n 1/N ¢
1}\1{13013}1]\[ ot/ fHI;{p(Rn > C/ oiltlERWt « f(2)Pdz.

Letting R — oo, we obtain (5.21). Now the theorem is proved.
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