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ON CROSSED PRODUCTS AND TAKAI DUALITY

by TAIN RAEBURN*
(Received 12th December 1986)

The Takai duality theorem has proved to be a fundamental tool in the theory of
crossed products of C*-algebras. It was inspired by Takesaki’s duality theorem for
crossed products of von Neumann algebras [7], so it is not surprising that the original
proof [6] depended heavily on spatial techniques. Here we shall prove Takai’s theorem
by exploiting the universal properties of crossed products.

Let a: G—+Aut A be an action of a locally compact group G on a C*-algebra 4. We
shall think of the crossed product as a C*-algebra A x ,G whose representations are in
one-to-one correspondence with the covariant representations of (A, G, a)—that is, pairs
of representations n of 4, U of G satisfying

n(afa))=Un(a)U¥ foraeA, seG.

Of course, this has always been a standard way of viewing crossed products (see {2] and
[1]), but as far as we know, no-one has bothered to give a precise characterisation in
terms of this universal property. We therefore begin by giving a detailed definition of
crossed product. It is easy to see that there is at most one C*-algebra with the required
property, and the usual construction of Ax,G as the C*-enveloping algebra of a
Banach *-algebra L!(G, 4) (as in [4, §7.6], for example) shows that one exists. However,
it is also easy to construct one directly, and we do this in Proposition 3.

When the group G is abelian, there is a canonical action & of the dual group G on
Ax .G (see Proposition 5), and Takai’s duality theorem asserts that (4 x,G) x ,G is
isomorphic to the tensor product A® & of A with the algebra ! of compact operators
on L*(G). The representations of A x G x G are given by triples of representations n of
A, U of G, V of G on the same space; the main step in our proof is the construction of a
representation of A® K from such a triple, from which it will follow that A® K has the
universal property which characterises A x G x G.

We feel that this proof is conceptually clearer than the usual one, and makes it easier
to see what happens to additional structure under the duality isomorphism (see the
remarks at the end of §2). It is also technically quite elementary: we use only standard
properties of multiplier algebras, as given in [4, §3.12], some basic facts about
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integrating continuous functions of compact support with values in a C*-algebra, and
the fact that Co(G)x G=RK(L*(G)). The necessary integration theory is similar to that
required in Pedersen’s treatment [4], and we shall follow his example in relegating the
details to an appendix. We discuss the isomorphism Cy(G)x G=&R in Example 4;
however, we point out that it has also been a crucial ingredient in the previous versions.

We were led to this proof of Takai duality by attempts to make non-abelian duality
work for (unreduced) crossed products by non-amenable groups, where there are severe
problems with the usual spatial techniques. We are optimistic that one can prove, for
example, a version of Quigg’s duality theorem [5] along lines similar to these. However,
this will involve considerable technical complications, and we hope that presenting the
abelian case separately will illustrate the simplicity of the construction.

Notation. All homomorphisms and representations of a C*-algebra 4 will be *-
preserving. When we take tensor products of C*-algebras, at least one will be nuclear,
and we write A® B for the unique C*-completion. If n,v are commuting representations
of A,B on the same space H, we write n®v for the corresponding representation of
A® B on H. The identity map will be denoted by i, and the identity of an algebra by 1.
We denote by u a left Haar measure for a locally compact group G, by 4, p the left and
right regular representations of G on L*G), by M the representation of Co(G) as
multiplication operators on L*G), and by 7,0 the actions of G on Cy(G) by left and
right translation.

Let M(B) denote the multiplier algebra of a C*-algebra B. We shall call a
homomorphism ¢: A— M(B) non-degenerate if there is an approximate identity {e;} for 4
such that ¢(e;)—1 strictly in M(B); this implies that ¢ has a (unique) strictly continuous
extension ¢ M(4)—> M(B) (see, for example, [3, Lemma 1.1]). When B=R(H), so M(B)=
B(H), such homomorphisms are also non-degenerate representations in the usual sense.

1. Crossed products

Let a: G—+Aut A be a strongly continuous action of a locally compact group G on a
C*-algebra A4; we shall say (4, G, ) is a dynamical system. A covariant representation of
(A,G,a) is a pair (%, U) consisting of a nondegenerate representation = of 4 on H, and a
(strongly continuous) unitary representation U of G on H, such that

w(afa))=U,n(a)U* foraeA, seG.

Definition 1. A crossed product for a dynamical system (A4, G,a) is a C*-algebra B
together with a homomorphism i,: A—M(B) and a strictly continuous homomorphism
ig: G—UM(B) satisfying

(@) ifala))=ig(s)ifa)ig(s)* foraeA, seG;

(b) for every covariant representation (n,U) of (4, G,a), there is a non-degenerate
representation n x U of B with n=(nx U)<i, and U=(nx U)oig;

(c) the span of {i (a)ig(z):ae A, ze C{G)} is dense in B, where i; has been extended
to C¢(G) as in Corollary 8.
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Remarks. (1) We shall shortly prove that there is a crossed product and that it is
unique up to isomorphism. We shall therefore refer to the crossed product, and denote
it by 4 x .G, as usual.

(2) Every non-degenerate representation p of Ax,G has the form nx U for some
covariant representation (7, U) of (4,G,a). To see this, we take n=poi, ,U=peig so
that (r, U) is covariant by (a). Lemma 7(3) implies that the equality (xx U)eig=U
extends to C(G); thus

n x Ui [(a)ig(2)) = (@) U(2) = p(i s(a)ig(2)) for ac 4, ze Cc(G),

and it follows from (c) that p=nx U.

(3) The homomorphisms i, and i; are necessarily injective. To see this, let © be a
faithful representation of A, and define a representation n; of A on L%*G,H,) by
(m1(a)&)(s) = n(e; Y(@))(&(s)). The pair consisting of n, and the action 1® 4 of G by left
translation is covariant, so (b) implies that they factor through i, and i;. But both m;
and 1 ® A are faithful, so i, and i; must be too.

Proposition 2. (1) There is a *-homomorphism i, xig of Cc(G, A), with the *-algebra
structure as in [4, §3.6], onto a dense subalgebra of A x ,G, such that i, xig(a®z)=
ia)ig(z), and

|lia % ig(w)|| £ p(supp w)||W||, for we C(G, A).

(2) Let ¢ be a non-degenerate homomorphism of A into the multiplier algebra M(C) of
a C*-algebra C, and u a strictly continuous homomorphism of G into UM(C) such that
Mo fa)) =ux(a)uf. Then there is a non-degenerate homomorphism ¢ xu of Ax,G into
M(C) such that (¢ xu)oi,=¢ and (¢ x u)cig=u on both G and C(G).

Proof. (1) Given we C (G, A), we apply Lemma 7 to the strictly continuous map
s—i,(w(s))ig(s) to obtain an element

4% ig(w) = i(w(s))ig(s) dse M(C),

whose norm is bounded by u(supp w)||w||.. It is easy to check that i, xig(a®2) is as
asserted, and approximating w uniformly by a finite sum ) a;®z; shows that in fact
iy xig(w) belongs to A x G. It follows as in the proof of Corollary 8 that i, xig is a *-
homomorphism.

(2) We represent C faithfully on a Hilbert space H, so that (¢, u) becomes a covariant
representation, and apply property (b) to obtain a map of A into B(H) satisfying
(pxu)oiy=¢ and (¢ xu)oig=u. An application of Lemma 7(3) shows that the second
equation extends to C.(G); thus ¢ x u carries the generator i, (a)ig(z) into ¢(a)u(z), and
hence maps 4 into M(C)cB(H) (this also shows that ¢ xu is independent of the
representation chosen). If {z;} = C(G) is an approximate identity for the inductive limit
topology, then it is easy to verify that u(z;)—1 strictly in M(C), and the nondegeneracy
of ¢ x u follows from that of ¢.
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Proposition 3. (1) If (B,i,,ig) and (C,j, jg) are both crossed products for (A,G,a),
there is an isomorphism ¢ of B onto C such that ¢oi,=j, and ¢poiz= jg.
(2) There is a crossed product for any dynamical system.

Proof. (1) It follows from (c) and its adjoint that j, is non-degenerate, so by
Proposition 2(2) there is a non-degenerate homomorphism ¢ = j, x j; of B into M(C)
such that ¢(i,(a)ig(z)) = j.(a)js(2). Condition (c) thus implies that ¢ maps B onto C.
Reversing the roles of B and C gives a homomorphism which also swaps generators,
and hence is an inverse for ¢.

(2) Choose a set S of covariant representations of (4,G,«) such that every cyclic
covariant representation is equivalent to a member of S. (To see that there is such a set,
fix a Hilbert space of large cardinality, and restrict attention to representations in this
space.) We then let H=@® {H,:(n,U) €S}, define i ;=@ n: A—»B(H), i¢c=@ U, and take B
to be the closed span of {i,(a)is(z):ae A,z C(G)}. To prove that B is a C*-algebra, we
first note that if f e C.(G, A), then Lemma 7 gives us an operator

i4 % ig(f) = [ 14(f(5))iq(s) ds € B(H) = M((H));

by approximating f uniformly by } a,®z,6 A® C(G) and using Lemma 7(1) we can
see that i, x ig(f)e B. Now (i, i;) is covariant, so it follows that

(ic(2)ia)) = (f 2(s)ig(s) ds)i (@) = j 28)ig(s)i (@) ds= j 2(s)i ((as(@))ig(s) ds

belongs to B. Since ig(z)* =ig(z*), this implies that B is closed under taking adjoints.
Further, since we can approximate ig(2)i,(b) by a finite sum ) i, (b)ig(z), we can
approximate i ,(a)ig(2)i (b)ig(w) by a sum

Z i [(a)i((a)ig(z)ig(w)= Z iJaalig(z;x w),

and B is also closed under multiplication, hence a C*-algebra. The same argument
shows that i, takes values in M(B). We also have

i6(s)iA(@)ig(2) = [ i (o (a)z(t)ig(st) dt,

and a similar formula for i,(a)ig(2)ig(s), so iz(s) also belongs to M(B). Property (a)
follows from the covariance of (i, i;) and (c) is trivially true. For (%, U)€eS, we can
define n x U by projecting onto the subspace H, of H, and we can handle an arbitrary
covariant representation by decomposing it as a direct sum of cyclic representations and
conjugating appropriate members of S. Thus (b) also holds, and B is a crossed product
for (A4, G, a).

Example 4. We shall later need to know that (R(L%(G)), M, 1) is a crossed product
for (Co(G), G, 1), and we now briefly indicate hovw: this can be proved. The covariance of
(M,2) gives (a). The integrated form M x A (see Proposition 2 above) carries
CJAG, C(G)) into the space of operators given by kernels in C(G x G); these are dense
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in K(L*(G)), and (c) follows by a standard approximation argument. The imprimitivity
theorem implies that every covariant representation of (Co(G), G, 1) is induced from the
trivial subgroup {e}. The representations of {e} are just the multiples of the trivial one,
which induces to (M, ), so every covariant representation of (Cy(G), G) is equivalent to
a multiple of (M, 2). This gives (b).

Proposition 5. Let (A, G,a) be a dynamical system, with G abelian. Then there is an
action & (the dual action) of G on A x G such that

8(i@is(2) =iu(a)ig(yz) for yeG, aeA, zeCc(G).
Proof. Define j,: G—+UM(B) by j,(s)=y(s)ig(s). We claim that the triple (B,i,, j,) is
also a crossed product for (4, G,a). In fact (c) holds because j,(z)=ig(yz), and both (a)

and (b) follow from the observation that (n, U) is a covariant representation iff (r, yU) is.
Thus by part (1) of Proposition 3, there is an isomorphism &,: B— B such that

6,(i (@)ig(2)) =i4(a) j(2) =i4(a)ig(72).

The second formula for &, implies that y—&, is a homomorphism, and from Proposition
2 we have

i @)igly2) ~ ix(@Yig(2)]| = lia X igla® yz—a ®2)|
< u(supp 2)||a||||yz— ]|
-0 as y-l,

so y—4, is continuous.

2. The Takai duality theorem

Theorem 6. Let (A4, G, ) be a dynamical system with G abelian. There is an isgmorphism
¢ of (A x ,G) x ;G onto A® K(L*(G)) such that the second dual action & of G=(G) " is carried
into a @ (Ad p).

Proof. Let a,a”! denote the maps of A into C,(G, A) = M(C,(G, A)) given by

a(a)(s)=afa), o~ '(a)(s)=a; Y(a),
and define embeddings of 4, G and G in M(A® &) by
ja=(i®@M)ea™!, jo=1®4, je=1@M,
where we are viewing G as a subset of C,(G). If {e;} is an approximate identity for A,

then routine arguments show that a(e;)— 1 strictly in M(4A® Cy(G)), and hence j (e)—1
strictly in M(A® K). Further, we have
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jaa(a)=i® M(a™ (a,(a)) = i@ M(i® 1,(x™ *(a)))
=[i @ ((4dA) o M))(a™ Y(a) = jo(s)j a@)j(s)*.

Thus by Proposition 2(2), there is a non-degenerate homomorphism j, x j; of 4Ax,G
into M(A® R), such that (j,x jg)oi,=j, and (j, X jg)oig= je on both G and C.(G).
We shall prove that (A®R, j, X jg, je) is a crossed product for (4 x,G,G,&), and the
result will then follow easily.

The commutativity of C,(G) implies that j (a) commutes with js(y), and it is easy to
check that M(y)A(z) = A(yz)M(y), so

Je()ja@)ja(2)je(1)* = ja(@) jo(y2) = 8,(j4(a) jo(2)),

which implies condition (a) of Definition 1. Next we note that, if we Co(G) and F~!
denotes the inverse of the usual Fourier transform, then jg(w)=1@® M(F~'w). The range
of F7! is a dense subalgebra of Cy(G), so we can use standard approximation
arguments to see that the span of {a™'(a)(1®(F~!w))} is dense in 4 ® Co(G). This and
the density of {M(f)A(z)} in K(L*(G)) (see Example 4 above) imply that the set

{ja(@)je(2) jo(w):ae 4,2€ C(G), we Cc(G)}

spans a dense subspace of A@ K. Since j, % jg(i (a)ig(2)) = j.(a)js(z), this shows that
condition (c) also holds, and it remains to verify (b).

Let (mx U, V) be a covariant representation of (4 x G,G,4&). We shall construct the
corresponding representation of A@ K by tensoring commuting representations of A4
and K!. Composing the integrated form of V with the Fourier transform F gives a
representation L of Co(G), whose extension to Cy(G)=M(Co(G)) satisfies L(y)=V,. The
equation relating U and V implies that (L, U) is a covariant representation of (Co(G), G, 1),
and hence there is a representation Lx U of K(L*G)) such that (Lx U)oM=L and
(LxU)eA=U (see Example 4). Since each V, commutes with the range of =, so does
each L(f), and they combine to give a representation n® L of A® Cy(G). Let p denote
the representation (1 ®@ L)oa of A on H. It is immediate that p commutes with L, and we
claim it commutes with U too.

Suppose {¢,} = A O Cy(G) converges to a(a) uniformly on compacta, so that 1 ® L(x(a))
is the *-strong limit of n ® L(¢,). Then for fixed se G we also have

%@ T Pu)1) =a(Buls™ ') s (oda)(s ™' 1) = (@) = x(a)(t)

uniformly on compacta in G. Thus, given {€ H, we can choose ¢=Za,-® J;,€AQO Cy(G)
such that

QLU ~n® L(a))l and 7n® L2, @t ()U.L~n® Li(a)U L.

Then

Uy(n @ L(a(a))¢) ~ ULY. m(a)L(f)E)
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= mada)U L))
=2 Mofa)) L f))U.E)
~n @ L{a(a))(U,0).
This approximation can be made arbitrarily accurate, so we have proved that U p(a)=
p(as)ilrfé‘e both L and U commute with p, so does L x U, and we obtain a representation
v=p®(LxU) of A@K on H. At once we have
ve je(=(p®LxU1Q@MH)=(Lx U)MQE)=Ly) =V,
ve je(s)=(p @ (L x U))(1® 1) =(L x U)(4)=U,.
Next we observe that a extends to an automorphism B of A ® C,(G) satisfying fla® f)=
ofa)(1® f): when realised on Cy(G, 4), B is given by B(z)(s) =a{z(s)). A quick calculation
shows
((r®L) o) @(LxU)](i@M)=(n®L)-p,
so that
ve jl@)=[((n®@L)c) ®(Lx U)]o(i® M)oa™(a)
=(n®L)ofoa"a)

=(n® L)(a® 1)=n(a).

Thus vo(j X jg)eiy=voe j=m, vo(j X jg)eig=U, and vo(j,x jg=nxU. This
completes the proof of (b).

Let i, denote the embedding of 4 x G in M((A x G) x G). Then Proposition 3(1) gives
us an isomorphism y: A® K— A4 x G x G such that

Y(ja@)jc(2)je(W) =¥lia X jelial@)ic(2)) jo(w)) =ii(iu(@)ic(2))ic(W). 1)

Now &, carries the generator on the right of (1) to i,(i(@)ig(z))ig(sw), so to verify that
Y lokoy=a®(Adp) we need only check that

;@ (Ad p,)(j 4(a) j6(2) je(W)) = ja(@) j6(2) jelsw)- )
A quick calculation gives Ad p(M(f))= M(o,f)), from which we obtain

Jo(sw)=1@ M(F~!(sw)) =1 @ M(a(F~'w)) = 1 ®(Ad p,(j¢(w)))-
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We also have
%, ®(Ad p)(j«(@)) =i® M(e,®0(a™'(a)) =i® M(a™}(a)) = j (a),

and p, commutes with A(z), which gives (2). This completes the proof of the theorem.

Remark. In the original proof of this theorem, the isomorphism y is constructed in
three stages, and it can be quite painful to extract additional information about . This
should usually be easier to do using our version. For example, (1) describes what i does
to a set of generators for A® K, and our construction shows that, for any representation
(rxU)x V of AxG x G, we have

(rxU)x V)oY '=((n@L) o) ®(L x V),

where L is the representation of Cy(G) corresponding to the representation V of G. For
another example, suppose an abelian C*-algebra C acts on A4 (so that we have a map of
C into the centre of M(A4)), and that each automorphism a, commutes with this action.
Then there are natural actions of C on 4x,G, (4 x,G)x,G and A® K, and it follows
from (1) that  is a C-module isomorphism.

Appendix on integration

Lemma 7. Let f e CG, A). Then there is a unique element | f(s)ds of A such that for
any nondegenerate representation n of A

([ f(s)ds)e,m) =[ (n(f(s))¢,m)ds  for &,neH,. *)

Further, we have

() |If f(s) ds]| < u(supp £) |||

(2) (ff(s)ds)a=] f(s)ads for ac A or M(A);

3) d)(_[ f(s) ds)=j'¢( f(s))ds for any homomorphism ¢:A— B,
() (§ f(s)ds)*={ f(s)* ds.

Similarly, if f: G—M(A) is strictly continuous and has compact support, there is an element
[f(s)ds of M(A) satisfying (*), (1), (2), (4). If ¢ is non-degenerate, so that ¢ extends to
M(A), (3) also holds.

Proof. If = is a faithful representation of A, the right-hand side of (*) is a bounded
sesquilinear form on H,, and hence defines a bounded operator T(f) on H, satisfying

I T < uisupp N)]|f]o- (5)

To see that T(f) belongs to m(A), we approximate f uniformly on supp f by a finite.
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sum ) a;@z,€ A® Cc(G), so that by (5), T(f) is near T(} a;®z). It is easy to check
that

T} a;®2) =Y, nla)(f 2{s) ds) e n(A),
so T(f)en(A). We define | f(s)ds=n""(T(f)). Notice that | f(s)ds is near
n I(T(Z 0 ®z))= Z aiIzi(s) ds,
so for any representation p of A, p(f f(s)ds) is close to Y p(a) [z(s)ds, and it follows
that (*) holds. Since =7 is isometric, (5) implies (1); (2), (3) and (4) follow from (*).
If f:G—M(A), the same argument gives an operator T(f) on H,, and we can see that
it belongs to M(A) by making uniform approximations to the functions s— f(s)a, s—af(s).

Then (1), (2) and (4) are easy to check. By definition of ¢ on M(A) (see [3, Lemma 1.1]),
we have

(] f(s) ds)d(a)b) = $(({ f(s) ds)a)b
=¢(f f(s)ads)b by (2)
=(J#(f(s)a)ds)b by (3)
=[ ¢(f(s)a)bds
= $(f(s))(¢(a)b) ds

=(J ¢(f(s)) ds)($(a)b),
which gives (3).

Corollary 8. Suppose u is é strictly continuous homomorphism of G into UM(A). ThenA
u(z)=| z(s)u,ds defines a *-homomorphism of C(G) into M(A), which is continuous for the
inductive limit topology on C¢(G).

Proof. We apply the lemma to the strictly continuous map s—z(s)u,. To see that u is

a homomorphism on C.(G), we represent 4 on a Hilbert space. Then by (*) and
Fubini’s theorem

(u(z x W&, m)= {[ 2)w(z ™ 's) dt}(u,&, m) ds
= { 2(8){f w(s)uu,&, m) ds} dt
= 2(e)(u(w)E, u*n) dt

=(u(z)u(w)¢, n).

A similar argument shows that u(z*) =u(z)*, and the continuity follows from (1).
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