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EXTENSION OF HOLOMORPHIC Z?-FUNCTIONS
WITH WEIGHTED GROWTH CONDITIONS

KLAS DIEDERICH anp GREGOR HERBORT

Introduction

In this article a new contribution to the following question is given: Let £
C C C" be a bounded pseudoconvex domain with C*-smooth boundary, ¢ € 02 a
fixed point and H a k-dimensional affine complex plane such that ¢ € H and H in-
tersects 082 at ¢ transversally. Let U be a suitably small neighborhood of ¢, and
denote by r a C*-defining function of £ on U. Under which conditions on 082 near
q is it possible to find an exponent B > 0 such that every holomorphic function f

on 2 = H 2N U with
0.1) [ 1 7ldi < o0

where dA” denotes the Lebesgue-measure on H, can be extended to a holomorphic
function £ on 2 M U such that even
~ |2 dA

0.2) [ 17 P

More generally, we will also consider certain cases, where dA” and dA are the re-

< oo

spective Lebesgue-measures together with a weight factor of the form e¢~% where
¢ is allowed to be not plurisubharmonic.

One of the main motivations for studying this question in a situation, which is
necessarily technically more complicated than in previous work, is the following:
in [B-D] (Theorem 3) a 0-solving integral operator was constructed on bounded
pseudoconvex domains with real-analytic boundary, which is regularizing with re-
spect to the L'-norm, a result which, so-far, has not been obtained by other
methods. In the respective estimation of that kernel (Proof of Theorem 3) a prop-
osition was used which was stated on p. 93 of [B-D] and for the proof of which it
was referred to the present article. Theorem 1 of the present article is, in fact,
this proposition.
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Similar extension problems as here have been considered in several articles
by various authors. In fact, the solution of the Levi problem as given in Hé6rman-
der’s book [H2] (see Theorem 4.2.9) is already based on a simple extension tech-
nique for L?-holomorphic functions or, more generally, 0-closed (0, g)-forms. Re-
fined extension results with L2-control are, for instance, due to T. Yoshioka [Y],
T. Ohsawa [O1], S. Nakano [N], T. Takegoshi [O-T], T. Ohsawa [02] and
Diederich-Herbort-Ohsawa [D-H-0].

In [D-H-O] a quantitative version of the following statememt was proved: If
£2 is uniformly extendable near ¢, then there are always holomorphic functions on
QM HMN U which are not in L2 () H(U), but can, nevertheless, be ex-
tended to square-integrable holomorphic functions on £ () U. The goal of this
article as expressed by the inequalities (0.1) and (0.2) can be understood as in
some sense dual to this fact. Namely, here we start with holomorphic L2functions
fon 2 HN U and extend them to holomorphic functions f on 2 (M U which are
better than just L? . In order to deal with this problem a more complicated d-solv-
ing machinery has to be applied than in [D-H-O]. We will use as our most essen-
tial tool a curvature inequality due to T. Ohsawa and K. Takegoshi [O-T].

The research of the first author on the subject of this article has been sup-
ported by the Stiftung Volkswagen and by the SFB 170 in Gottigen. It is a plea-
sure to thank these institutions for their support.

§ 1. Basic notions, notations and results

Let £2 CC C" be a bounded pseudoconvex domain with C®-smooth boundary,
2o € 02 an arbitrary point. By a defining function of £ near 2o we mean a C*®
real-valued function 7 on a neighborhood U of 2z, such that

QNU={z¢ Ul|lrz) <0}

and dr(z) # 0 for all z € 9Q2 () U. We talk about a global defining function 7 of
£ if Uis a neighborhood of all of 082 .

In [D-L] the notion of pseudoconvex extendability of finite order was introduced
as a summarization of certain properties which in [D-F 2] were already shown to
hold for 042 real-analytic. For the purpose of this paper we need the following
modified version of this notion:

DEFINITION. Let £ be as above, 0 € 082 and 7 a defining function of £ near 0.
Furthermore, let H be a k-dimensional complex linear subspace of C* which in-
tersects 082 at O transversally and let N € N. For { € C" we denote by Hc the
affine subspace of C" parallel to H and passing through { Then £ is said to be
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uniformly extendable of N™ order (in a pseudoconvex way) along the H¢ near O if
there exist a radius R > 0 and a function po({, 2) € C*(M), where M = (B ;
R) N D) X B(0; 2R), with the following properties

1) d.o&, 2) #0on M

2) There is a C; > 0 such that for £ € B(0; R) N Qand z € B(0; 2R)
we have

C, (= dist(z, H) + 7({) + r(2)) < p({, 2) < v({) + r(z) — dist¥(2,Hy)

3) The sets {z € B(0; 2R) |p(&, z) <0} are pseudoconvex for all
£ € B(O;R)NAK.

In complete analogy to the proof of Theorem 2 in [D-F 2] the following can
be shown (we will not give details in this article):

ProposiTion. If 882 is C® and of finite type near 0, in particular, if 082 is C®
everywhere, and if H is as above, then there is an N € N such that £ is uniformly ex-
tendable of N'™ ovder along the Hy near 0.

Remark. 1t was shown in [D-F 1] that bounded pseudoconvex domains 2 © C
C” with smooth real-analytic boundaries are of finite type.
Now let D © £ be a pseudoconvex domain given by

(1.1) D={op:=7r+ ¢ 2] <0},

with a convex increasing smooth function ¢ on R, for which, with small ¢ > 0,
¢o=00n (—o, e2]. So DM B(0; &) =82 N B(0; ¢). Assume DC 2 N
B(0; 2¢). We will solve our extension problem on D.

Given a holomorphic function f on D () H; as in (0.1) we will construct the
holomorphic extensionf' for f, for which (0.2) holds, in the following special form:
f = f1— g where f is a smooth extension of f to a “cone” shaped set with sup-
port in this set, and g is a smooth function on D which satisfies

(1.2) og = 0f 1.

In order to make this more precise, we introduce, for { € B(0; R), the orthogonal
projection 77 of C” onto H and let 7z = id — 7#7.
Then, for small enough Co, R” > 0, and for all {, with | {| < R’, the cone

Ke(Q):=1{z € D| [ nt(2)| < 2¢o op(2) ]}
is mapped onto D () H; under 7, and

(1.3) 2 00(n(2)) < po(2) < Foo(nt ()
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on K., (0).

Let us fix a cut-off function ¥ € Cy(R) with 0 < x <1, x =1, on [— 11

2’ 2
and supp(x) < [—1, 1]. For a positive continuous function 7 we denote by L*(D,
rdA") (resp. L2(D (\ He, 7dA¥)) the space of measurable functions on D (resp.
D\ Hy) which are square-integrable with respect to the measure ydA” (resp.
1dA¥). Here, for 1 < y < n, dA* denotes the Lebesgue measure in complex dimen-
sion v. Our extension theorem is the following (cf. Proposition (p. 93) in [B-DI).

TueoreM 1. Let = {r <0} be a bounded pseudoconvex domain in C" with
C=-smooth boundary which contains 0, and let D C Q be a pseudoconvex domain as in
(1.1) with defining function pp. Assume H C H**' are linear subspaces of C" of
dimensions k and k+1, respectively, and H intersects 082 transversally near 0.
Furthermore, suppose 2 is uniformly extendable in a psendoconvex way of N™* ovder
along the affine subspaces He with an extending function o defined on (B(0; R) N

0) x BO: 2R). Let a, 6 be numbers with 0 < a <1 and 6 € (—1 + ZW" ZW")‘

Then for small € > O there exists a family (Eo)ceo.erna of continuous linear ex-
tension opevators

Ec: L2(D( He | pp1°dA*) N OD N E) —
LXD N HEY, (oo 1772 [og | op ) (2)] mt(2)[ 7242
X dA**1(z)) N 6(D N HEY)

of the form

(14) Eclh) = 1 (] B Sph(a@) = &)

wheve ge € C(D N HEY) is a function satisfying

—a/N\ 2 ]
as [ |gg|z('|";;,‘|,_a)“0'g"f(') o L v
g D

zeDnHE"ﬂ

with a positive constant C, independent of {. The operator norms of the E’; are bounded
above by C.

Remark. In case k=mn — 1, we obtain again Proposition 2 of [D-H-O] up
to zero-order terms in | op | by choosinga =1 and § = 72\7

By an iteration method on Theorem 1 we can consider the following situation.
Suppose that we have an ascending chain of linear subspaces
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H'=HSH"' S - S H"' S H =C

such that for each v the section £ () H**! is uniformly extendable along H*, k
<y <u—1,of order Ny+1 = 2 near 0.
Then we have the following results:

n
THEOREM 2. Assume 2 and H are as befove. Let €, : =min{2 X2 L 1—¢%

o N7
with an € > 0 arbitrarily small, and 0 < 0 < 2/ Ny41. Then there exists a bounded
linear extension operator

E:I[*(DNH, Ippl’sdl") Ne(MNH ——
L2(D, | oo | ™ | log| oo [-3*=da N 6/(D),
if D is sufficiently small.

THEOREM 3. Let &, be as in Theorem 2, and €,=¢€,/2. If 0 > 0 is small
enough, then theve exists a bounded linear extension operator

E’ : LZ(DﬂH,IpD]‘*dR") No(DNH) ——
L*D, | pp | "d | log| op [**=0) N G(D).

Heve d denotes the function d (z) = IIZ} dist(z, HY).

§ 2. The apriori estimate for the 0 equation with weights

Let (X, ds?) be a hermitian manifold of dimension #, and w : X— R* be a
continuous function. For ¢ € {0,..., # — 1} we denote by L}, (X, w, ds?) the
Hilbert space of all measurable (#, q) forms % for which | fX u N\ ¥ uow)|is fi-
nite. Here, % is the Hodge operator associated to ds® If ¢ is a real-valued con-
tinuous function on X, the 0 operator and its formal adjoint have densely defined
closures 0 o:L%gy (X, €% ds?®) — Ll (X,e%ds?) and 0 ¥: L
(X, e=*, ds®) — Lo (X, e=®, ds?. The domains of 0, and 0¥ will be denoted
dom(0,) and dom (0%), respectively, and the scalar product and norm on L},
(X, e™* ds®) by (-, *)aszev and by " ||d32,e—¢~

The following theorem on the solvability of the 0 equation is well-known

([A-VD):

ProPOSITION 2.1. Let v € L2 041(X,e7%,ds?) be a smooth 0 closed form om
X. Suppose therve exists a positive continuous function § on X such that, with a positive
constant C, we have the basic estimate
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(BE) |(u, V) ast,e-v lz < Cy Qg n(u)

forall u € L?ein(X,e™°, ds?) M dom(d,) M dom (%), where Qpn(u) 1=
I v 0 ot Paste-e + V0 0 %04 |Pastee. Then there exists a solution w € Li (X,
€7°,ds?) of the equation 0(y1 w) = v, satisfying | w |Pusze-e < C,.

If one looks carefully at proof of this theorem, then one observes, that the fol-
lowing holds

ProPOSITION 2.2. If Y is a subspace of L¥4+1)(X, €%, ds?) (N Null space of 0,
with (BE) holding for each v € Y, then there exists a linear opevator S: Y —
L2, (X, e7*, ds?) with 0(/nS®)) = v and || S @) |Pusze-» < C..

We want to solve (1.2) by using this proposition with suitable ¢ and n and
metric ds?. Our starting point is a curvature estimate due to Ohsawa-Takegoshi
(the formula before Proposition 1 in [O-T], p. 199) which leads to sufficient con-
ditions on the auxiliary functions ¢ and n for (BE) to hold for a given smooth
form v € L% 1,(X, ¢ % ds?). The lemma which is relevant for our purposes is

ProrosiTion 2.3. Let v € L%, (X, ¢7%, ds® be a smooth form on X. Suppose,
ds? is Kahler, and there are smooth functions ¢ and 1 on X, n > 0, such that

a) i 00¢ = ds® B
b) The length l%lldsz of inl with vespect to ds? is bounded above by some

positive constant C,.

¢) — n is strictly plurisubharmonic on X, and the integral J,(v) := [ LUN *
—adn U €% is finite, where ;I?_aa‘,, 1s the Hodge opevator associated to the Kahler metric
with potential —1).

Then, for any smooth (n, 1) form u on X with compact support, we have

(BE) [, V) asreve? < 2Q04+2C2) Jo(v) Qon(tt).

Proof. Let A be the adjoint in L% 1)(X, 7%, ds®) of the left multiplication by
the fundamental form of ds® For any # € C{'(X) := space of compactly sup-
ported smooth (#, 1) forms on X the Ohsawa-Takegoshi curvature formula gives

(2.1) Qunlw) 2 i((nd0p—30n) N Au, #)asze-» + 2 Re(u, On N Gu) ast,e-o
The second member on the right-hand side is in absolute value bounded by
(e, 0 A Btasens | = 160, O A Vi ) s
< 17 wlPsses + 2CHIVT B Pass
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< %i(naégp N A, #)aszo-0 + 2C2Qy (1)

(since, by (a), | V7 # [Pusze-s < i(900p N A, 1) 4s20-) . Substituting this into (2.1)
we arrive at

(2.2) —1(00n N A, ) asze-o < (1 + 2C3) Qun(u).
Our claim now is
(2.3) [, 0)asteo [P < =21 J,(0) (00 N Aut,h) asz,es.

Let for proof of this inequality U be any local coordinate patch and (wy,..., ®,)
be an orthonormal frame for ds? on U; by dV we denote the volume form of ds?.
Let A = (1,9 ,=1 be the matrix for which
—oon = > Ny Wy N @,.
vu=1

For any form w € C?Y(X) we write on U

n

w= Zu)p(lh/\/\ Wy N\ @y,

y=1
and denote by @ the column vector entries w,..., w, and w'@ its transpose. Then
we have on U:

() u A kve ='up e*dV
) — 00 A Au A Fue= %’ﬁAﬁ e dV
€9 v A X 5 ve ="'9 A e °dV

Now by the Cauchy-Schwarz inequality we can estimate
a7 e? < (AT e)I(TAD e 2.

By means of a standard partition of unity argument we obtain (2.3) from this.
Obviously (BE’) is implied by (2.2) and (2.3) O

§3. Proof of Theorem 1

We begin by normalizing the holomorphic coordinates in such a way that, if
we write z = (27, 2), 2" = (zy,..., 2z), 2 = Zgs1,..., Zn), 2" = (2", Z4+1), 2¥ =
(Zk+2,-.., 2n), then H={z € C*| 2 =0}, H**' = {z € C"| z* = 0}, and hence
H= {7 = {’}, H"* = {z* = {*}. The projections 7 and 7z now have the form
2 (z) = (27, ) and mz(2) = (07,2 — {’). Furthermore, we assume that the
Re z;-axis points in the direction of the outer normal to 08 at 0. Notice that,
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because of the transversality of H and 0%, for any C~ € B(0; &) N 2 there is
always a { € B(0; ¢) () 9 Q such that H; = H,. We fix such a {. For each f €
LED N Hy, | op|® d2*) NOD N HY) we introduce a smooth d-closed (#, 1)-form
on X := D HF'\\H., by

(3.1) vy = 5{x(gﬁ%)f(z”, {dzy N--- A dzisy).

For small enough ¢y we have supp(vy) € K. ({). In order to be able to apply
Proposition 2.3 we first provide X with a complete Kihler metric and choose a

smooth function ¢ on X satisfying i00¢ > ds? (which is hypothesis (a) in Pro-
position 2.3). For 0 < 8" << 1 =7 + 8 we let

(3.2) @1 == 0 log(— pp(z", {*) + |2” |* + Vi (2",

I 1
where V;,(C (27) = — log log m

Then ¢; is the potential of a complete Kahler metric ds? on X. With a smooth
plurisubharmonic function ¥ which will be chosen later, we put

(3.3) o=, + 7.
For a small number 8 >0 we define

(3.4) ni= = (=) ¥*0(1 — Blog (—en(2”, (*))*Va,

~Liz|z

and will prove later that, if we replace pp by ppe with a large positive num-

ber L, then n will, (after shrinking D, resp. €) satisfy the conditions (b) and (c) of
Proposition 2.3 uniformly with respect to { with an explicit estimate J,(vy) in

terms of the norm ||f" %Z(DnHCJpD‘B a0, Our key lemma now is:

Lemma 3.1. Let 0<p <1 and m € No. Then the positive numbers 3, €,
and & < & and the defining function pp for D can be chosen such that for any { €
B(0; &) M 08 the function

(3.5) 7:= = (—op)"(1 — Blog (—on(z"”, {*)))*" Vau,
1s strictly plurisubharmonic on X and satisfies

® l%}llscl

i) —i@’iz

. ~ ” v AN 0" 4 "w ~m
ic, (98] | + 2 gppnza o0 (7, (%) + —_%,Hga Vi, A 3" Va,)

where the positive constants Ci, C, depend on p, m and €, but not on {, and 07 is the
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0 operator with respect to Z”.

Proof. Since for all small enough 0’ (independently of {) one has

Y~ 7 4 a : __/ " o” ”
§95(— §'log (—on(e", £9) + |27 |y 2 1f Teo 0700 2 2 (27, L¥)
D
it follows that
. _', " 0" V4 V4 A
dst 2 i (L LD BT00 (v, 13y + 5"V, A T Viy).
0D

We can now check (i). A computation gives

0" _ (, _ 3pm 8”00 ¢ ru 0" Va,
n <p 1—Blog(—pn)) ©Op (&, £9 + ~Va,

For sufficiently small 8> 0 and ¢ < &' <eg < ?13—@'” we have

0<3Bm/1—plog(—pp) <p/2o0nD,and— Vy =1, when || <¢;

hence
| 05T |5 < 22| D282 (07, 19|30 + 2] 57 Vi 2

4
< = H2
_.5,17 + 2.

This proves (i). To obtain (ii) we need to choose the defining function for D suit-
ably. By the arguments of [D-F 3] we can find a constant L » 1 such that, for
e € 1 the function 0 = — (— pp)'~*"?? is strictly plurisubharmonic on D and
i 000 = ics| 0| 00| z|% The numbers L and ¢; > 0 do not depend on . If we use
the notation Us = 1 — Blog (—pp) and ¢ = Ug™* (—Vau,) we have

7= (o)™ ¢, {*)

lies in (0,1). Explicit computation and evaluation at (z”, {*) now

where 4 = ;‘:%

gives the formula

X L@ _ _ 3mB, (00)"0
(3.6 OO0 = i1 - (- 578) 0270 +

3mB . _ ., BGm-1)A-wpB,]0"c NI 0o
[‘“L pu; 1 7 2H »Us )] 2

BMﬁ (0’”VHC a_mo. 8" A 5WVHC>
Vi, g g Vi

4

1 1 mw 3 m
T TV @ Ve A D Vag))
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on X. If € is small enough, then Uz = 1 on D () HE™! for any choice of 8 > 0; then
we choose 8 < p/6m so small that

3_7;’!ﬁ a—2u— (3m_1)(1_#)ﬂ) > — fé_

p

Now

) all/ VHC 5/[/0 a/,/g 6/// VHC

l ( VH( A o o A VHC >

" ~N a’” V A élllv
Sﬁ'ao—/\aa_{_i' H He

42 @V
at (27, {*) € X. This will imply (because of (3.5) and i 33 = — ¢;0 30| z|?):
(37) - (607‘72 7k > l(]. ﬂ)( Cs(aa)/// ’ 2" |2 + an'+za

]- 4’ 4 ~4
+1—ﬂ—v a- ﬂ—J—‘_ Y0 Vi, A 5" Vi)

on X, where we also have —Vp_ 2 log log if | ] <e.
Hence, for ¢ < —%exp (—exp (8(1 —,u)/u)) we can estimate on X
_— Z(ag)w?«] > Z (1 -;E)E ﬁ(ca(ag)wl z/// lz + a 00/.\26 (%)

+ =3 0" Vi A 5" Vi),

V

Since 0”6/ 0 = s’ 0" pp / 0p, inequality (ii) now follows a constant C; > 0 in-
dependent of (. O

The key lemma applies to the function 7 defined by (3.4) . (It has the form 7
with m = 1, and p = % + ¢ — 0. The assumptions on § and N, as well as the

choice of ¢’ make sure that 0 < p < 1). By virtue of Proposition 2.2 we have for
any form # € C{™(X)

(BE") [y 09 asz, e~ P < 20 + 2CD Jo(0)) Qo n(w).

Estimation of J,(vs). Let us now estimate the integral
Jo(vy) = fXUf N % gz vre®

—_ le vs |2 —(65)”’ne—¢d/2k+l

in terms of l|f||,2,z(Dan,,,,D|aw). Here l |—<a5>;," denotes the length of a form with re-
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spect to the Kahler metric with potential —7. By computation we obtain
(38) vy = + ._1_ le(zl/, C/) | zk+17§k~tl | %
Co pD(Z ’ C)

]- 4 5”QD ” 7
X [(logm) 0" VH: + o (2, C)] N Wr+1

where x1=x"(|2 = C|/colop@”, ), 0" =0, and ws1 =dz A - -+ A
dzys,. Therefore:

(3.9) lvs [2aarm < 2 %3 £, )P %
1 m ”
X [(log m)z 0" Vi, | %asyn + ]_& (2" 2 o3 n]
By (ii) in Lemma 3.1 we have | 9" VH( Lo < —Vu/ Con.

In order to estimate the second term in the brackets on the right side of (3.8) we
write

d'op(2", ') = 0" pp(&", (*) — gapL(Z”’, C*) dzin

Zk+1
+ {0on(z”, {') — 0"0p(2", {M)}.

The form within { } has coefficients which are bounded on D () H!*' by ¢
| Zir1— Lt | with some positive constant ¢4 independent of {. Thus, again by (ii) of
Lemma 3.1
~4 ” 7 ~N4 ” 2 C42 I Zr+1— §k+1 |2
IaPD(Z,C)_aPD(Z *)I 5)
Cz n
and, on supp(vy), € K ({) because of (1.3):

| a”PD(Z” C)I—aa) "y | ik Pul—aa) p
3.10 <8 (2"
(3.10) on(2", 02 o0 (2”7, %)

aQD e |d5k+1 | 2 @9y + 8chei
L e oy T

Since
id2k+1 A dik+1

1
— 2 2
4| zie1 — Cisr [P log Toe=Col

we obtain from (3.10) and (ii) of Lemma 3.1 at once

l' a///‘/Hc /\ 5’”VHC —
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a_”QD(z”y g/) 2 ﬁ _VH( 1

” PTY e 1 2
op(2”, T*) ©"n = 5 n 08 'Zk+1_Ck+1|
on supp (vy), with a universal positive constant ¢s. Finally (3.9) and (3.10) imply

(311 losl 2eame < el f(2, )| pp(2”,C%)]°

e
l pD(Z”/, C*)IZa/N'

We shall now choose the plurisubharmonic weight function ¥ in a suitable way,
using the uniform extendability of £ along H:. The goal is to cancel the denomina-
tor in (3.11). For this we need

ProposiTION 3.2. Let £ be as before. Then theve exists a smooth function 3((;-)
on B(0; 3¢) with the following properties: () The surface {G({;+) = 0} is smooth
and pseudoconvex from the side {G(L;+) = 0}, (b) With a positive constant C; (inde-
pendent of ) the estimate

C(— 2=+ 0®@) <62 < — |2~ Ntop(2)
is satisfied for any z € B(0; 2¢).

Proof. The construction of o from the given extending function o follow from
a simple patching argument. One only has to use the fact that 0D\ 08 is every-
where strictly pseudoconvex and therefore even extendable of order two. We leave
the details to the reader. O

We now can construct ¥ in the following way:

LeMMA 3.3, There exists a smooth function G in an open neighborhood of D
which is negative on D, such that the function

@) =L~ alog (~o(", (%) + Nlog| zeer=Cr

is plurisubharmonic on D () HEYY, for any L € 08 (N B(0; €) and satisfies

" 2a/N
(3.12) v < Lep@”, L)

Zke1 — Ces1 |Z
on supp(vy), where C1 is a positive constant independent of {, and furthermore,
(3.13) e 2| zgor — G P79
on D (" HEH.
Proof. For large enough A >0 the function

O'(Z) c= eA(AeZ-— Izlz)a.(c; z)
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will work (cf. [D-H-O], Lemma 2, part b)) . We have on D (| Hf*!
_ (__o.)Za/N
(3.14) eV =t
‘ Zer1 — Gt Iz

Thus (3.12), (3.13) follow from part (b) of Proposition 3.2 with z replaced by
(", £%).

The estimation of J,(vs) can now be finished as follows: We substitute (3.12)
into (3.11) and replace | op(2”, {*)|? by 21°"| pp(2”, €)|° (possible because of
(1.3) ). Integration over D [ H¥™' by means of Fubini’s theorem will give us the
desired estimate

(3.15) Jo(vp) < "f"zLZ(DnHC.}DDI"d}")

where ¢; is a positive universal constant, independent of {.

The extension operator. Since the metric ds? is complete Kahler, (BE) is satis-
fied for all € L%, (X, e, ds® () dom (3,) (N dom (8%). This follows from
Proposition 5 in [A-V]. We apply our Proposition 2.2 to the space

Y={v;|fe (DN He | pp 1°d2*) N 6D N H))
and represent the solution operator S (with ¢ = 0) as
S) =S(f) dzy A... A dzqy.
Our claim is that

g = (Il e, o - s o

is the desired extension operator. Clearly E¢(f) is holomorphic on D () Hf*'\ Hy
(= X). From the definition of ¢ and ¥ we get

0 -3
(3.16) nlopl’lloglop || _ e

< ZWae“".
| Zier — Cist |2

Op
o

Furthermore | 6| = | pp | (because of Proposition 3.2b) . Thus
ppl’llog|op| |~ ’ 2,9 2k+1
27 e X 2 nls(f)' dlz S
' Zke1 — Gin I
e“ezj;l S'(f)|Pe0da*+t < oo,

This implies v S"(f) (2", {*) — 0, as zx+1 = {i+1, and so E¢(f) is a holomor-
phic extension for fto D () Hf*.
Finally, we check the weighted L? estimte for E¢(f), (see the formula before
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(3.16). Namely

| Zp+1 §k+1 l ” nlz l pD (z’//,c*)lﬁ—Za/N dlzk*-l
f . X(Co 01)(2”, C/) )Tf(z ’ c)l |Zk+1 _ Ck+1 lz(l_a)l lOg [ pD(zw’ C*)‘ |3

k+1
D n Hy

sgowey [ r@, Ofee, OPFF [

{z":(z", {’)eD} Zk+1€A(Z))

dA!

|Zk+1 — Gk [2(1—(1)

dr*

< ¢ "f"zuw 0 Hyloplodak) (with A(2") = {‘ Zerr — G l <@ l on(2”, C’)|}),

by Fubini's theorem, with a universal positive constant ¢s. Also by (3.2), (3.3),
(3.4), and (3.13) :

S/ 2 - V4
l _ Cﬂ | ‘2(1(—)2}1 | ’ |3 [ Op |5 (g, C*)dﬂk“
D n HEN Zg+1 k+1 0g | Op
<o [ |S(lrerddt <co Jo(w)
D n HEY
< coll fIPewa Hyloploaan).
This finishes the proof of Theorem 1. O

Remark. We can state our Thecorem 1 in a slightly more general way, namely:

THEOREM 1’. Let the hypotheses concerning 2, H, H***, D, a, 0, ¢, &, and N
be as i Theorem 1. Furthermore fix a number m € Ny and suppose V is plurisubhar-
monic on Q and satisfies Vot < Von D VHE' N ot * (DN HY), | {| < €. Then,
after shrinking € if necessary, there exists a family (E¢)ceonso:e of bounded linear ex-
tension operators

Ec:=L*(DNH, | oo’ |log|ep| ~*me7vda*) N 6(D M Hy)
—_’LZ(D m H£c+l, | PDP—%l 7[/51—2(1-“)[ log l 0Op | —3me‘Vd/2k+1) m @(D m Hf“).
the operator norms of which are bounded uniformly in (.

The proof of this theorem is almost the same as for Theorem 1. Just replace
the weight function ¢ of (3.3) by

o= +T+V
and in (3.4) let
n=—(—po)¥*¥ 91~ log (—pp))*"*Va,.

Then all the arguments will go through as before. Any difficulties which come
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from lack of smoothness of V can be overcome by a standard smoothing argument
similar to that of [O-T].
§ 4. Proofs of Theorems 2 and 3
Proof of Theorem 2. For k < v < n we let ¢, = min {22 Yys1 ﬁ, 1—¢7,
1

and &¢ = 0. Obviously Theorem 2 will be implied by the following statement
E (v) : There exists a bounded linear extension operator

Eu:Lz(DmH, lppiddlk) ﬂ@ (DﬂH)“—’
L*(D N H”, | oo "~ |log | oo [7**Pd2) N 6 (DN H).

We proceed by induction (on v). E (k) is trivial. Let us assume E (V) is true
and v < zn. We need to construct a bounded linear extension operator

Evve: DNV HY, | o] |log] o | [72*Pd2*) N6 (DN HY) ——
LZ(D m Hv+1’ l 0op I‘s_ewl I log | 0op “—3(u+1—k)d2v+1) m 0 (D m H”H).

Note that the gain in the L? estimate of the extension is now &,4+1 — & which is in
general less than 2/ N,i1. (Indeed, if eys1 = ¢, =1 — €7, then we cannot expect
any gain at all). The operator E,, ,+1 can now be constructed by pursuing the esti-
mates in the proof of Theorem 1 step by step, settinga =1, {=0 m=y — £k,
replacing H by H*, H**' by H"*', § by 0., and using the weight functions

(4.1) o1 =—0"log(—pop| H"*") + | 701 (NP + V0
where 6" € (0, €”), 7, .4, is the orthogonal projection onto H*?,
V., = —loglog 1 /(dist(-, H*)| H**Y),
U= — (eys1—&) log (—o| H"*Y) + 21log (dist(-, HY)| H**Y),
o being the function from Lemma 3.3, and
n == (pp| H*")¥ o170 (1 = Blog (—pp | H*))***1 PV,

(Note that for 0 < 0 < 2/Nyyy, 0 < 0° < ¢&”, Lemma 3.1 applies to this p /). The
induction step is now complete. Just choose E,4; = E,, 41 ° E,.

Proof of Theovem 3. The argument is similar to the one above. For v =

k,..., n we let €, =¢€,/2, & being as in the proof of Theorem 2, and d,
vZi dist(+, H’), di = 1. Inductively (on v) we show the statement
E’(v) : There exists a bounded linear extension operator
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E,;:L*DNH, |pp’d) NODNH) —
DN HY oo~ |log|op | 7 d* d2)N 6 (DN H).

Again E’(k) is trivial. Suppose E’(v) holds, and v < #. If we repeat the proof of
Theorem 1 witha=1/2, { =0, m = v — k, replacing d by 0, := 0 — ¢, H by
H*, H**1 by H"*! and work with the weight functions

1= ¢,
¢1 being as in (4.1),
U = —(ysy — &) log (— o| H**Y) + 21log (dist(-, HY)| H**Y)
where ¢ is as in Lemma 3.3,

¢ = 1t logd, + ¥’
and
T}' — ('—PD l Hu+1)s;,+1+6’—6(1 —_ ,810g (__pD | Hu+1))3<v+1~k) Vm,

we obtain a bounded linear extension operator

E'y o LD N HY, | pp 7

log op | 7%~ %d;* d2*) NOD N H?) —
LZ(D ﬂ Hu+1’ [ op |6—e’u+1 | log l PDl |—3(v+1—k)d;+11d]v+1) m @(D m HUH).

As before, the induction step follows with E'yyy = E', 0 E.
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