J. Appl. Prob. 50, 439-449 (2013)
Printed in England
© Applied Probability Trust 2013

USEFUL MARTINGALES FOR STOCHASTIC
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Abstract

In this paper we generalize the martingale of Kella and Whitt to the setting of Lévy-type
processes and show that the (local) martingales obtained are in fact square-integrable
martingales which upon dividing by the time index converge to zero almost surely and
in L2, The reflected Lévy-type process is considered as an example.
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1. Introduction

In [9] a certain (local) martingale associated with Lévy processes and its various applications
is discussed (see also Section IX.3 of [2] and Section 4.4 of [11]). This has become a standard
tool for studying various storage systems with Lévy inputs and other problems associated
with Lévy process modeling. In [3] a generalization to a multidimensional (local) martingale
associated with Markov additive processes with finite state space Markov modulation is
considered, and in [4] a special case of the martingale of [9] for a reflected and a nonreflected
Lévy process with no negative jumps and applications to certain hitting times associated with
these processes are considered. A generalization to martingales associated with more general
functions (than exponential) is given in [13]. The focus is on reflected and nonreflected
processes, but the main results seem to hold for the more general structure considered in [9].
There are many papers which apply this and related martingales. As these particular applications
are not the scope of this study, we will not attempt to list them here.

The first goal of this paper is to extend the local martingale results of [9] to the case
where the driving process is a Lévy-type process. That is, it is a sum of stochastic integrals
of some bounded left-continuous, right-limit process with respect to coordinate processes
associated with some multidimensional Lévy process. Such processes with an even more
general (predictable) integrand are discussed in [1]. The second goal is to extend the original
results to show that without any further conditions the resulting local martingales are in fact
square-integrable martingales which upon division by the time parameter #, converge to 0 almost
surely and in L2 as t — oo. Therefore, certain conditions originally made in [9] to ensure that
the local martingales established there are martingales turn out to be unnecessary as Theorem 2
here in particular applies to the special case (Lévy, rather than Lévy type) treated there.
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This paper is organized as follows. In Section 2 we develop the main local martingale. In
Section 3 we show that it is in fact a square-integrable martingale and that its rate (defined
appropriately) is 0 almost surely and in L2. In Section 4 we give a small demonstration of the
results with a reflected Lévy-type process and a strong law for Lévy-type processes which is
established under some suitable assumptions.

Although following the derivations requires some knowledge, we believe that the final results
(in particular Theorem 2 together with Theorem 1 and to a large extent also Corollary 3 and
Theorem 3) are quite easy to use by those who are not Lévy process experts nor familiar with
the theory of stochastic integration. One particular application that motivated this study is to
establish decomposition results for Lévy-driven polling systems (see, e.g. [5] and the references
therein), or, more generally, on/off storage systems with Lévy inputs, where the on/off structure
could be quite general: during off times the process behaves like a subordinator and during
on times it behaves like a (possibly unrelated) reflected Lévy process. These results will be
discussed in a separate paper which generalizes [6] and [8], where the results established here
are essentially needed and simplify the analysis considerably.

2. A more general local martingale

For what follows given a cadlag (right-continuous, left-limit) function g: Ry — R, we
define g(r—) = limy4, g(s) and Ag(?) = g(t) — g(t—) with the convention that Ag(0) = g(0)
and if g 1s VF (finite variation on finite intervals) then g d(y = Zoqq Ag(s) and g°(t) =

g() — (t) Also, R} = [0, 00), R = (—00, 00), and a.s. abbreviates almost surely.

Let X = (X1,...,Xg) be a cadlag K-dimensional Lévy process with respect to some

standard filtration {¥; | t+ > 0} with exponent

TEC\!

V() =ic'a — / (e JEJ x1{||x”<1 Yv(dx),

where ‘T’ denotes transposition, ¥ is positive semidefinite and ||x|| = +/x Tx. When X1, ...,
Xk have no negative jumps, then, for any vector o > 0, the Laplace—Stieltjes exponent is

@(a) = log Ee—o X

= ¥ (i)

o' Ta

=—cla+ + /K(eia‘rx —l4a'x 1 <1pv(dx).
R

It is well known that in this case ¢ () is finite for each « > 0, convex (thus continuous)
with ¢(0) = 0, infinitely differentiable in the interior of RX | and that, for every a > 0 for
which o T X is not a subordinator (not nondecreasing), ¢ (fa) — o0 as t — 0o. Furthermore,
EXy(t) = —tdp(0+)/dax (finite or 400, but can never be —oo) and, when the first two right
derivatives at 0 are finite, then cov(Xg (1), X¢ (1)) = 18%@(0+)/dox darg.

Lemmal. Let I = (11, ..., Ig) be a bounded K -dimensional adapted cadlag process. Then

t
exp[ Z /0 , Je6 ) dXi(o) — /0 w(l(s))ds}

is a (complex-valued) martingale. When, in addition, the X s have no negative jumps and the
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Is are nonnegative, then

K t
exp[_Z/ Ik(s—)ka(s)—/ <p(1(s))dS]
k=101 0

is a real-valued martingale.

Proof. The proof follows, for example, by applying a multidimensional generalization of
Corollary 5.2.2 and Theorem 5.2.4 of [1, pp. 253-254] to the process

K

v () = (Z cili(s) — ¢<1(s>)) dr
k=1
K
+ Y k() dBr (1) + L (t—=)x Ni(dt, dx) + Ie(t—)x Ni(dt, dx)),
k=1

where Y, By, N, and Nk are the notation from [1] with the obvious additional index k. Since
we will not use this notation in the paper, we only mention them briefly here. Moreover, Y will
soon be used for something else, in line with [9] and [3].

Setting Z(t) = Zle f(o . I (s—)dXr(s) + Y (), the exact same proof from [9] can be
employed to prove the following, where a Ab = min(a, b). We recall here that in [9] the driving
process was some one-dimensional Lévy process X rather than Zf: . 0.1] I (s—) d Xy (s).

Theorem 1. Let X = (X1, ..., Xk) be a Lévy process with exponent \r and, when it has no
negative jumps, Laplace-Stieltjes exponent ¢. Let I = (I, ..., Ix) be bounded, cadlag, and
adapted. Assume that Y is cadlag, VF (a.s.), and adapted. Then

l . . . t .
M(t) = / V(I (s)e?® ds + 4O — 20 4 / elZ() dy<(s)
0

0
+ Z eiZ(S)(l _e—iAY(S))

O<s<t

is a local martingale.
When Z is bounded below, the Xys have no negative jumps and the Iis are nonnegative.
Then

t t
M(t) = / (I (s))e 2O ds +e 2O _ =20 _ / e~ 2 dy<(s)
0 0

+ Z e—Z(S)(l _eAY(S)) (1)

O<s<t
is a local martingale.

We note that in [9] it was assumed that the expected number of jumps of ¥ on finite intervals
is finite in order for the local martingale to be a martingale. It is easy to show with the same
proof that the weaker condition

E Z |AY (s)| A1 < o0,
O<s<t

is sufficient. For example, if Y is a subordinator (a nondecreasing Lévy process) then it satisfies
this condition. Nevertheless, as we will later show that these local martingales are in fact
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square-integrable martingales, even this condition seems unnecessary. We also remark that the
condition that Z is bounded below is not really necessary for (1) to be a local martingale, but
we will need it later to show that it is a square-integrable martingale with rate 0, which is the
more important result that we are aiming at.

It may seem more general to consider the multidimensional process defined via Z,(t) =
Z,le f ©0.1] Ik (s—) d Xk (s) + Yy, but we immediately see that the one-dimensional process

L K L K
Sz =Y [ St dxi) + Y akin
=1 k=170t = =1

has the same structure, resulting in the following (local) martingales:

t
M) = / Y(aT1(s)el® Z0) ds 4 el@ 2O _ giaTZ()
0

L '
‘HZOlz/ e 7O dye(s) + > @ Z6) (] — gmiaTAY()y
=1

0 O<s<t
and

t
M(t) = / o(aTI(s))e™® Z6) ds e~ 20 _ g=aZ(®)
0

L t
- Z‘U/O e_aTZ(s) dYKc(S) + Z e_O’TZ(S)(] _ eaTAY(s))‘
(=1

O<s<t

Here [ is an (L x K)-matrix-valued function.

We note that, when J is a (right-continuous) continuous-time Markov chain with states
1,..., K, then, with I () = 1;5(1)=), Zle f(o’t] I (s—) d X (s) is aMarkov additive process.
Adding additional jumps at state change epochs can be modeled by the process Y, which
is obviously VF. For the case where Y is continuous, this kind of process and associated
martingales were considered in [3]. The one-dimensional martingales considered here are not
the same as the multidimensional ones considered there. However, the sum of the components
of the latter does agree with the former.

We conclude this section with the following observation. Assume that J is a cadlag adapted
process taking values in some finite set 1, ..., K (not necessarily Markovian). Let I;(f) =
ay 1y )=k)- Then

K
YA ®) =Y Yrle) L=k
k=1

where Y (ax) = ¥ (0,...,0,at,0,...,0) with o in the kth coordinate, is defined in the
previous remark (and similarly with ¢ when there are no negative jumps). Thus, in this case

t ) K r
/0 YU ds = 3 Y () /0 700 1y ds.
k=1

If, in addition, we replace Y by 8Y for some 8 > 0 and define X () = f(o . 1 s)=ky dXi(s),
then y
Z(t) =o' X(t) + BY (1)
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and the (local) martingale becomes

K

t . . .
M@y =Y 1//k(0tk)/ e“ 11y (5=h ds +e!?O —e#0
0
k=1

t
+1,8/ eiZ(S)ch(S)+ Z eiZ(S)(l _e—iﬁAY(S)),
0

O<s<t

and, similarly,

K t
M@) = Z(pk(ak)/ e X 1)y ds + e 4O — e7Z0
0
k=1

t
—ﬂf e 7O dye(s) + Y e FO(1 — AT
0

O<s<t

when there are no negative jumps.

It seems that the joint structure of X is not important here. This is partly true in the sense
that the evolution of the Lévy part of the process during times when J is at a given state is
that of a one-dimensional Lévy process. However, both J and Y may also depend on the joint
structure.

3. M is a square-integrable martingale with M (¢)/t — 0 a.s. and in L>

In this section we will show that M is a square-integrable martingale with M (t)/t — 0 a.s.
and in L? as t — oo. This is something that was overlooked in [9]. To keep the discussion
shorter, we will restrict it to the case of (1) where Z is nonnegative, the X; have no negative
jumps, and the [; are nonnegative. The proofs for the general (complex-valued) case are
basically identical (but see Remark 1). Assuming the seemingly more general condition that Z
is bounded below rather than nonnegative is of no consequence to the proofs. We begin with
the following.

Lemma 2. Let X be a semimartingale, and let f € C? (twice continuously differentiable).
Denote by [-, -] the quadratic variation process associated with a semimartingale. Then f(X)
is also a semimartingale with the following quadratic variation:

t
Lf(X), f(X)1(0) =/0 (f'(X()))* dIX, X1°(s) + Z (Af (X))

0<s<t
Proof. Although this should have been a standard result in a book (such as [14]) we did not
find a direct reference. For its proof, we apply the extended Itd lemma (see Theorem 32 of [14,
p. 78]) to conclude that
S(X(@®) = f(X(0))+ / f'(X(s—))dX(s) + continuous VF part + discrete VF part.
0.1]

As in the displayed equation following the definition of [X, X ¢ on page 70 of [14], we have

£ (X, fCO1@0) = [f(X), FXOI(1) + Z (Af(X ().

0<s<t
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Finally, we note that the only term that can contribute to the continuous part of the quadratic
variation associated with f(X) is the stochastic integral part. Thus, with the notation
f(X2)-X@) = f(o . f(X(s—))dX(s) we now have, via Theorem 29 of [14, p. 75],

O, FXOI = [f(X2) - X, f(X2)- XI°= (f(X-)* - [X, XD = (f (X)) - [X, X].
This completes the proof.

Corollary 1. Assume that X is a semimartingale, Y is VF and adapted, and Z = X +Y. Then

t
[e*z,e*Z](t)zf e 22O qrx, X1°(s) + Z e 2267 (1 — e AZW))2,
0

0<s<t

Proof. The proof follows from [Z, Z]° = [X, X]° (as Y is VF), substitution, and some
obvious manipulations.

Remark 1. Given the above, it is now an easy exercise to show that in fact, for X a semimartin-
gale and f, g € G2, we have

t
[f(X),g(X)](t)=/0 XN X)) AIX, XI () + Y Af(X()Ag(X(5)),

0<s<t

and to conclude from this that, under the assumptions of Corollary 1,

t
0

0<s<t

by treating the real and imaginary parts separately. This is needed for the general case which,
as mentioned, is omitted from the discussion here.

Recall M from (1) and that we are assuming that X has no negative jumps and [ is
nonnegative.

Corollary 2. It holds that

t ~
(M. M](t) = / e XWX, X](s) + Y| e (1 —e MKW
0

O<s<t
Proof. The only part of M that can contribute to the quadratic variation is
O<s<t

as the rest are continuous and VF. Clearly, only e =4 contributes to the continuous part of this
quadratic variation and, from Corollary 1, is given by fé e 226 d[X, X1°(s). Since e=20 _
e 26 =0 fors = 0, the ‘jump’ at 0 is excluded. Now, as Z(s) = Z(s—) + AX(s) + AY (s),

A( Z e 2O —eAV) 4720 e_Zm> @)

O<s<t

— e—Z(t)(l _ eAY(t)) e Z-) _o=Z(0)
_ efz(tf)(efAY(t) . ])efAf((t) + 67Z(17)(] _ efAY(t)efAf((t))

— e 2 (] — omAKWM)
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As the discrete part of the quadratic variation is just the sum of squares of these jumps, we
are done.

Lemma 3. It holds that
t
M, M](t) =/ e 22O A(s)ds + M (1),
0

where
A(s) = @21 (s)) — 201 (s))

is nonnegative and bounded, and Misa martingale having bounded jumps.

Proof. Recalling that X(@t) = Z,le f(o,z] I (s—) dX(s), we have, from Theorem 29 of [14,

p' 75]3
K K K K
(X, X1=> " "I Xpo I X =YY Lle - [Xi, Xel,
k=1 ¢=1 k=1 ¢=1
and, thus,
K K
[X, X19= > " Il - [Xx, Xo)
k=1 (=1

Now, since we can write X = B + C, where B is a Brownian motion and C is a quadratic pure
jump Lévy process (see, e.g. top of page 71 of [14]), then [ Xy, X¢]°(t) = [Bk, Be](t) = oyet,
which implies that

T t T T
(X, XI°(r) = f I(s)TS1(s)ds = / [Qm) VECIS) _ 1) EI(S)} ds. ()
0 0 2 2
Next, from A)?(s) = Zle I(s—)AX(s), we observe that
Z 6722(S7)(1 _ e*AX(S)) — f 6722(57)(1 _ e*IT(Sf)X)N(dS’ dx),
(0,11x(0,00)X

O<s<t

where N is the usual Poisson random measure with intensity measure ds ® v(dx) associated
with the jumps of X. Therefore, with N(ds, dx) = N(ds, dx) — ds ® v(dx), recalling
that [z« (X[ A Dv(dx) < oo and noting that e=#¢ ) (1 — e /¢=%) < (B||x||) A 1, where
B is an upper bound for ||/ (¢)|| and, thus, fol Jrx Ee™2267)(1 — e~ 1622y (dx) ds < oo, it
follows (see, e.g. Proposition 4.10 of [15]) that

M) = / e 2267 (1 — e 162N (ds, dx)
(0,1 (0,00)K
is a martingale, necessarily having bounded jumps, and so

- t 5
Z e 2267 (] — = AXG))2 / f e 226 (1 — e~ "6V (dx) ds + M(1). (3)
0 J(0,00)K

O<s<t

Finally, we observe that, for any a, x € RK,
T T T
(1= 2 = — 14+ Q) x Ly=) =27 ¥ = 1+ a"x L=y,

and upon replacing a by I (s—) and integrating with respect to v(dx), then together with (2)
and (3), the result is obtained.
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Theorem 2. M is a square-integrable martingale with M(t)/t — 0 ast — oo a.s. and in L.

Proof. Since I is bounded and ¢ is continuous, then so is ¢(/). Therefore, there exists a
constant C such that ¢(21(s)) — 2¢(I(s)) < C and, thus, e =2#®) (p(21 (5)) — 2¢(I (s))) < C
also. As M is a zero-mean martingale, Lemma 3 implies that

t
E[M, M) = / e 270) (021 (5)) — 20(I(5)))ds < C1 < oo,
0

and, thus, by Corollary 3 of [14, p. 73], M is a square-integrable martingale with EM 2(1) =
E[M, M](t). Similarly, as f(o,z](l + s)’2 dM (s) is a zero-mean martingale, then

t t
Ef <1+s>—2d[M,M](s)sC/ (1+s>—2ds=6<1—#) <c.
0 0 1+1¢

Letting + — o0 and applying monotone convergence on the left-hand side (again with
Corollary 3 of [14, p. 73]) implies that fot (14 s)~'dM(s) is a square-integrable martingale
with second moment given by the left-hand side of (4), that fooo(l + )" HdM(s) converges

a.s., and, thus, Exercise 14 of [14, p. 95] implies that M (¢)/(1 + t) — 0, and, hence, also
M)/t - Oas. L? convergence is due to IE(M(t)/t)2 =E[M, M](t)/t2 <C/t.

4. A consequence for the reflected Lévy-type process

Reflected processes are widely used as models for various storage processes. With

L(n) = — inf (Y(0)+ X)),

it is well known that Z(r) = X(t) + L(t) = 0 at any point of (right) increase of L (see, e.g.
[7]). In the case where X has no negative jumps L is continuous. Thus, in the general case M
becomes

t . . . .
M) = / U (I(s)e?® ds 4 2O _ 20 4 jrer) + Z (1 — e 1ALy
0

O<s<t

t . . . .
:/ Y ())e? D ds + O — D i) — Y (@A — 1 +iAL(s)),
0

O<s<t

and, when X have no negative jumps and the [ are nonnegative, then AL(s) = 0 and
t
M(t) = / e(I(s)e %W ds +e 2O —_ =20 _ L(p).

0
By Theorem 2 we therefore have for this case

1 (! —Z(s) 1

" eI (s))e “Y ds — ;L(t) -0

0

a.s. and in L2
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Also, we recall from the arguments of Theorem 1 of [10] that (pathwise) X() /t — & ifand

only if
Z() L) _
<_3 _> - ($+’ _é )9
t t
where a* = max(a, 0) and a~ = min(a, 0). This is true for any cadlag X, not necessarily

having the special structure we consider here. Thus, when X; have no negative jumps and the
I are nonnegative, it now follows that

t
l/ o(I(s))e ?Wds > —£.
t Jo

To figure out what £ is in this case, we use the following result which is related to Theorem 2
and holds regardless of whether there are negative jumps or not.

Lemma 4. Let X be a one-dimensional Lévy process with Lévy measure v satisfying

/ |x|v(dx) < o0
|x|>1

(equivalently, E| X (1)| < 00). Then, for any bounded cadlag adapted process A,
Jo.y Als—)dX (s) —EX (1) [y A(s)ds

t
Proof. Assume that |A(¢)] < B < oo. Set, for M > 0,

X)) =Y AX() liaxe)>m),

O<s<t
X_p@) = Z AX(s) Liax(s)<—M}»
O<s<t
Xo(t) = X (@) — Xp(@) — X—pm(2).
Also, define §&; = EX;(1) fori = M, —M, 0. Then X7, X_js, and X are independent Lévy

processes. Xy is nondecreasing and X _ )y is nonincreasing. Now,

< BXM(t)7
t

— 0 a.s. )

1/ A(s=)dX p(s)
rJo,n

and by the strong law of large numbers for Lévy processes we have, a.s.,

lim sup
t—0o0

1/ A(s=)dX p(s)
tJo.n

< B&y = B/ xv(dx).
(M ,00)

Clearly, we also have

1 t
'—f A(s)ds| < B,
t Jo
and, thus,
A(s—)dXp(s) — Em [ A(s) ds
lim sup Joa I <2B / xv(dx).
t—00 t (M, 00)
Similarly,
A(s—)dX_p(s) — &_p [y A(s)ds
lim sup Joa o 523/ Ix[v(dx).
t—00 t (—00,—M)
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Next, we observe that the martingale My (t) = Xo(t) — &ot is a Lévy process with bounded
jumps and, thus, its quadratic variation is a nondecreasing Lévy process with bounded jumps
which can also be compensated by a linear function to create a martingale (as in Lemma 3).
Thus, as in the proof of Theorem 2, this implies that

f(o,z] A(s—)dXo(s) —&o f(; A(s)ds
t -0

a.s.

(and also in L2, but this is not needed here). To conclude, defining& = §o+&y+&6_y = EX(1),
we now clearly have, a.s.,

Jon A=) dX(s) —& Jo A(s)ds

lim sup ;

—>00

lx[v(dx),

~/(A—oo,—M)U(M,oo)
and letting M — oo, recalling that f‘x|>1 |x|v(dx) < oo, the proof is complete.

Remark 2. (Relation with PASTA.) We note that if E| X (1)| < oo and EX (1) # 0 then, since
X(t)/t - EX(1) ass., (5) is equivalent to

1
X Jo,1
and, thus, (X (1))~ f(o . A(s—)dX (s) converges a.s. if and only if 7! fot A(s) ds does, and
the limits coincide. When X is a Poisson process, this is no less than an equivalent statement

of the famous and often cited PASTA (Poisson arrivals see time averages) property. See [12]
for a martingale approach in a (nonexplosive) point process setting.

13
A(s—)dX(s) — ;/0 A(s)ds — 0,

An immediate corollary of Lemma 4 is the following, where vy is the (marginal) Lévy
measure associated with Xy.

Corollary 3. (Strong law for X.) Assume thatf\x|>1 |x|vi (dx) < oo (equivalently, E| X (1)| <
o) for each k, and that

1 t
—f Ie(s) ds — B
t Jo

a.s. ast — oo. Then, a.s.,

S K
£ = lim X0 _ > BEX (D).
=1

t—>oo t

Thus, we can summarize with the following.

Theorem 3. Assume that, for each k, the Xy have no negative jumps, |,

o1 XV (dx) < 00
(equivalently, EXy (1) < 00), and that the I are nonnegative with

t
l/ It (s)ds — Bx
tJo

a.s. ast — oo. Then, a.s.,

1t K -
;/O p(I(s)e *Wds — —(Z,BkIEXk(l)> :

k=1
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Note that, when K = 1 and I;(¢) = a forall z, we have 8] = @ and & = EX (1) = —¢’(0).
This immediately implies that if ¢’(0) > 0 then

t /
1/ e*Z(s)dseM ast — oo.
t Jo p(a)

When ¢’ (0) < 0or¢’(0) = 0but X is not identically 0 (so that ¢(«) > 0 foreach > 0), then
the limit is 0. When ¢’(0) > 0, this limit is the well-known generalized Pollaczek—Khinchine
formula. We also observe that ¢’(0) < O is the transient case and ¢’(0) = O but X; is not
identically O is the null recurrent case, so that neither is really a big surprise, but it is nice to
see that it also follows directly from the above.
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