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1. Introduction. Let Q be a quasi-ordered set with respect to < ; that is, 
the order < is reflexive and transitive. An element a of Q is called maximal 
(minimal) if 

x > a (x < a) implies x < a (x > a) ; 

a is called greatest (smallest) if 

a > x (a < x) for all x 6 Q. 

Obviously a greatest (smallest) element is maximal (minimal). A greatest 
(smallest) element in a partially ordered set is unique, but it is not necessarily 
unique in a quasi-ordered set. 

Let S be a groupoid (more generally an algebraic system with binary 
operations), and (£ be the set of all congruences on 5. We define two relations on 
6 as follows (let small Greek letters denote elements of (5) : 

(1) p £ o" if and only if x p y implies x a y. 
(2) p —> a if and only if S/p is homomorphic onto S/a. 

£ is a complete lattice with respect to C in which the equality relation i is 
smallest and the universal relation œ = S X S is greatest. 6 is a quasi-ordered 
set with respect to —>. A subset X of Ê is called a (congruence) type (on 5) if 

co Ç Ï , where co = 5 X 5. 

A type Ï is called isomorphically closed (iso-closed) if and only if 

P 6 £ , o- 6 6, S/p ^ 5/o- imply cr 6 £ . 

A subset g of Ï is iso-closed relative to X if and only if 

p 6 S, a- G X, S/p ^ 5/<r imply cr G g. 

A type X is called a basic type if and only if 

for any {pa} Ç J , 0 ^ P\a pa Ç £ . 

Proposition 1.7 in (1) says that if Ï is a basic type, then there is a smallest 
element in X with respect to —». However, the converse is not true. If Ï is 
defined by the property "having zero," then we have examples ; see (4 ; 5 ). 
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Let Ap denote the partition of 5 induced by a congruence p. We call Ap a 
decomposition. Customarily we define 

Ap > A<r if and only if p C a. 

We say that Ap is greater than A,, i.e. Ap is a refinement of Aa; if S/p is 
homomorphic onto S/a, we say that S/p is greater than S/<r. 

Let £ be a (congruence) type on 5. Any p € £ is called a ^-congruence ; S/p 
is called a £-homomorphic image of S if p 6 £ ; Ap is called a ^-decomposition 
of S if p G £ . An element po of £ is said to be a smallest (minimal) 2>congru-
ence on S if po is smallest (minimal) with respect to C ; S/po is called a greatest 
(maximal) £-homomorphic image of S if po is smallest (minimal) with respect 
to —». Clearly a congruence po is a smallest (minimal) ^-congruence on S if and 
only if Apo is a greatest (maximal) ^-decomposition of S. 

The subjects "smallest congruence of given type" and "greatest decom
position of given type" have been studied by many people (2 ; 3 ; 6-9 ; 1, p. 18 ), 
but no systematic study of maximal homomorphic image of given type has been 
done. This paper is partly a generalization of the result in (5 ). We remark that 
the term "maximal" has been used in many papers up to this time in the sense 
of "greatest." However, in this paper we distinguish "greatest" from "maxi
mal." 

2. Maximal homomorphic images. For simplicity, we shall mean by 
uS/p —» S/<r" the statement that S/p is homomorphic onto S/a. 

LEMMA 1. If p ç a, then S/p —» S/a. 

Proof. See (1, Corollary 1.6a, p. 17). 

LEMMA 2. If S/p —» S/a, then there is a congruence p1 on S such that 

pQ p' and S/p' ^ S/a. 

Proof. Let / be the homomorphism S —» S/p and g be the homomorphism 
S/p —> S/a. Then S —> S/a under fg: x(fg) = (xf)g, x € S. If p' denotes the 
congruence on S induced by fg, then p C p' and S/p = S/a. 

THEOREM 1. Let X be an iso-closed {congruence) type on S. S has a maximal 
X-homomorphic image if and only if there is a non-empty subclass $ofX such that 
the following conditions are satisfied: 

(1.1) g is iso-closed relative to X. 
(1.2) 7/ £ € g, 17 € £ , and 17 ç £, then y 6 g. 
(1.3) If f, 77 e g and ifvQt, then S/£ -> S/17. 

7f swcfe aw g exists, then, for any £ € g, S/f is a maximal X-homomorphic image 
ofS. 

Proof. Suppose that S has a maximal ï-homomorphic image, say S/£o> 
£0 G X. We define g by 

g = U G£|S/f->S/£o}. 
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To prove (1.1), let 77 Ç X such that S/y ^ 5/5 for some 5 Ç $. Then 
S A - » 5 / £ - » 5 / £ 0 ; hence 5/77-+5/5o, i.e. 77 € g. To prove (1.2) let £ € 5, 
î| Ç Ï , and 77 Ç 5. Then 5/77 —•> 5/5 —> 5/5o by Lemma 1 ; therefore, S/rj —> 5/5o, 
that is 77 6 g. To prove (1.3), let 5, ?7 £ g and 77 C 5. We see that 

S/r,->S/Z-+S/£o 

and so 5/77 —> 5/5 0. By maximality of 5/5 0, we have 5/5 0 —» S/rj. Together with 
5/£ —> 5/5o, we have 5/5 —» 5/77. 

Conversely, suppose that there is a subclass g of X satisfying (1.1), (1.2), and 
(1.3). Let 5 be any element of g. We shall prove that 5/5 is a maximal X-
homomorphic image of 5. Suppose that 77 6 X and 5/77 —> 5/5. By Lemma 2 
there is a congruence 77' on 5 such that 77 C 77' and 5/77' = 5/5- Since X is 
iso-closed, 77' 6 £ . By (1.1), 77' £ ft; furthermore, by (1.2), 77 G g. At last we 
have 5/77' —•> 5/77 by (1.3). Together with 5/5 —» 5/77', we have 5/5 —> 5/77. Thus 
5/5 is a maximal ï-homomorphic image of 5. 

(1.1) and (1.2) are equivalent to: 
(1.4) If 5 G g, v G £ , and if 5/77 -> 5/5, then 77 6 g. 

Remark. In Theorem 1 we assumed that X is iso-closed. This restriction does 
not lose generality in the following sense. Let X be a congruence type on 5 and 
X be the iso-closure of X, that is, 

î = J U ( p ' G 6 | 5 / P ' ^ 5 / p , p € £ } . 

Then there is a maximal 2>homomorphic image of 5 if and only if there is a 
maximal J-homorphic image of 5. For each 5 € g, ^ /5 is a maximal X-
homomorphic image of 5, where g is given for X by Theorem 1. 

3. Normal families and greatest homomorphic images. A subclass 
g of an iso-closed type X is called a normal family in X if and only if X satisfies 
(1.1), (1.2), and (1.3). Let 91 be the system of all non-empty normal families 
i n £ : 

5R = m a G S } . 

THEOREM 2. 31 is closed with respect to set union and non-empty intersection: 
If {%a} C$1 is a (collection of) normal families in X, then VJa ga and Pia ga 

(if F^0) are normal families in X. 

Proof. (1.1), (1.2) for VJa g„ and (1.1), (1.2), (1.3) for H a ga are obtained 
immediately. We shall prove (1.3) for VJa ga. Suppose 5, V 6 ^ « Sa and that 
77 Ç 5. We may assume that 5 G g« a ^d 77 £ g^. Since ga satisfies (1.2), 
77 e %a> Again by (1.3) for ga, we get 5/5 -> 5/77. 

In particular U a c s g«, the set union of all normal families in X, is also a 
normal family which is the greatest normal family in X. Let us put 

S o — ^ a e E g a -
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This is the set of all ï-congruences £ for which S/% is a maximal ï-homo-
morphic image of S. 

Let %i be a non-empty subset of X. Si is called homomorphically irreducible 
(hom-irreducible) if and only if 

for every p, 77 6 gi, 5/p —> S/rj and 5/77 —> S/p. 

A hom-irreducible class is a class modulo the equivalence defined by p —* 77 and 
7] —> p . 

LEMMA 3. If % is a normal family, then its hom-irreducible classes are also 
normal families. 

Proof. Let © be a hom-irreducible class of %. To show (1.1), let £ € @, 
77 £ Ï , S/r}~S/^. Since g is iso-closed, 77 £ g. Clearly S/rj—^S/^ and 
S/£->S/i7; hence 77 £ ®. To show (1.2), let £ G ® and 77 Ç £. Obviously 
77 £ S and 5/77 —» 5/£. Since £ is in ® ( £ § ) , S/£ is a maximal ï-homomorphic 
image and hence S/£ —> 5/77, so 77 £ ®. To show (1.3), suppose £, 77 G @ and 
?7 £ £. Clearly S/£ —> 5/77 since £,77 Ç g. 

THEOREM 3. Let X be a fixed iso-closed type. The following statements are 
equivalent: 

(2.1) r^aeE %a 9^ Q and it is hom-irreducible. 
(2.2) r \ e E %a * 0. 
(2.3) Any normal family is hom-irreducible. 
(2.4) Ua€w ga is hom-irreducible. 
(2.5) £ &as a unique normal family and it is hom-irreducible. 
(2.6) S has a unique normal family. 

Proof. (2.1) => (2.2) is trivial. First we shall prove (2.2) => (2.3). Suppose 
that some normal family g is not hom-irreducible under the assumption (2.2). 
This means that % has more than one non-empty irreducible class, say 
®i, ®2, ®i H ®2 = 0. By Lemma 3, both ®i and ®2 are normal families. Then 

n a e S %a Q ®! H ®2 = 0 and hence n a e S g« = 0. 

This is a contradiction. (2.3) =» (2.4) is obvious, since UaÉs g« is a ' s o a normal 
family by Theorem 2. Next we shall prove (2.4) => (2.5). The assumption (2.4) 
implies that, by the definition, 

for any two p, a 6 U a §«» *VP ""* *V°" a n d S/o* —> S/p. 

Accordingly, every normal family is hom-irreducible. 
Let go = ^AeE %a and let g* be any normal family. Take any £ € g0 and 

77 6 ga. Then S/£ -+ S/r), that is, there is an 770 6 Ê such that % Q 770, 
5/770 == 5/77. Since X is iso-closed, 770 G £ ; since $« is iso-closed relative to X, 
770 £ 5«- We see that £ 6 ga since g« is a normal family. Thus we have 
\So Q S«; therefore %a = go- (2.5) => (2.1) is obvious. Finally we shall prove 
that (2.5) and (2.6) are equivalent. (2.5) => (2.6) is obvious. (2.6) =» (2.5) is 
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obtained in the following way: (2.6) => (2.2) =» (2.3) => (2.4) =* (2.5). This 
leads to a conclusion that the unique normal family is hom-irreducible. 

THEOREM 4. Let X be an iso-closed type (of congruences) on a groupoid S. S has 
a greatest X-homomorphic image if and only if X has a unique normal family %Q 
and fjo satisfies 

(3) for any £ G £ there is an rj G $ 0 such that S/rj —> S/£. 

Proof. Suppose that S has a greatest ï-homomorphic image 5/po, po £ £ . 
S/po is a maximal ï-homomorphic image. By Theorem 1,5ft ^ 0, that is, there 
is at least one normal family. Clearly po G $o = Wa€g ga. Letïïl = {§«|a £ S{, 
ga be any normal family, and let £ G $a . Since 5/p0 is greatest, S/p0 —> S/£. 
Since ga is a normal family, po G $ a for all a G E, as we proved again and again 
by using Theorem 1. Therefore, P\aes $« ^ 0- By Theorem 3, X has a unique 
normal family. The condition (3) is clearly satisfied as p0 is regarded as 77. 

Conversely, suppose that there is a unique normal family g 0 and $ 0 satisfies 
(3). By Theorem 3, $ 0 l s hom-irreducible. We shall prove that for any p G $0, 
S/p is greatest. Let £ 6 £ . By (3) there is 77 G go such that S/rj -+ S/£. On the 
other hand S/p —> S/rj by the irreducibility of %0. Hence, we have S/p —» S/£ 
for all £ € £ . 

THEOREM 5. Le/ ï &e aw iso-closed congruence type on a groupoid S. S has a 
greatest X-homomorphic image if and only if there is a non-empty subclass % of X 
such that: 

(4.1) For any rj G X and for any £ G % there are 771 G X and £1 G % such that 

£1 Ç £, É! C 77!, 5Ai ^ 5/77. 

(4.2) 1/ £, 77 G % and if rj Q £, /Aew S/£ -> 5/77. 

Proof. Suppose that 5 has a greatest ï-homomorphic image 5/£o. g is defined 
to be the class of all £ £ X such that £ Ç £0. For the proof of (4.1), let 77 be any 
element of X. Since S/£o is greatest, S/£o —> «S'A and hence there is a congruence 
a on S such that £0 £ 0", 5/cr = 5/77 by Lemma 2. Since Ï is iso-closed, a G £ ; 
hence £ ÇI 0- and 5/<r = 5/77. For the proof of (4.2), take £, 77 G $ such that 
77 C J. Since 77 C J Ç £0, £/£ —> S/£o. Also since 5/£0 is greatest, S/£0 —» 5/77; 
hence £/£—»• «S*/̂ . 

Conversely, suppose (4.1) and (4.2) are satisfied by a subclass g. Let £ be any 
element of g. We shall prove that 5/£ is a greatest ï-homomorphic image of 5. 
Let f be any element of X. By (4.1) there are £1 G 5 a n d f 1 G Ï such that 
£1 Ç U 1 Ç f 1, and 5/f 1 ^ 5/f. By (4.2) S/£ -+ S/£i ; clearly S/£i -» 5/f 1 by 
Lemma 1. Therefore S/£ —» 5/f 1 and hence S/£ —> 5/f. 

A type Ï is said to be lower directed if for any £, 77 G Ï there is a f Ç Ï such 
that 

( 5 ) f c j n 77. 
Statement (5) is a necessary condition for 5 to have a greatest ï-homomorphic 
image. 
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THEOREM 6. Let X be an iso-closed lower-directed type of congruence on a 
groupoid S. S has a greatest X-homomorphic image if and only if X has a unique 
normal family. 

Proof. Suppose that X has a unique normal family $0 . Let £ G X and 
f € So ^ X. Since X is lower-directed, there is an rj 6 X such that rj CZ f P\ £. 
By (1.2) in Theorem 1, 77 Ç go because $o is a normal family. Immediately we 
have S/rj —> 5/£ since 97 Ç £. We have proved that (3) is fulfilled. Therefore S 
has a greatest ï-homomorphic image by Theorem 4. The converse is obvious by 
Theorem 4. 

4. Three relations on congruences. Let £ be the set of all congruences 
on a groupoid S. The three relations ÇI, —>, ~ on E are denoted as follows: 

£ A rj if and only if £ Ç 97, 

£ £ 77 if and only if S/£ ^ S/77, 

£ C 77 if and only if S/f -> S/77. 

Clearly i £ C, 5 Ç C. C is completely determined by 4̂ and B by the follow
ing theorem: 

THEOREM l.C — A-B—B-A-B and C is the quasi-ordering generated by 
A and B. {A • B is a product of relations in the sense of (1, p. 13).) 

To prove this theorem, we need the following lemma: 

LEMMA 4. Let p be a quasi-ordering and a be a reflexive relation. Then the 
following statements are equivalent: 

(6.1) p • <J is a quasi-ordering. 
(6.2) p • cr = a - p ' a. 
(6.3) p • a is a quasi-ordering generated by p and a. 

Proof. This is straightforward. 

Proof of Theorem 7. Suppose £ C 77, that is £/£ —» 5/77. By Lemma 2 there is 
pf 6 (S such that £ C P ' (and hence S/£ -> S/p') and S/p' ^ 5/77. Therefore we 
have C ÇZ ̂ 4 • 13. I t remains to show that i • ^ Ç C. Since i Ç C and B Q C, 
we have 4̂ • B Ç C • C Ç C because C is transitive. Thus we have C = A - B. 
We know that C is a quasi-ordering. The remaining part can be proved as the 
application of Lemma 4. 

As a corollary to Lemma 4, we have 

COROLLARY. 

(7.1) Let p and a be quasi-order in gs. p • a is a quasi-ordering if and only if 
p - a = a - p • a. 

(7.2) Let p, cr be equivalences, p - a is an equivalence if and only if p • a = cr - p. 
(7.3) Let p, a be congruences, p • a is a congruence if and only if p • a = a • p. 
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5. Examples. Considering the relationship between decompositions and 
homomorphic images, there are seven possible cases as Table I shows. For each 
case we shall give an example. 

TABLE I* 

Greatest Maximal Greatest Maximal 
Case No. decomposition decomposition homomorphic image homomorphic image 

1 X X X X 
2 0 X X X 
3 0 X 0 X 
4 0 X 0 0 
5 0 0 X X 
6 0 0 0 X 
7 0 0 0 0 

*X means "exists"; 0 means "does not exist." 

Case 1. Let X be a type given by implication or identity, for example, X 
defined by {x2 = x, xy = yx] or by {xy = xz=$ y = z}. 

Case 2. Let 5 be the direct product of two copies of a cyclic group G of order 
prime: S = G X G. Let ï b e a type defined by "cyclic group." Then G is a 
greatest ï-homomorphic image of 5 under each projection S —» G. 

Case 3. Consider a right group S = G X / , G a group, / a right zero semi
group, and |G| > 1, | / | > 1. Let X be defined by "idempotent semigroup or 
group." We can understand this example by being aware of the fact that any 
congruence p on S is determined by a congruence a on G and a congruence r on I 
in the following sense: 

(x, a) p (y, b) if and only if x a y and ar b. 

The projections 5 —» G and 5 —> I give maximal ^-decompositions and maximal 
ï-homomorphic images. 

Case 4. Let S be a group defined by the restricted direct product 

o = Gp X Gp2 X . . . X Gpn X . . . 

where Gpn is a cyclic group of order pn, p prime. Let X be "cyclic group." A 
projection S —>Gpn {n = 1, 2, . . .) gives a maximal ^-decomposition, but no 
Gpn is a maximal ï-homomorphic image. 

Case 5. Let S = {. . . , a_*,. . . , a_2, a_i, a0, . . . , au . . .} be a semigroup in 
which at a^ = akl k = min (i,j). Let X be "having zero." This example was 
discussed in (5). 

Case 6. Let G be the semigroup of all positive integers under addition and / be 
the same semigroup as S in the example for Case 5. Let S be the direct product 
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of G and / . Let X be "idempotent semigroup with zero or group/ ' For sim
plicity, let Xi denote X in Case 5 and X2 denote X in Case 6. Then a greatest 
Ji-homomorphic image of / is a maximal £2-homomorphic image of 5 ; a group 
G/(n) is a £2-homomorphic image of 5. Clearly there is neither maximal 
^-decomposition nor greatest StVhomomorphic image of S. 

Case 7. Let S be {1, 2, 3, 4, . . .} in which 

i-j = max {i,j}. 
Let X be "having zero." 

Addendum. We remark that the two conditions (4.1) and (4.2) in Theorem 5 
are equivalent to the following single condition: 

(4.3) For any rj £ X and for any £ 6 § there is an rji G X such that % C rn 
and 5/771 = S/rj. 
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