Can. J. Math., Vol. XXVIII, No. 4, 1976, pp. 815-819

LOCALIZATIONS OF H; AND D; RINGS
EVAN G. HOUSTON

Introduction. In this paper we study conditions under which certain
localizations of semilocal H; and D; rings satisfy the second chain condition.
Two of these results are as follows.

1) If P is a prime in a semilocal H; ring with depth P > 1 = height P — 1,

then Rp satisfies the second chain condition.

2) If P is a prime in a semilocal D; ring with depth P = 1, then Rp satisfies

the second chain condition.
In addition several conditions under which H; implies D, are obtained. Finally,
we show that if (R, M) is a local ring and 7 is a positive integer, then R is D
if and only if R[x]r.2) gia1 18 D v

Preliminaries. All rings mentioned in this paper are commutative with 1.
We shall confine ourselves to semilocal (which we take as implying Noetherian)
rings and to integral extensions thereof. Any undefined terminology may be
found in [2] or [ 8]. We include the following definitions.

1) If R is a ring, we denote by S(R) the set of lengths of maximal chains of
prime ideals (primes) in R.

2) A ring R satisfies the first chain condition (f.c.c.) in case S(R) = {alti-
tude R}.

3) A ring R satisfies the second chain condition (s.c.c.) in case, for each
minimal prime Q of R, and for every integral extension domain 7" of R/Q, we
have S(T") = altitude R.

4) A ring R is catenary if, for every pair P C Q of primes of R, Ry/P,
satisfies the f.c.c.

5) A ring R of finite altitude « is called an H; ring if every height ¢ prime P
of R satisfies height P + depth P = «. In speaking of H, rings, we shall for
convenience assume that 0 <7 < a.

6) A ring R of finite altitude « is called a D, ring if every depth 7 prime P of R
satisfies height P + depth P = a. As with the H,; notation, we take 7 to satisfy
0=17=ua

We refer the reader to [6] for relevant facts about H; and D, rings.

LeEmwma 1. Let P be a prime of depth d > 0 in a semilocal ring R of altitude a,
let Q be a minimal prime of R with Q C P, and let T be an integral extension
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domain of Rp/Qp. If m € S(T') then there is a prime q in R with height ¢ = m
and depth ¢ = d.

Proof. Since Rp/Qp = (R/Q)pjo, T = Dy, where D is an integral extension
domain of R/Q and N is the multiplicatively closed subset R/Q — P/Q of R/Q.
Thus since m € S(7'), there is a saturated chain of primes0 C P, C ... C P,/
in D with P, N\ R/Q = P/Q. Of course depth P,/ = depth P/Q = depth
P = d > 0. Hence by [1, Theorem 1.11] there is a prime ’/Q in R/Q such that
height p'/Q = m and depth p’/Q = d. [f m = 0 we simply choose ¢ = p’ = Q,
and the conclusion of the lemma is clearly satisfied. Otherwise, let
Q=po Cp1C...C pn = p' beasaturated chain of primes. By [3, Theorem 5]
we may assume that height p,,_1 = m — 1. By [3, Proposition 2] there are
infinitely many primes ¢ D p,—1 such that depth ¢ = d and height ¢/p,,—1 = 1.
Since for all but finitely many such ¢ we have height ¢ = m [3, Theorem 1], this
clearly yields a prime ¢ with height ¢ = m and depth ¢ = d.

THEOREM 2. Let P be a prime of depth d in a semilocal H; ring of altitude «,
let Q be a minmimal prime of R with Q C P, and let T be an integral extension
domain of R,/ Q. If m € S(T') andm + d < a, then either m > torm + d < 4.

Proof. We first note that the theorem is trivial if d = 0. Thus we assume
d> 0.

By the lemma there is a prime ¢ in R with height ¢ = m and depth ¢ = d. We
shall assume thatm =< zandm + d > 7; wearerequired toshow thatm + d = «.
Since d > 7 — m we have a saturated chain of primes

Q=P0C~~-CP1—mC---CPd-

By [4, Lemma 1] we may assume height p,_,, = 1, and it is clear that depth
Pi—m =d — (¢ —m). Since R is H;, however, we must have d — (: — m) = depth
Pi—m = a — 2, from which it follows that m 4+ d = a.

As a first application of Theorem 2, we give a generalization of [5, Corol-
lary 4.2].

PRrorosITION 3. Let R be a semilocal H, ring of altitude a, and let P be a prime
of R with height P = hand depth P = d. If d 21 = h — 1, then Rp satisfies
the s.c.c.

Proof. Let Q be a minimal prime of R with Q C P, and let T be an integral
extension domain of Rp/Qp. We wish to show that S(7") = {h}. Letm € S(T).
We have m < h <1+ 1 so that if m = 7 + 1 we are done. Thus we assume
m = i. We may also assume m > 0, for if m = 0 then 7 is a field, whence
Rp/Qpis a field [2, Theorem 16]. Hence m + d > 7 since d = 7. We thus have
m +d =a 2 h + dby Theorem 2. Therefore, m = h as desired.

ProprosiTION 4. Let R be a semilocal H; ring of altitude a with © < min S(R).
If P is a prime of R with height P =< 1, then Rp satisfies the s.c.c.
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Proof. As in the proof of Proposition 3, let Q C P be a minimal prime of R,
let T be an integral extension domain of Rp/Qp, and letm € S(7). By Lemma 1
one can produce a prime ¢ in R with height ¢ = m and depth ¢ = d = depth P.
In particular, m + d € S(R). Thus m + d = min S(R) > 7 by hypothesis.
Since also m =< height P < 1, we must have m 4+ d = a by Theorem 2. Thus
we again have m = h.

PropositioN 5. Let R be a semilocal ring of altitude « which is H; for
1= <t < ... <1, =aSetiy=0.1If Pisa prime with 1,_; < height P < 1,
and depth P = 1; — 2,1 for j = 1,...,r, then Rp satisfies the s.c.c.

Proof. Let m > 0 be as in the proof above. Then 7,_; < m = 7, for some &
with 1 = k& < ». Since depth P = 7, — 741 > 4 — m, we have m + depth
P > 4. But then m + depth P = a by Theorem 2, and we again have
m = height P.

To discover further conditions on H; rings under which certain localizations
satisfy the s.c.c., we study D, rings. The following lemma was proved in the
local case in [6, Remark 2.7a(ii)].

LeEmMA 6. If R is a semilocal D;ring of altitude a (z > 0) and j is an integer = 1,
then R is D ,.

Proof. It clearly suffices to prove that R is D ;1. Thus let P be a prime of
height 2 and depth 7 4+ 1; we must show that # + 7 + 1 = «. Since depth
P =14 1we may clearly find a prime P’ O P such that height P’/P = 1 and
depth P’ =7 > 0. In fact there are infinitely many such P’ by [3, Proposition 2],
and thus by [3, Theorem 1] we may find such a P’ with height P’ = & + 1.
Since R is D;, however, we must have height P/ = ¢« — 2. Thush + 1 =a — 1
and the result follows.

ProrosiTION 7. Let R be a semilocal D, ring of altitude a with 1 > 0. If P is a
prime with depth P = 1, then Rp satisfies the s.c.c.

Proof. By the lemma we need only show that R satisfies the s.c.c. when P is
a prime with depth P = 7. Thus let Q C P be a minimal prime of R, and let T
be an integral extension domain of Rp/Qp with m € S(7T"). By Lemma 1 this
yields in R a prime ¢ with height ¢ = m and depth ¢ = 7. Since R is D, we have
m = a — 1 = height P = altitude Rp. Thus Rp satisfies the s.c.c.

The next three results give conditions under which an H; ring is also a D,

ring. Of course, by Proposition 7 this automatically yields conditions under
which certain localizations of H; rings will satisfy the s.c.c.

ProrosiTiON 8. Let R be a semilocal H; ring of altitude a. If 2¢ + 1 = a then R
is D; for each j = i 4 1. On the other hand, if 20 + 1 < a then R is D; for each
jza—1—1.

Proof. First, we assume that 22 4+ 1 = a. Let P be a prime with depth
P=j=214+1and height P=h If h>¢thenh+j7j>7+714+1=aq, a
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contradiction. Thus %z =< 4. Since also # +j > 1, we have I 4+ j =a by
Theorem 2.

We now assume 27 + 1 < ¢ and take j 2 ¢« — 7 — 1. Let P be a prime of
height # and depth j. If & > i thenh +j > ¢4+ e —¢ —1 = a — 1, whence
h 4+ 7 = a. Thus we may as well assume that 2 = 7. By Theorem 2 we need
only show that 2 4+ j > 7. But thisisclearsinceh +j =z h+a —1—1>h +
20+ 1—1—1=h+121

Remuark. In the above proposition, we can improve the first statement if there
are no depth 7 minimal primes. With this added assumption, one easily shows
that R is D;, rather than merely D 1.

ProrositioN 9. Let R be a semilocal H; ring of altitude a with + < min S(R).
Then R is D ; for each j =2 a — 1 — 1.

Remark. In view of Proposition 8, this result is of interest only in the case
21+ 1= a.

Proof. Let P be a prime with height P = hand depth P =j =2 ¢ — ¢ — 1.

Suppose that 2 + j < a. Thenh + « — 71— 1 < a whence 2 < 7. By Theorem 2
we must have 2 + j < 7 < min S(R), a contradiction. Thus 2 4+ 7 = ¢ and R

iS Dj.

ProrositioN 10. Let R be a semilocal ring of altitude « which is H,; for
1=10 <1...<1, =a Setiy= —1.Ifj =14 — i fork=1,...,n,then
Ris D,

Proof. Let P be a prime of height zand depth j. For some £ > 0 we must have
tio1 < h = 4. Thus j =2 4 — 441 > 4, — h and h + j > 4,. Since also & < 1,
we have i 4+ j = « by Theorem 2.

Example. By setting 7o = —1 in Proposition 10, we are requiring thatj > 7.
The following ring (with 7, = 1) shows why this is necessary. Let K be a field
and put R = K[x, 9, 2]¢..5/ (%2, ¥3) z.y.»- Then R is a 2 dimensional local
ring and is therefore obviously H: and H,. However, R is not D; since
®, ¥) e/ (X2, ¥2) (2.5, » 1s a minimal prime of depth 1.

The above propositions give conditions under which H; implies D;. One is
naturally curious to know when D; implies H,. A really good theorem in this
direction would seem to require the truth of the depth conjecture, which is
studied in [1] and [6]. However, we record the following result.

ProrositioN 11. Let R be a semilocal D ;(j > 0) ring of altitude a. If
1,14+ 1,...,24+7—1¢ S(R), then R is H,.

Proof. Let Pbeaprime with height P = tand depth P = d. Theni +d € S(R).
Since ¢,...,1+j—1¢ SQR), we have 1 +d > 1+ j — 1, so that d = j.
However, R is D; so R is D, by Lemma 6, whence 7 + d = a.

In [7] it is shown that a local domain (R, 37) satisfies the s.c.c. if and only if
R[x] is catenary. In fact R satisfies the s.c.c. if and only if R[x]¢r .2 r(e) Satisfies
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the f.c.c. [1, Theorems 2.2 and 2.4]. This result is easily generalized to local
rings. We now prove an analogous theorem about D, rings.

THEOREM 12. Let (R, M) be a local ring of altitude a and let 1 be a positive
integer. Then R is D if and only if R[x](yr et 15 D i1

Proof. Assume that R is D,. To prove that R[x]us oria 18 D1, We take a
prime Q in R[x] with height (M, x)R[x]/Q = 7 4+ 1; we must show that height
Q=(e+1)—(GE+1)=a—1iLetP?P =QN R If Q = PR[x] then depth
P =1 (by [2, Theorem 149] applied to R/P) and thus height Q = height
P =a —i,since Ris D,. If Q # PR[x] then by [3, Theorem 3] applied to R/P
there are infinitely many primes P’ in R with height P’/P = 1 and depth
P’ = 1. By [3, Theorem 1] there is such a P’ with height P’ = height P + 1.
Since R is D; we must have height P’ = « — 7, so that height Q = height
P + 1 = height P’ = @ — 1, as desired. The converse is elementary and is done
in [6, Theorem 7.4].

Il

COROLLARY 13. Let (R, M) be a local ring, and let i be « positive integer. Then R
satisfies the f.c.c. if and only if R{x]ar .0 rie 15 Do.

Proof. Tt is known (and essentially proved in [4, Proposition 7]) that R
satisfies the f.c.c. if and only if R is D;. Thus the result is immediate from
Theorem 12.

Remark. Let R be a local ring which satisfies the f.c.c. Then 7" = R[x] s o) ria) 18
a local D, ring. Hence by Proposition 7, 1°, satisfies the s.c.c. for each prime Q
of 7" with depth Q = 2. However, one can do better. Let Q be a depth 1 prime
of 7'yand let Q M\ R = P. If Q = PR[x] then clearly P = M and T, satisfies
the f.c.c. [8, Theorem 4.11]. If Q % PR[x] then P is a nonmaximal prime of R
whence Rp satisfies the s.c.c. by Proposition 7. [t now follows from {7, Corol-
lary 3.7] that T, satisfies the s.c.c. Thus 7', satisfies the f.c.c. for each non-
maximal prime Q of 7. One wonders whether this is true for arbitrary local D,
rings. We leave this as an open question.
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