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Abstract

In the paper we deal with self-approximation of the Riemann zeta function in the half plane Re s > 1 and
in the right half of the critical strip. We also prove some results concerning joint universality and joint
value approximation of functions {(s + A + idt) and {(s + i7).
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1. Introduction

Bohr in [3] proved that every Dirichlet series is almost periodic in its half plane
of absolute convergence. More precisely, he showed that for any Dirichlet series
Yy an/n’ and for an arbitrary s lying in the half plane of absolute convergence,

o)

1 <4 a
Va>oll;n_glf7u TG[O,T]:‘Z ns:’h_zn_z
n=1 n=1

<er>0;

here p{A} stands for the Lebesgue measure of a measurable set A.

Obviously, the above inequality holds for the Riemann zeta function in the half
plane D :={s € C:Re(s) > 1}.

In 1981 Bagchi [1] discovered that the above property holds uniformly on compacta
in the critical strip if and only if the Riemann hypothesis is true. For convenience, let
D :={seC:1/2 <Re(s) < 1} and H(K) denote the space of nonvanishing continuous
functions on a compact set K, which are analytic in the interior, equipped with the
supremum norm || - ||x. Then Bagchi’s result can be formulated as follows.
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TueOREM A. The Riemann hypothesis holds if and only if, for every compact set K C D
with connected complement and for every € > 0,

li%n inf %,u {rel0, T]:lLCs + it) — L()llx <€} >0. (1.1)

Analogously, as was shown in [11], the Riemann hypothesis is also equivalent to
the analogue of (1.1) with {(s) replaced by the logarithm of the Riemann zeta function.

In 2010 Nakamura [8] showed the following property, which might be called self-
approximation of the Riemann zeta function.

TuEOREM B. For every algebraic irrational number d € R, every compact set K C D
with connected complement and every € > (),

1
li;n inf T,u {tel0, T]:||L(s +idT) — {(s +iT)||x < &} > 0.

Pankowski [12] extended the above result to all irrational numbers d, and Garunkstis
[4] and Nakamura [9] independently investigated self-approximation of the Riemann
zeta function for nonzero rational numbers. Unfortunately, the papers [4] and [9]
contain a gap in the reasoning of the main theorem, so actually their methods work
only for the logarithm of the Riemann zeta function. A detailed discussion on this
matter was presented in [11], where Nakamura and Paikowski partially filled this gap
and prove self-approximation of (s) for d = a/b with |a — b| # 1, gcd(a, b) = 1.

Noteworthy is the fact that to prove self-approximation for every irrational number,
Parikowski proved the following joint universality theorem which implies self-
approximation.

TueoreM C. Let d e R\ Q and K C D be a compact set with connected complement.
Assume that f, g € H(K). Then, for every € > 0,

li;n inf %u {rel0, T]:|IZ(s +it) — f(s)llx < €and||{(s + idT) — g(s)||x <&} > 0.

On the other hand, from Kaczorowski et al. [6] we get the following self-
approximation theorem for shifts of the Riemann zeta function.

TuEOREM D. Let K C D be a compact set with connected complement. Assume that
f,g€ HK) and A € C are such that K, :={s+ A1:s€ K}c D and KN K, =0. Then,
for every € >0,

1
li}n inf ?u {rel0, T]:|I{(s +it)—L(s+ A+ iT)||x <&} >0.
In this paper we shall investigate for which parameters A € C, d € R the inequality
1
Ves0 li;n inf T’U {rel0, T]:|l{(s+A+idt) - (s +iT)|lxg <&} >0

holds, assuming that K is a compact set lying in the right half of the critical strip D or in
the half plane of absolute convergence . We also prove some results concerning joint
universality and joint value approximation of functions (s + A + id7) and {(s + iT).
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2. The right open half of the critical strip

We start with the generalisation of Theorem C, which can be easily proved by a
slight modification of its proof.

TueorEM 2.1. Let Ky, K, C D be compact sets with connected complement and d €
R\ Q. Assume that f € H(K) and g € H(K3). Then, for every & > (),
1
li¥n inf T” {rel0,T]1:11L(s + i) — f(I)llk, <€ and ||L(s + idT) — g(9)llk, < &} > 0.

CoroLLARY 2.2. Let K € D be a compact set with connected complement and d €
R\ Q. Assume that f, g€ H(K) and A € C satisfies K :={s+ A:s€ K} D. Then,
for every € >0,

li;n inf %y {rel0, T]:|IZ(s+it)— f(s)llxk <eand ||{(s + A+ idt) — g(s)|lx < &} > 0.

Thus the following self-approximation result is an immediate consequence of
Corollary 2.2.
CoroLLARY 2.3. Let K C D be a compact set, d € R\ Q and A € C be such that K, C D.
Then, for every € > 0,
1
li;n inf TH {tel0, T]:I{(s+it) —L(s+ A+ idT)l|x <&} > 0. (2.1)
The following theorem shows that in fact inequality (2.1) holds also for rational
d#0, 1, when A € iR.
THEOREM 2.4. Let K C D be a compact set, d # 0, 1 and A € R. Then, for every € > 0,

1
li;n inf ?,u {re€[0,T]:|llog (s +it) —log £(s +id +id7)||x <&} > 0.

Proor. By Corollary 2.3 it is sufficient to prove the theorem only for rational numbers
d =a/b. In this case the proof follows closely the proof of Theorem 1 in [4], so we
shall simply give a sketch.

Notice first that '

H dlogp Alogp log p
T + -7
2n 2n by

log p Alog p
T —
2rnb 2n(b —a)

<6 forp<z

implies the inequality

‘ <la—-bl§ forp<z, (2.2)

where || - || denotes the distance to the nearest integer.
Then by the continuity of a truncated zeta function £;(s) :=[],<.(1 - )7 we
have that for every & > 0 there exists ¢ > 0 such that

|| log &,(s + il + idT) — log £, (s + iT)||x < & for all 7 satisfying (2.2).
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Next, as in [4], one proves that

[log £(s + id + idT) —log {;(s + il + id7)||x < &

1
liminf —u<7€[0,T]: |logl(s+it)—logl,(s+it)x <& >0
T—oo T .
7 satisfies (2.2)
for sufficiently large z > 0. Modifications needed are easy and straightforward, so we
skip them.
Finally, combining the last two formulas completes the proof. O

3. The half plane of absolute convergence

Obviously, since the Riemann zeta function is absolutely convergent in the half
plane D, we cannot expect a universality theorem in this region. In spite of this
fact, Bohr in [2] succeeded in proving that, in any strip 1 <o < 1 + g, {(s) takes any
nonzero value infinitely often. Similarly, Mishou [7, Theorem 4] proved the following
joint denseness result for the Riemann zeta function {(s) and the Hurwitz zeta function

{(s; ).

TueoreM E. Suppose that « is an algebraic irrational number with 0 < @ < 1. Let 7,
27 be complex numbers. Then there exists a number o > 1 such that, for all positive &,

1
li;ninf T,u {trel0,T]:|L(og +it) —z1l <eand|l(og + iT; @) — 25| < &} > 0.

Following the proof of Mishou’s theorem, we prove the following result.

TueoreM 3.1. Let 71,20 €C, € >0 and d e R\ Q. If we take 6 > 0 sufficiently small,
then forany 1 <o,0, <1+,

1
li;n inf T'U{T €[0,T]: (o1 +it) —z1|l <€ and |{ (o3 + idT) — 72| < €} > 0.
In order to prove the above theorem, we require some notation and lemmas. The

next lemma can be obtained by the method of the proof of [7, Lemma 4].

Lemma 3.2. Let ze€C. If we take 6 >0 sufficiently small, then for any oy with
1 <oy <1+ there exist w, such that |w,| =1 and

w.\-1
Z log(l - 7‘;) =2z
> p
The following lemma, proved by Parikowski, plays an important role in the proof

of Theorem 3.1.

Lemma 3.3 (see [12, Lemma 2.4]). Let P be the set of all primes. For an arbitrary
irrational number d, there exists a finite set of primes Ay containing at most two
elements such that the set {log p}p\a, U {log p%p is linearly independent over Q.
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Fix d e R\ Q, and assume that A := A; = {a;, a>} in the above lemma. Let

a, log aj = Zﬁhnlogpn +Znnlogpn,

n=1 n=1

where h =1, 2 and ay, S, Yin are suitable integers. By Lemma 3.3, the set

{log pu)p\s U {log plp,  B:={ai,az, pis. .., pmls

is linearly independent over Q. Obviously, the set {log p,}pa U {log p@}pa is linearly
independent over Q. Hence

jaj™ — u<§}mA+wmm

if 7 satisfies the condition max,ep\a [p™™ — 1] < & and maxpep\a [p" — 1] < &. Put

&)= | Ja-p

PEB

Proor or Tueorem 3.1. By the proof of Lemma 3.2, we can omit a fixed number of
primes and the statement of this lemma still holds. Therefore, let z € C. If we take
0 > 0 sufficiently small, then for any oo with 1 <o < 1 + ¢ there exists w, such that

|w,| =1 and
- 1

D 1og(1—1%) +Zlog(1——) =z,

2<p<q
where ¢ is some prime number and p runs over all primes. By using the above equation

and the fact that the set {log p,}p\p U {log p‘,f }p is linearly independent over Q, and
modifying the proofs of [7, Theorem 4] and [8, Theorem 1.1],

1 o+ | |A-p ) —z|<e
lim inf —y 4 (0,7]: 1" g > 0.

|{(on +idT) — 25| < &

From the viewpoint of hybrid universality (see [5, Lemma 6] or [13, Theorem 4.1])
we can see that the above inequality is true if the condition max,epa [p'" — 1| < € is
added. Thus we obtain Theorem 3.1. O

Obviously, if we put z; = 7, in Theorem 3.1, then we obtain the following corollary.

CoroLLARY 3.4. Let d e R\ Q and € > 0. If we take 6 > O sufficiently small, then for
any 1l <oy, <1+,

1
li;n inf ?,u {tel0,T]: (o) +it)—L(0n +idT)| <€} > 0.
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Next, we show that the self-approximation property holds for every compact set in
the region of absolute convergence. In fact, we prove the following more general result
for every function defined as an absolutely convergent general Dirichlet series.

ProposiTioN 3.5. Let d€R, F(s)=", a(n)e™ (A, € R) be absolutely convergent
forRe s > o, and K be a compact set in the half plane o > 0. Then, for every € > (),

1
li;n inf T'U {tel0, T]:||IF(s+it)— F(s +id7)||x <&} > 0.

Proor. By absolute convergence, it suffices to show the assertion for Fy(s) =
Y ey a(n)e~"* with sufficiently large N € N.
Notice that for all s € K,
la(ml, 2.
o le

\F(s + id7) — F(s + it)| < Z ==

e’\no

— e < max ||, dt — A,7]| .
n<N
n<N

Let V denote the vector space over Q generated by the numbers d4, and 4, for
n < N. Assume that {3, . .., B} is a basis of the space V. Then there exists a positive
integer M such that all numbers dA4,, and A, for n <N can be represented as linear
combinations of 81 /M, . . ., B;/M with integer coeflicients.

Hence, for every 7 satisfying max << [[t8c/M|| < 6,

max max(||tdA,ll, |[TA.]]) < 6.
1<n<N

Thus, taking sufficiently small 6 > 0 and using the classical Kronecker approximation
theorem completes the proof. O

COROLLARY 3.6. Let K C D be a compact set and d € R. Then, for every € > 0,
1
li;n inf 7;1 {rel0, T]:|I(s +idt) — {(s + iT)||x < €} > 0.

It turns out that (2.1) holds also in the half plane D for 1 € iR.
Tueorem 3.7. Let 1 #d € R and A € R. Then, for every € >0 and K C D,

1
li;n inf T,u {tel0, T]:|I(s +id +idt) — {(s + iT)||x < &} > 0.
Proor. Let us observe that for every z > 0,

(s +id+idt) — L (s+ i)k <&

whenever i1 U |
og p ogp ogp
+ —
’ 2r 2n ’ 21
By unique factorisation of integers, we see that the numbers (d — 1) log p/27 (p <z)
are linearly independent over Q for every real d # 1. Then, by the Kronecker theorem
and absolute convergence of the Riemann zeta functions in D, the proof is complete. O

max <0.

Pz
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At the end of this section we deal with the case where 4 € C with Re 4> 0. We
show that in this case we cannot expect the self-approximation property to hold. In
order to prove thus we need the following lemma.

Lemma 3.8. For every 1€ C with Re 1> 0 there is 0o > 1 such that for all s with
Re s> o, allt,deR,

|{(s + A +it) — (s + idt)| > c := c(1) > 0.
Proor. Let us observe that for all s withRe s :=0 > 1,
1 _ _
|g(s+ﬁ)—1|szno_+—m, ()= 12277 =" n.
n>2 n>3

Then, since d and ¢ are real numbers, it suffices to prove that for a given 1 € C with
Re A > 0 there exists 0 > 2 such that, for every o > o,

1
- -
Z no‘+Re/l <2 Z n-,
n>2 n>3

or, equivalently, that

Z L, Z T <277(] — 2 Red), 3.1

na'+/l
n>3 n>3

Using the inequality
n?<4.37 foroc=2
n>3

we obtain that (3.1) holds, provided
4.379(1 +37Redy <277 (] — 27 Rey,
Thus the proof is complete, since Re 4 > 0 and (2/3)” — 0 when o — 0. O

TueOREM 3.9. For every A € C with Re A > 0 there exist K C D and c > 0 such that, for
all real t and d,
[|£(s + A+ it) — L(s + idt)||x > c.

Proor. Let o be such that the inequality from the previous lemma holds. Then the
proof is complete for any set K satisfying K N {s:Re s > o} # 0. O

Let us observe that, for 4 € C with small real part, the set K chosen in the
above proof is rather wide, namely the value max,cx Re s — mingx Re s is large.
Nevertheless, if we assume that d = 1 and R 3 A > 0, then one can prove that the set K
can also be very narrow, even for small A.

Prorosition 3.10. For every R 3> A > 0 there exist K C D and ¢ > 0 such that, for all
real T,
[1£(s + A+ it) — (s + iT)||x > c.
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To prove the above proposition, we recall that a function f(s), defined on some
vertical strip a < o < b, is called almost periodic if, for any & >0 and any «, S with
a<a<f<b, there exists a length [ =I(f, a, S, €) >0 such that for every interval
(t1, tp) of length [ there exists T € (¢, tp) satisfying

|f(o+it+it)— f(o+it)<e foreverya<o<f,teR.

We use the fact, proved by Bohr, that every Dirichlet series is almost periodic in the
half plane o > o, of absolute convergence.

Proor. Let us take an arbitrary A >0 and s = o + it with o> 1. We put [ =I({, o - 6,
o+ A+0,¢), where 0 <d <o — 1 and &€ >0 will be fixed later. Next let us define
K=[o-6/2,0+6/2]1x]0,]].

Thus, for every 7 € R there exists 7’ € [, T + [] such that

[l +it)— (o) <e and |[H(oc+A+it)—L(0+ )| <e.

Hence
(o +it) = Lo+ A+ i) = |l(o + ) — £(0)] - 2e.

Using the fact that (o) is a strictly decreasing function for R> o > 1 and taking
sufficiently small & > 0 and 6 > O completes the proof. O

4. The half plane Re s > 1/2

In this final section we investigate the case where A € C in (2.1) is such that K, ¢ D
for a given compact set K lying in the right half of the critical strip.
We start with the following combination of universality and value approximation

property.
THeorEM 4.1. Letz € Cand f(s) € H(K), where K C D is a compact set with connected
complement. Then for any € >0, d € R\ Q, there exists ooy > 1 such that

1
li;n inf T’M{T e[0,T]:IL(s +it) — f(S)llxk < € and |{(oy + idT) — 2| < €} > 0.

Proor. Using the fact that {log p,}p\p U {log pﬁ}p is linearly independent over Q and
modifying the proofs of [7, Theorem 4] and [8, Theorem 1.1], or [12, Theorem 1.1],
there exists oy > 1 such that

1
li;n inf T,u{T €[0,T]:I¢(s +it) — f(s)llk <€ and |{(og + idT) — 7| < €} > 0.

By hybrid universality (see, for example, [13]), we can see that the above inequality
also holds if the condition max ,cp\4 | p'* — 1] < g is added. Therefore

s+ - fo | [a-plk<e

1
li;n inf 7” 7€l0,T]: peB > 0.
- |{(og +idT) — 25| < &

Hence we obtain Theorem 4.1. m|
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THeEOREM 4.2. Assume that, for a given compact set K C D and A€ C, the set K, :=
{s+A:5€K}CD. Then foranye>0,deR,

1
li;n inf TM{T e[0,TT:I¢(s +it) —L(s+ A+ id7)||x <€} > 0.

Proor. Note that {(s + 1) is nonvanishing and convergent absolutely in s € K by the
assumption K, ¢ 9. By modifying the proof of Theorem 4.1 and [10, Theorem 1],

| (s +im) = fs) [ [ =pllk <&
lim inf T'M 7el0,T]: peB >0
Toe max,, [p" - 1]<6

for every 6 >0 and z>0. Then putting f(s) [[,ep(1 —p™)={(s+ ) and using
the reasoning of Proposition 3.5 for sufficiently small ¢ and sufficiently large z, we
complete the proof. O
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